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Ïîâíèé ãåîäåçè÷íèé ñêðóò òà äåôîðìàöi¨ ìiíi-
ìàëüíî¨ ïîâåðõíi

Ò. Þ. Ïîäîóñîâà Ë. Ë. Áåçêîðîâàéíà

Àíîòàöiÿ Â äàíié ðîáîòi äîñëiäæó¹òüñÿ çàäà÷à ïðî iñíóâàííÿ À-äåôîðìàöié

ìiíiìàëüíî¨ ïîâåðõíi çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì, ïîíÿòòÿ

ÿêîãî ââåäåíî â [1]. Çíàéäåíi óìîâè, çà ÿêèõ áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ

äîïóñêà¹ íåòðèâiàëüíi À-äåôîðìàöi¨ çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì

ñêðóòîì.

Êëþ÷îâi ñëîâà ïîâíèé ãåîäåçè÷íèé ñêðóò, íåñêií÷åííî ìàëi àðåàëüíi äå-

ôîðìàöi¨ ïîâåðõíi

ÓÄÊ 514.76

�1. Ïîâíèé òà ñåðåäíié ãåîäåçè÷íi ñêðóòè ïîâåðõíi

1.1. Ïîíÿòòÿ ïîâíîãî òà ñåðåäíüîãî ãåîäåçè÷íîãî ñêðóòiâ ïî-

âåðõíi.

Íåõàé ðåãóëÿðíà ïîâåðõíÿ S êëàñó C4 â ïðîñòîði E3 çàäàíà ðiâíÿííÿì

r = r(x1, x2).

ßê âiäîìî, çíà÷åííÿ íîðìàëüíî¨ êðèâèíè, ÿêà çàäà¹òüñÿ ôîðìóëîþ

ks =
bαβdx

αdxβ

gγϑdxγdxϑ

ó äàíié òî÷öi ïîâåðõíi çàëåæèòü âiä íàïðÿìó. Òóò gγϑdxγdxϑ i bαβdxαdxβ

- ïåðøà òà äðóãà îñíîâíi êâàäðàòè÷íi ôîðìè ïîâåðõíi S âiäïîâiäíî. Âiä-

øòîâõóþ÷èñü âiä öi¹¨ âëàñòèâîñòi, â òåîði¨ ïîâåðõîíü ââîäÿòüñÿ ïîíÿòòÿ ãî-

ëîâíèõ íàïðÿìiâ ó òî÷öi ïîâåðõíi, ãîëîâíèõ êðèâèí, ïîíÿòòÿ ïîâíî¨ òà ñå-

ðåäíüî¨ êðèâèí, ëiíié êðèâèíè, ñiòêè ëiíié êðèâèíè.
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Îá'¹êòîì äîñëiäæåííÿ â äàíié ðîáîòi ¹ ãåîäåçè÷íèé ñêðóò ïîâåðõíi, ôîð-

ìóëó ÿêîãî ïîäàìî ó âèãëÿäi [3]:

τs =
ραβdx

αdxβ

gγϑdxγdxϑ
, (1.1)

äå ραβdxαdxβ - ÷åòâåðòà êâàäðàòè÷íà ôîðìà ïîâåðõíi S,

ραβ =
1

2

(
cαib

i
β + cβib

i
α

)
, (1.2)

biα = bαkg
ik, gαβ = cαγcβkgγk, giαg

αk = δki , cαj - äèñêðèìiíàíòíèé òåí-

çîð ïîâåðõíi S
(
c11 = c22 = 0, c12 = −c21 =

√
g, g = g11g22 − g212

)
. Íàäàëi âñi

iíäåêñè íàáóâàòèìóòü çíà÷åíü 1,2.

ßê âèïëèâà¹ ç ôîðìóëè (1.1), çíà÷åííÿ ãåîäåçè÷íîãî ñêðóòó â äàíié òî÷-

öi ïîâåðõíi òàêîæ çàëåæèòü âiä íàïðÿìó. Òîìó äëÿ ãåîäåçè÷íîãî ñêðóòó â

ðîáîòi [1] ââåäåíi ïîíÿòòÿ, àíàëîãi÷íi äî òèõ, ÿêi ââîäÿòüñÿ äëÿ íîðìàëüíî¨

êðèâèíè, àëå ïîâ'ÿçàíèõ âèêëþ÷íî ç ôîðìóëîþ (1.1). Íàïðèêëàä, ïîíÿòòÿ

ãîëîâíèõ íàïðÿìiâ ãåîäåçè÷íîãî ñêðóòó, ãîëîâíèõ ñêðóòiâ, ïîíÿòòÿ ïîâíîãî

òà ñåðåäíüîãî ãåîäåçè÷íèõ ñêðóòiâ, LGT-ëiíié (line of geodesic torsion).

Äàëi êîðîòêî âèêëàäåìî òåîðiþ, ïîâ'ÿçàíó ç öèìè ïîíÿòòÿìè.

Íàïðÿì â äàíié òî÷öi ïîâåðõíi, ó ÿêîìó ãåîäåçè÷íèé ñêðóò íàáóâà¹ åêñ-

òðåìàëüíîãî çíà÷åííÿ, â [1] íàçâàíî ãîëîâíèì íàïðÿìîì ãåîäåçè÷íîãî ñêðó-

òó.

Äëÿ òîãî, ùîá çíàéòè àíàëiòè÷íèé âèðàç äëÿ ãîëîâíèõ íàïðÿìiâ ãåî-

äåçè÷íîãî ñêðóòó ó÷èíèìî òàê. Ïðîäèôåðåíöiþ¹ìî ðiâíiñòü ραβdxαdxβ =

τsgγϑdx
γdxϑ ñïî÷àòêó ïî dx1, ïîòiì ïî dx2, ââàæàþ÷è, ùî ïîõiäíi âiä τs ïî

öèõ çìiííèõ äîðiâíþþòü íóëåâi. Ìàòèìåìî:{
(ρ11 − g11τs)dx1 + (ρ12 − g12τs)dx2 = 0,

(ρ12 − g12τs)dx1 + (ρ22 − g22τs)dx2 = 0.
(1.3)

Ç öèõ ðiâíîñòåé ìîæíà âèçíà÷èòè ÿê ãîëîâíi íàïðÿìè ãåîäåçè÷íîãî ñêðóòó,

òàê i âiäïîâiäíi åêñòðåìàëüíi çíà÷åííÿ ãåîäåçè÷íîãî ñêðóòó. Âèêëþ÷èìî τs ç

(1.3), òîäi îòðèìà¹ìî ðiâíÿííÿ äëÿ ãîëîâíèõ íàïðÿìiâ ãåîäåçè÷íîãî ñêðóòó:

(ρ11g12−ρ12g11)dx1
2
+(ρ11g22−ρ22g11)dx1dx2+(ρ12g22−ρ22g12)dx2

2
= 0. (1.4)

Ðiâíÿííÿ (1.4) â òåíçîðíîìó âèãëÿäi ìîæíà ïðåäñòàâèòè òàê:

hαβdx
αdxβ = 0, (1.5)

äå hαβ = (ραicβj + ρβicαj)g
ij àáî, iíàêøå,

hαβ = 2 (Hgαβ − bαβ) , (1.6)
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H - ñåðåäíÿ êðèâèíà ïîâåðõíi S.

Ëåãêî ïåðåñâiä÷èòèñü, ùî óìîâîþ hαβ = 0 õàðàêòåðèçóþòüñÿ îìáiëi÷íi

òî÷êè ïîâåðõíi. Îòæå, â îìáiëi÷íèõ òî÷êàõ, i òiëüêè â íèõ, áóäü-ÿêèé íàïðÿì

¹ ãîëîâíèì íàïðÿìîì ãåîäåçè÷íîãî ñêðóòó. Â ïîäàëüøîìó öi òî÷êè áóäåìî

âèêëþ÷àòè ç ðîçãëÿäó.

Ó áóäü-ÿêié òî÷öi ðåãóëÿðíî¨ C3-ïîâåðõíi, çà âèêëþ÷åííÿì îìáiëi÷íèõ

òî÷îê, iñíó¹ äâà ðiçíèõ äiéñíèõ ãîëîâíèõ íàïðÿìè ãåîäåçè÷íîãî ñêðóòó, äî

òîãî æ âîíè çàâæäè îðòîãîíàëüíi [1].

Ãîëîâíèìè ãåîäåçè÷íèìè ñêðóòàìè íàçèâàþòüñÿ åêñòðåìàëüíi çíà÷åííÿ

ãåîäåçè÷íîãî ñêðóòó â äàíié òî÷öi ïîâåðõíi [1].

Âèçíà÷èìî ¨õ àíàëiòè÷íî â äàíié òî÷öi ïîâåðõíi. Äëÿ öüîãî iç (1.3) âè-

êëþ÷èìî dx1, dx2:

(g11g22 − g122)τs2 − (ρ11g22 + ρ22g11 − 2ρ12g12)τs + (ρ11ρ22 − ρ122) = 0. (1.7)

Äiñòàíåìî êâàäðàòíå àëãåáðà¨÷íå ðiâíÿííÿ âiäíîñíî τs, êîðåíi ÿêîãî âîäíî-

÷àñ ¹ ãîëîâíèìè ãåîäåçè÷íèìè ñêðóòàìè. Çà òåîðåìîþ Âi¹òà, ìàòèìåìî

2H̃ = τ1 + τ2 =
ρ11g22 − 2ρ12g12 + ρ22g11

g11g22 − g212
, K̃ = τ1 · τ2 =

ρ11ρ22 − ρ212
g11g22 − g212

.

Ôóíêöi¨ H̃ i K̃ íàçèâàþòüñÿ ñåðåäíiì i ïîâíèì ãåîäåçè÷íèìè ñêðóòàìè ïî-

âåðõíi âiäïîâiäíî. Ïðåäñòàâèìî ¨õ ó òåíçîðíîìó âèãëÿäi:

2H̃ = ραβg
αβ = ραα, (1.8)

K̃ =
1

2
cαβc

λγραλρ
β
γ . (1.9)

Ñåðåäíié i ïîâíèé ãåîäåçè÷íi ñêðóòè ïîâåðõíi, ÿêi ìè ââåëè, âèõîäÿ÷è ç

ïîíÿòòÿ ãåîäåçè÷íîãî ñêðóòó, ¹ àíàëîãàìè ñåðåäíüî¨ òà ïîâíî¨ êðèâèí ïî-

âåðõíi, ÿêi, ÿê ìè âæå âiäìi÷àëè, ââîäÿòüñÿ, âèõîäÿ÷è ç ïîíÿòòÿ íîðìàëüíî¨

êðèâèíè.

Çîêðåìà, â [1] äîâåäåíî, ùî ñåðåäíié ãåîäåçè÷íèé ñêðóò H̃ íà áóäü-ÿêié

ðåãóëÿðíié ïîâåðõíi òîòîæíî äîðiâíþ¹ íóëþ, à ïîâíèé ãåîäåçè÷íèé ñêðóò

K̃ ìîæíà ïîäàòè ÷åðåç åéëåðîâó ðiçíèöþ E (E = H2 −K) ó âèãëÿäi

K̃ = −E. (1.10)

Ëiíiÿ íà ïîâåðõíi, íàïðÿì ÿêî¨ â êîæíié òî÷öi çáiãà¹òüñÿ ç ãîëîâíèì

íàïðÿìîì ãåîäåçè÷íîãî ñêðóòó, íàçèâà¹òüñÿ ëiíi¹þ ãåîäåçè÷íîãî ñêðóòó

( LGT-ëiíi¹þ).
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Äîâåäåíî [1], ùî LGT-ëiíi¨ óòâîðþþòü íà ïîâåðõíi ñiòêó ëiíié ãåîäåçè÷-

íîãî ñêðóòó (LGT-ñiòêó), ÿêà iñíó¹ íà áóäü-ÿêié ðåãóëÿðíié C3-ïîâåðõíi áåç

îìáiëi÷íèõ òî÷îê, i ¹ äiéñíîþ, ðåãóëÿðíîþ òà îðòîãîíàëüíîþ.

1.2. Îêðåìi ïèòàííÿ À-äåôîðìàöié ïîâåðõîíü. Ðîçãëÿíåìî

íåñêií÷åííî ìàëó (í.ì.) äåôîðìàöiþ ïåðøîãî ïîðÿäêó ïîâåðõíi S ç ïîëåì

çìiùåííÿ y(x1, x2) ∈ C4 i ïàðàìåòðîì äåôîðìàöi¨ t→ 0:

r∗(x1, x2) = r(x1, x2) + ty(x1, x2).

Ïðèïóñòèìî, ùî ïðè í.ì. äåôîðìàöi¨ "â ãîëîâíîìó"çáåðiãà¹òüñÿ åëåìåíò

ïëîùi ïîâåðõíi dσ =
√
gdx1dx2, òîäi ïåðøà âàðiàöiÿ åëåìåíòà ïëîùi äîðiâ-

íþ¹ íóëþ: δdσ = 0.

Í.ì. äåôîðìàöiÿ ïîâåðõíi ç ñòàöiîíàðíèì åëåìåíòîì ïëîùi íàçèâà¹òüñÿ í.ì.

àðåàëüíîþ äåôîðìàöi¹þ (êîðîòêî, À-äåôîðìàöi¹þ) [3].

Ðîçêëàäåìî äåôîðìóþ÷å ïîëå yi çà áàçèñîì rα,n ó âèãëÿäi:

yi = ciαT
αβrβ + ciαT

αn, (1.11)

äå rα = ∂r
∂xα , n - îäèíè÷íèé âåêòîð íîðìàëi S, Tαβ , Tα- äåÿêi òåíçîðíi

ïîëÿ íà S. Ó âèïàäêó À-äåôîðìàöi¨ âîíè ¹ ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü

(äèâ., íàïð.,[3]):

Tαk,α − bkαTα = 0, bαβT
αβ + Tα,α = 0, cαβT

αβ = 0. (1.12)

(1.12) ÿâëÿ¹ ñîáîþ íåîáõiäíó i äîñòàòíþ óìîâó äëÿ iñíóâàííÿ âåêòîðíîãî

ïîëÿ y(x1, x2), ÿê ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (1.11).

Ïiä äi¹þ í.ì. äåôîðìàöi¨ êâàäðàò åëåìåíòà äóãè ds2 êðèâî¨ ó çàãàëüíîìó

âèãëÿäi íà ïîâåðõíi îòðèìó¹ íåíóëüîâèé ïðèðiñò

(ds∗)2 − ds2 = t2εαβdx
αdxβ +O(t2),

äå

2εαβ = T γδ(cαγgβδ + cβγgαδ) (1.13)

- âàðiàöi¨ ìåòðè÷íîãî òåíçîðà ïîâåðõíi.

Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá í.ì. äåôîðìàöiÿ áóëà àðå-

àëüíîþ, ¹ óìîâà [3]

εαβg
αβ = 0. (1.14)

Îñêiëüêè âàðiàöiÿ åëåìåíòà ïëîùi dσ =
√
gεαβg

αβdx1dx2, òî í.ì. äåôîðìàöiÿ

áóäå çáåðiãàòè åëåìåíò ïëîùi òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ ðiâíiñòü

(1.14).



12 Ò.Þ. Ïîäîóñîâà,Ë.Ë. Áåçêîðîâàéíà

Ó ìîíîãðàôi¨ [2], Âåêóà I.Í. ââîäèòü äî ðîçãëÿäó í.ì. çãèíàííÿ (ïðè

ÿêèõ çáåðiãà¹òüñÿ åëåìåíò äóãè íà ïîâåðõíi) ç âåêòîðîì îáåðòàííÿ y(x1, x2),

÷àñòèííi ïîõiäíi ÿêîãî ïðåäñòàâëåíi òàê: yi = ciαT
αβrβ . Îñíîâíà ñèñòåìà

ðiâíÿíü í.ì. çãèíàíü òàì ìà¹ âèãëÿä:

Tαk,α = 0, bαβT
αβ = 0, cαβT

αβ = 0.

ßêùî ó äåÿêié òî÷öi (îáëàñòi) ïîâåðõíi äåôîðìóþ÷å ïîëå y àðåàëüíî¨

í.ì. äåôîðìàöi¨ âèÿâèòüñÿ ïîëåì çìiùåíü í.ì. çãèíàííÿ, òî òàêó

À-äåôîðìàöiþ íàçèâàþòü òðèâiàëüíîþ ó öié òî÷öi (îáëàñòi).

Î÷åâèäíî, êëàñ í.ì. çãèíàíü âõîäèòü ó êëàñ í.ì. àðåàëüíèõ äåôîðìàöié,

ÿê îêðåìèé âèïàäîê. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá àðåàëüíà

í.ì. äåôîðìàöiÿ ç âåêòîðîì çìiùåííÿ y (1.11) áóëà òðèâiàëüíîþ

À-äåôîðìàöi¹þ ¹ óìîâà

εαβ = 0. (1.15)

Â äàíié ðîáîòi áóäåìî äîñëiäæóâàòè À-äåôîðìàöi¨ ïîâåðõîíü, ïðè ÿêèõ

çáåðiãà¹òüñÿ ïîâíèé ãåîäåçè÷íèé ñêðóò ïîâåðõíi. Äëÿ öüîãî ïîïåðåäíüî

âèçíà÷èìî âàðiàöi¨ äåÿêèõ ãåîìåòðè÷íèõ õàðàêòåðèñòèê ïîâåðõíi.

1.3. Âàðiàöi¨ ÷åòâåðòîãî ôóíäàìåíòàëüíîãî òåíçîðà. Øëÿõîì

âàðiþâàííÿ ôîðìóëè (1.2) îòðèìà¹ìî

δραβ =
1

2

(
biβδcαi + cαiδb

i
β + biαδcβi + cβiδb

i
α

)
.

Â [3] áóëè çíàéäåíi âàðiàöi¨ íàñòóïíèõ ãåîìåòðè÷íèõ âåëè÷èí ïðè À-

äåôîðìàöiÿõ ïåðøîãî ïîðÿäêó ïîâåðõíi S:

δcαi = 0, δgij = −2giαgjβεαβ , δbij = βij = yi,jn,

δbki = βijg
jk + 2bijc

jαckβεαβ , 2δH = βijg
ij − 2εijb

ij , bij = biαg
αj ,

δK = Kβαβd
αβ .

Áåðó÷è äî óâàãè (1.11)-(1.14), ïðåäñòàâèìî ¨õ ÷åðåç òåíçîðíi ïîëÿ Tαβ , Tα:

δgαβ = −
(
ciγg

αiT γβ + cjγg
βjT γα

)
, (1.16)

δbij = βij = ciαT
αβbβj + ciαT

α
,j , (1.17)

δbiα = cαkT
kρbρsg

si + cαkg
siT k,s − ctγbtαT γi − bαsgiδcδγT γs, (1.18)

2δH = cikb
k
jT

ij + cmig
smT i,s, (1.19)

δK = bαβc
jβTα,j . (1.20)
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Âàðiàöiÿ ÷åòâåðòîãî ôóíäàìåíòàëüíîãî òåíçîðà ïðè À-äåôîðìàöi¨ ÷åðåç

òåíçîðíi ïîëÿ Tαβ , Tα ïiñëÿ ïåâíèõ ïåðåòâîðåíü âèðàçèòüñÿ ó âèãëÿäi:

2δραβ = 2gkγT
kγbαβ − (bγβgαk + bγαgβk)T

kγ −
(
gαkT

k
,β + gβkT

k
,α

)
. (1.21)

1.4. Âàðiàöi¨ ïîâíîãî òà ñåðåäíüîãî ãåîäåçè÷íèõ ñêðóòiâ ïî-

âåðõíi. Âàðiþâàííÿì ôîðìóë (1.8), (1.10) äiñòàíåìî:

δK̃ = −2HδH + δK, (1.22)

2δH̃ = ραβδg
αβ + gαβδραβ . (1.23)

Ïiäñòàâèìî âiäïîâiäíi çíà÷åííÿ ç ôîðìóë (1.16)-(1.21) òà îñòàòî÷íî îò-

ðèìà¹ìî âèðàçè äëÿ âàðiàöié ïîâíîãî òà ñåðåäíüîãî ãåîäåçè÷íèõ ñêðóòiâ ïðè

À-äåôîðìàöiÿõ ïîâåðõíi:

2δK̃ = Hcαib
α
j T

ij − (Hgαβ − bαβ) cjβTα,j , (1.24)

2δH̃ = 0.

�2. À-äåôîðìàöi¨ ìiíiìàëüíî¨ ïîâåðõíi, ïðè ÿêèõ çáåðiãà¹òüñÿ

ïîâíèé ãåîäåçè÷íèé ñêðóò

2.1. Ïîñòàíîâêà çàäà÷i äëÿ äîâiëüíî¨ ðåãóëÿðíî¨ ïîâåðõíi. Áóäå-

ìî ðîçãëÿäàòè À-äåôîðìàöiþ äîâiëüíî¨ ðåãóëÿðíî¨ ïîâåðõíi, ïðè ÿêié çáåði-

ãà¹òüñÿ ïîâíèé ãåîäåçè÷íèé ñêðóò, òîáòî çà óìîâè δK̃ = 0.

Ìàþòü ìiñöå òåîðåìè

Òåîðåìà 2.1. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá ïðè À-

äåôîðìàöi¨ äîâiëüíî¨ ðåãóëÿðíî¨ ïîâåðõíi çáåðiãàâñÿ ïîâíèé ãåîäåçè÷íèé

ñêðóò ¹ óìîâà

Hcαib
α
j T

ij − (Hgαβ − bαβ) cjβTα,j = 0. (2.1)

Òåîðåìà 2.2. Äëÿ iñíóâàííÿ À-äåôîðìàöi¨ äîâiëüíî¨ ðåãóëÿðíî¨ ïîâåðõíi

ç ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì íåîáõiäíî i äîñòàòíüî, ùîá

iñíóâàâ íåíóëüîâèé ðîçâ'ÿçîê ( T 11, T 12, T 22, T 1, T 2) ñèñòåìè ðiâíÿíü:

Tαk,α − bkαTα = 0, bαβT
αβ + Tα,α = 0,

cαβT
αβ = 0, Hcαib

α
j T

ij − (Hgαβ − bαβ) cjβTα,j = 0. (2.2)
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Öå ¹ ñèñòåìà ÷îòèðüîõ äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî ï'ÿòè íåâiäîìèõ

ôóíêöié - ñèìåòðè÷íîãî òåíçîðà Tαβ òà êîìïîíåíòiâ âåêòîðà Tα. �¨ äîñëiä-

æåííÿ â çàãàëüíîìó âèãëÿäi çâîäèòüñÿ äî äîñèòü ñêëàäíèõ ðiâíÿíü, òîìó â

öié ðîáîòi ìè îáìåæèìîñÿ ðîçãëÿäîì ìiíiìàëüíî¨ ïîâåðõíi.

2.2. Ïîñòàíîâêà çàäà÷i äëÿ ìiíiìàëüíî¨ ïîâåðõíi. Ç òåîðåìè 2.1.

òà òåîðåìè 2.2. äëÿ ìiíiìàëüíî¨ ïîâåðõíi âèïëèâàþòü íàñòóïíi òâåðäæåííÿ:

Òåîðåìà 2.3. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá ïðè

À-äåôîðìàöi¨ ìiíiìàëüíî¨ ïîâåðõíi çáåðiãàâñÿ ïîâíèé ãåîäåçè÷íèé ñêðóò ¹

óìîâà

bαβc
jβTα,j = 0. (2.3)

Òåîðåìà 2.4. Äëÿ iñíóâàííÿ À-äåôîðìàöi¨ ìiíiìàëüíî¨ ïîâåðõíi çi ñòà-

öiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì íåîáõiäíî i äîñòàòíüî, ùîá iñíó-

âàâ íåíóëüîâèé ðîçâ'ÿçîê ( T 11, T 12, T 22, T 1, T 2) ñèñòåìè ðiâíÿíü:

Tαk,α − bkαTα = 0, bαβT
αβ + Tα,α = 0, cαβT

αβ = 0, bαβc
jβTα,j = 0. (2.4)

Çàóâàæåííÿ. Ó âiäïîâiäíîñòi ç ôîðìóëîþ (2.3) ç ðiâíîñòi (1.20) âèïëè-

âà¹ óìîâà ñòàöiîíàðíîñòi ïîâíî¨ êðèâèíè ïîâåðõíi, òîáòî

δK = 0.

Îòæå, ïðè À-äåôîðìàöi¨ ìiíiìàëüíî¨ ïîâåðõíi ç ñòàöiîíàðíèì ïîâíèì ãåî-

äåçè÷íèì ñêðóòîì çáåðiãà¹òüñÿ òàêîæ ïîâíà êðèâèíà ïîâåðõíi. Òîìó â ïî-

äàëüøîìó âñi íàñòóïíi ðåçóëüòàòè òàêîæ ñïðàâåäëèâi, ÿêùî ñëîâà "ïîâíèé

ãåîäåçè÷íèé ñêðóò"çàìiíèòè ñëîâàìè "ïîâíà êðèâèíà"ïîâåðõíi.

Òàêèì ÷èíîì, çàäà÷à ïðî iñíóâàííÿ À-äåôîðìàöi¨ ìiíiìàëüíî¨ ïîâåðõ-

íi, ïðè ÿêié çáåðiãà¹òüñÿ ïîâíèé ãåîäåçè÷íèé ñêðóò, àíàëiòè÷íî çâîäèòüñÿ

äî äîñëiäæåííÿ ñèñòåìè ÷îòèðüîõ äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî ï'ÿòè

íåâiäîìèõ ôóíêöié - ñèìåòðè÷íîãî òåíçîðà Tαβ òà êîìïîíåíòiâ âåêòîðà Tα.

Ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2.4) áóäåìî øóêàòè ó âèãëÿäi:

Tαβ = ραβm+Kdαβµ, (2.5)

äå m(x1, x2) i µ(x1, x2) - äåÿêi ôóíêöi¨, ραβ = 1
K̃
cαicβjρij - åëåìåíòè ìàòðèöi,

îáåðíåíî¨ äî ‖ραβ‖, dαβ = 1
K c

αicβjbij , K 6= 0 - åëåìåíòè ìàòðèöi, îáåðíåíî¨

äî ‖bαβ‖. Ïðè öüîìó ïîñòàâëåíà çàäà÷à ñòàíå âèçíà÷åíîþ, òîìó ùî âîíà

çâîäèòüñÿ äî äîñëiäæåííÿ ñèñòåìè ñåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2.4), (2.5)

âiäíîñíî ñåìè íåâiäîìèõ ôóíêöié.
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2.3. Âèïàäîê òðèâiàëüíèõ äåôîðìàöié. Ïåðåâiðèìî äëÿ ÿêèõ ôóíê-

öiém òà µ À-äåôîðìàöiÿ ìiíiìàëüíî¨ ïîâåðõíi, ïðè ÿêié çáåðiãà¹òüñÿ ïîâíèé

ãåîäåçè÷íèé ñêðóò, áóäå òðèâiàëüíîþ ç âåêòîðîì çìiùåííÿ y ç (1.11).

Ëåìà 2.1. À-äåôîðìàöiÿ ìiíiìàëüíî¨ ïîâåðõíi ç ñòàöiîíàðíèì ïîâíèì

ãåîäåçè÷íèì ñêðóòîì â äàíié òî÷öi áóäå òðèâiàëüíîþ òîäi i ëèøå òîäi,

êîëè öÿ òî÷êà ¹ îìáiëi÷íîþ.

Äîâåäåííÿ. Ïiäñòàâèìî âèðàç äëÿ òåíçîðà Tαβ â (1.13). Ïiñëÿ äåÿêèõ

íåñêëàäíèõ ïåðåòâîðåíü çíàéäåìî, ùî:

εαβ = hαβm− ραβµ. (2.6)

Íåõàé òî÷êà ïîâåðõíi ¹ îìáiëi÷íîþ. Òîäi hαβ = ραβ = 0. Ç (2.6) âèïëèâà¹,

ùî εαβ = 0.

Îòæå, À-äåôîðìàöiÿ ïîâåðõíi ¹ òðèâiàëüíîþ.

Íàâïàêè, ÿêùî εαβ = 0, òî

hαβm− ραβµ = 0.

Çâiäñè âèïëèâàþòü ðiâíîñòi

h11
ρ11

=
h12
ρ12

=
h22
ρ22

. (2.6′)

Ç óðàõóâàííÿì ôîðìóë (1.1) i (1.4) äëÿ hαβ òà ραβ ìîæíà ïåðåêîíàòèñÿ, ùî

óìîâà (2.6') õàðàêòåðèçó¹ îìáiëi÷íi òî÷êè ïîâåðõíi. Ëåìó äîâåäåíî

Ëåìà 2.2. ßêùî m = µ = 0, òî À-äåôîðìàöiÿ, ïðè ÿêié çáåðiãà¹òüñÿ

ïîâíèé ãåîäåçè÷íèé ñêðóò ìiíiìàëüíî¨ ïîâåðõíi, áóäå òðèâiàëüíîþ.

Ç íàâåäåíèõ ëåì ðîáèìî âèñíîâîê, ùî â áóäü-ÿêié íåîìáiëi÷íié òî÷öi

çà óìîâè µ2 + m2 6= 0, À-äåôîðìàöiÿ ç ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì

ñêðóòîì áóäå íåòðèâiàëüíîþ.

2.3.Àíàëiç îñíîâíî¨ ñèñòåìè ðiâíÿíü (2.4).Ïiäñòàâèìî âèðàç (2.5)

äëÿ òåíçîðà Tαβ ó àëãåáðà¨÷íå ðiâíÿííÿ (2.4)2 i îäåðæèìî:

Tα,α = −2Kµ. (2.7)

Òåíçîð äåôîðìàöi¨ Tαβ ç (2.5) ïîâèíåí òàêîæ çàäîâîëüíÿòè ñèñòåìó ðiâíÿíü

(2.4)1. Òîìó çíàéäåìî êîâàðiàíòíó ïîõiäíó âiä Tαβ i ïiäñòàâèìî ¨¨ â (2.4)1,

ìàòèìåìî:

bβαT
α = cαibβimα − bαβµα.

Äàëi, ïîìíîæèâøè öþ ðiâíiñòü íà dkβ = dkαgαβ , îòðèìà¹ìî âèðàç òåíçîðíîãî

ïîëÿ Tα ÷åðåç äâi ôóíêöi¨ m òà µ:

Tα = ckαmk − gkαµk. (2.8)
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Ïiäñòàâèìî ñïî÷àòêó (2.8) ó (2.7), à ïîòiì ó (2.4)4. Îòðèìà¹ìî ñèñòåìó

äâîõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç ÷àñòèííèìè ïîõiäíèìè

âiäíîñíî äâîõ íåâiäîìèõ ôóíêöié m òà µ:
gkαµk,α − 2Kµ = 0,

bkjmk,j − ρkjµk,j = 0.

(2.9)

Ïåðøå ðiâíÿííÿ öi¹¨ ñèñòåìè ¹ äèôåðåíöiàëüíèì ðiâíÿííÿì äðóãîãî ïîðÿäêó

åëiïòè÷íîãî òèïó (îñêiëüêè éîãî äèñêðèìiíàíò äîäàòíèé) âiäíîñíî ôóíêöi¨

µ. Äðóãå ðiâíÿííÿ öi¹¨ ñèñòåìè ¹ äèôåðåíöiàëüíèì ðiâíÿííÿì äðóãîãî ïî-

ðÿäêó ãiïåðáîëi÷íîãî òèïó (íàïðèêëàä, â àñèìïòîòè÷íèõ ëiíiÿõ, êîëè

b11 = b22 = 0, b12 6= 0, éîãî äèñêðèìiíàíò ¹ âiä'¹ìíèì) âiäíîñíî ôóíêöi¨ m.

Îòæå, ìà¹ ìiñöå

Òåîðåìà 2.5.ßêùî ôóíêöi¨ µ(x1, x2) òàm(x1, x2) çà óìîâè µ2+m2 6= 0 ¹

ðîçâ'ÿçêàìè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2.9), òî iñíó¹ íåòðèâiàëü-

íà À-äåôîðìàöiÿ çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì ìiíiìàëü-

íî¨ ïîâåðõíi. Ïðè öüîìó òåíçîðè äåôîðìàöi¨ Tαβ, Tα ÷åðåç ôóíêöi¨ µ òà m

êëàñó C2 âèðàæàþòüñÿ ó ÿâíîìó âèãëÿäi çà ôîðìóëàìè (2.5), (2.8) âiäïî-

âiäíî.

2.4. Ìåõàíi÷íèé çìiñò ïîñòàâëåíî¨ çàäà÷i. Âiäîìî [3], ùî À-

äåôîðìàöiÿ ïîâåðõíi ìîäåëþ¹ áåçìîìåíòíèé íàïðóæåíèé ñòàí ðiâíîâàãè íà-

âàíòàæåíî¨ îáîëîíêè çà óìîâè, ùî ¨¨ ïîâåðõíåâå íàâàíòàæåííÿ X ìà¹ äâi

ñòåïåíi ñâîáîäè:

X = (Tαn),α.

Ç ïîïåðåäíüîãî âèïëèâà¹, ùî À-äåôîðìàöiÿ ìiíiìàëüíî¨ ïîâåðõíi çi ñòà-

öiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì îïèñó¹ áåçìîìåíòíèé íàïðóæåíèé

ñòàí ðiâíîâàãè îáîëîíêè ç ïîâåðõíåâèì íàâàíòàæåííÿì, ÿêå âèçíà÷à¹òüñÿ

òåíçîðíèì ïîëåì (2.8)

X = ((ckαmk − gkαµk)n),α = −bβα(ckαmk − gkαµk)rβ − 2Kµn.

Â ðîáîòi [3] (ñ.35) äîâåäåíà ôîðìóëà:

2Hcij = bαi cαj + bαj ciα. (2.10)

Ïiäñòàâëÿþ÷è âèðàç bαi cαj ó (1.2), îòðèìà¹ìî:

ραβ = cαkb
k
β −Hcαβ . (2.11)
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Çãiäíî ç (2.11) îñòàòî÷íî äëÿ îáîëîíêè ç ñåðåäèííîþ ìiíiìàëüíîþ ïîâåðõ-

íåþ ïîâåðõíåâå íàâàíòàæåííÿ ìàòèìå âèãëÿä:

X = −(ρkβmk +Kdkβµk)rβ − 2Kµn.

2.5.Ïðî iñíóâàííÿ îêðåìèõ ðîçâ'ÿçêiâ ïîñòàâëåíî¨ çàäà÷i.

1. Äîâåäåìî, ùî ðiâíÿííÿ (2.9)1 çàâæäè äîïóñêà¹ íåíóëüîâèé ðîçâ'ÿçîê.

Ëåìà 2.3. Ôóíêöiÿ

µ = nc, (2.12)

äå c = const - áóäü-ÿêèé ñòàëèé âåêòîð, n - îðò íîðìàëi ïîâåðõíi, ¹ ðîç-

â'ÿçêîì ðiâíÿííÿ (2.9)1.

Äîâåäåííÿ.Ñêîðèñòà¹ìîñü äåðèâàöiéíèìè ðiâíÿííÿìè òåîði¨ ïîâåðõîíü

[4]

rβ,α = bβαn, nk = −bαk rα.

Òîäi, iç (2.12) ìàòèìåìî

µk = nkc = −bαk rαc. (2.13)

Ïiäñòàâèìî çíà÷åííÿ (2.12), (2.13) äëÿ µ òà µk ó ëiâó ÷àñòèíó ïåðøîãî ðiâ-

íÿííÿ ñèñòåìè (2.9) òà çðîáèìî âiäïîâiäíi ïåðåòâîðåííÿ:

(
gkαµk

)
,α
− 2Kµ = −

(
gkαbkβr

βc
)
,α
− 2Kn · c = −

(
bαβr

βc
)
,α
− 2Kn · c =

= −2Hβr
βc− bαβbβαn · c− 2Kn · c.

Âiäîìî [3], ùî

bαβb
β
α = 4H2 − 2K,

òîäi äëÿ ìiíiìàëüíî¨ ïîâåðõíi îñòàòî÷íî îòðèìà¹ìî:(
gkαµk

)
,α
− 2Kµ = 2Kn · c− 2Kn · c = 0.

Îòæå, ôóíêöiÿ µ çàäîâiëüíÿ¹ ðiâíÿííÿ (2.9)1. Ëåìó äîâåäåíî.

Îñêiëüêè ðiâíÿííÿ (2.9)1 çàäîâîëüíÿ¹òüñÿ ðîçâ'ÿçêîì µ = nc,, òî ñèñòåìà

ðiâíÿíü (2.9) çâîäèòüñÿ äî îäíîãî íåîäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó âiäíîñíî ôóíêöi¨ m ç âiäîìîþ

ïðàâîþ ÷àñòèíîþ:

bkjmk,j = ρkjµk,j .

Äàëi ðîçãëÿíåìî âèðàç ρkjµk,j çà óìîâè, ùî µ = nc:

ρkjµk,j = −ρkj
(
bkβr

βc
)
,j
=



18 Ò.Þ. Ïîäîóñîâà,Ë.Ë. Áåçêîðîâàéíà

= −ρkj
(
bkβ,jr

βc+ bkβb
β
j nc

)
= −ρkj

(
bkβ,jr

βc+ (2Hbkj −Kgkj)nc
)
.

Äëÿ äîâiëüíî¨ ïîâåðõíi ñïðàâäæó¹òüñÿ òîòîæíiñòü ρkjgkj = 0. Òîäi ïðè

H = 0 ,áóäåìî ìàòè

ρkjµk,j = −ρkjbkj,βrβc.

Òîäi ðiâíÿííÿ (2.9)2 â ðîçãîðíóòîìó âèãëÿäi ìàòèìå âèãëÿä:

bkjmkj − bkjΓαkjmα = −ρkjbkj,βrβc, (2.14)

äå Γαkj - ñèìâîëè Õðèñòîôåëÿ äðóãîãî ðîäó, mα = ∂m
∂xα , mkj =

∂2m
∂xα∂xj .

Âiäíåñåìî ïîâåðõíþ äî àñèìïòîòè÷íèõ ëiíié (b11 = b22 = 0, b12 6= 0). Ó

çâ'ÿçêó ç öèì (2.14) íàáóäå êàíîíi÷íîãî âèãëÿäó:

∂2m

∂x1∂x2
− Γ 1

12

∂m

∂x1
− Γ 2

12

∂m

∂x2
= F (x1, x2), (2.15)

äå F (x1, x2) = − 1
b12 ρ

kjbkj,βr
βc - âiäîìà ôóíêöiÿ, b12 = b12

g .

Ðîçãëÿíåìî çàäà÷ó Äàðáó [5] äëÿ ëiíiéíîãî íåîäíîðiäíîãî äèôåðåíöiàëü-

íîãî ðiâíÿííÿ (2.15) âiäíîñíî ôóíêöi¨ m(x1, x2). Áóäåìî çíàõîäèòè òàêèé ií-

òåãðàë, ÿêèé íàáóâà¹ ïåâíèõ çíà÷åíü íà õàðàêòåðèñòèêàõ x1 = x10, x2 = x20

m(x1, x20) = λ(x1), m(x10, x
2) = τ(x2).

Îñêiëüêè êîæíié ïàði ôóíêöié λ(x1), τ(x2) âiäïîâiäà¹ ¹äèíèé ðîçâ'ÿçîê

m(x1, x2) ðiâíÿííÿ (2.15) äëÿ äàíî¨ ïðàâî¨ ÷àñòèíè, òî ìà¹ ìiñöå

Òåîðåìà 2.6. Áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ äîïóñêà¹ íåòðèâiàëüíi À-

äåôîðìàöi¨ çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì ó êëàñi C4. Ïðè

öüîìó òåíçîðè äåôîðìàöi¨ âèðàæàþòüñÿ ÷åðåç äâi ôóíêöi¨, êîæíà âiä îä-

íi¹¨ çìiííî¨, ó íàñòóïíîìó ÿâíîìó âèãëÿäi:

Tαβ = ραβm+Kdαβcn, Tα = ckαmk + bαs cr
s

2. Ðîçãëÿíåìî òåïåð ÷àñòèííèé âèïàäîê µ = 0. Òîäi ç ñèñòåìè ðiâíÿíü

(2.9) äiñòàíåìî ëiíiéíå îäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè

ïîõiäíèìè äðóãîãî ïîðÿäêó ãiïåðáîëi÷íîãî òèïó âiäíîñíî ôóíêöi¨ m:

bkjmk,j = 0. (2.16)

Öå ðiâíÿííÿ äîïóñêà¹ ðîçâ'ÿçêè (äèâ. ïðèêëàä ó íàñòóïíîìó ïóíêòi).

Ñïðàâåäëèâà

Òåîðåìà 2.7. Áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ äîïóñêà¹ íåòðèâiàëüíi

À-äåôîðìàöi¨ çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì â êëàñi C4.
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Ïðè öüîìó òåíçîðè äåôîðìàöi¨ âèðàæàþòüñÿ ÷åðåç îäíó ôóíêöiþ m(x1, x2),

ÿêà ¹ ðîçâ'ÿçêîì ëiíiéíîãî îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèí-

íèìè ïîõiäíèìè äðóãîãî ïîðÿäêó (2.16):

Tαβ = ραβm, Tα = ckαmk.

3. Ðîçãëÿíåìî À-äåôîðìàöi¨ iç ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðó-

òîì äëÿ ïðÿìîãî ãåëiêî¨äà çà óìîâè µ = 0. Çàïèøåìî éîãî ðiâíÿííÿ ó

âèãëÿäi:

r = {x1 cosx2, x1 sinx2, x2}.

Îá÷èñëèìî:

g11 = 1, g12 = 0, g22 = (x1)2 + 1, b11 = b22 = 0, b12 = − 1√
(x1)2 + 1

,

ρ11 = − 1

(x1)2 + 1
, ρ12 = 0, ρ22 = 1, h11 = h22 = 0, h12 =

2√
(x1)2 + 1

,

n =

(
sinx2√
(x1)2 + 1

,− cosx2√
(x1)2 + 1

,
x1√

(x1)2 + 1

)
,

ρ11 = − 1

(x1)2 + 1
, ρ22 =

1

((x1)2 + 1)2
, ρ12 = 0,

2H = 0, K = K̃ = − 1

((x1)2 + 1)2
, 2H̃ = 0.

Ðiâíÿííÿ (2.16) â àñèìïòîòè÷íié ñèñòåìi êîîðäèíàò íàáóäå âèãëÿäó

∂2m

∂x1∂x2
− x1

1 + (x1)2
∂m

∂x2
= 0. (2.17)

Ââåäåìî ôóíêöi¨

∂m

∂x2
= ϕ(x1, x2); ξ(x1) =

x1

1 + (x1)2
.

Òîäi ç (2.17) îòðèìà¹ìî ðiâíÿííÿ

∂ϕ

∂x1
= ϕ(x1, x2)ξ(x1). (2.18)

Éîãî çàãàëüíèé ðîçâ'ÿçîê âèðàçèìî ÷åðåç äîâiëüíó ôóíêöiþ c(x2):

m(x1, x2) = c(x2)
√

1 + (x1)2. (2.19)
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Îñòàòî÷íî òåíçîðíi ïîëÿ Tαβ , Tα äëÿ ãåëiêî¨äà íàáóâàþòü âèãëÿäó:

T 11 = − c(x2)√
(x1)2 + 1

, T 22 =
c(x2)√

((x1)2 + 1)3
, T 12 = T 21 = 0,

T 1 = −c′(x2), T 2 =
x1c(x2)

1 + (x1)2
. (2.20)

Äëÿ âèïàäêó c(x2) = 1 îòðèìà¹ìî

T 11 = − 1√
(x1)2 + 1

, T 22 =
1√

((x1)2 + 1)3
, T 12 = T 21 = 0,

T 1 = 0, T 2 =
x1

1 + (x1)2
. (2.21)

Òîäi âäà¹òüñÿ çíàéòè ÿâíèé âèðàç âåêòîðà çìiùåííÿ y. Ñïðàâäi, ïiäñòàâèâøè

êîìïîíåíòè Tαβ , Tα ç (2.21) â (1.11), äiñòàíåìî :

y1 = {0, 0, 1},

y2 = {cosx2, sinx2, 0}.

Òîäi ÿâíèé âèðàç âåêòîðà çìiùåííÿ äëÿ ïðÿìîãî ãåëiêî¨äà îñòàòî÷íî çàïè-

øåòüñÿ òàê:

y = {sinx2,− cosx2, x1}. (2.22)

Òåïåð ïåðåñâiä÷èìîñÿ â òîìó, ùî À-äåôîðìàöiÿ çi ñòàöiîíàðíèì ïîâíèì

ãåîäåçè÷íèì ñêðóòîì äëÿ ãåëiêî¨äà ¹ íåòðèâiàëüíîþ. Ñïðàâäi, âàðiàöi¨ êîå-

ôiöi¹íòiâ ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè âiäìiííi âiä íóëÿ:

ε11 = ε22 = 0, ε12 = c(x2).

Îòæå, ñïðàâäæó¹òüñÿ

Òåîðåìà 2.8. Ïîâåðõíÿ ïðÿìîãî ãåëiêî¨äà äîïóñêà¹ íåòðèâiàëüíi À-

äåôîðìàöi¨ çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì. Òåíçîðè äåôîð-

ìàöi¨ âèðàæàþòüñÿ ó âèãëÿäi (2.21), à âåêòîð çìiùåííÿ ìà¹ âèãëÿä (2.22).
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Complete geodesic torsion and deformations of minimal surface

In the given work probed about existence of À-deformations of minimal surface

with the stationary complete geodesic torsion the concept of which is entered

in [1]. Terms at which any minimal surface assumes non-trivial A-deformations

with the stationary complete geodesic torsion are found.
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Ãåîìåòðè÷åñêàÿ ñòðóêòóðà ñîâìåñòíî ïîðîæäåí-
íàÿ ìåòðèêîé è êðó÷åíèåì

Í.È. ßðåìåíêî

Àííîòàöèÿ Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ãåîìåòðèÿ, êîòîðàÿ ïîðîæ-

äåíà ñîâìåñòíî è ñîãëàñîâàíî ìåòðè÷åñêèì òåíçîðîì è òåíçîðîì êðó÷åíèÿ.

Èçó÷åíû ñâîéñòâà ïðîñòðàíñòâà îïèñàííîãî ïðè ïîìîùè çàäàíèÿ ìåòðèêè

è êðó÷åíèÿ; ïðè ýòîì èññëåäîâàí òåíçîð êðèâèçíû, ïîëó÷åíû àíàëîãè

òîæäåñòâà Ðè÷÷è � ßêîáè, óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé.

Êëþ÷åâûå ñëîâà ìåòðè÷åñêèé òåíçîð,òåíçîð êðó÷åíèÿ, ñâÿçíîñòü, ãåîäå-

çè÷åñêèå ëèíèè, êðèâèçíà, êðó÷åíèå, àôôèííîå ïðîñòðàíñòâî

ÓÄÊ 514.1

Ââåäåíèå

Â äàííîé ðàáîòå èññëåäóþòñÿ ñâîéñòâà ïðîñòðàíñòâ ñ àôôèííîé ñâÿçíî-

ñòüþ ïðè íàëè÷èè ìåòðè÷åñêîãî òåíçîðà, ïîëó÷åíû ðåçóëüòàòû î ñòðóêòóðå

òåíçîðà êðèâèçíû, ðàññìîòðåíî ïîñòðîåíèå ãåîäåçè÷åñêèõ ëèíèé è ïîëó÷å-

íà îöåíêà çàçîðà êîòîðûé âîçíèêàåò ïðè îáõîäå êîíòóðà ïàðàëëåëîãðàììà

â ýòèõ ïðîñòðàíñòâàõ.

Èññëåäîâàíèå ñâîéñòâ ìåòðè÷åñêèõ è ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè

íà÷àëîñü, ïðèáëèçèòåëüíî, â íà÷àëå 20-ãî âåêà [6, 7] è ïðîäîëæàåòñÿ è ðàç-

âèâàåòñÿ äî íàñòîÿùåãî âðåìåíè [1-5, 7-16].

Âàæíîñòü ïîäîáíîãî ðîäà èññëåäîâàíèé îáóñëàâëèâàåòñÿ ñ îäíîé ñòî-

ðîíû âíóòðåííåé ëîãèêîé îñíîâàíèé ìàòåìàòè÷åñêîé íàóêè [6, 7, 9, 13], ñ

äðóãîé ïðèëîæåíèÿìè ê çàäà÷àì àíàëèòè÷åñêîé ìåõàíèêå [1, 12], òåîðèè

îòíîñèòåëüíîñòè [5, 14-16], ìåõàíèêè ñïëîøíûõ ñðåä, êîñìîëîãèè [10].
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Äîñòàòî÷íî õîðîøî èññëåäîâàíû Ðèìàíîâû ïðîñòðàíñòâà [9], ââèäó áî-

ãàòñòâà ãåîìåòðè÷åñêèõ ñâîéñòâ, ìåíåå èçó÷åíû ïðîñòðàíñòâà àôôèííîé

ñâÿçíîñòè [3] è íå äîñòàòî÷íî ðàññìîòðåíà íàèáîëåå èíòåðåñíàÿ ãåîìåòðèÿ,

êîòîðàÿ ïîëó÷àåòñÿ ïðè îáúåäèíåíèè ãåîìåòðèé àôôèííîé ñâÿçíîñòè è ïî-

ðîæäåííîé ìåòðè÷åñêèì òåíçîðîì, èìåííî ýòîìó è ïîñâÿùåíà äàííàÿ ðàáî-

òà.

Îñíîâíàÿ öåëü äàííîé ðàáîòû � èññëåäîâàíèå òåõ ãåîìåòðè÷åñêèõ

ñâîéñòâ ïðîñòðàíñòâà àôôèííîé ñâÿçíîñòè, êîòîðûå âîçíèêàþò ïðè åãî ïî-

ãðóæåíèè â ìåòðè÷åñêîå ïðîñòðàíñòâî, òî åñòü ïîñòðîèòü ãåîìåòðèþ èñõîäÿ

èç äâóõ òåíçîðîâ � ìåòðèêè è êðó÷åíèÿ. Â ýòîì ñëó÷àè ñ îäíîé ñòîðîíû

ñîõðàíÿþòñÿ âñå ñâîéñòâà ãåîìåòðèè àôôèííîãî ïðîñòðàíñòâà, ñ äðóãîé ïî-

ÿâëÿþòñÿ ìíîãèå âàæíûå îñîáåííîñòè, ñâÿçàííûå ñ íàëè÷èåì ìåòðèêè, ïðè

ýòîì ñòðóêòóðà òåíçîðà êðèâèçíû èìååò õàðàêòåðíûå îñîáåííîñòè, à òàêæå

ïîÿâëÿåòñÿ âîçìîæíîñòü îöåíèòü çàçîð, êîòîðûé âîçíèêàåò ïðè ïåðåõîäå îò

îðèãèíàëà ê èçîáðàæåíèþ è, íàîáîðîò, â ñëó÷àè áåñêîíå÷íî ìàëûõ êîíòó-

ðîâ.

Îñíîâíîå åñòåñòâåííîå ïðåäïîëîæåíèå, êîòîðîå èñïîëüçóåòñÿ íèæå äëÿ

ñîõðàíåíèÿ ìåòðè÷åñêèõ ñâîéñòâ èçó÷àåìîãî ïðîñòðàíñòâà: ñêàëÿðíîå ïðî-

èçâåäåíèå äâóõ âåêòîðîâ ïðè ïàðàëëåëüíîì ïåðåíîñå âäîëü ïðîèçâîëüíîãî

ïóòè íå ìåíÿåòñÿ.

Îñíîâíûå ðåçóëüòàòû è èõ äîêàçàòåëüñòâà

Ìîæíî ïî-ðàçíîìó ïðåäñòàâëÿòü ôèçè÷åñêîå ÷åòûðåõìåðíîå ïðîñòðàí-

ñòâî, â êîòîðîì ïðîèñõîäÿò ñîáûòèÿ ðåàëüíîé äåéñòâèòåëüíîñòè, ñ ìàòåìà-

òè÷åñêîé òî÷êè çðåíèÿ âîçìîæíû äâå ïðèíöèïèàëüíûå ñõåìû ïîñòðîåíèÿ

ãåîìåòðèè ïðîñòðàíñòâà, êîòîðîå ìîæíî áû áûëî îòîæäåñòâèòü ñ íàáëþäà-

åìûì ôèçè÷åñêèì ïðîñòðàíñòâîì.

Ïåðâàÿ ñõåìà ýòî îáîáùåíèå ãåîìåòðèè Ýâêëèäà � ãåîìåòðèÿ ðèìàíîâîé

ìåòðèêè, òî åñòü ìíîãîîáðàçèå, â êîòîðîì çàäàíî ïîëå äâà ðàçà êîâàðèàíò-

íîãî ñèììåòðè÷åñêîãî è íåâûðîæäåííîãî òåíçîðà gik(M), ãäå Det|gik| 6= 0 è

gik = gki.

Çàìåòèì, ÷òî ìåòðè÷åñêèé òåíçîð âûáèðàåòñÿ ïðîèçâîëüíî, êðîìå óñëî-

âèé ïîëîæåííûõ âûøå è ìíîãîîáðàçèå ñ÷èòàåòñÿ äîñòàòî÷íî ãëàäêèì.

Âàæíûì åñòü òîò ôàêò, ÷òî ýòî îïðåäåëåíèå ìîæíî ïåðåïèñàòü â âèäå:

èíâàðèàíòíàÿ äèôôåðåíöèàëüíàÿ êâàäðàòè÷íàÿ ôîðìà gik dx
idxk óäîâëå-

òâîðÿþùàÿ óñëîâèþ Det|gik| 6= 0, gik = gki îïðåäåëÿåì ãåîìåòðèþ Ðèìàíà.
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Êàê ñëåäñòâèå èíâàðèàíòíîñòè ôîðìû:

ds2 = gik dx
idxk (1)

ïîëó÷èì, ÷òî êîýôôèöèåíòû gikîáðàçóþò òåíçîðíîå ïîëå.

Â ýòîé ìîäåëè çà äëèíó äóãè êðèâîé ìîæíî ïðèíÿòü èíòåãðàë:

s =

∫ b

a

√
gik dxidxk. (2)

Âòîðàÿ ñõåìà ïðåäñòàâëÿåì îáîáùåíèå àôôèííîé ãåîìåòðèè � ãåîìåòðèÿ

àôôèííîé ñâÿçíîñòè Γ i
jk(M), ïîñòðîåííàÿ íà áàçå n- ìåðíîãî ìíîãîîáðàçèÿ.

Ñèñòåìà ÷èñåë Γ i
jk(M) ïîä÷èíåíà çàêîíó ïðåîáðàçîâàíèÿ îò îäíîé êîîð-

äèíàòíîé ñèñòåìû xi ê äðóãîé xi
′
â âèäå:

Γ i′

j′k′ = Γ i
jk

∂xi
′

∂xi
∂xj

∂xj′
∂xk

∂xk′ +
∂2xi

∂xj′∂xk′

∂xi
′

∂xi
, (3)

ïðè÷åì ôóíêöèè Γ i
jk äîñòàòî÷íî ãëàäêèå.

Ïóñòü âäîëü êðèâîé xi = xi(t), t ∈ [a, b] ⊂ R çàäàíî ïîëå òåíçîðà

Ai = Ai(t), åñëè ïðè êàæäîì áåñêîíå÷íî ìàëîì ñìåùåíèè ïî t êîîðäèíà-

òû òåíçîðà Ai(t) ìåíÿþòñÿ ïî çàêîíó:

dAi = −Γ i
jkA

jdxk, (4)

òîãäà ãîâîðÿò, ÷òî òåíçîð Ai ïåðåíîñèòñÿ ïàðàëëåëüíî îòíîñèòåëüíî êðèâîé

t.

Â çàâèñèìîñòè îò ïîñòàâëåííûõ öåëåé âûáèðàåòñÿ òà èëè èíàÿ ãåîìåò-

ðè÷åñêàÿ ìîäåëü, íî êàê âíóòðåííÿÿ ëîãèêà, òàê è çäðàâûé ñìûñë òðåáóåò,

÷òîáû â ôèçè÷åñêîì ìèðå ýòè äâå ìîäåëè ñîñóùåñòâîâàëè ñîâìåñòíî è äî-

ïîëíÿëè äðóã äðóãà, õîðîøî èçâåñòíûé ðåçóëüòàò, ÷òî â ïðîèçâîëüíîì ðèìà-

íîâîì ïðîñòðàíñòâå âñåãäà ìîæíî ïîñòðîèòü ñâÿçíîñòü Γ i
jk(M). Èíòåðåñåí

âîïðîñ åäèíñòâåííîñòè òàêîãî ïîñòðîåíèÿ. Â îáùåì ñëó÷àå òàêîå ïîñòðîåíèå

Γ i
jkíå åäèíñòâåííî, íî àáñîëþòíî åñòåñòâåííûì (ñ òî÷êè çðåíèÿ ìàòåìàòè-

êè è â áîëüøåé ìåðå ôèçèêè), åñòü òðåáîâàíèÿ òîãî, ÷òî âñÿêèé ðàç, êîãäà

âäîëü êàêîãî-ëèáî ïóòè îäíîâðåìåííî ïåðåíîñÿòñÿ ïàðàëëåëüíî äâà âåêòî-

ðà Ai è Bi (â ñèëó íàëè÷èÿ ñâÿçíîñòè òàêîå ïåðåíåñåíèå îïðåäåëåíî), èõ

ñêàëÿðíîå ïðîèçâåäåíèå íå ìåíÿåòñÿ (ñêàëÿðíîå ïðîèçâåäåíèå îïðåäåëÿåòñÿ

ìåòðèêîé). Ìàòåìàòè÷åñêè ýòî çàïèñûâàåòñÿ â âèäå ðàâåíñòâà íóëþ äèôôå-

ðåíöèàëà:

d(gikA
iBk) = 0. (5)
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Åñëè æå ïîòðåáîâàòü ñèììåòðè÷íîñòü êîýôôèöèåíòîâ Γ i
jk, à èìåííî,

Γ i
jk = Γ i

kj òîãäà ñâÿçíîñòü îïðåäåëåíà, ïðè ïîìîùè ìåòðèêè, åäèíñòâåííûì

îáðàçîì.

Âñåãäà íèæå ìû íå áóäåì òðåáîâàòü ñèììåòðè÷íîñòè ñâÿçíîñòè. È òàê

åñëè îïðåäåëåíà ìåòðèêà gik, òî íà ãåîìåòðè÷åñêèé îáúåêò Γ i
jk íàëîæåíû

îïðåäåëåííûå ñâÿçè, íî åùå ñóùåñòâóåò íåêîòîðûé ïðîèçâîë â âûáîðå ñâÿç-

íîñòè ïðîñòðàíñòâà, à èìåííî íåîáõîäèìî çàäàòü åùå òåíçîð êðó÷åíèÿ:

Si
jk ≡ Γ i

jk − Γ i
kj , (6)

òîãäà ãåîìåòðè÷åñêèé îáúåêò Γ i
jk, ÷òî ïîðîæäàåò ñâÿçíîñòü, îïðåäåëåí îä-

íîçíà÷íî.

Òåîðåìà 1 (î ïîñòðîåíèè ñâÿçíîñòè ïðè ïîìîùè ìåòðèêè êðó÷åíèÿ)

Ïóñòü çàäàíî Ðèìàíîâî ïðîñòðàíñòâî ñ ìåòðèêîé gik è â ýòîì ïðîñòðàí-

ñòâå çàäàí òåíçîð êðó÷åíèÿ Si
jk - êîñîñèììåòðè÷åñêèé, òîãäà ñâÿçíîñòü

ïðîñòðàíñòâà (ãåîìåòðè÷åñêèé îáúåêò, îïðåäåëÿþùèé åå) Γ i
jk çàäàíà

îäíîçíà÷íî. Åñëè òðåáîâàòü d(gikA
iBk) = 0 äëÿ ïðîèçâîëüíûõ Ai è Bk.

Äîêàçàòåëüñòâî Ïîêàçàòü èñòèííîñòü ýòîãî óòâåðæäåíèÿ ñàìî ïî ñåáå äî-

âîëüíî ïðîñòî, äëÿ äàëüíåéøåãî áîëåå âàæíî òå îáîçíà÷åíèÿ è çíà÷åíèÿ,

÷òî êàñàþòñÿ ïðèðîäû ââåäåííûõ âåëè÷èí.

Äëÿ ïðîèçâîëüíûõ Ai è Bk, ïåðåïèøåì ðàâåíñòâî d(gikA
iBk) = 0, â

ñëåäóþùåì âèäå (gik,l − gmkΓ
m
il − gimΓm

kl )A
iBkdxl = 0, â ñèëó òîãî, ÷òî

dAi = −Γ i
plA

pdxl, ãäå Γm
il - êîýôôèöèåíòû èñêîìîé ñâÿçíîñòè � ãåîìåòðè÷å-

ñêèé îáúåêò; dxl - äèôôåðåíöèàëû êîîðäèíàò òî÷êè ïðè áåñêîíå÷íî ìàëîì

ñìåùåíèè ïóòè; gik,l ≡ ∂
∂xl gik.

Òàê êàê Ai, Bk, dxl - ïðîèçâîëüíû, òî ðàâåíñòâà äîëæíû ïðåäñòàâëÿòü

ñîáîé òîæäåñòâà îòíîñèòåëüíî Ai, Bk, dxl. Êðóãîâîé ïîäñòàíîâêîé ïîëó÷àåì

ñèñòåìó ðàâåíñòâ:

gik,l = gmkΓ
m
il + gimΓ

m
kl

gli,k = gmiΓ
m
lk + glmΓ

m
ik

gkl,i = gmlΓ
m
ki + gkmΓ

m
li .

Ïîñêîëüêó òåõíèêà àíàëîãè÷íà êëàññè÷åñêîé, äàëüøå ìû ïðèâîäèì ôîðìó-

ëû áåç îáîñíîâàíèé:

gik,l + gli,k − gkl,i = gmkS
m
il + gmlS

m
ik + gimΓ

m
kl + gmiΓ

m
lk , ãäå

Sm
il = Γm

il − Γm
li
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- òåíçîð êðó÷åíèÿ,

gim (Γm
kl + Γm

lk ) = gik,l + gli,k − gkl,i + gkmS
m
li + glmS

m
ki ,

Γ p
kl + Γ p

lk = gpi (gik,l + gli,k − gkl,i + gkmS
m
li + glmS

m
ki) ,

è äîïîëíÿÿ î÷åâèäíûì ðàâåíñòâîì � îïðåäåëåíèåì Γ p
kl−Γ

p
lk = Sp

kl, ïîëó÷àåì:

Γ p
kl =

1

2
gpi (gik,l + gli,k − gkl,i + gkmS

m
li + glmS

m
ki) +

1

2
Sp
kl. (7)

Ââîäÿ îáîçíà÷åíèÿ è àíàëèçèðóÿ ïîñëåäíþþ ôîðìóëó âèäèì, ÷òî

Pp
kl =

1

2
gpi (gik,l + gli,k − gkl,i) (8)

åñòü ãåîìåòðè÷åñêèé îáúåêò.

Lp
kl ≡

1

2
Sp
kl +

1

2
gpi (gkmS

m
li + glmS

m
ki) (9)

ñîñòàâëÿåò òåíçîð.

È òàê, ãåîìåòðè÷åñêèé îáúåêò Γ p
kl ïîðîæäàþùèé ñâÿçíîñòü ïðîñòðàíñòâà

ïîëíîñòüþ îïðåäåëÿåòñÿ òåíçîðàìè gik è S
m
ik - èìååò âèä ñóììû ãåîìåòðè÷å-

ñêîãî îáúåêòà Pp
kl ñîñòàâëåííîãî èç ïðîèçâîäíûõ ìåòðè÷åñêîãî òåíçîðà gik

è òåíçîðà Lp
kl, ñîñòàâëåííîãî êàê èç gik òàê è èç òåíçîðà Sm

kl , à èìåííî:

Γ p
kl = Pp

kl + Lp
kl. (10)

Çàìå÷àíèå 1. Òåíçîð Lp
kl ïðåäñòàâëÿåì â âèäå ñóììû äâóõ òåíçîðîâ ñèì-

ìåòðè÷åñêîãî 1
2g

pi (gkmS
m
li + glmS

m
ki) è êîñîñèììåòðè÷åñêîãî 1

2S
p
kl.

Çàìå÷àíèå 2. Íåñëîæíî ïîêàçàòü, ÷òî èìååò ìåñòî ñîîòíîøåíèå:

Γ p
pl =

1

2
gip,lg

ip =
1
√
g

∂
√
g

∂xl
,

ãäå g = det |gik|.
Ñëåäóþùèì øàãîì ïîñòðîåíèÿ ãåîìåòðè÷åñêîé òåîðèè åñòü ðàññìîòðå-

íèå ïàðàëëåëüíîãî ïåðåíîñà òåíçîðà-âåêòîðà Ai, êîòîðûé çàäàåòñÿ ôîðìó-

ëîé:

dAi = −Γ i
plA

pdxl.

Êîýôôèöèåíòû Γ i
pl - ýòî ñâÿçíîñòü ïðîñòðàíñòâà.

Ïîñêîëüêó äàëüíåéøèå ðàññóæäåíèÿ áëèçêè ê êëàññè÷åñêèì , à ÷àñòî

è ïîâòîðÿþò èõ, òî èçëîæåíèå ïðîìåæóòî÷íûõ ðåçóëüòàòîâ áóäåò íîñèòü

ñõåìàòè÷åñêèé õàðàêòåð.
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Ïóñòü êîâàðèàíòíàÿ ïðîèçâîäíàÿ ïî l ïî îïðåäåëåíèþ:

ui;l ≡ ui,l − Γ k
iluk,

ui;l ≡ ui,l + Γ i
klu

k,

òîãäà ðàññìîòðèì ðàçíîñòü:

ui;l;k − ui;k;l = (ui,l − Γ p
ilup);k − (ui,k − Γ p

ikup);l = ui,l,k − Γ p
il,kup − Γ

p
ilup,k−

−
(
uq,l − Γ p

qlup

)
Γ l
ik −

(
ui,q − Γ p

iqup
)
Γ q
lk − ui,k,l + Γ p

ik,lup + Γ p
ikup,l+

+
(
ul,k − Γ p

qkup

)
Γ q
il +

(
ui,q − Γ p

iqup
)
Γ q
kl =

(
Γ p
ik,l − Γ

p
il,k

)
up+

+
(
Γ p
qlΓ

q
ik + Γ p

iqΓ
q
lk − Γ

p
qkΓ

q
il − Γ

p
iqΓ

q
kl

)
up + (−Γ p

lk + Γ p
kl)ui,p =

=
(
Γ p
ik,l − Γ

p
il,k + Γ p

qlΓ
q
ik − Γ

p
qkΓ

q
il

)
up + Γ p

iqS
q
lkup − S

q
lkui,q =

= Rp
kliup + Sq

klui;q,

à èìåííî

ui;l;R − ui;k;l = Rp
kliup + Sq

klui;q (11)

ãäå

Rp
kli ≡ Γ

p
ik,l − Γ

p
il,k + Γ p

qlΓ
q
ik − Γ

p
qkΓ

q
il. (12)

Rp
kli - òåíçîð êðèâèçíû, Sq

kl = Γ q
kl − Γ

q
lk - òåíçîð.

Àíàëîãè÷íî,ïîëó÷àåì ðàâåíñòâà:

ui;l;k − ui;k;l =
(
ui,l + Γ i

plu
p
)
;k
−
(
ui,k + Γ i

pku
p
)
;l
=

= ui,l,k + Γ i
pl,ku

p + Γ i
pl,ku

p
,k −

(
ui,q + Γ i

pqu
p
)
Γ q
lk +

(
uq,l + Γ q

plu
p
)
Γ i
qk−

−ui,k,l − Γ i
pk,lu

p − Γ i
pku

p
,l +

(
ui,q + Γ i

pqu
p
)
Γ q
kl −

(
uq,k + Γ q

pku
p
)
Γ i
ql =

=
(
Γ i
pl,k − Γ i

pk,l − Γ i
pqΓ

q
lk + Γ q

plΓ
i
qk + Γ i

pqΓ
q
kl − Γ

q
pkΓ

i
ql

)
up + Sq

klu
i
,q =

= −
(
Γ i
pk,l − Γ i

pl,k + Γ i
qlΓ

q
pk − Γ

i
qkΓ

q
pl

)
up + Sq

klΓ
i
pqu

p + Sq
klu

i
,q =

= −Ri
klpu

p + Sq
klu

i
;q,

îêîí÷àòåëüíî:

ui;l;k − ui;k;l = −Ri
klp + Sq

klu
i
;q (13)

Çàìå÷àíèå 3. Â ìàòåìàòèêå, êàê ïðàâèëî, èäóò íåìíîãî äðóãèì ïóòåì,

à èìåííî, ñíà÷àëà îïðåäåëÿþò àáñîëþòíûé äèôôåðåíöèàë DAi ñ ïîìîùüþ

ôîðìóëû

DAi ≡∼ dAi + Γ i
jkA

jdxk =
(
Ai

,k + Γ i
jkA

j
)
dxk, (14)
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Àáñîëþòíîé ïðîèçâîäíîé ñ÷èòàþò êîýôôèöèåíò ïðè dxk, âñå ïîëó÷åí-

íûå ðåçóëüòàòû ïðè òàêîì ïîäõîäå ê ïîñòðîåíèþ àíàëèçà òîæäåñòâåííû

ïðèâåäåííûì âûøå. Òîãäà áîëåå íàãëÿäíî ñëåäóþùåå óòâåðæäåíèå: äëÿ òî-

ãî ÷òîáû ïðîñòðàíñòâî îáëàäàëî àáñîëþòíûì ïàðàëëåëèçìîì, íåîáõîäèìî è

äîñòàòî÷íî òîæäåñòâåííîå îáðàùåíèå â íóëü òåíçîðà êðèâèçíû (íàïîìíèì,

÷òî ïðîñòðàíñòâî íàçûâàåòñÿ ïðîñòðàíñòâîì ñ àáñîëþòíûì ïàðàëëåëèçìîì,

åñëè ðåçóëüòàò ïàðàëëåëüíîãî ïåðåíåñåíèÿ ïðîèçâîëüíîãî òåíçîðà � âåêòîðà

íå çàâèñèò îò âûáîðà ïóòè äëÿ ëþáûõ òî÷åê ïðîñòðàíñòâà). Äîêàçàòåëüñòâî

ýòîé òåîðåìû îáùåèçâåñòíî, çàìåòèì ëèøü, ÷òî îíî ñëåäóåò èç ôîðìóëû:

D̃DAi −DD̃Ai = −Ri
klpA

pd̃xkdxl, (15)

êîòîðóþ ìû ìîãëè áû ïîëó÷èòü, ñâîðà÷èâàÿ (13) ñ d̃xkdxl.

Âñå ïîñòðîåíèÿ, èçëîæåííûå âûøå, íîñÿò îáùèé õàðàêòåð íèêàê íå ñïå-

öèôèöèðóÿñü ê çàäàíèþ ïðîñòðàíñòâà, äàëüøå ìû èññëåäóåì ñòðóêòóðó òåí-

çîðà Rp
ikl. È òàê, ïî îïðåäåëåíèþ èç (12):

Rp
ikl = Γ p

li,k − Γ
p
lk,i + Γ p

qkΓ
q
li − Γ

p
qiΓ

q
lk,

èñïîëüçóÿ (10) ïîëó÷àåì :

Rp
ikl = Pp

li,k + Lp
li,k − Pp

lk,i + Lp
lk,i +

(
Pp
qk + Lp

qk

)
(Pp

li + Lq
li)−

−
(
Pp
qi + Lp

qi

)
(Pp

lk + Lq
lk) = Pp

li,k − Pp
lk,i + Pp

qkP
q
li − Pp

qiP
q
lk+

+Lp
li,k − L

p
lk,i + Pp

qkL
q
li + Pq

liL
p
qk − Pp

qiL
q
lk − Pq

lkL
p
qi+

+Lp
qkL

q
li − L

p
qiL

q
lk.

Ïåðåä òåì, êàê ñäåëàòü ñëåäóþùèé øàã ïðîàíàëèçèðóåì ðåçóëüòàòû, äëÿ

ýòîãî ââåäåì îáîçíà÷åíèÿ:

Pp
ikl ≡ Pp

li,k − Pp
lk,i + Pp

qkP
q
li + Pp

qiP
q
lk− (16)

- òåíçîð ïîäîáíûé òåíçîðó êðèâèçíû Ðèìàíà, ñîñòàâëåííûé èç ìåòðè÷åñêîãî

òåíçîðà è åãî ïðîèçâîäíûõ.

Äàëåå îáîçíà÷àåì:

Zp
ikl ≡ L

p
qkL

q
li − L

p
qiL

q
lk (17)

- òåíçîð,

Tp
ikl ≡ L

p
li,k − L

p
lk,i + Pp

qkL
q
li + Pq

liL
p
qk − Pp

qiL
q
lk − Pq

lkL
p
qi (18)

- òåíçîð.
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Ïîñëåäíåå óòâåðæäåíèå î÷åâèäíî, åñëè ïðèíÿòü âî âíèìàíèå òåíçîðíûé

õàðàêòåð âåëè÷èí Rp
ikl, íî èíòåðåñíî ïîëó÷èòü ýòîò âàæíûé ðåçóëüòàò äðó-

ãèì ïóòåì, à èìåííî:

Tp
ikl = Lp

li;k − L
p
lk;i − L

q
liΓ

p
qk + Lp

qiΓ
q
lk + Lp

lqΓ
q
ik + Lq

lkΓ
p
qi − L

p
qkΓ

q
li − L

p
lqΓ

q
ki+

+Pp
qkL

q
li + Pq

liL
q
qk − Pp

qiL
q
lk − Pq

lkL
p
qi =

Lp
li;k − L

p
lk;i − L

q
liL

p
qk + Lp

qiL
q
lk + Lq

lkL
p
qi − L

p
qkL

q
li + Lp

lqS
q
ik,

à ýòî î÷åâèäíî òåíçîð, òàê êàê àáñîëþòíûå ïðîèçâîäíûå èìåþò òåíçîðíûé

õàðàêòåð.

Îáîçíà÷àÿ:

Mp
ikl ≡ Tp

ikl + Zp
ikl, (19)

ïîëó÷àåì:

Mp
ikl = Lp

li;k − L
p
lk;i + Lp

lqS
q
ik + Lp

qiL
q
lk − L

p
qkL

q
li, (20)

ó íîâûõ îáîçíà÷åíèÿõ:

Rp
ikl = Pp

ikl +Mp
ikl (21)

Èç (21) âèäíî, ÷òî òåíçîð êðèâèçíû, â îáùåì, ñëó÷àè ìîæåò áûòü ïðåä-

ñòàâëåí â âèäå ñóììû äâóõ òåíçîðîâ (òàêîå ïðåäñòàâëåíèå íå ñëó÷àéíî îíî

ñâÿçàíî ñ ôèçè÷åñêèì îïèñàíèåì ïîëÿ, ãðóáî ãîâîðÿ, â ñëó÷àå îòñóòñòâèÿ íå

ãðàâèòàöèîííûõ ïîëåé òåíçîð Mp
ikl ðàâåí íóëþ). Õîòÿ ôîðìóëà (20) è äàåò

êà÷åñòâåííîå ïðåäñòàâëåíèå î ãåîìåòðè÷åñêîé ñòðóêòóðå îíà ìàëî óäîáíà,

òàê êàê â íåå ñíîâà âõîäÿò âåëè÷èíû Γ i
jk.

Äàëåå óñòàíîâèì òîæäåñòâî àíàëîãè÷íîå òîæäåñòâó Ðè÷÷è-ßêîáè:

Rp
ikl +Rp

kli +Rp
lik = Sp

ik,l + Sp
kl,i + Sp

li,k + Γ p
qkS

q
li + Γ p

qkS
q
ik + Γ p

qiS
q
kl =

= Sp
ik;l + Γ q

ilS
p
qk + Γ q

klS
p
iq + Sp

kl;i + Γ q
kiS

p
ql + Γ q

liS
p
kq + Sp

li;k + Γ q
lkS

p
qi + Γ q

ikS
p
lq =

= Sp
ik;l + Sp

kl;i + Sp
li;k + Sp

lqS
q
ik + Sp

kqS
q
li + Sp

iqS
q
kl =

= Rp
ikl +Rp

kli +Rp
lik;

Â êëàññè÷åñêîì Ðèìàíîâîì ïðîñòðàíñòâå ãåîäåçè÷åñêèå ëèíèè îáëàäàþò

èçâåñòíûìè ýêñòðåìàëüíûìè ñâîéñòâàìè, â äàííîì ñëó÷àè àíàëîãè÷åñêèå

ñâîéñòâà ãåîäåçè÷åñêèõ òðåáóþò äîïîëíèòåëüíûõ èññëåäîâàíèé (èõ íåò).

Èòàê, äëÿ íåèçîòðîïíîé ãåîäåçè÷åñêîé ëèíèè äëèíà äóãè s ñëó÷àé êà-

íîíè÷åñêèì ïàðàìåòðîì, äëÿ ãåîäåçè÷åñêèõ îòíåñåííûõ ê s èìåþò ìåñòî

äèôôåðåíöèàëüíûå óðàâíåíèÿ:

d2xk

ds2
= −Γ k

ij

dxi

ds

dxj

ds
.



30 Í. È. ßðåìåíêî

Ðàññìîòðèì çàäà÷ó î âû÷èñëåíèè âàðèàöèè äëèíû äóãè. Ïóñòü çàäàíà

íåèçîòðîïíàÿ êðèâàÿ

xi = xi(t), t ∈ [t1; t2].

Âû÷èñëèì âàðèàöèþ δS äëèíû êðèâîé S:

δS =

∫ t2

t1

δ

√
gij
dxi

dt

dxj

dt
dt =

∫ t2

t1

δ
(
gij

dxi

dt
dxj

dt

)
2
√
gij

dxi

dt
dxj

dt

dt

δ

(
gij
dxi

dt

dxj

dt

)
= gijD̃

dxi

dt

dxj

dt
+ gij

dxi

dt
D̃
dxj

dt
= 2gij

dxi

dt
D̃
dxj

dt

D̃
dxj

dt
= δ

dxj

dt
+ Γ j

pk

dxp

dt
δxk

D
δxj

dt
=

d

dt
δxj + Γ j

kp

dxk

dt
δxp

D̃
dxj

dt
= D

δxj

dt
+ Sj

pk

dxp

dt
δxk,

ãäå ÷åðåç D̃ îáîçíà÷åí àáñîëþòíûé äèôôåðåíöèàë ïî ïàðàìåòðó êðèâûõ

ñåìåéñòâà ïðè ïîñòîÿííîì çíà÷åíèè t, à D - àáñîëþòíûé äèôôåðåíöèàë

îòâå÷àþùèé ìàëîìó ñìåùåíèþ dt ïî êðèâîé ïðè ïîñòîÿííîì ïàðàìåòðå ñå-

ìåéñòâà, òîãäà

δ

(
gij
dxi

dt

dxj

dt

)
= 2gij

dxi

dt

(
D
δxj

dt
+ Sj

pk

dxp

dt
δxk
)
,

δs =

∫ t2

t1

gij
dxi

ds
Dδxj +

∫ t2

t1

gijS
j
pk

dxi

ds
dxpδxk =

=

∫ t2

t1

D

(
gij
dxi

ds
δxj
)
−
∫ t2

t1

gijD
dxi

ds
δxj +

∫ t2

t1

gijS
j
pk

dxi

ds
dxpδxk,

åñëè êîíöû âàðüèðóåìîé êðèâîé çàêðåïëåíû, òîãäà

δs =

∫ t2

t1

(
gijS

j
pk

dxi

dt
dxpδxk − gijD

dxi

dt
δ xj

)
,

åñëè, ðàññìàòðèâàåìàÿ êðèâàÿ èìååò ñòàöèîíàðíóþ äëèíó (àíàëèòè÷åñêè

δs = 0), òîãäà ïîëó÷àåì∫ t2

t1

(gij S
j
pk

dxi

ds
dxpδxk − gijD

dxi

ds
δ xj

)
= 0.

Èñïîëüçóþ îñíîâíóþ ëåììó âàðèàöèîííîãî èñ÷èñëåíèÿ, îòñþäà ñëåäóåò:

gikS
k
pj

dxi

ds
dxp − gijD

dxi

ds
= 0.
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Ýòî ðàâåíñòâî îçíà÷àåò, ÷òî êàñàòåëüíûé âåêòîð ξq ê íàøåé êðèâîé ïåðå-

íîñèòñÿ ïî çàêîíó DξqgjqgikS
k
pjξ

idxp, òî åñòü êðèâàÿ s íå åñòü ãåîäåçè÷åñêîé.

Îáðàòíî, âàðèàöèÿ äëèíû ãåîäåçè÷åñêîé ëèíèè ñ êîíöàìè, ðàâíà:

δs =

∫ t2

t1

gijS
j
pk

dxi

dt
dxpδxk

.

Ñâîéñòâà ãåîäåçè÷åñêèõ â íîâîé ãåîìåòðèè çàäàâàåìîé ñ ïîìîùüþ äâóõ

òåíçîðîâ gik è Sj
ik ñóùåñòâåííî îòëè÷àþòñÿ îò àíàëîãè÷íûõ ñâîéñòâ â ãåî-

ìåòðèè Ðèìàíà. Äîêàçàíà òåîðåìà.

Òåîðåìà 2 (êðèòåðèé ãåîäåçè÷íîñòè) Äëÿ òîãî ÷òîáû íå èçîòðîïíàÿ

ëèíèÿ â ïðîñòðàíñòâå çàäàííîì ïðè ïîìîùè gik è Sj
ik áûëà ãåîäåçè÷å-

ñêîé, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû îíà èìåëà âàðèàöèþ äóãè δs ðàâíóþ∫ t2
t1
gijS

j
pk

dxi

dt dx
pδxk.

Çàìå÷àíèå 1 Â ñëó÷àå ïðîñòðàíñòâà ñ àôôèííîé ñâÿçíîñòüþ èçâåñòíî,

÷òî ñóùåñòâóåò íàðóøåíèå çàìêíóòîñòè ïðè ïåðåõîäå îò îðèãèíàëà ê

èçîáðàæåíèþ è, íàîáîðîò, â ñëó÷àè áåñêîíå÷íî ìàëûõ êîíòóðîâ îïðåäåëÿ-

åòñÿ (ñ òî÷íîñòüþ 2 � ãî ïîðÿäêà îòíîñèòåëüíî τ). Åñëè çàäàí òåíçîðîì

êðó÷åíèÿ Sk
ij â ñîîòâåòñòâóþùåé òî÷êå, òîãäà åñëè ýòîò çàçîð îáîçíà-

÷èòü ÷åðåç Ψk, òî Ψk = Sk
ijA

iBjτ2, ãäå ïàðàëëåëîãðàìì Aiτ è Bjτ ñòÿ-

ãèâàåòñÿ â òî÷êó ïðè τ → 0. Â äàííîì ñëó÷àè ìîæíî íå ïðîñòî óòâåð-

æäàòü, ÷òî òàêîé çàçîð ñóùåñòâóåò, à ïîäñ÷èòàòü åãî êâàäðàò äëèíû

(ïîñêîëüêó ñóùåñòâóåò ìåòðèêà):

|Ψ |2 = gpqS
p
ijA

iBjSq
klA

kBlτ4.

Çàêëþ÷åíèå

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòüþ ïðè

íàëè÷èè ìåòðè÷åñêîãî òåíçîðà. Ïîëó÷åíû ðàçëîæåíèå ñâÿçíîñòè â âèäå ñóìó

ãåîìåòðè÷åñêîãî îáúåêòà è íåêîòîðîãî òåíçîðà, ÷òî ïîçâîëèëî èññëåäîâàòü

ïðèðîäó òåíçîðà êðèâèçíû, óñòàíîâèòü àíàëîãè òîæäåñòâà Ðè÷÷è � ßêîáè

è ðàññìîòðåòü ïîñòðîåíèå ãåîäåçè÷åñêèõ ëèíèé.

Äàëüíåéøåå èññëåäîâàíèÿ âîçìîæíû â íàïðàâëåíèè ïîñòðîåíèå òåîðèè

ãèïåðïëîñêîñòåé, ãèïåðïîâåðõíîñòåé è ðàññìîòðåíèÿ âëîæåííûõ îáúåêòîâ

íèçøèõ ðàçìåðíîñòåé.
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Geometric structure together generated by metric and torsion

This article discusses the geometry generated jointly and agreed by the metric

tensor and the torsion tensor. The properties of the space described by means

of the metric and torsion. The study of the curvature tensor has been made.

Ricci � Jacobi identity analogs have been obtained. We have also researched the

geodesic lines equation.

Metric tensor, torsion tensor, curvature tensor, Ricci � Jacobi identity, geodesic

lines equation.
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Q-àëãåáðû îñíîâíûõ òèïîâ ïî÷òè ýðìèòîâûõ è
ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé

Î. Å. Àðñåíüåâà Â. Ô. Êèðè÷åíêî

Àííîòàöèÿ Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ óçàãàëüíåíèõ ìàéæå åðìiòî-

âèõ ìíîãîâèäiâ ç ïðè¹äíàíèìè Q-àëãåáðàìè, çîêðåìà ç àáåëåâèìè, K- òà

A-àëãåáðàìè. Äîñëiäæåíî çâ'ÿçîê ìiæ ãåîìåòðè÷íèì êëàñîì ìíîãîâèäó òà

ïðè¹äíàíî¨ äî íüîãî Q-àëãåáðè. Òàêîæ âèâ÷àþòüñÿ Q-àëãåáðè íà ìàéæå

êîíòàêòíèõ ìíîãîâèäàõ.

Êëþ÷åâûå ñëîâà Óçàãàëüíåíèé ìàéæå åðìiòîâèé ìíîãîâèä · Q-àëãåáðû ·
ìàéæå êîíòàêòíi ìíîãîâèäè

ÓÄÊ 514.7

1 Âñòóïëåíèå

Ïîíÿòèÿ îáîáùåííîãî ïî÷òè ýðìèòîâà (êîðî÷å, GAH-) ìíîãîîáðàçèÿ è ïðè-

ñîåäèíåííîé ê íåìó Q-àëãåáðû ñôîðìèðîâàëèñü â 80-å ãîäû ìèíóâøåãî ñòî-

ëåòèÿ è èçó÷àëèñü â ðÿäå ðàáîò (ñì., íàïðèìåð, [1] � [5]). Òåîðèÿ GAH-
ñòðóêòóð ïðåäñòàâëÿåò èíòåðåñ ïîòîìó, ÷òî ïîçâîëÿåò ñ åäèíûõ ïîçèöèé

âçãëÿíóòü íà òàêèå, íà ïåðâûé âçãëÿä, ðàçëè÷íûå ïðåäìåòû, êàê, íàïðè-

ìåð, ýðìèòîâà è êîíòàêòíàÿ ãåîìåòðèè.

Íàïîìíèì îïðåäåëåíèÿ GAH-ìíîãîîáðàçèÿ è ïðèñîåäèíåííîé Q-

àëãåáðû [4].

Îïðåäåëåíèå 1 Îáîáùåííîé ïî÷òè çðìèòîâîé ñòðóêòóðîé ðàíãà r íà

ãëàäêîì (êëàññà C∞) ìíîãîîáðàçèè M íàçûâàåòñÿ ñîâîêóïíîñòü {g =
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〈 ·, · 〉; J1, . . . , Jr;T}, ãäå g � ïñåâäîðèìàíîâà ìåòðèêà íà M , J1, . . . , Jr � ëè-

íåéíî íåçàâèñèìûå â êàæäîé òî÷êå ìíîãîîáðàçèÿ òåíçîðû òèïà (1, 1) íà

M , íàçûâàåìûå ñòðóêòóðíûìè ýíäîìîðôèçìàìè, èëè ñòðóêòóðíûìè àô-

ôèíîðàìè, èìåþùèå âåùåñòâåííûå èëè ÷èñòî ìíèìûå ñîáñòâåííûå çíà-

÷åíèÿ, îïðåäåëåííûå â êàæäîé òî÷êå ìíîãîîáðàçèÿ ñ òî÷íîñòüþ äî íåíó-

ëåâîãî ÷èñëîâîãî ìíîæèòåëÿ è ÿâëÿþùèåñÿ âìåñòå ñî ñâîèìè êâàäðàòà-

ìè è òîæäåñòâåííûì ýíäîìîðôèçìîì îáðàçóþùèìè íåêîòîðîãî ïîäìîäó-

ëÿ K = K(J1, . . . , Jr) ⊂ X(M), ÿâëÿþùåãîñÿ ïîäàëãåáðîé àëãåáðû âñåõ ýíäî-

ìîðôèçìîâ êàñàòåëüíîãî ïó÷êà ìíîãîîáðàçèÿ, T � òåíçîð òèïà (2, 1) íàM ,

íàçûâàåìûé êîìïîçèöèîííûì òåíçîðîì. Ïðè ýòîì äîëæíû âûïîëíÿòüñÿ

óñëîâèÿ:

1. 〈JkX,Y 〉+ 〈X, JkY 〉 = 0;

2. T (JkX,Y ) = T (X, JkY ) = −JkT (X,Y );

3. 〈T (X,Y ), Z〉+ 〈Y, T (X,Z)〉 = 0;

4. ∩rk=1 ker Jk ⊂ ker T ;

5. Ji ◦ Jj = Jj ◦ Ji; (i, j, k = 1, . . . , r).

Ìíîãîîáðàçèå, íà êîòîðîì ôèêñèðîâàíà GAH-ñòðóêòóðà ðàíãà r, íàçûâà-

åòñÿ GAH-ìíîãîîáðàçèåì ðàíãà r. Åñëè M = ∩ri=1 ker Ji � k-ìåðíîå ðàñïðå-

äåëåíèå, ÷èñëî k íàçûâàåòñÿ äåôåêòîì GAH-ñòðóêòóðû è îáîçíà÷àåòñÿ

ñèìâîëîì d.

2 Q-àëãåáðû, ïðèñîåäèíåííûå ê GAH-ìíîãîîáðàçèÿì

Ïóñòü M � GAH-ìíîãîîáðàçèå. Â C∞(M)-ìîäóëå X(M) ãëàäêèõ âåêòîðíûõ

ïîëåé ìíîãîîáðàçèÿ M ââîäèòñÿ áèíàðíàÿ îïåðàöèÿ "*" ïî ôîðìóëå

X ∗ Y = T (X,Y ); X,Y ∈ X(M).

Èç Îïðåäåëåíèÿ 1 ëåãêî ñëåäóåò, ÷òî

1. JkX ∗ Y = X ∗ JkY = −Jk(X ∗ Y ); 2. 〈X ∗ Y,Z〉+ 〈Y,X ∗ Z〉 = 0.

Òàêèì îáðàçîì, â ìîäóëå X(M) âîçíèêàåò àëãåáðàè÷åñêàÿ ñòðóêòóðà, íà-

çûâàåìàÿ Q-àëãåáðîé, ïðèñîåäèíåííîé ê GAH-ìíîãîîáðàçèþ M , à òàêæå

ñâÿçíîñòü ∇̃ = ∇+T , íàçûâàåìàÿ ïðèñîåäèíåííîé ñâÿçíîñòüþ. Êðîìå òîãî,

íà ìíîãîîáðàçèè M êàíîíè÷åñêè îïðåäåëåíû r äèôôåðåíöèàëüíûõ 2-ôîðì

Ωi(X,Y ) = 〈X, JiY 〉; i = 1 . . . r,
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. íàçûâàåìûõ ôóíäàìåíòàëüíûìè ôîðìàìè ñòðóêòóðû. Âàæíåéøèå ïðèìå-

ðû GAH-ñòðóêòóð íà ìíîãîîáðàçèè äàåò ïîíÿòèå ìåòðè÷åñêîé f -ñòðóêòóðû
ßíî, ò.å. ïàðû (f, 〈 ·, · 〉), ãäå f � ýíäîìîðôèçì ìîäóëÿ X(M), 〈 ·, · 〉 � (ïñåâ-

äî)ðèìàíîâà ìåòðèêà íà M , ïðè÷åì

1. f3 + f = 0; 2. 〈fX, Y 〉+ 〈X, fY 〉 = 0; X,Y ∈ X(M).

Òàêàÿ ïàðà êàíîíè÷åñêè ïîðîæäàåò GAH-ñòðóêòóðó S = (g, J, T ) ðàíãà 1 íà

M , ãäå

g = 〈 ·, · 〉; J = f ; T (X,Y ) =
1

4
(f∇fX(f)fY − f∇f2X(f)f2Y ), (1)

èëè, (÷òî ðàâíîñèëüíî): T (X,Y ) − T (Y,X) = −f2Nf (f2X, f2Y ), X, Y ∈
X(M), ãäå Nf (X,Y ) = 1

4 (f
2[X,Y ]− f [fX, Y ]− f [X, fY ] + [fX, fY ]) � òåíçîð

Íåéåíõåéñà ýíäîìîðôèçìà f . Â ñëó÷àå d = 0 GAH-ñòðóêòóðà S îòîæäåñòâ-

ëÿåòñÿ ñ ïî÷òè ýðìèòîâîé ñòðóêòóðîé (〈 ·, · 〉, J), à â ñëó÷àå d = 1 � c ïî÷òè

êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé (ξ, η, f, 〈 ·, · 〉, ), ãäå ξ � åäèíè÷íûé âåê-

òîð ïîäïðîñòðàíñòâà M = ker f , η � êîâåêòîð, äóàëüíûé âåêòîðó ξ (ñì. [4])

Îïðåäåëåíèå 2 Q-àëãåáðà V íàçûâàåòñÿ:

� àáåëåâîé, èëè êîììóòàòèâíîé Q-àëãåáðîé, åñëè X ∗Y = 0 (X,Y ∈ V );

� K-àëãåáðîé, èëè àíòèêîììóòàòèâíîé Q-àëãåáðîé, åñëè X ∗ Y = −Y ∗
X (X,Y ∈ V );

� A-àëãåáðîé, èëè ïñåâäîêîììóòàòèâíîé Q-àëãåáðîé, åñëè

〈X ∗ Y, Z〉+ 〈Y ∗ Z,X〉+ 〈Z ∗X,Y 〉 = 0, (X,Y, Z ∈ V ).

Ïî÷òè ýðìèòîâà ñòðóêòóðà (g, J); J2 = −id; g(X,Y ) = g(JX, JY ) íàçûâà-

åòñÿ:

� ýðìèòîâîé, èëè èíòåãðèðóåìîé, åñëè ∇X(f)Y −∇fX(f)(fY ) = 0;

� G1-còðóêòóðîé, åñëè ∇X(f)X −∇fX(f)(fX) = 0;

� G2-ñòðóêòóðîé, åñëè SXY Z(〈Y,∇X(f)Z〉 − 〈Y,∇fX(f)fZ〉) = 0.

Òåîðåìà 1 Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ àáåëåâîé ïðèñî-

åäèíåííîé Q-àëãåáðîé ñîâïàäàåò ñ êëàññîì ýðìèòîâûõ ìíîãîîáðàçèé.

Äîêàçàòåëüñòâî Ïóñòü M � GAH-ìíîãîîáðàçèå óêàçàííîãî âèäà. Òîãäà, â

ïðåæíèõ îáîçíà÷åíèÿõ, ñ ó÷åòîì (1) èìååì:

0 = T (X,Y ) =
1

4
(f∇fX(f)fY − f∇f2X(f)f2Y ),
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Ñ ó÷åòîì íåâûðîæäåííîñòè ýíäîìîðôèçìà f èìååì îòñþäà:∇fX(f)fY −
∇f2X(f)f2Y = 0. Ìåíÿÿ çäåñü fX íà X, à fY íà Y , ïîëó÷àåì, ÷òî

∇X(f)Y −∇fX(f)(fY ) = 0, X, Y ∈ X(M),

à çíà÷èò, M � ýðìèòîâî ìíîãîîáðàçèå. Ïðîâîäÿ âûêëàäêè â îáðàòíîì ïî-

ðÿäêå, óáåæäàåìñÿ, ÷òî åñëè M � ýðìèòîâî ìíîãîîáðàçèå, òî Q-àëãåáðà èí-

äóöèðîâàííîé íà M GAH-ñòðóêòóðû àáåëåâà.

Àíàëîãè÷íî äîêàçûâàþòñÿ ñëåäóþùèå äâå òåîðåìû:

Òåîðåìà 2 Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ ïðèñîåäèíåííîé

K-àëãåáðîé ñîâïàäàåò ñ êëàññîì G1-ìíîãîîáðàçèé.

Äîêàçàòåëüñòâî Äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî ïðåäûäóùåé òåîðå-

ìû, åñëè â íåì ïîëîæèòü Y = X.

Òåîðåìà 3 Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ ïðèñîåäèíåííîé

A-àëãåáðîé ñîâïàäàåò ñ êëàññîì G2-ìíîãîîáðàçèé.

Äîêàçàòåëüñòâî Ïóñòü M � G2-ìíîãîîáðàçèå. Òîãäà SXY Z(〈Y,∇X(f)Z〉 −
〈Y,∇fX(f)fZ〉) = 0. Çàìåíèâ X íà fX, Y íà fY , à Z íà fZ, ïîñëå ïðîñòûõ

ïðåîáðàçîâàíèé ïîëó÷èì:SXY Z(〈Y, T (X,Z)〉 = 0. Ñëåäîâàòåëüíî, ïðèñîåäè-

íåííàÿ Q-àëãåáðà ïñåâäîêîììóòàòèâíà.Î÷åâèäíî, âåðíî è îáðàòíîå.

Ïî÷òè ýðìèòîâà ñòðóêòóðà (f, g = 〈 ·, · 〉) íàçûâàåòñÿ:

� êâàçè-êåëåðîâîé, åñëè ∇X(f)Y +∇fX(f)fY = 0;

� ïðèáëèæåííî êåëåðîâîé, åñëè ∇X(f)Y = −∇Y (f)X = 0;

� ïî÷òè êåëåðîâîé, åñëè dΩ = 0;

� êåëåðîâîé, åñëè ∇f = 0; X,Y ∈ X(M).

Òåîðåìà 4 Êâàçè-êåëåðîâî ìíîãîîáðàçèå èìååò àáåëåâó ïðèñîåäèíåííóþ

Q-àëãåáðó òîãäà è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ êåëåðîâûì ìíîãîîá-

ðàçèåì.

Êâàçè-êåëåðîâî ìíîãîîáðàçèå èìååò àíòèêîììóòàòèâíóþ ïðèñîåäè-

íåííóþ Q-àëãåáðó òîãäà è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ ïðèáëèæåííî

êåëåðîâûì ìíîãîîáðàçèåì.

Êâàçè-êåëåðîâî ìíîãîîáðàçèå èìååò ïñåâäîêîììóòàòèâíóþ ïðèñîåäè-

íåííóþ Q-àëãåáðó òîãäà è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ ïî÷òè êåëå-

ðîâûì ìíîãîîáðàçèåì.
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Äîêàçàòåëüñòâî Ïóñòü M � êâàçè-êåëåðîâî ìíîãîîáðàçèå. Ñîãëàñíî åãî

îïðåäåëåíèþ,

∇X(f)Y = −∇fX(f)fY = ∇f2X(f)f2Y.

Ïîýòîìó

(4T (X,Y ) = f(∇fX(f)fY −∇f2X(f)f2Y ) = −2f∇X(f)Y,

è, çíà÷èò,

T (X,Y ) = −1

2
f∇X(f)Y. (2)

Â ÷àñòíîñòè, T (X,Y ) = 0⇔ ∇X(f)Y = 0; X,Y ∈ X(M), ÷òî è äîêàçûâàåò

ïåðâîå óòâåðæäåíèå.

Äàëåå, õîðîøî èçâåñòíî, ÷òî êëàññû ïðèáëèæåííî êåëåðîâûõ è ïî÷òè êå-

ëåðîâûõ ìíîãîîáðàçèé ÿâëÿþòñÿ ïîäêëàññàìè êëàññà êâàçè-êåëåðîâûõ ìíî-

ãîîáðàçèé (ñì., íàïðèìåð, [9]), à çíà÷èò, íà ýòèõ ìíîãîîáðàçèÿõ âûïîëíÿåòñÿ

òîæäåñòâî (2), îòêóäà ñðàçó æå ñëåäóåò âòîðîå óòâåðæäåíèå òåîðåìû.

Íàêîíåö, åñëè dΩ = 0, òî ïî Òåîðåìå 9 ïðèñîåäèíåííàÿQ-àëãåáðà ïñåâäî-

êîììóòàòèâíà. Ïðîäåëûâàÿ âûêëàäêè â îáðàòíîì íàïðàâëåíèè, óáåæäàåìñÿ

â ñïðàâåäëèâîñòè îáðàòíîãî.

3 Q-àëãåáðû è ïî÷òè êîíòàêòíûå ñòðóêòóðû

Ïåðåéäåì ê ðàññìîòðåíèþ îñíîâíîé öåëè íàøåãî èññëåäîâàíèÿ � èçó÷åíèþ

Q-àëãåáð, ïðèñîåäèíåííûõ ê GAH-ìíîãîîáðàçèÿì ðàíãà 1 äåôåêòà 1, ïî-

ðîæäåííûì ïî÷òè êîíòàêòíûìè ìåòðè÷åñêèìè ñòðóêòóðàìè.

Îïðåäåëåíèå 3 Ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé íà ìíîãî-

îáðàçèè M íàçûâàåòñÿ ÷åòâåðêà (ξ, η, Φ, g = 〈 ·, · 〉), ãäå ξ � âåêòîðíîå ïîëå

íà M , íàçûâàåìîå õàðàêòåðèñòè÷åñêèì, η � äèôôåðåíöèàëüíàÿ 1-ôîðìà íà

M , íàçûâàåìàÿ êîíòàêòíîé ôîðìîé, Φ � ýíäîìîðôèçì ìîäóëÿ X(M), íàçû-

âàåìûé ñòðóêòóðíûì ýíäîìîðôèçìîì, g � ðèìàíîâà ìåòðèêà íà M . Ïðè

ýòîì:

1. η(ξ) = 1; 2. η ◦ Φ = 0; 3. Φ(ξ) = 0;

4. Φ2 = −id+ η ⊗ ξ; 5. 〈ΦX,ΦY 〉 = 〈X,Y 〉 − η(X)η(Y ). (3)

Cóùåñòâóåò â èçâåñòíîì ñìûñëå ïîëíàÿ êëàññèôèêàöèÿ AC-ñòðóêòóð, ñîäåð-
æàùàÿ 2048 êëàññîâ ýòèõ ñòðóêòóð. Ýòà êëàññèôèêàöèÿ ÿâëÿåòñÿ êîíòàêò-

íûì àíàëîãîì èçâåñòíîé êëàññèôèêàöèè Ãðåÿ � Õåðâåëëû ïî÷òè ýðìèòîâûõ

ñòðóêòóð, è ñîäåðæàùåé âñåãî 16 ñòðóêòóð [9]. Íî, íåñìîòðÿ íà ïðàêòè÷å-

ñêóþ íåîáîçðèìîñòü êëàññèôèêàöèè AC-còðóêòóð, ôàêòè÷åñêîìó èçó÷åíèþ

ïîäâåðãàþòñÿ â îñíîâíîì ñëåäóþùèå 12 êëàññîâ AC-ñòðóêòóð:
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1. íîðìàëüíaÿ, åñëè N + 1
2dη ⊗ ξ = 0;

2. êîíòàêòíàÿ ìåòðè÷åñêàÿ, åñëè dη = Ω;

3. K-êîíòàêòíàÿ, åñëè (dη = Ω) & (η � ôîðìà Êèëëèíãà);

4. êâàçè-ñàñàêèåâà, åñëè îíà íîðìàëüíà è èìååò çàìêíóòóþ ôîðìó Ω;

5. ëîêàëüíî êîíôîðìíî êâàçè-ñàñàêèåâà;

6. ñàñàêèåâà, åñëè îíà íîðìàëüíà è êîíòàêòíà, èëè, ÷òî ðàâíîñèëüíî, åñëè

∇X(f)Y = g(X,Y )ξ − η(Y )X;

7. ïðèáëèæåííî ñàñàêèåâà, ∇X(f)X = g(X,X))ξ − η(X)X;

8. còðóêòóðà Êåíìîöó, åñëè ∇X(f)Y = g(fX, Y )ξ − η(Y )fX;

9. êîñèìïëåêòè÷åñêàÿ, åñëè ∇f = 0;

10. ïî÷òè êîñèìïëåêòè÷åñêàÿ, åñëè dΩ = dη = 0;

11. ñëàáî êîñèìïëåêòè÷åñêàÿ, åñëè ∇X(f)X = 0;

12. òî÷íåéøå êîñèìïëåêòè÷åñêàÿ, åñëè ∇X(f)X = dη = 0.

Îïðåäåëåíèå 4 AC-ñòðóêòóðà, çàäàííàÿ íà ìíîãîîáðàçèè M , íàçûâàåò-

ñÿ ëîêàëüíî êîíôîðìíî êâàçè-ñàñàêèåâîé (êîðî÷å, LCQS-) ñòðóêòóðîé,

åñëè ñóùåñòâóþò îòêðûòîå ïîêðûòèå U =
{
Uα

}
α∈A ìíîãîîáðàçèÿ M

è ñèñòåìà Σ = {σα : Uα → R}α∈A ãëàäêèõ ôóíêöèé òàêèå, ÷òî{
J |Uα , g̃α = e2σαg|Uα

}
� êâàçè-ñàñàêèåâà ñòðóêòóðà äëÿ ëþáîãî α ∈ A. Ãëàä-

êîå ìíîãîîáðàçèå, íà êîòîðîì ôèêñèðîâàíà LCQS-ñòðóêòóðà, íàçûâàåòñÿ
LCQS-ìíîãîîáðàçèåì.

Òåîðåìà 5 Ëîêàëüíî êîíôîðìíî êâàçè-ñàñàêèåâû ìíîãîîáðàçèÿ èìåþò

àáåëåâó ïðèñîåäèíåííóþ Q-àëãåáðó è ðèìàíîâó ïðèñîåäèíåííóþ ñâÿçíîñòü.

Äîêàçàòåëüñòâî Â [6] äîêàçàíî, ÷òî äëÿ ëîêàëüíî êîíôîðìíî êâàçè-

ñàñàêèåâà ìíîãîîáðàçèÿ

∇X(f)Y = −Ω(X,Y )α] + 〈X,Y 〉f(α])− α(Y )fX + α(fY )X+

+〈CX, Y 〉ξ − η(Y )CX,

ãäå α � êîíòàêòíàÿ ôîðìà Ëè, C(X) = ∇fXξ − α(ξ)fX � ñàìîñîïðÿæåííûé

ýíäîìîðôèçì ìîäóëÿ X(M), êîììóòèðóþùèé ñî ñòðóêòóðíûì ýíäîìîðôèç-

ìîì f , ] � îïåðàòîð äóàëüíîñòè. Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â (1), ñ ó÷åòîì

òîãî, ÷òî f3 = −f , f4 = −f2, f5 = f , ïîëó÷èì:

4T (X,Y ) = f∇fX(f)fY − f∇f2X(f)f2Y =

= −Ω(fX, fY )f(α]) + 〈fX, fY 〉f(α])− α(fY )f2X + α(f2Y )fX

+〈CfX, fY 〉ξ − η(fY )CfX,+Ω(f2X, f2Y )α] − 〈f2X, f2Y 〉f(α]) (4)

+α(f2Y )f3X − α(f3Y )f2X − 〈Cf2X, f2Y 〉ξ + η(f2Y )Cf2X.
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Âû÷èñëèì êàæäîå ñëàãàåìîå ýòîé ñóììû, çàìåòèâ, ÷òî ñëàãàåìûå ñ íîìå-

ðàìè 5, 6, 11 è 12, â ñèëó àêñèîì (3) ïî÷òè êîíòàêòíîé ñòðóêòóðû, ðàâíû

íóëþ:

1. −Ω(fX, fY )f(α]) = −〈f(X), f2Y 〉f(α]) = −〈X, fY 〉f(α]);
2. 〈fX, fY 〉f2(α]) = −〈X, f2Y 〉f2(α]);
3. −α(fY )f3X = α(fY )fX;

4. α(f2Y )f2X;

7. Ω(f2X, f2Y )f(α]) = 〈f2X, f3Y 〉f(α]) = 〈X, fY 〉f(α]);
8. −〈f2X, f2Y 〉f2(α]) = 〈X, f2Y 〉f2(α]);
9. α(f2Y )f4X = −α(f2Y )f2X;

10. −α(f3Y )f3X = −α(fY )fX.

Ñêëàäûâàÿ ïðàâûå ÷àñòè ýòèõ ñîîòíîøåíèé, ñ ó÷åòîì (4) ïîëó÷àåì, ÷òî T =

0. Ñëåäîâàòåëüíî, ïðèñîåäèíåííàÿ Q-àëãåáðà � àáåëåâà, à ïðèñîåäèíåííàÿ

ñâÿçíîñòü � ðèìàíîâà.

Ïîñêîëüêó êëàññ êâàçè-ñàñàêèåâûõ ìíîãîîáðàçèé ñîäåðæèò êëàññ ñàñàêè-

åâûõ è êëàññ êîñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé è, â ñâîþ î÷åðåäü, ÿâëåò-

ñÿ ïîäêëàññîì êëàññà LCQS-ìíîãîîáðàçèé, à, êðîìå òîãî, â ýòîò æå êëàññ

LCQS-ìíîãîîáðàçèé âõîäèò êëàññ ìíîãîîáðàçèé Êåíìîöó [8], ñïðàâåäëèâî

Ñëåäñòâèå 1 Êâàçè-ñàñàêèåâû, â ÷àñòíîñòè, ñàñàêèåâû è êîñèìïëåêòè÷å-

ñêèå ìíîãîîáðàçèÿ, à òàêæå ìíîãîîáðàçèÿ Êåíìîöó, èìåþò àáåëåâó ïðè-

ñîåäèíåííóþ Q-àëãåáðó è ðèìàíîâó ïðèñîåäèíåííóþ ñâÿçíîñòü.

Òåîðåìà 6 Íîðìàëüíàÿ AC-ñòðóêòóðà èìååò àáåëåâó ïðèñîåäèíåííóþ Q-

àëãåáðó è ðèìàíîâó ïðèñîåäèíåííóþ ñâÿçíîñòü.

Äîêàçàòåëüñòâî Â [7] äîêàçàíî, ÷òî AC-ñòðóêòóðà (ξ, η, f, g) íîðìàëüíà òî-

ãäà è òîëüêî òîãäà, êîãäà

∇X(f)(fY )−∇fX(f)(f2Y ) = 0.

Çàìåíÿÿ çäåñü X íà fX è äåéñòâóÿ íà îáå ÷àñòè ïîëó÷åííîãî òîæäåñòâà

îïåðàòîðîì f , ñ ó÷åòîì (1) ïîëó÷àåì, ÷òî T = 0.

Çàìå÷àíèå 1 Àáåëåâîñòü ïðèñîåäèíåííîé Q-àëãåáðû ÷åòûðåõ òèïîâ AC-
ñòðóêòóð, îòìå÷åííàÿ â Ñëåäñòâèè 1 è âûòåêàþùàÿ èç Òåîðåìû 5, â ðàâ-

íîé ìåðå âûòåêàåò è èç Òåîðåìû 6.
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Çàìå÷àíèå 2 Èç ïÿòè àêñèîì, îïðåäåëÿþùèõ GAH-ìíîãîîáðàçèå, â ñëó-

÷àå àáåëåâîñòè ïðèñîåäèíåííîé Q-àëãåáðû, äëÿ GAH-ìíîãîîáðàçèÿ ðàíãà 1

äåôåêòà 1 îñòàåòñÿ îäíà:

〈fX, Y 〉+ 〈X, fY 〉 = 0.

Òàêèì îáðàçîì, GAH-ãåîìåòðèÿ êàæäîãî èç øåñòè ðàññìîòðåííûõ êëàñ-

ñîâ AC-ìíîãîîáðàçèé ñîâïàäàåò ñ ãåîìåòðèåé ðèìàíîâà ìíîãîîáðàçèÿ

M2n+1, îñíàùåííîãî äèôôåðåíöèàëüíîé 2-ôîðìîé Ω ðàíãà 2n.

Òåîðåìà 7 Ñëàáî êîñèìïëåêòè÷åñêàÿ, â ÷àñòíîñòè, òî÷íåéøå êîñèì-

ïëåêòè÷åñêàÿ AC-ñòðóêòóðà èìååò àíòèêîììóòàòèâíóþ ïðèñîåäèíåí-

íóþ Q-àëãåáðó.

Äîêàçàòåëüñòâî Ïî îïðåäåëåíèþ, AC-ñòðóêòóðà ñëàáî êîñèìïëåêòè÷íà òî-
ãäà è òîëüêî òîãäà, êîãäà

∇X(f)X = 0; X ∈ X(M).

C ó÷åòîì ýòîãî, 4T (X,X) = f(∇fX(f)fX)−f(∇f2X(f)f2X) = 0. Ïîëÿðèçóÿ

ýòî òîæäåñòâî, ïîëó÷èì, ÷òî

T (X,Y ) + T (Y,X) = 0; X ∈ X(M).

Òåîðåìà 8 Ïðèáëèæåííî ñàñàêèåâà ñòðóêòóðà èìååò àíòèêîììóòàòèâ-

íóþ ïðèñîåäèíåííóþ Q-àëãåáðó.

Äîêàçàòåëüñòâî Ïî îïðåäåëåíèþ, AC-ñòðóêòóðà ïðèáëèæåííî ñàñàêèåâà

òîãäà è òîëüêî òîãäà, êîãäà

∇X(f)X = g(X,X)ξ − η(X)X; X ∈ X(M).

C ó÷åòîì ýòîãî,

4T (X,X) = f(∇fX(f)fX)− f(∇f2X(f)f2X) =

= g(fX, fX)f(ξ)− η(fX)fX − g(f2X, f2X)f(ξ) + η(f2X)f2X = 0.

Ïîëÿðèçóÿ ýòî òîæäåñòâî, ïîëó÷èì, ÷òî

T (X,Y ) + T (Y,X) = 0; X ∈ X(M).

Òåîðåìà 9 GAH-ìíîãîîáðàçèå ðàíãà 1 äåôåêòà (0 ëèáî 1) ñ çàìêíóòîé

ôóíäàìåíòàëüíîé ôîðìîé èìååò ïñåâäîêîììóòàòèâíóþ ïðèñîåäèíåííóþ

Q-àëãåáðó.
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Äîêàçàòåëüñòâî Íàïîìíèì, ÷òî Ω(X,Y ) = 〈X, fY 〉, à çíà÷èò,

∇X(Ω)(Y,Z) = 〈Y,∇X(f)Z〉.

Ñ ó÷åòîì ýòîãî íàõîäèì: dΩ(X,Y, Z) = SXY Z∇X(Ω)(Y,Z) =

SXY Z〈Y,∇X(f)Z〉. Ïóñòü dΩ = 0. Òîãäà SXY Z〈Y,∇X(f)Z〉 = 0. Ïîä-

ñòàâèì âìåñòî {X,Y, Z} ñíà÷àëà {fX, fY, fZ}, à ïîòîì {f2X, fY, f2Z}.

Âû÷èòàÿ âòîðîé ðåçóëüòàò èç ïåðâîãî, ïîëó÷èì, ÷òî

SXY Z(〈fY,∇fX(f)fZ〉 − 〈fY,∇f2X(f)f2Z〉) = 0,

èëè

SXY Z(〈Y, f(∇fX(f)fZ −∇f2X(f)f2Z〉) = 0.

Îòñþäà ñëåäóåò, ÷òî SXY Z(〈Y, T (X,Z)〉) = 0, ò.å.

〈T (X,Y ), Z〉+ 〈T (Y,Z), X〉+ 〈T (Z,X), Y 〉 = 0.

Ñ ó÷åòîì ýòîé òåîðåìû è ïåðå÷íÿ íà ñòð. 39 ïîëó÷àåì

Ñëåäñòâèå 2 Cëåäóþùèå AC-ìíîãîîáðàçèÿ èìåþò ïñåâäîêîììóòàòèâ-

íóþ ïðèñîåäèíåííóþ Q-àëãåáðó:

� Êîíòàêòíûå ìåòðè÷åñêèå,

� K-êîíàêòíûå,

� Ïî÷òè êîñèìïëåêòè÷åêèå.
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Òîïîëîãiÿ ñiì'¨ âåêòîðíèõ ïîëiâ íà ïîâåðõíi

Î.Î. Ïðèøëÿê, I.Ì. Iâàíþê

Àíîòàöiÿ Äîñëiäæóþòüñÿ òîïîëîãi÷íi âëàñòèâîñòi ñiì'¨ âåêòîðíèõ ïîëiâ

çàãàëüíîãî ïîëîæåííÿ íà ïîâåðõíÿõ âèêîðèñòîâóþ÷è ïîíÿòòÿ àòîìiâ òà

ìîëåêóë ôóíêöi¨ çà À.Ò.Ôîìåíêî, îïèñàíî âñi ìîæëèâi ïåðåõîäè äëÿ àòîìiâ,

ñêëàäíiñòü ÿêèõ íå ïåðåâèùó¹ 3

Êëþ÷îâi ñëîâà Àòîìè òà ìîëåêóëè ôóíêöié Ìîðñà · äåôîðìàöiÿ âåêòîð-

íîãî ïîëÿ · f -ãðàô · òîïîëîãi÷íà åêâiâàëåíòíiñòü · òîïîëîãi÷íà êëàñèôiêàöiÿ

ÓÄÊ 517.91

Âñòóï

Â ðîáîòi äîñëiäæóþòüñÿ òîïîëîãi÷íi âëàñòèâîñòi ñiì'¨ âåêòîðíèõ ïîëiâ.

Ïîëå íà ïîâåðõíi ó çàãàëüíîìó âèïàäêó ¹ ïîëåì Ìîðñà-Ñìåéëà. Äëÿ çà-

äàííÿ öüîãî ïîëÿ âèêîðèñòîâóþòüñÿ àòîìè, óâåäåíi À.Ò. Ôîìåíêîì äëÿ

ôóíêöié Ìîðñà. Âèÿâëÿ¹òüñÿ, ùî âîíè ¹ òàêîæ ïîâíèì òîïîëîãi÷íèì ií-

âàðiàíòîì âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà áåç çàìêíåíèõ òðà¹êòîðié íà çà-

ìêíåíié ïîâåðõíi [1]. Piçíi çàñòîñóâàííÿ àòîìiâ i ìîëåêóë ìiñòÿòüñÿ òàêîæ

ó ðîáòàõ À.Â.Áîëñiíîâà, Ñ.Â.Ìàòâ¹¹âà, À.Ò.Ôîìåíêà [2], Â.Â. Øàðêà òà

À.À.Îøåìêîâà[3].

Îñíîâíîþ ìåòîþ ðîáîòè ¹ äîñëiäèòè òîïîëîãi÷íi âëàñòèâîñòi ñiì'¨ âåê-

òîðíèõ ïîëiâ Ìîðñà-Ñìåéëà çà äîïîìîãîþ àòîìiâ i ìîëåêóë; ïîêàçàòè, ùî

äåôîðìàöi¨ ïîëÿ âiäïîâiäàþòü ïåðåõîäè ìiæ f-àòîìàìè çà äîïîìîãîþ äî-
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äàâàííÿ òà ñêîðî÷åííÿ ðó÷îê; îïèñàòè âñi ìîæëèâi ïåðåõîäè äëÿ àòîìiâ,

ñêëàäíiñòü ÿêèõ íå ïåðåâèùó¹ 3.

1 Àòîìè òà f-ãðàôè çà Ôîìåíêîì

Îçíà÷åííÿ 1 Àòîìîì íàçèâà¹òüñÿ îêië P 2 êðèòè÷íîãî øàðó, ÿêèé çà-

äà¹òüñÿ íåðiâíiñòþ c − ε ≤ f ≤ c + ε äëÿ äîñòàòíüî ìàëîãî ε, ðîçøàðî-

âàíó íà ëiíi¨ ðiâíÿ ôóíêöi¨ f i ÿêà ðîçãëÿäà¹òüñÿ ç òî÷íiñòþ äî ïîøàðîâî¨

åêâiâàëåíòíîñòi P 2 = {x : −ε ≤ f(x) − c ≤ ε}. Àòîì íàçèâà¹òüñÿ ïðî-

ñòèì, ÿêùî ôóíêöiÿ Ìîðñà â ïàði - ïðîñòà. Ðåøòà àòîìiâ íàçèâàþòüñÿ

ñêëàäíèìè.

Îçíà÷åííÿ 2 Ñêií÷åííèé çâ'ÿçíèé ãðàô Γ íàçèâà¹òüñÿ f -ãðàôîì, ÿêùî

âií çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

1) Âñi âåðøèíè ãðàôà Γ ìàþòü ñòåïiíü 3.

2) Äåÿêi iç ðåáåð ãðàôà Γ îði¹íòîâàíi, ïðè÷îìó äî êîæíî¨ âåðøèíè ãðàôà

Γ ïðèëÿãà¹ ðiâíî äâà îði¹íòîâàíèõ ðåáðà, iç ÿêèõ îäíå âõîäèòü â âåðøèíó,

à iíøå âèõîäèòü ç íå¨. Ïðè÷îìó öÿ âåðøèíà ìîæå áóòè ïî÷àòêîì i êiíöåì

îäíîãî i òîãî æ îði¹íòîâàíîãî ðåáðà , ÿêùî îði¹íòîâàíå ðåáðî ¹ ïåòëåþ.

Îçíà÷åííÿ 3 Äâà f -ãðàôè íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî îäèí ìîæ-

íà îòðèìàòè ç iíøîãî ïîñëiäîâíiñòþ íàñòóïíèõ îïåðàöié. Äîçâîëÿ¹òüñÿ

çàìiíþâàòè îði¹íòàöi¨ âñiõ ðåáåð ÿêîãîñü öèêëó íà ïðîòèëåæíi. Êëàñè

åêâiâàëåíòíîñòi f -ãðàôiâ íàçèâàþòüñÿ f -iíâàðiàíòàìè.

Iñíó¹ âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü ìiæ f -iíâàðiàíòàìè i f -àòîìàìè.

Ïîêàæåìî, ÿê iäåÿ àòîìiâ i ìîëåêóë ìîæå áóòè çàñòîñîâàíà äî òðà¹êòîð-

íî¨ êëàñèôiêàöi¨ ïîòîêiâ Ìîðñà-Ñìåéëà íà çàìêíåíèõ äâîâèìiðíèõ ïîâåðõ-

íÿõ.

Âåêòîðíi ïîëÿ v1 i v2, çàäàíi íà çàìêíåíèõ ïîâåðõíÿõ M1 i M2, íàçèâà-

þòüñÿ òîïîëîãi÷íî òðà¹êòîðíî åêâiâàëåíòíèìè, ÿêùî iñíó¹ ãîìåîìîðôiçì

h : M1 → M2, ùî ïåðåâîäèòü òðà¹êòîði¨ âåêòîðíîãî ïîëÿ v1 â òðà¹êòîði¨

âåêòîðíîãî ïîëÿ v2 çi çáåðåæåííÿì îði¹íòàöi¨ íà òðà¹êòîðiÿõ.

Îçíà÷åííÿ 4 Âåêòîðíå ïîëå v íà ìíîãîâèäi M íàçèâà¹òüñÿ ãðóáèì, ÿê-

ùî ïðè ìàëîìó çáóðåííi ïîëÿ v òîïîëîãi÷íà ïîâåäiíêà éîãî òðà¹êòîðié íå

çìiíþ¹òüñÿ, òîáòî ïiñëÿ çáóðåííÿ ïîëå òîïîëîãi÷íî òðà¹êòîðíî åêâiâà-

ëåíòíå ïî÷àòêîâîìó.
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Çãiäíî òåîðåìè Ì.Ïåéêñîòî [4], [5], [6] ãðóáèìè âåêòîðíèìè íà äâîâè-

ìiðíié ïîâåðõíi ¹ ïîëÿ Ìîðñà-Ñìåéëà. Ó âèïàäêó äâîâèìiðíî¨ ïîâåðõíi ¨õ

ìîæíà âèçíà÷èòè íàñòóïíèì ÷èíîì

Îçíà÷åííÿ 5 Âåêòîðíå ïîëå íà çàìêíåíié äâîâèìiðíié ïîâåðõíi M2 íàçè-

âà¹òüñÿ ïîëåì Ìîðñà-Ñìåéëà, ÿêùî

1) v ìà¹ ñêií÷åííå ÷èñëî îñîáëèâèõ òî÷îê i ïåðiîäè÷íèõ òðà¹êòîðié,

ïðè÷îìó âñi âîíè ãiïåðáîëi÷íi;

2) íå iñíó¹ òðà¹êòîðié, ùî éäóòü iç ñiäëà â ñiäëî;

3) äëÿ êîæíî¨ òðà¹êòîði¨ ïîëÿ v ¨¨ α-ãðàíè÷íi i ω-ãðàíè÷íi ìíîæèíè

¹ àáî îñîáëèâîþ òî÷êîþ, àáî ïåðiîäè÷íîþ òðà¹êòîði¹þ, òîáòî ãðàíè÷íèì

öèêëîì.

Îïèøåìî êëàñèôiêàöiþ ïîòîêiâ Ìîðñà-Ñìåéëà áåç ïåðiîäè÷íèõ òðà¹ê-

òîðié. Áóäåìî íàçèâàòè ¨õ ïîòîêàìè Ìîðñà.

Ïîòîêè Ìîðñà ìàþòü ùå îäèí ïðèðîäíié îïèñ. Öå ãðàäi¹íòíî-ïîäiáíi

ïîòîêè áåç ñåïàðàòðèñ, ùî éäóòü iç ñiäëà â ñiäëî. Òóò ïîòiê íàçèâà¹òüñÿ

ãðàäi¹íòíî-ïîäiáíèì, ÿêùî âií òîïîëîãi÷íî-åêâiâàëåíòíèé ïîòîêó grad f äëÿ

äåÿêî¨ ôóíêöi¨ Ìîðñà f i äåÿêî¨ ðiìàíîâî¨ ìåòðèêè gij íà ìíîãîâèäi M .

Êîæíîìó ïîòîêó Ìîðñà íà äâîâèìiðíié ïîâåðõíi M2 ìîæíà ïðèðîäíiì

÷èíîì ìîæíà ïîñòàâèòè ó âiäïîâiäíiñòü äåÿêèé f -ãðàô, àáî f -àòîì, òàêèì

÷èíîì, ùî âiäïîâiäíiñòü ìiæ f -àòîìàìè i êëàñàìè òîïîëîãi÷íî¨ òðà¹êòîðíî¨

åêâiâàëåíòíîñòi ïîòîêiâ Ìîðñà áóäå âçà¹ìíî îäíîçíà÷íîþ.

Îïèøåìî öþ êîíñòðóêöiþ.

Âñi îñîáëèâi òî÷êè ïîòîêó Ìîðñà ìîæíà ðîçäiëèòè íà òðè òèïè: ñòîêè,

âèòîêè â ñiäëà. Êðiì òîãî, ïîòiê ìà¹ ñåïàðàòðèñè, ùî ç'¹äíó¹ ñòîêè i âèòî-

êè ç ñiäëàìè. Êîæíîìó ñiäëó ïðè öüîìó âiäïîâiäà¹ äâi âõiäíi i äâi âèõiäíi

ñåïàðàòðèñè.

Ðîçãëÿäà¹ìî ãðàô, âåðøèíàìè ÿêîãî ¹ âèòîêè, à ðåáðàìè ñòiéêi ìíîãî-

âèäè ñiäëîâèõ òî÷îê. Çàìiíèìî êîæíó âåðøèíó êîëîì, ùî ¹ ãðàíèöåþ ðå-

ãóëÿðíîãî îêîëó âèòîêó. Îòðèìà¹ìî êîëà, ÿêi ç'¹äíàíi âiäðiçêàìè ñòiéêèõ

ìíîãîâèäiâ ñiäëîâèõ òî÷îê. Öå i çàäà¹ àòîì ïîëÿ Ìîðñà-Ñìåéëà

2 Àòîìè ïîëiâ Ìîðñà-Ñìåéëà

Ìè ðîçãëÿäà¹ìî òiëüêè ãðàäi¹íòíî-ïîäiáíi ïîëÿ Ìîðñà-Ñìåéëà, òîáòî

ïîëÿ áåç çàìêíåíèõ òðà¹êòîðié.

ÍåõàéM - çàìêíåíà äâîâèìiðíà ïîâåðõíÿ ç äåÿêîþ ðiìàíîâîþ ìåòðèêîþ.
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Ïîñòàâèìî ó âiäïîâiäíiñòü êîæíié ôóíêöi¨ f , ñiäëîâi òî÷êè ÿêî¨ ëåæàòü

íà îäíîìó ðiâíi, ¨¨ ãðàäi¹íòíèé ïîòiê âiäíîñíî âèáðàíî¨ ðiìàíîâî¨ ìåòðèêè.

Öå ñïiâñòàâëåííÿ âñòàíîâëþ¹ ïðèðîäíþ âçà¹ìíî-îäíîçíà÷íó âiäïîâiäíiñòü

ìiæ êëàñàìè ïîøàðîâî¨ åêâiâàëåíòíîñòi òàêèõ ôóíêöié íà ïîâåðõíi i êëàñà-

ìè òîïîëîãi÷íî òðà¹êòîðíî¨ åêâiâàëåíòíîñòi ïîòîêiâ Ìîðñà.

Öÿ âçà¹ìíî-îäíîçíà÷íà âiäïîâiäíiñòü íå çàëåæèòü âiä âèáîðó ðiìàíîâî¨

ìåòðèêè íà ïîâåðõíi [1].

Êëàñè ïîøàðîâî¨ åêâiâàëåíòíîñòi ôóíêöié ç âêàçàíîþ âëàñòèâiñòþ

âçà¹ìíî-îäíîçíà÷íî âiäïîâiäàþòü f -àòîìàì.

Êëàñ Ti âåêòîðíîãî ïîëÿ - öå âñi âåêòîðíi ïîëÿ, ó ÿêèõ íå áiëüøå íiæ ”i”

ñiäëîâèõ òî÷îê.

Îçíà÷åííÿ 6 Äâi ñiì'¨ Xt i Yt òîïîëîãi÷íî åêâiâàëåíòíi, ÿêùî iñíó¹ ãîìåî-

ìîðôiçì h : [0; 1]→ [0; 1] òà iñíó¹ ñóêóïíiñòü ãîìåîìîðôiçìiâ ϕt :M →M ,

t ∈ [0; 1],òàêèõ ùî âîíè ¹ òîïîëîãi÷íèìè åêâiâàëåíòíîñòÿìè ìiæ âåêòîð-

íèìè ïîëÿìè Xt òà âåêòîðíèìè ïîëÿìè Yh(t).

Íåõàé M - n-âèìiðíèé ìíîãîâèä ç êðà¹ì M

Îçíà÷åííÿ 7 n-âèìiðíèé äèñê H íàçèâà¹òüñÿ ðó÷êîþ iíäåêñó λ (àáî λ-

ðó÷êîþ), ÿêùî iñíó¹ ãîìåîìîðôiçì ϕ : Dλ×Dn−λ → H òàêèé, ùî ϕ(∂Dλ×
Dn−λ) = H ∩M ⊂ ∂M .

Îçíà÷åííÿ 8 Ðîçêëàäîì çàìêíåíîãî ìíîãîâèäó M íà ðó÷êè íàçèâà¹òüñÿ

ðîçêëàä M = H0

⋃
H1

⋃
...
⋃
Hm äå H0 - n-âèìiðíèé äèñê i Hi - ðó÷êà íà

Mi−1 =
⋃
j<iHj.

Ïðè ðîáîòi ç ðó÷êàìè áóäåìî âèêîðèñòîâóâàòè îïåðàöi¨ êîâçàííÿ ðó÷îê

òà ñêîðî÷åííÿ ðó÷îê [8].

Çàêëå¨âøè äèñêîì ðó÷êó íà àòîìi B1 ìè îòðèìà¹ìî A.

A îòðèìà¹ìî ç B
2

ñêîðî÷åííÿì ðó÷êè.

B1 îòðèìà¹ìî ç D1
1 çàêëå¨âøè îäíó ðó÷êó äèñêîì.

B2 îòðèìà¹ìî ç D2
1 çàñòîñóâàâøè âëàñòèâiñòü ñêîðî÷åííÿ ðó÷îê.

Âiä C2 äî D2 ìîæíà ïåðåéòè êîâçàííÿì ðó÷êè.

D2 îòðèìó¹ìî ç H
1
2 çàêëå¨âøè ðó÷êó äèñêîì.
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f -ãðàôè ñêëàäíîñòi 1
Àòîì À - öå ïðîñòî òî÷êà

Ðèñ. 1

f -ãðàôè ñêëàäíîñòi 2

Ðèñ. 2

Âiä H1
2 ïåðåõîäèìî äî D1

1 ñêîðîòèâøè ðó÷êó.

Ç H1
2 îòðèìó¹òüñÿ F 1

2 êîâçàííÿì ðó÷êè.

Àíàëîãi÷íî êîâçàííÿì ðó÷êè ç H1
2 ìè îòðèìó¹ìî G1

2.

Çàêëå¨âøè äèñêîì ðó÷êó â àòîìi H2
2 ìè îòðèìà¹ìî D2

1.

Âèêîðèñòàâøè âëàñòèâiñòü ñêîðî÷åííÿ ðó÷îê äî H2
2 ìè îòðèìà¹ìî D2.

Êîâçàííÿì ðó÷êè âiäáóâà¹òüñÿ ïåðåõiä âiä H2
2 äî F 2

2 , à òàêîæ âiä H2
2 äî

G2
2.

Òàêèì ÷èíîì, ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ ç ðåøòîþ f -ãðàôiâ, îò-

ðèìà¹ìî ãðàô G, çîáðàæåíèé íà ðèñ. 4. Â íüîìó âåðøèíàì âiäïîâiäàþòü

f -àòîìè, à ðåáðàì � îïèñàíi äåôîðìàöi¨ àòîìiâ çà äîïîìîãîþ êîâçàííÿ àáî

ñêîðî÷åííÿ ðó÷îê.

Çãiäíî [1] iñíó¹ îäèí àòîì (A), ùî âiäïîâiäà¹ ëîêàëüíîìó åêñòðåìóìó

äëÿ ñiäëîâèõ òî÷îê, iñíó¹ äâà àòîìè ñêëàäíîñòi 1, 4 àòîìè ñêëàäíîñòi 2 i 10

àòîìiâ ñêëàäíîñòi 3. Âîíè çîáðàæåíi íà ðèñ. 1-3.

3 Ñiì'ÿ âåêòîðíèõ ïîëiâ

Òåîðåìà 1 ßêùî äâi ñiì'¨ òîïîëîãi÷íî åêâiâàëåíòíi â êëàñi Ti, òî âîíè

çàäàþòü îäíàêîâi øëÿõè íà ãðàôi G.

Äîâåäåííÿ. Êîæíîìó t âiäïîâiäàþòü âåðøèíè íà ãðàôi G, êðiì ñêií÷åí-

íîãî ÷èñëà tk, â ÿêèõ ïðîõîäèòü çìiíà âiä îäíi¹¨ âåðøèíè äî iíøî¨, öèì tk
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f -ãðàôè ñêëàäíîñòi 3

Ðèñ. 3

Ðèñ. 4

âiäïîâiäàþòü ðåáðà, ùî ç'¹äíóþòü öi âåðøèíè. Òîäi îñêiëüêè Yh(t) òîïîëî-

ãi÷íî åêâiâàëåíòíèé Xt, òî ¨ì âiäïîâiäàþòü îäíàêîâi âåðøèíè àáî ðåáðà ó

âèïàäêó, êîëè t = tk. Îòæå, ó âiäïîâiäíèõ øëÿõiâ îäíàêîâi âåðøèíè i ðåáðà,

òîáòî âîíè çáiãàþòüñÿ.

Ïðîâîäÿ÷è ìiðêóâàííÿ â çâîðîòíüîìó ïîðÿäêó ìè îòðèìà¹ìî òåîðåìó 2.
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Òåîðåìà 2 Äâà ïîëÿ êëàñó Ti ìîæíà ç'¹äíàòè øëÿõîì (ñiì'¹þ âåêòîð-

íèõ ïîëiâ) â êëàñi Ti, ÿêùî iñíó¹ øëÿõ íà ãðàôi G, ÿêèé ç'¹äíó¹ âiäïîâiäíi

âåðøèíè.

Íåõàé êiëüêiñòü ðóõiâ âiä îäíîãî àòîìà äî iíøîãî - n. Çàíóìåðó¹ìî ìîæ-

ëèâi ðóõè âiä îäíîãî àòîìà äî iíøîãî öiëèìè ÷èñëàìè. Öi ÷èñëà áóäåìî

íàçèâàòè îñíàùåííÿì. Øëÿõ íà ãðàôi, ó êîæíîãî ðåáðà ÿêîãî çàäàíå îñíà-

ùåííÿ, áóäåìî íàçèâàòè îñíàùåííèì.

Òåîðåìà 3 ßêùî äâîì ñiì'ÿì âiäïîâiäàþòü îäíàêîâi îñíàùåíi øëÿõè íà

ãðàôi, òî âîíè òîïîëîãi÷íî åêâiâàëåíòíi.

Äîâåäåííÿ. Ìè ìîæåìî íàìàëþâàòè n êðàòíèõ ðåáåð, òî òîäi êîæíîìó

øëÿõó íà ãðàôi áóäå âiäïîâiäàòè îäíà ñiì'ÿ âåêòîðíèõ ïîëiâ.

Ïðè äåôîðìàöi¨ âåêòîðíîãî ïîëÿ ìîæëèâi ñèòóàöi¨:

1) òîïîëîãi÷íèé òèï âåêòîðíîãî ïîëÿ íå çìiíþ¹òüñÿ, òîäi öÿ ñiì'ÿ çà-

äà¹òüñÿ àòîìîì çà Ôîìåíêîì;

2) ïðîõîäèòü áiôóðêàöiÿ, òîáòî çìiíþ¹òüñÿ òîïîëîãi÷íèé òèï. Â öüîìó

âèïàäêó öÿ äåôîðìàöiÿ çàäà¹òüñÿ ïàðîþ àòîìiâ, òîáòî ÿêùî àòîìè ðîçãëÿ-

äàòè ÿê âåðøèíè äåÿêîãî ãðàôà, òî öþ äåôîðìàöiþ áóäåìî çîáðàæàòè ÿê

ðåáðî ìiæ âiäïîâiäíèìè âåðøèíàìè. Äàëi çîáðàæà¹ìî âñi òàêi ìîæëèâi ái-

ôóðêàöi¨. ßêùî âiäáóâà¹òüñÿ ïîñëiäîâíî äåêiëüêà áiôóðêàöié, òî öÿ ïîñëi-

äîâíiñòü çàäà¹ ïîñëiäîâíiñòü ðåáåð, òîáòî øëÿõ íà ïîáóäîâàíîìó ãðàôi.

Âèñíîâîê

Â ðîáîòi äîñëiäæåíi òîïîëîãi÷íi âëàñòèâîñòi ñiì'¨ âåêòîðíèõ ïîëiâ, îïè-

ñàíî âñi ìîæëèâi ïåðåõîäè äëÿ àòîìiâ, ñêëàäíiñòü ÿêèõ íå ïåðåâèùó¹ 3. Îò-

ðèìàíi ðåçóëüòàòè ìîæóòü áóòè çàñòîñîâàíi ïðè âèâ÷åííi êîíòàêòíèõ ñòðóê-

òóð íà 3-âèìiðíèõ ìíîãîâèäàõ, à ñàìå, ÿêùî íà òàêîìó ìíîãîâèäi çàäàíà

ôóíêöiÿ Ìîðñà, òî ÿêùî ìiæ äâîìà ðåãóëÿðíèìè ðiâíÿìè òàêî¨ ôóíêöi¨

íåìà¹ êðèòè÷íèõ ðiâíiâ, òî âèíèêà¹ ñiì'ÿ âåêòîðíèõ ïîëiâ íà ïîâåðõíi, ùî

â çàãàëüíîìó âèïàäêó ¹ ïîëÿìè Ìîðñà-Ñìåéëà.
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Topology of set of vector �elds on surface

The topological properties of a family of vector �elds in the general position
on the surfaces are investigated in using atoms and molecules by Fomenko. We
describe all possible transformations for atoms, complexity of which is less than
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Äåôîðìàöi¨ çàìêíåíèõ 1-ôîðì Ìîðñà íà çà-
ìêíåíèõ ïîâåðõíÿõ

Ñ.Â. Áiëóí, À.Î. Ãàãàé, Î.Î. Âîðîí÷óê, M.Â. Ëîñ¹âà

Àíîòàöiÿ Âèâ÷àþòüñÿ òîïîëîãi÷íi âëàñòèâîñòi çàìêíåíèõ 1-ôîðì Ìîðñà

íà çàìêíåíèõ ïîâåðõíÿõ, âèêîðèñòîâóþ÷è ïîíÿòòÿ àòîìiâ òà ìîëåêóë

ôóíêöi¨ çà À.Ò.Ôîìåíêîì. Îòðèìàíî êðèòåðié iñíóâàííÿ äåôîðìàöi¨ îäíi¹¨

òàêî¨ 1-ôîðìè ó iíøó ïðè óìîâi, ùî âîíà ìà¹ íå áiëøå 3 ñiäëîâèõ íóëiâ, öi

íóëi çâ'ÿçíi òðàåêòîðiÿìè i âñi ðåêóðåíòíi òðà¹êòîði¨ � çàìêíåíi

Êëþ÷îâi ñëîâà Àòîìè òà ìîëåêóëè ôóíêöié Ìîðñà · äåôîðìàöiÿ 1-ôîðìè
Ìîðñà

ÓÄÊ 517.91

Íåõàé ω - çîâíiøíÿ çàìêíåíà äèôåðåíöiàëüíà 1-ôîðìà íà çàìêíåíié äâî-

âèìiðíié ïîâåðõíiM . Iíòåãðàë âiä çàìêíåíî¨ 1-ôîðìè Ìîðñà ìîæíà ðîçãëÿ-

äàòè ÿê áàãàòîçíà÷íó ôóíêöiþ Ìîðñà. Òåîðiÿ çàìêíåíèõ 1-ôîðì Ìîðñà áóëà

çàïî÷àòêîâàíà Ñ.Ï. Íîâiêîâèì [1]. Áóëî ïîêàçàíî, ùî òàêi ôîðìè ïðèðîä-

íüî âèíèêàþòü â ôiçè÷íèõ çàäà÷àõ [1], à òàêîæ ïðè äîñëiäæåíi ìiíiìàëü-

íèõ ïîâåðõîíü, êðà¹ì ÿêèõ ¹ çàäàíà çàìêíåíà êðèâà [2]. Ñåðåä ïîäàëüøèõ

äîñëiäæåíü â öié òåîði¨ ñëiä âiäìiòèòè ðîáîòè Ôàðáåðà [3], Ïàæèòíîãî [4],

Àðíîëüäà [5], Áiëóí òà Ïðèøëÿêà [6].

Ïîçíà÷èìî N(ω) � ìíîæèíó íóëiâ ôîðìè ω. Êðèâà γ ⊂M , ùî íå ìiñòèòü

íóëiâ, íàçèâà¹òüñÿ iíòåãðàëüíîþ òðà¹êòîði¹þ ôîðìè ω, ÿêùî ëîêàëüíî âîíà

¹ ðiâíåì ôóíêöi¨ f òàêî¨, ùî ω = df . Ìè áóäåìî ðîçãëÿäàòè òiëüêè ìàê-

ñèìàëüíi òðà¹êòîði¨ - ÿêi íå ¹ âëàñíèìè ïiäìíîæèíàìè iíøèõ òðà¹êòîðié,
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i íàçèâàòè ¨õ ïðîñòî òðà¹êòîðiÿìè. Äëÿ íåçàìêíåíèõ 1-ôîðì iíòåãðàëüíà

òðà¹êòîðiÿ âèçíà÷àþòüñÿ ÿê ëiíiÿ, äîòè÷íi äî ÿêî¨ ëåæàòü â ÿäði 1-ôîðìè.

Äëÿ êîæíîãî äîñèòü ìàëîãî îêîëó U(x) òî÷êè x∈ M\N(ω) òðà¹êòîðiÿ,

ùî ïðîõîäèòü ÷åðåç x, ðîçáèâà¹ U(x) íà äâi ÷àñòèí: äîäàòíó {y: f(y)-f(x)>0}

i âiä'¹ìíó {y: f(y)-f(x)<0}.

Äåôîðìàöiÿ 1-ôîðìè öå ñiì'ÿ 1-ôîðì ωt , äå t ∈ [0, 1] i êîîðäèíàòè ωt

íåïåðåðâíî çàëåæàòü âiä t.

Äèôåðåíöiàëüíi 1-ôîðìè ω1 i ω2 íà M íàçèâàþòüñÿ òðà¹êòîðíî åêâi-

âàëåíòíèìè, ÿêùî iñíó¹ ãîìåîìîðôiçì h : M → M , ùî âiäîáðàæà¹ íóëi

â íóëi, à òðà¹êòîði¨ íà òðà¹êòîði¨. Ïðè öüîìó h íàçèâà¹òüñÿ òðà¹êòîðíîþ

åêâiâàëåíòíiñòþ. ßêùî êðiì òîãî h çáåðiãà¹ ðîçáèòòÿ êîæíîãî ìàëîãî îêîëó

òî÷êè x ∈M\N(ω) íà äîäàòíó i âiä'¹ìíó ÷àñòèíè, òî âií íàçèâà¹òüñÿ òîïî-

ëîãi÷íîþ åêâiâàëåíòíiñòþ, à âiäïîâiäíi ôîðìè òîïîëîãi÷íî åêâiâàëåíòíèìè.

Íóëü 1-ôîðìè ω = adu + bdv íàçèâà¹òüñÿ íåâèðîäæåíèì, ÿêùî ìàòðè-

öÿ

(
∂a
∂u

∂b
∂u

∂a
∂v

∂b
∂b

)
íåâèðîäæåíà, äå (u, v) � äåÿêà ïàðàìåòðèçàöiÿ ñôåðè. Ôîðìà

íàçèâà¹òüñÿ ôîðìîþ Ìîðñà, ÿêùî âñi ¨¨ íóëi íåâèðîäæåíi. Àíàëîãi÷íî ôóíê-

öiÿì Ìîðñà ìîæíà ïîêàçàòè, ùî â îêîëi íåâèðîäæåíîãî íóëÿ çàìiíîþ êî-

îðäèíàò ôîðìó ìîæíà çâåñòè äî âèäó ω = ±udu ± vdv. Ïðè öüîìó, ÿêùî

çíàêè ïðè udu i vdv ðiçíi, òî òàêèé íóëü áóäåìî íàçèâàòè ñiäëîì, à â iíøèõ

âèïàäêàõ - öåíòðîì.

Òðà¹êòîðiÿ, ãðàíèöÿ ÿêî¨ ìiñòèòü ñiäëî, áóäåìî íàçèâàòè âóñîì öüîãî

ñiäëà. Òàêèì ÷èíîì, ç êîæíîãî ñiäëà âèõîäÿòü ÷îòèðè âóñà. Òðà¹êòîðiÿ,

ùî ç'¹äíó¹ ñiäëà � öå òà, äëÿ ÿêî¨ ãðàíèöÿ ¹ îäíèì àáî äâîìà ñiäëàìè. Â

îñòàííüîìó âèïàäêó âîíà ¹ âóñîì äëÿ äâîõ ñiäåë.

Ïîíÿòòÿ ðåêóðåíòíî¨ òðà¹êòîði¨ ôîðìè àíàëîãi÷íå äî âåêòîðíèõ ïîëiâ.

Â ðîáîòi [6] äëÿ êëàñèôiêàöi¨ çàìêíåíèõ 1-ôîðì Ìîðñà íà çàìêíåíèõ ïî-

âåðõíÿõ, âñi ðåêóðåíòíi òðà¹êòîði¨ ÿêèõ çàìêíåíi, âèêîðèñòîâóþòüñÿ ÍÑÑ-

ãðàôè.

Îñíîâíà ìåòà öi¹¨ ðîáîòè � äàòè òîïîëîãi÷íó êëàñèôiêàöiþ äåôîðìà-

öié 1-ôîðì Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ, ó ÿêèõ âñi ñiäëîâi íóëi çâ'ÿçíi

òðàåêòîðiÿìè i âñi ðåêóðåíòíi òðà¹êòîði¨ � çàìêíåíi, âèêîðèñòîâóþ÷è àòîìè

òà ìîëåêóëè çà Ôîìåíêîì.

Íåõàé ω i ω′ - çàìêíåíi 1-ôîðìè Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ M òà

M ′, âñi ðåêóðåíòíi òðà¹êòîði¨ ÿêèõ çàìêíåíi. Äëÿ òîãî ùîá ôîðìè áóëè

òðà¹êòîðíî åêâiâàëåíòíi íåîáõiäíî i äîñòàòíüî, ùîá iñíóâàâ ãîìåîìîðôiçì

h : M → M ′, îáìåæåííÿ ÿêîãî íà G(ω) çàäà¹ içîìîðôiçì ãðàôiâ. Äâi çà-
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ìêíåíi 1-ôîðìè Ìîðñà ω i ω′ íà çàìêíåíèõ ïîâåðõíÿõ M òà M ′, âñi ðåêó-

ðåíòíi òðà¹êòîði¨ ÿêèõ çàìêíåíi, áóäóòü òîïîëîãi÷íî åêâiâàëåíòíèìè òîäi i

òiëüêè òîäi, êîëè iñíó¹ òàêà ¨õ òðà¹êòîðíà åêâiâàëåíòíiñòü, ÿêà âiäîáðàæà¹

äîäàòíi îáëàñòi òà ïiäîáëàñòi â äîäàòíi îáëàñòi òà ïiäîáëàñòi, à âiä'¹ìíi � ó

âiä'¹ìíi [6].

Âêëàäåííÿ ãðàôiâ G(ω) áóäåìî çàäàâàòè çà äîïîìîãîþ àòîìiâ.

Íåõàé f - ôóíêöiÿ Ìîðñà íà ïîâåðõíi X2, à g � ôóíêöiÿ Ìîðñà íà iíøié

ïîâåðõíi Y 2. Ôóíêöi¨ Ìîðñà áóäåìî íàçèâàòè ïîøàðîâî åêâiâàëåíòíèìè,

ÿêùî iñíó¹ äèôåîìîðôiçì λ : X2 → Y 2, ÿêèé ïåðåâîäèòü çâ'ÿçíi êîìïîíåí-

òè ëiíi¨ ðiâíÿ ôóíêöi¨ f â çâ'ÿçíi êîìïîíåíòè ëiíi¨ ðiâíÿ ôóíêöi¨ g. Òàêîæ

ãîâîðÿòü, ùî ïàðà (X2, f) ïîøàðîâî åêâiâàëåíòíà ïàði (Y 2, g).

Êîæíà ôóíêöiÿ Ìîðñà âèçíà÷à¹ øàðóâàííÿ ç îñîáëèâîñòÿìè íà ïîâåðõíi.

Éîãî øàðàìè ââàæàþòüñÿ êîìïîíåíòè çâ'ÿçíîñòi ðiâíÿ ôóíêöi¨. Â îáëàñòi

êîæíîãî ðåãóëÿðíîãî øàðó öå øàðóâàííÿ òðèâiàëüíå � ïðÿìèé äîáóòîê êîëà

íà âiäðiçîê. Â îáëàñòi êðèòè÷íîãî øàðó øàðóâàííÿ ìîæå áóòè âëàøòîâàíå

äîñòàòíüî ñêëàäíî.

Àòîìîì íàçâåìî îáëàñòü P 2 êðèòè÷íîãî ðiâíÿ, ÿêà çàäà¹òüñÿ íåðiâíiñòþ

c− ε < f < + ε äëÿ äîñòàòíüî ìàëîãî ε, ðîçøàðîâàíó íà ëiíi¨ ðiâíÿ ôóíêöi¨

f i ðîçãëÿíóòó ç òî÷íiñòþ äî ïîøàðîâî¨ åêâiâàëåíòíîñòi. ßêùî êðèòè÷íå

çíà÷åííÿ c � ëîêàëüíèé ìiíiìóì àáî ëîêàëüíèé ìàêñèìóì, òî àòîì áóäå íà-

çèâàòèñÿ A-àòîìîì. ßêùî êðèòè÷íå çíà÷åííÿ c � ñiäëîâå, òî âiäïîâiäíèé

àòîì áóäå íàçèâàòèñÿ ñiäëîâèì. Àòîì áóäå íàçèâàòèñÿ ïðîñòèì, ÿêùî ôóíê-

öiÿ Ìîðñà f â ïàði (P 2, f) � ïðîñòà (ìà¹ îäíó êðèòè÷íó òî÷êó). Iíøi àòîìè

áóäóòü íàçèâàòèñÿ ñêëàäíèìè. Ñêëàäíiñòü àòîìà � öå ÷èñëî êðèòè÷íèõ òî-

÷îê â íüîìó. Àòîì áóäå íàçèâàòèñÿ îði¹íòîâàíèì àáî íåîði¹íòîâàíèì â

çàëåæíîñòi âiä òîãî, ÷è ¹ ïîâåðõíÿ P 2 îði¹íòîâàíîþ ÷è íåîði¹íòîâàíîþ.

Â [7] áóëè îïèñàíi âñi àòîìè, ñêëàäíiñòü ÿêèõ íå ïåðåâèùó¹ 3. Âîíè ïî-

çíà÷àþòüñÿ A,Bi, Ci, Di, Ei, Fi, Gi, Hi, i = 1, 2, .... Ç óðàõóâàííÿì íàïðÿìêó

çðîñòàííÿ ôóíêöi¨ êîæíîìó àòîìó âiäïîâiäà¹ 2 f-àòîìè (ÿêi ìîæóòü áóòè

îäíàêîâèìè). Öi f-àòîìè áóäåìî âiäðiçíÿòè çà äîïîìîãîþ âåðõíüîãî iíäåêñó,

ùî äîðiâíþ¹ 1 àáî 2. f-àòîìè ìîæíà ðîçãëÿäàòè ÿê öèëiíäðè, äî âåðõíiõ

îñíîâ ÿêèõ ïðèêëå¹íi äåêiëüêà 1-ðó÷îê (ñòði÷îê). Íèæíiìè öèêëàìè àòîìà

áóäåìî íàçèâàòè íèæíi îñíîâè öèëiíäðiâ, à âåðõíiìè öèêëàìè � êîìïîíåíòè

êðàþ, ùî îòðèìàíi ç âåðõíiõ îñíîâ öèëiíäðiâ ïiñëÿ ïðèêëåþâàííÿ 1-ðó÷îê

[8].

ßêùî ó 1-ôîðìè îäèí êðèòè÷íèé ðiâåíü, òî, âèäàëèâøè ç ïîâåðõíi éîãî

îêië (àòîì), îòðèìà¹ìî îá'¹äíàííÿ öèëiíäðiâ òà 2-äèñêiâ. Ñêëàäåìî ñïèñîê
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ïàð öèêëiâ òàê, ùî â îäíó ïàðó ïîòðàïëÿþòü îäèí âåðõíié òà îäèí íèæíié

öèêë, ÿêùî âîíè ¹ îñíîâàìè îäíîãî ç îòðèìàíèõ öèëiíäðiâ. Ç ïðîâåäåíèõ

ïîáóäîâ, óâåäåíèõ îçíà÷åíü òà ðîáîòè [6] âèïëèâà¹ òàêà

Òåîðåìà 1 Äâi 1-ôîðìè Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ, ó ÿêèõ âñi ñiäëîâi

íóëi çâ'ÿçíi òðàåêòîðiÿìè i âñi ðåêóðåíòíi òðà¹êòîði¨ çàìêíåíi, áóäóòü

òîïîëîãi÷íî åêâiâàëåíòíèìè òîäi òà òiëüêè òîäi, êîëè ó íèõ îäíàêîâi f-

àòîìè i ïàðè âåðõíiõ òà íèæíiõ öèêëiâ.

Ç [9] âèïëèâà¹, ùî çà äîïîìîãîþ äîäàâàííÿ ðó÷îê ìîæíà çäiéñíèòè òàêi

ïåðåõîäè ìiæ f-àòîìàìè :

A − A, B1 − B1, B2 − B2, C1 − C1, C2 − C2, D1
1 − D1

1,

D2
1 −D2

1, D1
1 −D1

1, D2 −D2, E1
1 − E1

1 , E2
1 − F 1

2 , E1
2 −G1

1,

E2
2 − F 2

1 , E1
3 − E2

2 , E2
3 − F 2

2 , F 1
1 − F 1

1 , F 2
1 − E2

2 − E1
2 ,

F 1
2 −G1

2, F 2
2 −G2

2 −G2
3, G1

1 −G1
1 −H1

1 , G2
1 −H2

1 , G1
2 −F 1

2 −H1
2 ,

G2
2 −F 2

2 −G2
3 −H2

2 , G1
3 −E2

2 −F 1
2 , G2

3 −F 2
2 , H1

1 −G1
1, H2

1 −G2
1,

D1
1 −D1

1, H1
2 − F 1

2 −G1
2, H2

2 −G2
2

Îïèñàíi ïåðåõîäè áóäåìî íàçèâàòè äîïóñòèìèìè. Ðîçãëÿíåìî äåôîðìà-

öiþ 1-ôîðìè, ùî íå çìiíþ¹ ÷èñëà íóëiâ ôîðìè i êðèòè÷íèõ ðiâíiâ. Òîäi ïðè

òàêié äåôîðìàöi¨ ç àòîìàìè ìîæëèâå ëèøå ïåðåòâîðåííÿ, ùî âiäïîâiäà¹ äî-

äàâàííþ ðó÷îê. Ñêîðî÷åííÿ ðó÷îê íåìîæëèâå, îñêiëüêè âîíî çìiíþ¹ ÷èñëî

íóëiâ 1-ôîðìè. Îòæå ñïðàâåäëèâà òàêà

Òåîðåìà 2 Äâi 1-ôîðìè Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ, ó ÿêèõ ñiäëîâèõ

íóëiâ íå áiëøå 3, âîíè çâ'ÿçíi òðàåêòîðiÿìè i âñi ðåêóðåíòíi òðà¹êòîði¨

çàìêíåíi, ìîæíà ç'¹äíàòè øëÿõîì ó ïðîñòîði òàêèõ ôîðì òîäi òà òiëüêè

òîäi, êîëè âiä f-àòîìà îäíi¹¨ 1-ôîðìè ìîæíà ïåðåéòè äî f-àòîìà iíøî¨ çà

äîïîìîãîþ äîïóñòèìèõ ïåðåõîäi, ùî çáåðiãàþòü ïàðè âåðõíiõ òà íèæíiõ

öèêëiâ.

Âèñíîâîê

Â ðîáîòi äîñëiäæåíi òîïîëîãi÷íi âëàñòèâîñòi äèôåðåíöiàëüíèõ 1-ôîðì

Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ, ó ÿêèõ âñi ñiäëîâi íóëi çâ'ÿçíi òðàåêòîðiÿìè

i âñi ðåêóðåíòíi òðà¹êòîði¨ çàìêíåíi, îïèñàíî âñi ìîæëèâi äåôîðìàöi¨ 1-ôîðì

ç íå áiëüø íiæ 3 íóëÿìè ç âèêîðèñòàííÿì àòîìiâ çà À.Ò.Ôîìåíêîì.
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Deformations of closed Morse 1-forms on closed surfeces

We study the topological properties of closed Morse 1-forms on closed surfaces

using the concept of atoms and molecules of functions by A.T.Fomenko. The

criterion of the existence of a deformation of one form to another, provided that

they have no more then 3 saddle zeros, these zeros conneted by trajectory and

recurrent trajectories are closed, is given.
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Ïðî ïîâåäiíêó íåïåðåðâíî¨ ôóíêöi¨ òà ¨¨ ëiíié
ðiâíÿ â îêîëi içîëüîâàíîãî ëîêàëüíîãî åêñòðåìó-
ìó

À.Î. Êîòëÿð

Àíîòàöiÿ Ó ñòàòòi îïèñó¹òüñÿ äîñëiäæåííÿ ïîâåäiíêè íåïåðåðâíèõ ôóíêöié

â îêîëi içîëüîâàíèõ ëîêàëüíèõ åêñòðåìóìiâ. Äëÿ íàî÷íîñòi ðîçãëÿäàþòüñÿ

ëiíi¨ ðiâíÿ ôóíêöi¨ â äàíîìó îêîëi òà âèâîäÿòüñÿ óìîâè ¨õ ãîìåîìîðôíîñòi

êîëàì. Òàêîæ ó ñòàòòi ââåäåíå íîâå îçíà÷åííÿ - ïîíÿòòÿ òî÷êè ëîêàëüíî¨

çiðêîâîñòi, íàâåäåíî äåêiëüêà òåîðåì , ùî ïîâ'çàíi iç öèì ïîíÿòòÿì.

Êëþ÷îâi ñëîâà Îêië içîëüâàíîãî ëîêàëüíîãî åêñòðåìóìó · Ëiíi¨ ðiâíÿ
ôóíêöi¨ · Òî÷êà ëîêàëüíî¨ çiðêîâîñòi · Ðåãóëÿðíà ñiì'ÿ êðèâèõ

ÓÄÊ 517.91

1 Âñòóï

Îäíèì iç äîñèòü àêòóàëüíèõ íàïðÿìêiâ òîïîëîãi¨ ñüîãîäåííÿ ¹ òåîðiÿ êðè-

òè÷íèõ òî÷îê à òàêîæ äîñëiäæåííÿ íåïåðåðâíî¨ ôóíêöi¨ â îêîëi içîëüîâàíî¨

êðèòè÷íî¨ òî÷êè. Ëiíi¨ ðiâíÿ íàî÷íî õàðàêòåðèçóþòü ïîâåäiíêó ôóíêöi¨ â

äåÿêîìó îêîëi. Òîìó, äëÿ âèâ÷åííÿ õàðàêòåðó çìiíè ôóíêöi¨ â îêîëi içî-

ëüîâàíîãî ëîêàëüíîãî åêñòðåìóìó âèêîðèñòîâó¹ìî ñàìå ëiíi¨ ðiâíÿ. Âîíè ¹

ñïîñîáîì ïðåäñòàâëåííÿ ñêàëÿðíî¨ ôóíêöi¨ äâîõ çìiííèõ íà ïëîùèíi. Çàóâà-

æèìî, ùî ó äàíîìó äîñëiäæåííi ðîçãëÿäàþòüñÿ ëèøå içîëüîâàíi ëîêàëüíi

ìàêñèìóìè òà ìiíiìóìè.

Äàíà ñòàòòÿ ñêëàäà¹òüñÿ iç òðüîõ ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi ñòàòòi ðîç-

ãëÿäàþòüñÿ äåÿêi ôóíêöi¨, ëiíi¨ ðiâíÿ ÿêèõ ãîìåîìîðôíi êîëàì òà íàâîäèòü-
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ñÿ ïðèêëàä ôóíêöi¨, ëiíi¨ ðiâíÿ ÿêî¨ íå ãîìåîìîðôíi êîëàì. Öåé ïðèêëàä

¹ ïðè÷èíîþ çàñòîñóâàííÿ ïîíÿòòÿ ðåãóëÿðíî¨ ñiì'¨ êðèâèõ. Ðàçîì iç òèì, ó

öüîìó ðîçäiëi äîâåäåíà òåîðåìà ïðî íåîáõiäíó i äîñòàòíþ óìîâó ãîìåîìîðô-

íîñòi ëiíié ðiâíÿ íåïåðåðâíî¨ ôóíêöi¨ êîëàì.

Ó äðóãîìó ðîçäiëi îçíà÷åííÿ òî÷êè çiðêîâîñòi äåÿêî¨ îáëàñòi, ââåäåíå

Àíäðiþê, óçàãàëüíþ¹òüñÿ áiëüø øèðîêèì - îçíà÷åííÿì òî÷êè ëîêàëüíî¨ çið-

êîâîñòi. Äîâîäèòüñÿ òåîðåìà ïðî ðîçáèòòÿ îáëàñòi íà ëîêàëüíî çiðêîâi ïiä

îáëàñòi.

Ó òðåòüîìó ðîçäiëi îêðiì íàâåäåííÿ òåîðåìè ïðî êîíóñ, ïîáóäîâàíèé íàä

çàìêíåíîþ æîðäàíîâîþ êðèâîþ, ÿêà îáìåæó¹ çiðêîâó îáëàñòü, òàêîæ îïè-

ñó¹òüñÿ ¨¨ óçàãàëüíåííÿ, êîëè óìîâè íà êðèâó ñóòò¹âî ïîñëàáëåíi.

2 Ðåãóëÿðíà ñiì'ÿ êðèâèõ

Íåõàé D - äåÿêà îáëàñòü â R2, f : D→ R - äåÿêà íåïåðåðâíà ôóíêöiÿ, à x0 -

¨¨ êðèòè÷íà òî÷êà. Ðîçãëÿíåìî ìíîæèíó {c ∈ R | f(x, y) = c}. Öÿ ìíîæèíà ¹
ìíîæèíîþ ëiíié ðiâíÿ ôóíêöi¨ f(x, y). Íàïðèêëàä, ÿêùî f(x, y) = x2 + 2y2,

òî ¨¨ ëiíiÿìè ðiâíÿ áóäóòü êîíöåíòè÷íi åëiïñè (ðèñ.1).

Ðèñ. 1

Íà ìàëþíêó çëiâà âèäíî, ùî òî÷êà (0;0) ¹ åêñòðåìàëüíîþ òî÷êîþ (òî÷-

êîþ ìiíiìóìó) ìàëþíîê ñïðàâà öå ñóêóïíiñòü ëiíié ðiâíÿ â îêîëi êðèòè÷íî¨

òî÷êè (0;0).
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Íà ðèñóíêó 2 çîáðàæåíî ãðàôiê i ëiíi¨ ðiâíÿ ôóíêöi¨ f(x,y)=(x −
2y)e−x

2−y2 .

Ðèñ. 2

Ó íàâåäåíèõ ïðèêëàäàõ ëiíiÿìè ðiâíÿ ¹ êðèâi, ãîìåîìîðôíi êîëàì. Âè-

íèêà¹ ïèòàííÿ: à ÷è çàâæäè ëiíi¨ ðiâíÿ íåïåðåðâíî¨ ôóíêöi¨ â îêîëi êðèòè÷-

íî¨ òî÷êè ãîìåîìîðôíi êîëó? Ðîçãëÿíåìî íåïåðåðâíó ôóíêöiþ äâîõ çìiííèõ

f : D → R i ïðèïóñòèìî, ùî äëÿ íå¨ iñíóþòü {ci | i ∈ I ⊂ N} òàêi, ùî äëÿ

êîæíîãî i ∈ I ëiíi¨ ðiâíÿ f−1(f(ci)) íå ¹ ãîìåîìîðôíèìè êîëàì. Íà ðèñóíêó

3 çîáðàæåíî ëiíi¨ ðiâíÿ òàêî¨ ôóíêöi¨.

Ðèñ. 3

ßê áà÷èìî, ìiæ äâîìà ëiíiÿìè ðiâíÿ f−1(f(c1)) i f
−1(f(c2)) çíàõîäÿòüñÿ

ëiíi¨ ðiâíÿ, ÿêi ãîìåîìîðôíi êîëó i íåñêií÷åííî áëèçüêî íàáëèæàþòüñÿ äî

äàíèõ. Àáè âèêëþ÷èòè òàêi âèïàäêè, ââîäèòüñÿ ïîíÿòòÿ ðåãóëÿðíî¨ ñiì'¨

êðèâèõ. Íåõàé iñíó¹ ñiì'ÿ F êðèâèõ {C} ÿêi ëåæàòü â îáëàñòi D.

Îçíà÷åííÿ 1 Ñiì'ÿ êðèâèõ F íàçèâà¹òüñÿ ðåãóëÿðíîþ â D, ÿêùî äëÿ êîæ-

íî¨ äóãè PQ êðèâî¨ C i ∀ε > 0∃δ > 0 òàêå, ùî ÿêùî ρ(P, P ′) < ε, äå

P ′ ∈ C ′ ∈ F , òî σ(P ′Q′, PQ) < δ.
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Íà ðèñóíêó 4 çîáðàæåíî ðåãóëÿðíó (çëiâà) i íåðåãóëÿðíó (ñïðàâà) ñiì'¨

êðèâèõ.

Ðèñ. 4

Òåîðåìà 1 Äëÿ òîãî, ùîá ëiíi¨ ðiâíÿ íåïåðåðâíî¨ ôóíêöi¨ â îêîëi içîëüî-

âàíîãî ëîêàëüíîãî ìiíiìóìà àáî ìàêñèìóìà áóëè ãîìåîìîðôíi êîëàì, íåîá-

õiäíî i äîñòàòíüî, ùîá âîíè óòâîðþâàëè ðåãóëÿðíó ñiì'þ êðèâèõ â îêîëi

öi¹¨ òî÷êè.

Äîâåäåííÿ Íåîáõiäíiñòü: Íåõàé f : D → R - äåÿêà íåïåðåðâíà ôóíêöiÿ, x0

- ¨¨ içîëüîâàíèé ëîêàëüíèé ìiíiìóì (ìàêñèìóì), U - äåÿêèé îêië òî÷êè x0.

Çà óìîâîþ ìà¹ìî, ùî ëiíi¨ ðiâíÿ ôóíêöi¨ f ãîìåîìîðôíi êîëàì. Îòæå ìà¹ìî

â îêîëi òî÷êè x0 ñóêóïíiñòü êîíöåíòðè÷íèõ êië, ÿêà, î÷åâèäíî, óòâîðþ¹

ðåãóëÿðíó ñiì'þ êðèâèõ â U.

Äîñòàòíiñòü: Íåõàé ëiíi¨ ðiâíÿ ôóíêöi¨ f : D→ R óòâîðþþòü ðåãóëÿðíó

ñiì'þ êðèâèõ F â îêîëi U òî÷êè x0.Äîâåäåìî òîäi, ùî ëiíi¨ ðiâíÿ äàíî¨

ôóíêöi¨ åêâiâàëåíòíi êîëàì. Íà äåÿêié êðèâié C1 ∈ F îáåðåìî ñêií÷åíå ÷èñëî

òî÷îê x1, x2, . . . , xn òàêèõ, ùî äëÿ äåÿêîãî äîñèòü ìàëîãî ε > 0, ρ(xi, xi+1) =

2σ(x1, x0) − ε, i = 1, . . . , n − 2. Âiçüìåìî îêië òî÷êè xi: Uxi
∩U, ùî ¹ êîëîì

ðàäióñà σ(x1, x0)− ε. Ç îçíà÷åííÿ ðåãóëÿðíî¨ ñiì'¨ êðèâèõ âèïëèâà¹, ùî ∀i =
1, . . . , n−1 òàêèé îêië ãîìåîìîðôíèé êâàäðàòó, à êðèâi, ùî ìiñòÿòüñÿ â îêîëi,
ãîìåîìîðôíi âiäðiçêàì.

Ðèñ. 5
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Òîäi ∪ni=1Uxi
ãîìåîìîðôíå êîíöåíòðè÷íèì n-êóòíèêàì, ÿêi â ñâîþ ÷åðãó

ãîìåîìîðôíi êîëàì.

3 Çiðêîâi òà ëîêàëüíî çiðêîâi îáëàñòi

Äëÿ ïî÷àòêó, îçíàéîìèìîñü iç ïîíÿòòÿì öåíòðó çiðêîâîñòi, ùî ïðåäñòàâëåíå

ó [1].

Îçíà÷åííÿ 2 Ïëîñêà çàìêíåíà æîðäàíîâà êðèâà γ îáìåæó¹ çiðêîâó îá-

ëàñòü, ÿêùî ó çàìèêàííi îáëàñòi iñíó¹ òî÷êà òàêà, ùî êîæåí ïðÿìîëiíié-

íèé âiäðiçîê, ÿêèé ñïîëó÷à¹ ¨¨ ç äîâiëüíîþ òî÷êîþ êðèâî¨ ïîâíiñòþ íàëå-

æèòü çàìèêàííþ îáëàñòi.

Òî÷êà ç âèçíà÷åííÿ2 íàçèâà¹òüñÿ öåíòðîì çiðêîâîñòi.

Ðèñ. 6

Íà ðèñóíêó 6 çîáðàæåíî äâi çàìêíåíi æîðäàíîâi êðèâi. Çëiâà êðèâà îá-

ìåæó¹ çiðêîâó îáëàñòü i òî÷êà Î ¹ öåíòðîì çiðêîâîñòi äàíî¨ îáëàñòi. Ñïðàâà

êðèâà îáìåæó¹ îáëàñòü, ùî íå ¹ çiðêîâîþ, áî íå iñíó¹ â öié îáëàñòi òî÷êè,

ùî áóëà á öåíòðîì çiðêîâîñòi.

Âçàãàëi êàæó÷è, êëàñ êðèâèõ, ùî îáìåæóþòü çiðêîâó îáëàñòü ¹ äîñèòü âó-

çüêèì. Ðîçøèðèòè éîãî ìîæíà, ÿêùî ââåñòè ïîíÿòòÿ ëîêàëüíî¨ çiðêîâîñòi.

Îçíà÷åííÿ 3 Òî÷êîþ ëîêàëüíî¨ çiðêîâîñòi íàçâåìî òàêó òî÷êó x1 ∈ Γ ,

äëÿ ÿêî¨ iñíó¹ ïiäìíîæèíà Γα1
, òàêà, ùî x1 ¹ öåíòðîì çiðêîâîñòi öi¹¨

îáëàñòi. Òàêó îáëàñòü Γα1
íàçâåìî ëîêàëüíî-çiðêîâîþ îáëàñòþ.

Î÷åâèäíî, ùî êîæíà òî÷êà ç îáëàñòi Γ ¹ òî÷êîþ ëîêàëüíî¨ çiðêîâîñòi, áî

â ÿêîñòi ïiäìíîæèíè Γα1
ç âèçíà÷åííÿ3 ìîæå áóòè, íàïðèêëàä ε-îêië äàíî¨

òî÷êè (áóäü-ÿêà âíóòðiøíÿ òî÷êà ìíîæèíè Γ âõîäèòü òóäè iç ñâî¨ì îêîëîì).

ßêùî, â çàãàëüíîìó âèïàäêó, çàìêíåíà æîðäàíîâà êðèâà îáìåæó¹ îáëàñòü,
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ùî íå ¹ çiðêîâîþ îáëàñòþ (òîáòî, íå iñíó¹ â öié îáëàñòi òàêî¨ òî÷êè, ùî áóäü-

ÿêèé ïðÿìîëiíiéíèé âiäðiçîê, ÿêèé ñïîëó÷à¹ öþ òî÷êó iç äîâiëüíîþ òî÷êîþ

êðèâî¨, ïåðåòèíà¹ öþ êðèâó), òî äîöiëüíî áóëî á ðîçáèòè äàíó îáëàñòü íà

çiðêîâi îáëàñòi.

Òåîðåìà 2 Äëÿ îáëàñòi, ùî îáìåæåíà äîâiëüíîþ çàìêíåíîþ æîðäàíîâîþ

êðèâîþ çàâæäè iñíó¹ ðîçáèòòÿ ñêií÷åíîþ êiëüêiñòþ ëîêàëüíî-çiðêîâèõ

ïiäìíîæèí {Γαi}i∈N.

Äîâåäåííÿ Îïèøåìî ïðîöåäóðó ïîáóäîâè òàêîãî ðîçáèòòÿ. Ðîçãëÿíåìî äî-

âiëüíó çàìêíåíó æîðäàíîâó êðèâó γ, ÿêà îáìåæó¹ îáëàñòü Γ , ùî, âçàãàëi êà-

æó÷è, íå ¹ çiðêîâîþ. Öÿ êðèâà ìà¹ îïóêëîñòi âñåðåäèíó i îïóêëîñòi íàçîâíi.

Íà äóçi êðèâî¨, ùî îïóêëà íàçîâíi, îáåðåìî äîâiëüíó òî÷êó x1. Ïîáóäó¹ìî

êîëî, ùî ïðîõîäèòü ÷åðåç òî÷êó x1 i, ÿêå áóäå âïèñàíèì ó ôiãóðó, îáìåæå-

íó êðèâîþ γ. Iç öåíòðó O1 öüîãî êîëà ïðîâåäåìî âiäðiçêè li, ùî ëåæàòü íà

äîòè÷íèõ äî êðèâî¨ γ ó òî÷êè îïóêëîñòi êðèâî¨ âñåðåäèíó, àëå ëèøå òi, ÿêi

áóäóòü ëåæàòè ïîâíiñòþ âñåðåäèíi îáëàñòi Γ (íå áóäóòü ìàòè iç êðèâîþ áiëü-

øå 2 ñïiëüíèõ òî÷îê - òî÷êè äîòèêó i òî÷êè ïåðåòèíó). Òîáòî, ÿêùî âiäðiçîê

li ñïî÷àòêó ïåðåòèíà¹ êðèâó, à ïîòiì äîòèêà¹òüñÿ äî íå¨, òàêèé âiäðiçîê íå

áóäó¹òüñÿ. Ïîçíà÷èìî ÷åðåç Ti òî÷êè äîòèêó âiäðiçêiâ li äî êðèâî¨, i Si -

òî÷êè ïåðåòèíó âiäðiçêiâ li iç êðèâîþ. Iñíó¹ äâà âàðiàíòè: 1)áóëà ïîáóäîâàíà

ëèøå îäíà äîòè÷íà; 2) áóëî ïîáóäîâàíî áiëüøå íiæ îäíà äîòè÷íà.

1) ßêùî áóëà íåîáõiäíiñòü ïîáóäóâàòè ëèøå îäíó äîòè÷íó l1, òî îáëàñòü, îá-

ìåæåíà âiäðiçêîì T1S1 öi¹¨ äîòè÷íî¨ i ìåíøîþ äóãîþ êðèâî¨, ùî ìiòèòüñÿ

ìiæ òî÷êàìè T1 i S1 öi¹¨ äîòè÷íî¨ iç êðèâîþ áóäå ïåðøèì åëåìåíòîì ðîç-

áèòòÿ, ùî áóäó¹òüñÿ. Íàçâåìî ¨¨ Γα1 .Öÿ îáëàñòü ¹ ëîêàëüíî-çiðêîâîþ â

ñèëó ïîáóäîâè.

2) Íåõàé áóëî ïîáóäîâàíî áiëüøå íiæ îäíà äîòè÷íà. Ïîêëàäåìî íàäàëi, ùî

íóìåðàöiÿ äîòè÷íèõ ïî÷èíà¹òüñÿ çàâæäè çëiâà íàïðàâî. Ïiñëÿ ïîáóäîâè

óñiõ äîòè÷íèõ äî óñiõ îïóêëîñòåé âñåðåäèíó êðèâî¨ γ (iç âêàçàíèì âèùå

îáìåæåííÿì), óòâîðèòüñÿ îáëàñòü, îáìåæåíà âiäðiçêàìè TiSi òà ìåíøè-

ìè äóãàìè S1S2, Ti−1Si i TkT1, i ∈ {1, . . . , k}, äå k -êiëüêiñòü ïðîâåäåíèõ

âiäðiçêiâ li. Öÿ îáëàñòü áóäå ëîêàëüíî-çiðêîâîþ ïiä-îáëàñòþ ïî÷àòêîâî¨

îáëàñòi Γ â ñèëó ïîáóäîâè i òîìó, îòðèìàíà ïiä-îáëàñòü ¹ ïåðøîþ êîì-

ïîíåíòîþ Γα1 ðîçáèòòÿ, ùî áóäó¹òüñÿ.

Îòæå, â áóäü-ÿêîìó ðàçi, áóëî îäåðæàíî îáëàñòü Γα1 , ÿêà ¹ çiðêîâîþ

îáëàñòþ i öåíòðîì çiðêîâîñòi ¹ öåíòð âïèñàíîãî êîëà O1, òîìó, ùî áóäü-

ÿêèé âiäðiçîê, ùî ñïîëó÷à¹ òî÷êó O1 iç äîâiëüíîþ òî÷êîþ, ùî ëåæèòü

íà ãðàíèöi îáëàñòi Γα1
ïîâíiñòþ íàëåæèòü öié îáëàñòi (çà ïîáóäîâîþ).
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Î÷åâèäíî, ùî âiäðiçîê T1S1 ïîâíiñòþ íàëåæèòü îáëàñòi Γ i ¹ ãðàíèöåþ

îáëàñòi Γα1
. ßêùî Γ \Γα1

íå ¹ çiðêîâîþ îáëàñòþ, òî îáåðåìî áóäü-ÿêèé iç

âiäðiçêiâ, ùî ¹ ìåæåþ Γα1
(íàïðèêëàä, T1S1). Íà öüîìó âiäðiçêó âèáåðåìî

äîâiëüíó òî÷êó x2 i ïðîâåäåìî àíàëîãi÷íó ïðîöåäóðó, ùî é äëÿ òî÷êè x1.

Çàóâàæèìî, ùî, àáè ðîçáèòòÿ ìàëî ìåíøå åëåìåíòiâ, òî÷êó x2 íåîáõiäíî

îáèðàòè íà íàéáiëüøîìó ç âiäðiçêiâ, ùî ¹ ìåæåþ Γα1 .Îòðèìà¹ìî îáëàñòü

Γα2 , ÿêà òàêîæ, âèõîäÿ÷è ç ïîáóäîâè, ¹ çiðêîâîþ i öåíòðîì çiðêîâîñòi ¹

òî÷êà O2.

Òàêó ïðîöåäóðó ïîáóäîâè åëåìåíòiâ ðîçáèòòÿ Γαi ïîòðiáíî ïðîâîäèòè äî-

ïîêè Γ \ {∪mi=1Γαi} íå áóäå íàáîðîì ç l ëîêàëüíî-çiðêîâèõ ïiä-îáëàñòåé.

Òîäi, íàçâàâøè öi îáëàñòi {Γαm+1 , Γαm+2 , . . . , Γαm+l=n
} ìà¹ìî ðîçáèòòÿ îá-

ëàñòi Γ íà n ëîêàëüíî-çiðêîâèõ ïiä-îáëàñòåé {∪ni=1Γαi}.

Ðèñ. 7

Íà äàíîìó ðèñóíêó çîáðàæåíà ïðîöåäóðà ïîáóäîâè ðîçáèòòÿ îáëàñòi, îá-

ìåæåíî¨ êðèâîþ γ, ùî íå ¹ çiðêîâîþ, íà ëîêàëüíî-çiðêîâi ïiä-îáëàñòi.

4 Êîíóñ íàä êðèâîþ

Íåõàé íà ïëîùèíi R2 ⊂ R3 çàäàíî çàìêíåíó æîðäàíîâó êðèâó γ ∈ π1 ⊂ R2.

Çãiäíî òåîðåìèÆîðäàíà, çàìêíåíà æîðäàíîâà êðèâà äiëèòü ïëîùèíó, ó ÿêié

ëåæèòü, íà äâi ìíîæèíè R2 \ γ, äëÿ êîæíî¨ ç ÿêèõ γ ¹ ìåæåþ. Â òî÷íîñòi,

îäíà ç öèõ îáëàñòåé îáìåæåíà. Îáìåæåíó ìíîæèíó π1 \ γ ïîçíà÷èìî ÷åðåç

O(γ) ⊂ π1. Ðîçãëÿíåìî ïëîùèíó π1 ‖ π2 i êðèâó γ′ ∈ π2, ùî ¹ îðòîãîíàëü-

íîþ ïðîåêöi¹þ êðèâî¨ γ íà ïëîùèíó π2. Àíàëîãi÷íî äî π1, ïîçíà÷èìî ÷åðåç

O(γ′) ⊂ π2 çàìêíåíó ìíîæèíó iç ìåæåþ γ′. Ïîáóäó¹ìî êîíóñ iç îñíîâîþ

γ ∈ π1 i âåðøèíîþ A ∈ π2. Íàêëàäåìî óìîâó

A ∈ O(γ′) (*)
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Òåîðåìà 3 Êîíóñ, ïîáóäîâàíèé iç óìîâîþ (*) íàä êðèâîþ γ, ÿêà îáìåæó¹

çiðêîâó îáëàñòü, ¹ ãðàôiêîì äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨.

Äîâåäåííÿ Îòæå, íåõàé ïîáóäîâàíî êîíóñ iç óìîâîþ (*) íàä êðèâîþ γ,ÿêà

îáìåæó¹ çiðêîâó îáëàñòü Γ . Òîäi, âèáåðåìî ïðÿìîêóòíó äåêàðòîâó ñèñòåìó

êîîðäèíàò òàê, ùîá âåðøèíà À öüîãî êîíóñà ñïiâïàëà iç ïî÷àòêîì êîîðäèíàò,

à ïëîùèíà X0Y áóëà ïàðàëåëüíà ïëîùèíi π1, ó ÿêié ëåæèòü γ. Âíàñëiäîê

çiðêîâîñòi, äîâiëüíà ïëîùèíà, ùî ïðîõîäèòü ÷åðåç âiñü OZ ïåðåòèíà¹ γ â

äâîõ òî÷êàõ, äëÿ êîæíî¨ ç ÿêèõ iñíó¹ òâiðíà, ÿêà ïðîõîäèòü ÷åðåç âåðøèíó

êîíóñà. Îòæå, â ïåðåðiçi ìà¹ìî êðèâi, ùî ãîìåîìîðôíi âiäðiçêàì.

Óçàãàëüíþþ÷è öþ òåîðåìó äî êðèâî¨ γ, ÿêà îáìåæó¹ îáëàñòü Γ ùî íå ¹

çiðêîâîþ, àëå ìà¹ ðîçáèòòÿ {Γαi
}ni=1 íà ëîêàëüíî-çiðêîâi ïiä-îáëàñòi, ìîæíà

íàä êîæíîþ ëîêàëüíî-çiðêîâîþ ïiä-îáëàñòþ ïîáóäóâàòè êîíóñ, ÿêèé áóäå

ãðàôiêîì äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨. Òîäi é îá'¹äíàííÿ öèõ êîíóñiâ áóäå

ãðàôiêîì íåïåðåðâíî¨ ôóíêöi¨. Íàñàìêiíåöü, õîòiëîñÿ á íàâåñòè ïðèêëàä

ôóíêöi¨, ÿêà ìà¹ içîëüîâàíèé ëîêàëüíèé ìiíiìóì ó íóëi, à ëiíi¨ ðiâíÿ öi¹¨

ôóíêöi¨ â îêîëi íóëÿ ìàþòü âèãëÿä òàê çâàíèõ "ïîëüñüêèõ"êië, òîáòî ¹

ìíîæèíàìè âèãëÿäó Y = A ∪ B ∪ C, äå A =
{
(x, y) | x2 + y2 = 1, y ≥ 0

}
,

B = {(x, y) | −1 ≤ x ≤ 0, y = 0}, C =
{
(x, y) | 0 < x ≤ 1, y = 1

2 sin
π
x

}
(ìàë.8)

Ðèñ. 8

Òîáòî, ó ìíîæèíi Ñ êðèâà íåñêií÷åííî íàáëèæà¹òüñÿ äî íóëÿ ñïðàâà, i

ðàçîì ç òèì öÿ êðèâà ó R2 ¹ çàìêíåíîþ. Öåé ïðèêëàä ïîêàçó¹, ùî ïîâåäiíêà

íåïåðåðâíî¨ ôóíêöi¨ â îêîëi içîëüîâàíîãî ëîêàëüíîãî åêñòðåìóìó ìîæå áóòè

äîñèòü íåïåðåäáà÷óâàíîþ.



Ïðî ïîâåäiíêó íåïåðåðâíî¨ ôóíêöi¨ òà ¨¨ ëiíié ðiâíÿ â îêîëi içîëüîâàíîãî

ëîêàëüíîãî åêñòðåìóìó 65

5 Âèñíîâêè

Ó ñòàòòi ðîçãëÿäàþòüñÿ içîëüîâàíi ëîêàëüíi ìiíiìóìè (ìàêñèìóìè) íåïåðå-

ðâíèõ ôóíêöié òà ¨õ ëiíi¨ ðiâíÿ, äëÿ îòðèìàííÿ òîïîëîãi÷íîãî iíâàðiàíòó

ôóíêöi¨ â îêîëi öi¹¨ içîëüîâàíî¨ ëîêàëüíî¨ òî÷êè. Â äàíié ðîáîòi íàâåäåíî

ïðèêëàä íåïåðåðâíî¨ ôóíêöi¨, ëiíi¨ ðiâíÿ ÿêî¨ íå ãîìåîìîðôíi êîëàì. Â öüî-

ìó âèïàäêó ç'ÿâëÿ¹òüñÿ íåîáõiäíiñòü ââåñòè ïîíÿòòÿ ðåãóëÿðíî¨ ñiì'¨ êðèâèõ,

ÿêå äîïîìàãà¹ îòðèìàòè íåîáõiäíó i äîñòàòíþ óìîâó ãîìåîìîðôíîñòi ëiíié

ðiâíÿ íåïåðåðâíî¨ ôóíêöi¨ êîëàì. Öå ¹ îäíèì ç ãîëîâíèõ ðåçóëüòàòiâ ñòàòòi.

Iíøèìè ðåçóëüòàòàìè ¹: ââåäåííÿ ïîíÿòòÿ òî÷êè ëîêàëüíî¨ çiðêîâîñòi; äîâå-

äåíi òåîðåìà ïðî ðîçáèòòÿ çàìêíåíî¨ æîðäàíîâî¨ êðèâî¨ íà ëîêàëüíî-çiðêîâi

ïiä îáëàñòi òà òåîðåìà ïðî êîíóñ, ïîáóäîâàíèé íàä çàìêíåíîþ æîðäàíîâîþ

êðèâîþ .
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About the behaviour of a continuous function and it's equiscalar

lines in the neighbourhood of isolated local extrema

The investigation of the behavior of continuous functions in the neighborhood

of isolated local extrema is described in this paper. For obviousness, equiscalar

lines of a function in the given neighborhood are regarded, there are derived

conditions of when equiscalar lines are homeomorphic to circles. There also

introduced a new de�nition - a concept of the point of local shapedness in the

paper, and, at least, theorems connected with this concept are adduced.



Proc. Intern. Geom. Center 2013 6(4) 66�72 dω

Õàðàêòåðèñòè÷íå ðiâíÿííÿ â òåîði¨ iíôiíiòåçè-
ìàëüíèõ äåôîðìàöié ç ôiêñîâàíîþ âàðiàöi¹þ
ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó ïîâåðõîíü
îáåðòàííÿ áåç îìáiëi÷íèõ òî÷îê

Iãîð Âîëîäèìèðîâè÷ Ïîòàïåíêî

Àíîòàöiÿ Äëÿ iíôiíiòåçèìàëüíèõ äåôîðìàöié ç ôiêñîâàíîþ âàðiàöi¹þ

ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó â êëàñi ïîâåðõîíü îáåðòàííÿ áåç

îìáiëi÷íèõ òî÷îê îòðèìàíî õàðàêòåðèñòè÷íå ðiâíÿííÿ, ðîçâ'ÿçîê ÿêîãî

ïîâíiñòþ õàðàêòåðèçó¹ äåôîðìóþ÷å ïîëå òàêèõ äåôîðìàöié òà ¹ íåîáõiä-

íîþ òà äîñòàòíüîþ óìîâîþ ¨õ iñíóâàííÿ. Çÿñîâàíî ãåîìåòðè÷íèé çìiñò öi¹¨

ôóíêöi¨. Âîíà ¹ âàðiàöi¹þ ñåðåäíüî¨ êðèâèíè ç âàãîâîþ ôóíêöi¹þ.

Êëþ÷îâi ñëîâà iíôiíiòåçèìàëüíà äåôîðìàöiÿ, ïîâåðõíÿ îáåðòàííÿ

ÓÄÊ 514.76

Âñòóï

Òåîðiÿ iíôiíiòåçèìàëüíèõ äåôîðìàöié ïîâåðõîíü ìiñòèòü ðiçíi òèïè äå-

ôîðìàöié (çãèíàííÿ, êîíôîðìíi, àðåàëüíi, ãåîäåçè÷íi, ïîâîðîòíi òîùî), ÿêi

õàðàêòåðèçóþòüñÿ ïåâíîþ ãåîìåòðè÷íîþ âëàñòèâiñòþ. Îñîáëèâå iíòåðåñ â

äàíié òåîði¨ çàéìàþòü iíôiíiòåçèìàëüíi äåôîðìàöi¨ ïîâåðõîíü ç ôiêñîâàíîþ

âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó i äàíié òåìàòèöi ïðèñâÿ÷åíî

ðîáîòà [4].

Çîêðåìà, ó ðîáîòi [4] àâòîð ïîêàçó¹, ùî öþ âàðiàöiþ íå ìîæíà çàäàâàòè

äîâiëüíî, âîíà ïîâèííà çîäîâîëüíÿòè ïåâíèì äèôåðåíöiàëüíèì óìîâàì, à

òàêîæ ç ÿêîþ ñòåïiíþ äîâiëüíîñòi öå ìîæíà çðîáèòè.

Ó äàíié ðîáîòi, âèêîðèñòîâóþ÷è ìåòîäèêó àêàäåìiêà I.Í. Âåêóà [1], [2]

îòðèìàíî õàðàêòåðèñòè÷íå ðiâíÿííÿ iíôiíiòåçèìàëüíèõ äåôîðìàöié ç ôiê-
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ñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó â êëàñi ïîâåðõîíü

îáåðòàííÿ áåç îìáiëi÷íèõ òî÷îê. Ðîçâÿçîê öüîãî ðiâíÿííÿ ïîâíiñòþ õàðàê-

òåðèçó¹ äåôîðìóþ÷å ïîëå öüîãî òèïó äåôîðìàöié.

Ðîçãëÿíåìî ïîâåðõíþ S êëàñó Ck â åâêëiäîâîìó ïðîñòîði E3 ç âåêòîðíî-

ïàðàìåòðè÷íèì ðiâíÿííÿì

r = r(x1, x2)

òà ¨¨ äåôîðìàöiþ

rt = r(x1, x2) + εy(x1, x2), (1)

äå

y(x1, x2)

- âåêòîð çìiùåííÿ, ε - íåñêií÷åííî ìàëèé ïàðàìåòð. Âñi iíäåêñè òóò i íàäàëi

íåçàëåæíî íàáóâàþòü çíà÷åíü 1, 2.

Îçíà÷åííÿ 1 Iíôiíiòåçèìàëüíó äåôîðìàöiþ ïîâåðõíi S ïðè ÿêié âàðiàöiÿ

ñèìâîëiâ Êðiñòîôôåëÿ äðóãî ðîäó áóäå çàäàíà íàïåðåä, âèõîäÿ÷è ç ïåâíèõ

ãåîìåòðè÷íèõ ìiðêóâàíü íàçèâàòèìåìî iíôiíiòåçèìàëüíîþ äåôîðìàöi¹þ

ç ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó.

Ñèñòåìà îñíîâíèõ ðiâíÿíü iíiôiíiòåçèìàëüíèõ äåôîðìàöié ìà¹ íàñòóïíèé

âèãëÿä [3]:

δbikbjl − δbijbkl + δbjlbik − δbklbij = gmlδR
m
ijk + δgmlR

m
ijk, (2)

òà

δbij,k − δbik,j = bmjδΓ
m
ik − bmkδΓmij , (3)

äå gij , bij , Γ
h
ij , R

h
ijk - êîåôiöi¹íòè ïåðøî¨ òà äðóãî¨ êâàäðàòè÷íèõ ôîðì,

ñèìâîëè Êðiñòîôôåëÿ äðóãîãî ðîäó òà òåíçîðà êðèâèíè Ðiìàíà âiäïîâiäíî,

δgij , δbij , δΓ
h
ij , δR

h
ijk - ¨õ âàðiàöi¨¨ ïðè iíôiíiòåçèìàëüíié äåôîðìàöi¨ (1),

�,� - êîâàðiàíòíà ïîõiäíà íà áàçi ìåòðè÷íîãî òåíçîðà gij ïîâåðõíi S.

Ðiâíÿííÿ (2) íàçèâàþòüñÿ ðiâíÿííÿìè Ãàóññà, à (3) Ïåòåðñîíà - Êîäàööi.

1 Âàðiàöi¨ ãîëîâíèõ êðèâèí ïðè iíôiíiòåçèìàëüíié äåôîðìàöi¨

ðåãóëÿíðíî¨ ïîâåðõíi áåç îìáiëi÷íèõ òî÷îê

Ó äàíîìó ïóíêòi âèâåäåìî ôîðìóëè âàðiàöi¨ ãîëîâíèõ êðèâèí ïðè iíôiíiòå-

çèìàëüíié äåôîðìàöi¨ (1) ðåãóëÿíðíî¨ ïîâåðõíi áåç îìáiëi÷íèõ òî÷îê.
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Òåîðåìà 1 Ïðè iíôiíiòåçèìàëüíié äåôîðìàöi¨ (1) ðåãóëÿðíî¨ êëàñó Ck, ïî-

âåðõíi S, ùî íå ìiñòèòü îìáiëi÷íèõ òî÷îê, âàðiàöi¨ ãîëîâíèõ êðèâèí áó-

äóòü ìàòè ïðåäñòàâëåííÿ ÷åðåç âàðiàöi¨ δK, δH ãàóññîâî¨ òà ñåðåäíüî¨

êðèâèí çà ôîðìóëàìè

δk1 =
1√
E
(k1δH −

1

2
δK),

δk2 =
1√
E
(
1

2
δK − k2δH),

(4)

äå E - åéëåðîâà ðiçíèöÿ.

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ôîðìóëàìè ([1])

2δH = δk1 + δk2,

δK = k1δk2 + k2δk1.
(5)

Âíàñëiäîê òîãî, ùî ïîâåðõíÿ íå ìiñòèòü îìáiëi÷íèõ òî÷îê (E 6= 0), íå îá-

ìåæóþ÷è çàãàëüíîñòi ìiðêóâàíü áóäåìî ââàæàòè k1 ≥ k2, öå îçíà÷à¹, ùî

âèçíà÷íèê ñèñòåìè (5) ∣∣∣∣∣ 1 1

k1 k2

∣∣∣∣∣ = k1 − k2 = 2
√
E 6= 0.

Âèêîðèñòîâóþ÷è ôîðìóëè Êðàìåðà îòðèìà¹ìî (4).

Òåîðåìó äîâåäåíî.

Ðiâíÿííÿ (3) îòðèìàíî â ðåçóëüòàòi âàðiþâàíü ðiâíÿííÿ Ãàóññà ìiñòèòü

îäíå ñóòò¹âå ðiâíÿííÿ, à òîìó éîãî ìîæíà ïåðåïèñàòè ó âèãëÿäi

δb11b22 − 2δb12b12 + δb22b11 = δKg +Kδg. (6)

Çàïèøåìî (6) â ñèñòåìi êîîðäèíàò ëiíié êðèâèíè

I = g11(dx
1)2 + g22(dx

2)2,

II = k1g11(dx
1)2 + k2g22(dx

2)2.
(7)

Â öüîìó âèïàäêó ìàþòü ìiñöå ñïiââiäíîøåííÿ
b11 = k1g11,

b22 = k2g22,

b12 = 0,

g = g11g22.

(8)

Âèêîðèñòîâóþ÷è âëàñòèâîñòi âàðiàöi¨ ãåîìåòðè÷íî¨ âåëè÷èíè ([4]) ìàòèìåìî

δb11 = δk1g11 + k1δg11,

δb22 = δk2g22 + k2δg22.
(9)
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Ïiäñòàâèìî (4), ÿê ðåçóëüòàò òåîðåìè, â (9). Ìàòèìåìî

δb11 =
1√
E
(k1δH −

1

2
δK)g11 + k1δg11,

δb22 =
1√
E
(
1

2
δK − k2δH)g22 + k2δg22.

(10)

Íåâàæêî áà÷èòè, ùî ïðåäñòàâëåííÿ (10) ç óðàõóâàííÿì (8) òà

δg = δg11g22 + δg22g11

çàäîâîëüíÿþòü (6) òîòîæíî.

2 Iíôiíiòåçèìàëüíi äåôîðìàöi¨ ç ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ

Êðiñòîôôåëÿ äðóãîãî ðîäó ïîâåðõîíü îáåðòàííÿ áåç îìáiëi÷íèõ

òî÷îê

Ðîçãëÿíåìî ïîâåðõíi îáåðòàííÿ:
x = r cos(α),

y = r sin(α),

z = f(r).

(11)

Â ñèñòåìi ëiíié êðèâèíè êîåôiöi¹íòè ïåðøî¨, äðóãî¨ îñíîâíèõ ôîðì ïîâåðõíi,

à òàêîæ ñèìâîëè Êðiñòîôôåëÿ äðóãîãî ðîäó íàáóâàþòü âèãëÿäó:

(gij) =

(
1 + f ′

2
0

0 r2

)
, (12)

(bij) =

 f ′′√
(1+f ′2)

0

0 rf ′√
(1+f ′2)

 , (13)


Γ 1
11 = f ′f ′′

1+f ′2 ,

Γ 1
12 = Γ 1

21 = Γ 2
11 = Γ 2

22 = 0,

Γ 2
12 = Γ 2

21 = 1
r ,

Γ 1
22 = − r

1+f ′2 ,

 (14)

à (3) ìiñòèòü 2 ñóòò¹âi ðiâíÿííÿ i ¹ ñèñòåìîþ òèïó Êîøi âiäíîñíî ôóíêöi¨

δb12. 
∂δb12
∂x1 = ∂δb11

∂x2 − δb11Γ 1
12 − δb12Γ 2

12 + δb12Γ
1
11+

+δb22Γ
2
11 − b11δΓ 1

12 + b22δΓ
2
11,

∂δb12
∂x2 = ∂δb22

∂x1 − δb12Γ 1
12 − δb22Γ 2

12 + δb11Γ
1
22+

+δb21Γ
2
22 − b22δΓ 2

12 + b11δΓ
1
22.

(15)
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Óìîâà iíòåãðîâàíîñòi ñèñòåìè (15)ìà¹ âèãëÿä:

∂2δb11
(∂x2)2

− ∂2δb22
(∂x1)2

+
∂δb22
∂x1

Γ 1
11 − δb22Γ 1

11Γ
2
12+

+ δb11Γ
1
11Γ

1
22 +

∂δb22
∂x1

Γ 1
21 + δb22

∂Γ 2
12

∂x1
− ∂δb11

∂x1
Γ 1
22 − δb11

∂Γ 1
22

∂x1
=

= Γ 1
11(−b11δΓ 1

22 + b22δΓ
2
12) +

∂(b11δΓ
1
12 − b22δΓ 2

11)

∂x2
+

+
∂(−b22δΓ 2

12 + b11δΓ
1
22)

∂x1
.

(16)

Ïiäñòàâèìî (10) â (16)òà ïîçíà÷èìî

q =
δH√
E
,

F = Γ 1
11(−b11δΓ 1

22 + b22δΓ
2
12) +

∂(b11δΓ
1
12 − b22δΓ 2

11)

∂x2
+
∂(−b22δΓ 2

12 + b11δΓ
1
22)

∂x1
,

p1 = −δKg11
2
√
E

+ k1δg11,

p2 =
−δKg22
2
√
E
− k2δg22.

Ïåðåïèøåìî (16) ó âèãëÿäi

∂2(qb11 + p1)

(∂x2)2
+
∂2(qb22 + p2)

(∂x1)2
− ∂(qb22 + p2)

∂x1
Γ 1
11 + (qb22 + p2)Γ

1
11Γ

2
12+

+ (qb11 + p1)Γ
1
11Γ

1
22 +

∂(qb22 + p2)

∂x1
Γ 2
12 − (qb22 + p2)

∂Γ 2
12

∂x1
−

− ∂(qb11 + p1)

∂x1
Γ 1
22 − (qb11 + p1)

∂Γ 1
22

∂x1
= F.

(17)

Âðàõîâóþ÷è (8), (14), çàìiñòü (17) ìàòèìåìî

b22
∂2q

(∂x1)2
+ b11

∂2q

(∂x2)2
+R

∂q

∂x1
+ Sq = G, (18)

äå

R = 2
∂b22
∂x1

− b22Γ 1
11 + b22Γ

2
12 − b11Γ 1

22,

S =
∂2b22
(∂x1)2

− ∂b22
∂x1

Γ 1
11 + b22Γ

1
11Γ

2
12 + b11Γ

1
11Γ

1
22+

+
∂b22
∂x1

Γ 2
12 − b22

∂Γ 2
12

∂x1
− ∂b11
∂x1

Γ 1
12 − b11

∂Γ 1
22

∂x1
,
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G = F − ∂2p1
(∂x2)2

− ∂2p2

(∂x1)2
− ∂p2
∂x1

Γ 1
11 − p2Γ 1

11Γ
2
12 − p1Γ 1

11Γ
1
22 −

∂p2
∂x1

Γ 2
12+

+p2
∂Γ 2

12

∂x1
+
∂p1
∂x1

Γ 1
22 + p1

∂Γ 1
22

∂x1
.

Íàìè äîâåäåíà

Òåîðåìà 2 Äëÿ òîãî ùîá ðåãóëÿðíà ïîâåðõíÿ îáåðòàííÿ S áåç îìáiëi÷-

íèõ òî÷îê ç âåêòîðíî - ïàðàìåòðè÷íèì ðiâíÿííÿì (11) çàçíàâàëà iíôiíi-

òåçèìàëüíî¨ äåôîðìàöi¨ (1) ç ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ

äðóãîãî ðîäó δΓhij â áiíàðíié îáëàñòi ðåãóëÿðíîñòi íåîáõiäíî i äîñòàòíüî,

ùîá â öié îáëàñòi õàðàêòåðèñòè÷íå ðiâíÿííÿ (18) ìàëî ðîçâ'ÿçêè âiäíîñíî

ôóíêöi¨ q = δH√
E
ïðè öüîìó äåôîðìóþ÷å ïîëå, áóäå õàðàêòåðèçóâàòèñÿ ôóíê-

öiÿìè (10), ùî çàäîâîëüíÿþòü îñíîâíié ñèñòåìi (2) - (3).

Íå âàæêî áà÷èòè, ùî òèï ðiâíÿííÿ (18), ([5])ïîâíiñòþ çàëåæèòü âiä çíàêó

ãàóññîâî¨ êðèâèíè K = b11b22
g , (g 6= 0).

Îòæå

− ïðè K > 0 ìà¹ìî ðiâíÿííÿ (18) - åëiïòè÷íîãî òèïó,

− ïðè K = 0 ìà¹ìî ðiâíÿííÿ (18) - ïàðàáîëi÷íîãî òèïó,

− ïðè K < 0 ìà¹ìî ðiâíÿííÿ (18) - ãiïåðáîëi÷íîãî òèïó.
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Characteristic equation in the theory in�nitesimal deformations

of surfaces of rotation

For in�nitesimal deformations �xed variation characters Christo�el of the second

kind in the class of surfaces of rotation without not umbilical points obtained

characteristic equation, the solution of which fully characterizes deformation �eld

such deformations and is a necessary and su�cient condition for their existence.

Clari�ed the geometric meaning of this function. It is a variation of the average

curvature with weight function.
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Abstract It is presented an advanced chaos-geometrical approach to treating

of atmospheric pollutants dynamics and its numerical application. It combines

together application of the advanced mutual information approach, correlation

integral analysis, Lyapunov exponent's analysis etc.
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1. Introduction

Earlier [1-10] we have developed a new, chaos-geometrical combined approach

to treating of chaotic dynamics of atmospheric pollutants and its forecasting.

Here we present the results of its application to studying Odessa atmosphere pol-

lution dynamics. The successful application of new chaos-geometrical approach

has been presented for Gdansk and other cities atmosphere systems [10].

During the last two decades, many studies in various �elds of science have

appeared, in which chaos theory was applied to a great number of dynamical

systems, including those are originated from nature (e.g. [1-22]). The outcomes

of such studies are very encouraging, as they reported very good predictions

using such an approach for di�erent systems.

2. Advanced chaos-geometrical approach to atmospheric pollutants

dynamics: Data

2.2.1. Data and methodics

In our study, carbon oxide (CO), nitrogen dioxide (NO2) and sulphurous anhy-

dride (SO2) concentration data observed at the above cited Ukrainian industrial
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cities from 1976 till 2000 years. Let us for de�niteness consider the Odessa re-

gion. There are eight sites in the region (N8-N20). In our studying we use the

multi year hourly concentrations (one year total of 20x8760 data points). The

temporal series of concentrations (in mg/m3) of the of the studied pollution

substances are presented in [1].

Following to [1-10], further we formally consider scalar measurements s(n) =

s(t0+ n∆t) = s(n), where t0 is a start time, ∆t is time step, and n is number

of the measurements. In a general case, s(n) is any time series (f.e. atmospheric

pollutants concentration). As processes resulting in a chaotic behaviour are fun-

damentally multivariate, one needs to reconstruct phase space using as well as

possible information contained in s(n). Such reconstruction results in set of d -

dimensional vectors y(n) replacing scalar measurements. The main idea is that

direct use of lagged variables s(n + τ), where τ is some integer to be de�ned,

results in a coordinate system where a structure of orbits in phase space can

be captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [1,10], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position

between above cases. First approach is to compute the linear autocorrelation

function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept

of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between

any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). In ref. [4] it is suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.
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In [1,10] it has been stated that an aim of the embedding dimension determina-

tion is to reconstruct a Euclidean space Rd large enough so that the set of points

dA can be unfolded without ambiguity. The embedding dimension, dE , must be

greater, or at least equal, than a dimension of attractor, dA, i.e. dE > dA. In

other words, we can choose a fortiori large dimension dE , e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system

is probably chaotic. The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

2.2.2 The results for time series

Table 1 summarizes the results for the time lag calculated for �rst 103 values of

time series.

Table 1. Time lags (hours) subject to di�erent values of CL, and �rst minima

of average mutual information,Imin1, for the time series of NO2 , SO2 (Odessa;

1976-1978)

Fontan Peresyp

NO2 SO2 NO2 SO2

CL=0.1 148 252 62 165

CL=0.5 9 17 7 32

Imin1 13 24 10 22

The autocorrelation function crosses 0 only for the NO2 time series at the

Peresyp, whereas this statistic for other time series remains positive. The values,

where the autocorrelation function �rst crosses 0.1, can be chosen as τ , but in

[6,9] it's showed that an attractor cannot be adequately reconstructed for very

large values of τ . So, before making up �nal decision we calculate the dimension

of attractor for all values in Table 1. The large values of τ result in impossibility

to determine both the correlation exponents and attractor dimensions using

Grassberger-Procaccia method [1,16]. As in a case of the chaos-geometric

Gdansk region pollution dynamics [10], here the outcome is explained not

only inappropriate values of τ but also shortcomings of correlation dimension

method. If algorithm [14] is used, then a percentages of false nearest neighbours

are comparatively large in a case of large τ . If time lags determined by average

mutual information are used, then algorithm of false nearest neighbours provides

dE = 6 for all air pollutants.
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2.2.3. Nonlinear prediction model

The fundamental problem of theory of any dyanmical system is in predicting

the evolutionary dynamics of a chaotic system. Let us remind following to [1-

,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,

which is proportional to a sum of positive LE. As usually, the spectrum of LE

is one of dynamical invariants for non-linear system with chaotic behaviour.

The limited predictability of the chaos is quanti�ed by the local and global

LE, which can be determined from measurements. The LE are related to the

eigenvalues of the linearized dynamics across the attractor. Negative values show

stable behaviour while positive values show local unstable behaviour. For chaotic

systems, being both stable and unstable, LE indicate the complexity of the

dynamics. The largest positive value determines some average prediction limit.

Since the LE are de�ned as asymptotic average rates, they are independent of

the initial conditions, and hence the choice of trajectory, and they do comprise

an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the

conjecture dL and the LE are taken in descending order. The dimension dL gives

values close to the dimension estimates discussed earlier and is preferable when

estimating high dimensions. To compute LE, we use a method with linear �tted

map, although the maps with higher order polynomials can be used too. Non-

linear model of chaotic processes is based on the concept of compact geometric

attractor on which observations evolve. Since an orbit is continually folded back

on itself by dissipative forces and the non-linear part of dynamics, some orbit

points [1,10] yr (k), r = 1 , 2 , ..,N B can be found in the neighbourhood of any

orbit point y(k), at that the points yr (k) arrive in the neighbourhood of y(k) at

quite di�erent times than k . One can then choose some interpolation functions,

which account for whole neighbourhoods of phase space and how they evolve

from near y(k) to whole set of points near y(k + 1 ). The implementation of this

concept is to build parameterized non-linear functions F(x, a) which take y(k)

into y(k + 1 ) = F(y(k), a) and use various criteria to determine parameters

a. Since one has the notion of local neighbourhoods, one can build up one's

model of the process neighbourhood by neighbourhood and, by piecing together

these local models, produce a global non-linear model that capture much of the

structure in an attractor itself. Table 2 shows the global LE.

Table 2. First two LE (λ1, λ2), Kaplan-Yorke dimension (dL), and average

limit of predictability (Prmax, hours) for time series of NO2,SO2 (Odessa; 1976-

1978)
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Fontan NO2 Fontan

SO2

Peresyp NO2 Peresyp

SO2

λ1 0.0187 0.0168 0.0192 0.0155

λ2 0.0068 0.0072 0.0059 0.0058

dL 4.09 5.04 3.92 4.65

Prmax 42 46 43 52

The presence of the two (from six) positive λi suggests the system broadens in

the line of two axes and converges along four axes that in the six-dimensional

space. The time series of SO2 at the site Fontan have the highest predictability

(more than 3 days), and other time series have the predictabilities slightly less

than 3 days.

3. Conclusions

In this paper we considered an advanced chaos-geometrical approach to treating

of chaotic systems. The approach combines the non-linear analysis methods to

dynamics, such as the correlation integral analysis, the LE analysis, surrogate

data method etc. We have investigated a chaotic behaviour in the nitrogen diox-

ide and sulphurous anhydride concentration time series at the Fontan & Peresyp

sites in Odessa city and proved an existence of the low-D chaos. We presented an

e�ective nonlinear prediction model and realized a successful short-range fore-

cast of atmospheric pollutant time series. Earlier the same successful results

were received for other cases and systems [1-10]. All considered examples has

shown high perspectives of a new approach methods to treating dynamics of

very complicated chaotic systems.
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Abstract An advanced energy-amplitude approach to calculation of the

characteristics of multi-photon and autoionization resonances in spectra of

atomic systems is presented and based on the many-body perturbation theory.

The improved numerical data are listed for magnesium and caesium.
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1 Introduction

Traditionally an investigation of spectra, spectral, ionization and autoionization

characteristics for heavy atomic systems is of a great interest for further devel-

opment atomic quantum and nuclear theories and di�erent applications [1]�[9].

From the mathematical point of view this class of tasks is related to new branch

of a geometry, namely, quantum geometry [2]. Mathematical methods of cal-

culation of the the cited parameters may be divided into a few main groups.

First, the well known, classical multi-con�guration Hartree-Fock method (as a

rule, the relativistic e�ects are taken into account in the Pauli approximation

or Breit hamiltonian etc.) allowed to get a great number of the useful spec-

tral information about light and not heavy systems, but in fact it provides only

qualitative description of spectra of the heavy quantum systems. Second, the

multi-con�guration Dirac-Fock (MCDF) method is the most reliable version of

calculation for multielectron systems with a large charge. These methods can
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be served as an initial basis for the further studying multi-photon and autoion-

ization resonances properties. Among existed approaches to the last problem

it should be mentioned the Green function method (the imaginary part of the

Green function pole for atomic quasienergetic state), the density - matrix for-

malism ( the stochastic equation of motion for density - matrix operator and its

correlation functions), a time-dependent density functional formalism, direct nu-

merical solution of the Schr�odinger (Dirac) equation, multi-body multi-photon

approach etc. [1]�[8]. In [2],[4] authors extended the non-Hermitian multi-state

Floquet dynamics approach by Day to treat one-electron atomic system to the

case of general multi-electron ones. The approach based on the eigenchannel

R-matrix method and multichannel quantum-defect theory , introduced by Ro-

bicheaux and Gao to calculate two-photon processes in light alkaline-earth atoms

has been implemented by Luc-Koenig et al [4] in j-j coupling introducing explic-

itly spin-orbit e�ects and employing both the length and velocity forms of the

electric dipole transition operator. Nevertheless in many calculations there is a

serious problem of the gauge invariance, connected with using non-optimized

one-electron representation. In this paper, which goes on our studying [5]�[10],

we present an advanced version of an amplitude approach to calculation of the

characteristics of resonances in atomic systems. It is based on the many-body

perturbation theory (PT) and applied to numerical calculating two atomic sys-

tems. In particular, the improved numerical data are listed for magnesium and

caesium.

2 An advanced energy relativistic approach to resonances

Let us brie�y consider earlier presented formally exact approach based on the

QED perturbation theory [5]�[12], which allow to calculate the characteristics

of resonances in atomic spectra. As usually [10], We start from the two-photon

amplitude for the transition from an initial state Ψ0 with energy E0 to a �nal

state |Psif with energy Ef = E0 + 2ω is:

T
(2)
f0 = lim

n→0+

∫
dε〈Ψf |D × e|ε〉(E0 + ω − ε+ in)−1〈ε|d× e|Ψ0〉. (1)

HereD is the electric dipole transition operator (in the length r form), e is the

electric �eld polarization and ω is a laser frequency. The integration in equation

1 is meant to include a discrete summation over bound states and integration

over continuum states. Usually an explicit summation is avoided by using the

Dalgarno-Lewis by means the setting [3]:
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T
(2)
f0 = Cf 〈‖D × e‖Λp〉, (2)

where 〈‖...‖〉 is a reduced matrix element and Cf is an angular factor depend-

ing on the symmetry of the Ψf , Λp, Ψ0 states. Λp can be founded from solution

of the following inhomogeneous equation [3]

(E0 + ω ×H|Λp〉 = (D × e)|Ψ0〉 (3)

at energy E0 + ω, satisfying outgoing-wave boundary condition in the open

channels and decreasing exponentially in the closed channels. The total cross

section (in cm4 W−1) is de�ned as

σ/I =
∑
J

σJ/I = 5.7466× 10−35ωau

∑
J

|T (2)
J,0 |

2, (4)

where I (in W/cm2) is a laser intensity. To describe two-photon processes

there can be used di�erent quantities [9]: the generalized cross section σ(2), given

in units of cm4s, by

σ
(2)
cm4s = 4.3598× 10−18ωauσ/Icm4W−1 (5)

and the generalized ionization rate Γ (2)/I2, (and probability of to-photon

detachment) given in atomic units, by the following expression

σ/Icm4W−1 = 9.1462× 10−36ωauΓ
(2)
au /I

2
au (6)

Described approach is realized as computer program block in atomic numeric

code "Super-atom" (c.f. [2]�[7], which includes a numeric solution of the Dirac

equation and calculation of the matrix elements of the Eqs. 1�5 type. The new

original moment of the advanced scheme is in using more corrected in compari-

son with [9], [10] gauge invariant procedure for generating the atomic functions

basis's (optimized basis's) The lather includes solution of the whole di�erential

equations systems for Dirac-like bi-spinor equations [2].

3 Some results and conclusion

Let us present the results of calculating the multi-photon resonances spectra

characteristics for atoms of magnesium (new data) and caesium in a laser �eld.

It is worth to list the data of di�erent methods for comparison: relativistic R-

matrix method (R-method; Robicheaux-Gao, 1993; Luc-Koenig E. etal, 1997),
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Table 1 Characteristics for 3p21S0 resonance of atom of the magnesium: E- energy, counted
from ground state (cm−1), Γ - autoionization width (cm−1), σ/I-maximum value of generalized
cross-section (cm4W−1).

Methods E Γ σ/I
Luc-Koenig E. etal, 1997 without account SE
Length form 68492 374 1,96 10−27

Velocity form 68492 376 2,10 10−27

Luc-Koenig E. etal, 1997 With Account SE
Length form 68455 414 1,88 10−27

Velocity form 68456 412 1,98 10−27

Moccia and Spizzo (1989) 68320 377 2,8 10−27

Robicheaux and Gao
(1993)

68600 376 2,4 10−27

Mengali and Moccia(1996) 68130 362 2,2 10−27

Karapanagioti et al (1996) 68470 375 2,2 10−27

Svinarenko (2012) 68281 323 2,0 10−27

This paper 68395 386 1,9 10−27

added by multi-channel defect method, K-matrix method (K-method; Mengali-

Moccia,1996), di�erent versions of the �nite L2 method (L2 method) with ac-

count of polarization and screening e�ects (SE) (Moccia-Spizzo, 1989; Kara-

panagioti et al, 1996), Hartree-Fock con�guration interaction method (CIHF),

operator QED PT (Glushkov-Ivanov, 1992; Glushkov et al; 2004), energy am-

plitude approach (Svinarenko, 2012) etc.(c.f.[2,10]. In table 1 we list results of

calculating characteristics for 3p21S0 resonance of Mg; E- energy, counted from

ground state (cm−1), Γ -autoionization width (cm−1), σ/I- maximum value of

generalized cross-section (cm4W−1). R-matrix calculation with using length and

velocity formula led to results, which di�er on 5-15% , that is evidence of non-

optimality of atomic basis's.

Let us consider further the numerical data for the three-photon (k=3) reso-

nance 6S-6F in the caesium (wavelength 105,9 nm). The detailed experimental

study of the multi-photon processes in the caesium has been earlier carried out

in details (look refs. [2],[11]). According to [12], the 6S-6F resonance line shift

is linear to respect to the laser intensity (laser intensity is increased from 1, 4

to 5, 7 ·107 W/cm2) and is equal (the gaussian multi-mode pulse): bI. Here I

is a laser pulse intensity and coe�cient b is expressed in terms of energy of the

three-photon transition 6S-6F: b = (5, 6± 0, 3) cm−1/GW × cm−2.

For comparison let us present the analogous theoretical value, obtained in

the S-matrix formalism calculation [2]: b=5, 63. Our theoretical values, obtained

with using the non-optimized and optimized basis's, are as follows: i). for the

gaussian multi-mode pulse (non-optimized basis): b=5, 84; ii). for the gaussian

multi-mode pulse (optimized basis): b=5, 62.
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