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Geometry of Chaos: Consistent combined ap-
proach to treating chaotic dynamics atmospheric
pollutants and its forecasting

A.V. Glushkov, Yu.Ya. Bunyakova, P.A. Zaichko

Abstract It is presented an numerical application of a consistent chaos-

geometrical combined approach to treating of chaotic dynamics of atmospheric

pollutants and its forecasting. It combines together application of the wavelet

analysis, multi-fractal formalism, mutual information approach, correlation

integral analysis, false nearest neighbour algorithm, Lyapunov exponent's

analysis, surrogate data method etc.

Keywords geometry of chaos, dynamical systems, non-linear analysis and chaos

theory techniques

Mathematics Subject Classi�cation: (2000) 55R01-55B13

1. Introduction

In this paper we present an numerical application of a consistent chaos-

geometrical combined approach [1-10] to treating of chaotic dynamics of atmo-

spheric pollutants and its forecasting. It combines together application of the

wavelet analysis, multi-fractal formalism, mutual information approach, corre-

lation integral analysis, false nearest neighbour algorithm, Lyapunov exponent's

(LE) analysis, surrogate data method etc. As it is indicated earlier [1-4], time

series can be considered as random realization, when the randomness is caused

by a complicated motion with many independent degrees of freedom. Chaos is

alternative of randomness and occurs in very simple deterministic systems. Al-

though chaos theory places fundamental limitations for long-rage prediction, it

can be used for short-range prediction since ex facte random data can contain
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simple deterministic relationships with only a few degrees of freedom. During

the last two decades, many studies in various �elds of science have appeared,

in which chaos theory was applied to a great number of dynamical systems,

including those are originated from nature (e.g. [1-22]). These studies concern-

ing the key dynamical characteristics of di�erent systems allow concluding that

methodology from chaos theory can be applied and the short-range forecast

by the non-linear prediction method can be satisfactory. The outcomes of such

studies are very encouraging, as they not only revealed that the dynamics of the

apparently irregular phenomena could be understood from a chaotic determinis-

tic point of view but also reported very good predictions using such an approach

for di�erent systems. Chaos theory establishes that apparently complex irregu-

lar behaviour could be the outcome of a simple deterministic system with a few

dominant nonlinear interdependent variables.

2. Combined chaos-geometrical approach to atmospheric pollutants

dynamic: Numerical Data

2.2.1. Data and methodics

As it is indicated, although chaos theory places fundamental limitations for long-

rage prediction, it can be used for short-range prediction since ex facte random

data can contain simple deterministic relationships with only a few degrees of

freedom. The studies concerning non-linear behaviour in the time series of atmo-

spheric constituent concentrations are sparse, and their outcomes are ambiguous.

In ref. [11] there is an analysis of the NO2, CO,O3 concentrations time series

and is not received an evidence of chaos. Also, it was shown that O3 concen-

trations in Cincinnati (Ohio) and Istanbul are evidently chaotic, and non-linear

approach provides satisfactory results [12]. These studies show that chaos the-

ory methodology can be applied and the short-range forecast by the non-linear

prediction method can be satisfactory. Time series of concentrations are however

not always chaotic, and chaotic behaviour must be examined for each time se-

ries. So, we shall (i) study the concentration of atmospheric constituents in the

Gdansk region (Poland) to select only those measurements, which are de�ned as

chaotic, and (ii) build non-linear prediction model for selected time series. In our

study, nitrogen dioxide (NO2) and sulphurous anhydride (SO2) concentration

data observed at the sites of Gdansk region during 2003 year are used. There

are ten sites in the region, but time series are continuous at 2 ones only, Sopot

(site 6) and Gdynia (site 9). We use one year hourly concentrations (total of

8760 data points). Table 1 presents some of the important statistics [6,9].
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Table 1. Some statistics of air pollutant concentrations at the Gdansk region

(Jan.-Dec.2003)

Statistics Site 6 (Sopot) Site 9 (Gdynia)

NO2 SO2 NO2 SO2

Number of data 8760 8760 8760 8760

Mean (µg/m3) 15.46 9.13 17.04 11.84

Maximum value

(µg/m3)

107.53 111.99 101.13 95.47

Minimum value

(µg/m3)

2.29 3.99 3.92 5.59

Standard deviation

(µg/m3)

11.99 6.94 11.22 7.19

Skewness 2.26 4.79 1.81 3.89

Kurtosis 7.61 38.15 4.43 22.78

Let us consider scalar measurements s(n) = s(t0+ n∆t) = s(n), where t0

is a start time, ∆t is time step, and n is number of the measurements. In

a general case, s(n) is any time series (f.e. atmospheric pollutants concentra-

tion). As processes resulting in a chaotic behaviour are fundamentally multi-

variate, one needs to reconstruct phase space using as well as possible infor-

mation contained in s(n). Such reconstruction results in set of d -dimensional

vectors y(n) replacing scalar measurements. The main idea is that direct use

of lagged variables s(n + τ), where τ is some integer to be de�ned, results

in a coordinate system where a structure of orbits in phase space can be

captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

The choice of proper time lag is important for the subsequent reconstruction of

phase space. If τ is chosen too small, then the coordinates s(n + j τ), s(n +

(j + 1 )τ) are so close to each other in numerical value that they cannot be

distinguished from each other. If τ is too large, then s(n + j τ), s(n + (j +

1 )τ) are completely independent of each other in a statistical sense. If τ is too

small or too large, then the correlation dimension of attractor can be under-or

overestimated. One needs to choose some intermediate position between above

cases. First approach is to compute the linear autocorrelation function CL(δ) and

to look for that time lag where CL(δ) �rst passes through 0. This gives a good
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hint of choice for τ at that s(n+j τ) and s(n+(j +1 )τ) are linearly independent.

It's better to use approach with a nonlinear concept of independence, e.g. an

average mutual information. The mutual information I of two measurements ai

and bk is symmetric and non-negative, and equals to 0 if only the systems are

independent. The average mutual information between any value ai from system

A and bk from B is the average over all possible measurements of I AB (ai , bk ).

In ref. [4] it is suggested, as a prescription, that it is necessary to choose that τ

where the �rst minimum of I (τ) occurs.

The goal of the embedding dimension determination is to reconstruct a Eu-

clidean space Rd large enough so that the set of points dA can be unfolded

without ambiguity. The embedding dimension, dE , must be greater, or at least

equal, than a dimension of attractor, dA, i.e. dE > dA. In other words, we can

choose a fortiori large dimension dE , e.g. 10 or 15, since the previous analysis

provides us prospects that the dynamics of our system is probably chaotic. The

correlation integral analysis is one of the widely used techniques to investigate

the signatures of chaos in a time series. The analysis uses the correlation integral,

C (r), to distinguish between chaotic and stochastic systems. If the time series is

characterized by an attractor, then [16] the correlation integral C (r) is related

to the radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

If the correlation exponent attains saturation with an increase in the embedding

dimension, then the system is generally considered to exhibit chaotic dynam-

ics. The saturation value of correlation exponent is de�ned as the correlation

dimension (d2 ) of the attractor (see details in refs. [3,6,9]).

2.2.2 The results for time series

Table 2 summarizes the results for the time lag calculated for �rst 103 values of

time series. The autocorrelation function crosses 0 only for theNO2 time series at

the site 9, whereas this statistic for other time series remains positive. The values,

where the autocorrelation function �rst crosses 0.1, can be chosen as τ , but in

[6,9] it's showed that an attractor cannot be adequately reconstructed for very

large values of τ . So, before making up �nal decision we calculate the dimension

of attractor for all values in Table 2. The large values of τ result in impossibility

to determine both the correlation exponents and attractor dimensions (Table 3)

using Grassberger-Procaccia method [16].

Table 2. Time lags (hours) subject to di�erent values of CL, and �rst minima

of average mutual information,Imin1, for the time series of NO2 , SO2 (Gdansk

reg.; Jan.-Dec. 2003)
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Site 6 (Sopot) Site 9 (Gdy-

nia)

NO2 SO2 NO2 SO2

CL = 0 � � 102 �

CL =

0.1

136 232 53 147

CL =

0.5

6 12 4 26

Imin1 9 19 8 17

The outcome is explained not only inappropriate values of τ but also shortcom-

ings of correlation dimension method. If algorithm [14] is used, then a percentages

of false nearest neighbours are comparatively large in a case of large τ . If time

lags determined by average mutual information are used, then algorithm of false

nearest neighbours provides dE = 6 for all air pollutants.

Table 3. Correlation exponents (d2 ) and embedding dimensions determined by

false nearest neighbours method (dN ) with percentage of false neighbours (in

parentheses) calculated for various time lags (τ) for the time series of NO2, SO2

(Gdansk reg.;Jan.-Dec. 2003)

Site 6 (Sopot)

NO2

Site 6 (Sopot)

SO2

Site 9 (Gdynia)

NO2

Site 9 (Gdynia)

SO2

τ d2 dN τ d2 dN τ d2 dN τ d2 dN

136 - 11

(6.2)

232 - 10

(8.8)

53 7.62 9

(9.2)

147 - 10

(9.8)

6 5.42 6

(1.3)

12 1.64 6

(1.2)

4 5.29 6

(1.1)

26 3.95 6

(1.1)

9 5.31 6

(1.2)

19 1.58 6

(1.2)

8 5.31 6

(1.1)

17 3.40 6

(1.2)

2.2.3. Nonlinear prediction model

First of all, it's important to de�ne how predictable is a chaotic system? The pre-

dictability can be estimated by the Kolmogorov entropy, which is proportional

to a sum of positive LE. The spectrum of LE is one of dynamical invariants

for non-linear system with chaotic behaviour. The limited predictability of the

chaos is quanti�ed by the local and global LE, which can be determined from

measurements. The LE are related to the eigenvalues of the linearized dynamics

across the attractor. Negative values show stable behaviour while positive val-

ues show local unstable behaviour. For chaotic systems, being both stable and
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unstable, LE indicate the complexity of the dynamics. The largest positive value

determines some average prediction limit. Since the LE are de�ned as asymp-

totic average rates, they are independent of the initial conditions, and hence the

choice of trajectory, and they do comprise an invariant measure of the attractor.

An estimate of this measure is a sum of the positive LE. The estimate of the

attractor dimension is provided by the conjecture dL and the LE are taken in

descending order. The dimension dL gives values close to the dimension esti-

mates discussed earlier and is preferable when estimating high dimensions. To

compute LE, we use a method with linear �tted map, although the maps with

higher order polynomials can be used too. Non-linear model of chaotic processes

is based on the concept of compact geometric attractor on which observations

evolve. Since an orbit is continually folded back on itself by dissipative forces

and the non-linear part of dynamics, some orbit points yr (k), r = 1 , 2 , ..,N B

can be found in the neighbourhood of any orbit point y(k), at that the points

yr (k) arrive in the neighbourhood of y(k) at quite di�erent times than k . One

can then choose some interpolation functions, which account for whole neigh-

bourhoods of phase space and how they evolve from near y(k) to whole set of

points near y(k + 1 ). The implementation of this concept is to build parameter-

ized non-linear functions F(x, a) which take y(k) into y(k + 1 ) = F(y(k), a)

and use various criteria to determine parameters a. Since one has the notion of

local neighbourhoods, one can build up one's model of the process neighbour-

hood by neighbourhood and, by piecing together these local models, produce a

global non-linear model that capture much of the structure in an attractor it-

self. Table 4 shows the global LE. It can note that the Kaplan-Yorke dimensions

[22], which are also the attractor dimensions, are smaller than the dimensions

obtained by the algorithm of false nearest neighbours. The presence of the two

(from six) positive λi suggests the system broadens in the line of two axes and

converges along four axes that in the six-dimensional space. Table 4. First two

LE (λ1, λ2), Kaplan-Yorke dimension (dL), and average limit of predictability

(Prmax, hours) for time series of NO2,SO2 (Gdansk reg.;Jan.-Dec.,2003)

Site 6

(Sopot)

NO2

Site 6

(Sopot)

SO2

Site 9 (Gdy-

nia) NO2

Site 9

(Gdynia)

SO2

λ1 0.0184 0.0164 0.0189 0.0150

λ2 0.0061 0.0066 0.0052 0.0052

dL 4.11 5.01 3.85 4.60

Prmax 40 43 41 49
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The time series of SO2 at the site 9 have the highest predictability (more than

2 days), and other time series have the predictabilities slightly less than 2 days.

To use the non-linear prediction method, it is necessary to solve another one

problem which can be de�ned as how much exactly nearest neighbours, NN , must

be considered to obtain satisfactory results of the forecasts? Table 5 summarizes

the results of our experiments. The coe�cients of correlation rise to the maxima

at some number of NN . These coe�cients are both large and signi�cant. So, we

further use NN = 180forNO2 and NN = 260forSO2 at the site 6, as well as

NN = 2100forNO2 and NN = 250forSO2 at the site 9.

Table 5. Coe�cient correlation (r) between actual data and 24-hour forecast

subject to NN for last 100 points of time series of NO2 and SO2 (Gdansk reg.;

Jan.-Dec. 2003).

Site 6 (Sopot)

NO2

Site 6 (Sopot)

SO2

Site 9 (Gdynia)

NO2

Site 9 (Gdynia)

SO2

NN 80 180 200 80 260 280 80 210 230 80 250 270

R 0.95 0.96 0.96 0.91 0.94 0.94 0.96 0.97 0.97 0.93 0.94 0.94

3. Conclusions

Thus, we considered a problem of a chaos manifestation in dynamics of at-

mospheric pollutants within earlier formulated formally theoretical basis's of a

consistent chaos-geometrical approach to treating of chaotic dynamical systems.

This approach combines together the non-linear analysis methods to dynamics,

such as the wavelet analysis, multi-fractal formalism, mutual information ap-

proach, correlation integral analysis, false nearest neighbour algorithm, the LE

analysis, surrogate data method etc. We have investigated a chaotic behaviour

in the nitrogen dioxide and sulphurous anhydride concentration time series at 2

sites in Gdansk region and proved an existence of the low-dimensional chaos in

these series. We have presented an e�ective nonlinear prediction model and real-

ized a successful short-range forecast of atmospheric pollutant time series. The

presented example has shown high perspectives of a combined chaos-geometrical

approach methods to treating dynamics of very complicates chaotic systems.
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Îñîáëèâîñòi ìàòåìàòè÷íî¨ ÷àñòèíè òåñòiâ GRE,
GMAT

ß.Ï. Êðèâêî

Àíîòàöiÿ Ñòàòòÿ ïðèñâÿ÷åíà îñîáëèâîñòÿì ìàòåìàòè÷íî¨ ÷àñòèíè òåñòiâ

GMAT òà GRE. Çðîáëåíî ïîðiâíÿëüíèé àíàëiç ìiæ ÇÍÎ ç ìàòåìàòèêè

çàâäàííÿìè GMAT òà GRE. Âèÿâëåíi ñïiëüíi ðèñè òà àêöåíòîâàíî óâàãó íà

êëþ÷îâèõ âiäìiííîñòÿõ ìiæ òåñòàìè.

Êëþ÷îâi ñëîâà Òåñò, GMAT, GRE, ìàòåìàòèêà, çîâíiøí¹ íåçàëåæíå îöi-

íþâàííÿ, àëãåáðà, ãåîìåòðiÿ, ñòàòèñòèêà, òåîðiÿ éìîâiðíîñòåé, ãðàôiêè

ôóíêöié, òåñòóâàííÿ, òåñòîâi çàâäàííÿ

ÓÄÊ 378.091.27:51

1 Âñòóï

Îñòàííi ðîêè ñåðåä óêðà¨íñüêî¨ ìîëîäi ìà¹ ìiñöå ñòiéêà òåíäåíöiÿ îòðèìàí-

íÿ âèùî¨ îñâiòè ó ¹âðîïåéñüêèõ êðà¨íàõ àáî â Àìåðèöi ÷è Êàíàäi. Îäíàê

òóò âèíèêà¹ êîëî ïåâíèõ ïðîáëåì, íàéâàæëèâiøèìè ñåðåä ÿêèõ ¹, çîêðåìà,

âèâ÷åííÿ áàçîâèõ óíiâåðñèòåòñüêèõ äèñöèïëií iíøîþ ìîâîþ, âiäìiííîñòi ó

øêiëüíié ïðîãðàìi àáiòóði¹íòiâ, íà îñíîâi ÿêî¨ ñêëàäåíi óíiâåðñèòåòñüêi êóð-

ñè, âiê íàøèõ âèïóñêíèêiâ øêië (17 � 18 ðîêiâ), ùî íå âiäïîâiäà¹ âiêó ïîâ-

íîëiòòÿ (21 ðiê), ïðèéíÿòîìó â áiëüøîñòi çàêîðäîííèõ êðà¨í òà iíøi. Òîìó

áàãàòî ìîëîäèõ ëþäåé îòðèìóþòü îñâiòó êâàëiôiêàöiéíîãî ðiâíÿ ¾áàêàëàâð¿

â Óêðà¨íi, à âæå ïîòiì ïðîäîâæóþòü ñâî¹ íàâ÷àííÿ çàêîðäîíîì. Ïåðåâàæíî

ñòóäåíòè îáèðàþòü áiçíåñ-íàïðÿìêè ïîäàëüøî¨ îñâiòè, äëÿ ÷îãî íåîáõiäíî
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ñêëàäàòè òåñò TOEFL àáî IELTS òà GRE àáî GMAT. Îñòàííi òåñòè ìiñòÿòü

äîñèòü âåëèêó êiëüêiñòü iíêîëè äîñèòü ñïåöèôi÷íèõ çàâäàíü ç ìàòåìàòèêè,

äî ÿêèõ ìîæóòü áóò íå ãîòîâi óêðà¨íñüêi àáiòóði¹íòè. Òîìó àêòóàëüíiñòü öi¹¨

ðîáîòè ïîëÿãà¹ ó íåîáõiäíîñòi ïðîâåäåííÿ ïîðiâíÿëüíîãî àíàëiçó ìiæ òåñòà-

ìè ¹âðîïåéñüêèìè (àìåðèêàíñüêèìè) òà óêðà¨íñüêèì ÇÍÎ ç ìàòåìàòèêè äëÿ

óñïiøíîãî ïîäîëàííÿ ìîæëèâèõ òðóäíîùiâ àáiòóði¹íòiâ ïðè ¨õ ïðîõîäæåííi,

òà áiëüø åôåêòèâíî¨ ïiäãîòîâêè äî òåñòóâàííÿ.

Ìåòîþ ñòàòòi ¹ âèÿâëåííÿ îñíîâíèõ îñîáëèâîñòåé òåñòiâ GRE òà GMAT,

ïîðiâíÿííÿ ¨õ ç óêðà¨íñüêèì çîâíiøíiì íåçàëåæíèì îöiíþâàííÿì ç ìàòåìà-

òèêè.

Ñëiä çàçíà÷èòè, ùî çìiñò öèõ òåñòiâ, â îñíîâíîìó  ðóíòó¹òüñÿ íà øêiëü-

íèõ çíàííÿõ ç ìàòåìàòèêè, àëå ïðèáëèçíî ÷âåðòü çàâäàíü -� ç òåìàòèêè,

ùî âèâ÷à¹òüñÿ â Óêðà¨íi ó âèùèõ íàâ÷àëüíèõ çàêëàäàõ ïiä ÷àñ îïðàöþ-

âàííÿ êóðñó ¾Âèùà ìàòåìàòèêà¿. Òàê GRE (Graduate Record Examinations)

-� ñòàíäàðòèçîâàíèé iñïèò àíãëiéñüêîþ ìîâîþ, ÿêèé ¹ îäíi¹þ ç íåîáõiäíèõ

óìîâ âñòóïó íà çàðóáiæíi ïiñëÿâóçiâñüêi ïðîãðàìè òà êóðñè (MSc, ÌÂÀ, PhD

òà ií.). Iñíó¹ äâà òèïè iñïèòó: GRE General Test (çàãàëüíèé, ðîçðîáëåíèé

äëÿ îöiíêè êðèòè÷íîãî ìèñëåííÿ òà àíàëiòè÷íèõ íàâè÷îê â öiëîìó) è GRE

Subject Test (ñïåöiàëiçîâàíèé)[1]. GMAT (Graduate Management Admission

Test) � öå òàêîæ àíãëîìîâíèé çàãàëüíîîñâiòíié òåñò, ùî âèçíà÷à¹ àíàëiòè÷íi,

ìàòåìàòè÷íi òà âåðáàëüíi çäiáíîñòi.

2 Îñîáëèâîñòi òåñòiâ

Òåñò GMAT çäà¹òüñÿ äèñòàíöiéíî (îí-ëàéí òåñò), çà äîïîìîãîþ êîìï'þòåð-

íî¨ ïðîãðàìè. ßêùî òàêî¨ ìîæëèâîñòi íåìà¹, òî ïðîïîíó¹òüñÿ ïðîõîäæåí-

íÿ òåñòiâ àáî íà áàçi òèì÷àñîâèõ êîìï'þòåðèçîâàíèõ öåíòðiâ òåñòóâàííÿ

çà ñêîðî÷åíèì ðîçêëàäîì, àáî ó âèãëÿäi ïèñüìîâîãî òåñòó (îäèí àáî äâà

ðàç íà ðiê). GMAT ñêëàäà¹òüñÿ ç òðüîõ ñåêöié, êîæíà ç ÿêèõ ìà¹ ñâî¨

ðiâíi: Analytical Writing Assessment (ïèñüìîâå åñå íà ÷iòêî çàäàíó òåìó);

Quantitative (ìàòåìàòè÷íi çàâäàííÿ); Verbal (ñïåöiàëiçîâàíèé òåñò íà çíàí-

íÿ i ðîçóìiííÿ àíãëiéñüêî¨ ìîâè) [2]. Òåñò ñïðÿìîâàíèé íà îöiíþâàííÿ âåð-

áàëüíèõ, ìàòåìàòè÷íèõ, òà àíàëiòè÷íèõ çäiáíîñòåé òàêîæ íàâè÷îê ïèñüìà

íà àíãëiéñüêié ìîâi ÿêi ¹ âàæëèâèìè äëÿ ïîäàëüøî¨ ðîáîòè êàíäèäàòó. Òðè-

âàëiñòü òåñòó ñêëàäà¹ ïðèáëèçíî ÷îòèðè ãîäèíè ç äåñÿòèõâèëèííèìè ïåðå-

ðâàìè. Ïðîõîäæåííÿ òåñòó íå ïåðåäáà÷à¹ îöiíêó çíàíü êàíäèäàòà ó êîíêðåò-

íèõ ãàëóçÿõ áiçíåñó àáî ïðîôåñiîíàëüíèõ íàâè÷îê. Íå âðàõîâóþòüñÿ òàêîæ
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òàêi ñóá'¹êòèâíi ÿêîñòi ÿê ìîòèâàöiÿ, êðåàòèâíiñòü, íàâè÷êè ìiæîñîáèñòiñ-

íîãî ñïiëêóâàííÿ. Ðåçóëüòàòè òåñòó äiéñíi ïðîòÿãîì ï'ÿòè ðîêiâ.

� âiäìiííîñòi ó ñïîñîáàõ ïåðåâiðêè òåñòiâ GRE òà GMAT òà óêðà¨íñüêî-

ãî ÇÍÎ. Òàê ÇÍÎ ïåðåâiðÿ¹òüñÿ çà äîïîìîãîþ êîìï'þòåðà, à òåñò GMAT,

íàïðèêëàä, ïåðåâiðÿ¹òüñÿ îäíî÷àñíî i êîìï'þòåðîì i ëþäèíîþ. Ó âèïàäêó,

êîëè ðåçóëüòàòè ñïiâïàäàþòü � ¨õ íàïðàâëÿþòü áåçïîñåðåäíüî äî ó÷áîâîãî

çàêëàäó (à íå äî àáiòóði¹íòó ÿê íà Óêðà¨íi), iíàêøå � çàëó÷àþòü òðåòþ

îñîáó äëÿ âèðiøåííÿ ïèòàííÿ îöiíþâàííÿ.

Ìàòåìàòè÷íà ÷àñòèíà îáîõ òåñòiâ ÿâëÿ¹ ñîáîþ ïåðåâiðêó áàçîâèõ çíàíü

ç àëãåáðè, ãåîìåòði¨ òà òåîði¨ éìîâiðíîñòi. Ó áiëüøîñòi âèïàäêiâ öå ìàòåðiàë

øêiëüíî¨ ïðîãðàìè, ÿêèé âêëþ÷åíî äî óêðà¨íñüêîãî ÇÍÎ, îäíàê iñíóþòü

ñóòò¹âi âiäìiííîñòi. Çîêðåìà, öå êiëüêiñòü çàâäàíü, ÿêi ïîòðiáíî ðîçâ'ÿçàòè

çà ïåâíèé ÷àñ. Íà ÇÍÎ öå 33 çàâäàííÿ íà 150 õâèëèí, òîáòî óìîâíà ¾øâèä-

êiñòü¿ âèêîíàííÿ � 0,22 çàâäàííÿ çà õâèëèíó, ïðè ñêëàäàííi òåñòó GMAT

� öå 37 ïèòàíü çà ìàêñèìóì 75 õâèëèí, òîáòî öå 0,49 çàâäàíü çà õâèëèíó, à

ó âèïàäêó GRE ïðîïîíó¹òüñÿ 28 ïèòàíü çà 45 õâèëèí (0,62 çàâäàííÿ çà õâè-

ëèíó), òîáòî ïîòðiáíî ðîçâ'ÿçóâàòè çàäà÷i ó äâà, à òî é òðè ðàçè øâèäøå.

Îêðåìî ïîòðåáó¹ óâàãè ïèòàííÿ ôîðìè òåñòiâ. Óêðà¨íñüêå ÇÍÎ ìiñòèòü

çàâäàííÿ òðüîõ ôîðì: çàâäàííÿ ç âèáîðîì îäíi¹¨ ïðàâèëüíî¨ âiäïîâiäi, çàâ-

äàííÿ íà âñòàíîâëåííÿ âiäïîâiäíîñòi, à òàêîæ çàâäàííÿ âiäêðèòî¨ ôîðìè ç

êîðîòêîþ âiäïîâiääþ [3]. Iíêîëè öi çàâäàííÿ íîñÿòü õàðàêòåð çàäà÷ áiëüø

íà ëîãiêó íiæ íà ãëèáîêå çíàííÿ ìàòåìàòèêè. Íàïðèêëàä:

Ïîäiáíi çàâäàííÿ ñïðÿìîâàíi íà ïåðåâiðêó çäàòíîñòi êàíäèäàòà ðîçâ'ÿ-

çóâàííÿ äî ìàòåìàòè÷íèõ çàäà÷. Ïðîáëåìíi ïèòàííÿ äàþòü ìîæëèâiñòü çà-

ïðîïîíóâàòè äåêiëüêà âàðiàíòiâ çàäà÷ ç àðèôìåòèêè, îñíîâíî¨ àëãåáðè òà

åëåìåíòàðíî¨ ãåîìåòði¨. Çàâäàííÿ ïîëÿãà¹ â òîìó, ùîá ðîçâ'ÿçàòè çàäà÷ó òà

îáðàòè âiðíó âiäïîâiäü ç ï'ÿòè çàïðîïîíîâàíèõ âàðiàíòiâ.
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×àñòèíà çàäà÷ ïðåäñòàâëåíi ó ñóòî ìàòåìàòè÷íèõ ðîçðàõóíêàõ, iíøi ìà-

þòü âèãëÿä òåêñòîâèõ çàäà÷, ùî  ðóíòóþòüñÿ íà æèòò¹âèõ ñèòóàöiÿõ, àëå

ïîòðåáóþòü ìàòåìàòè÷íîãî ðîçâ'ÿçêó.

Âiäðiçíÿ¹òüñÿ íå òiëüêè ôîðìóëþâàííÿ çàäà÷i, àëå é ôîðìà çàïèñó ÷èñ-

ëà. Òàê çàïèñ 3,252 â óêðà¨íñüêié øêîëi îçíà÷à¹ ¾òðè öiëèõ äâiñòi ï'ÿòäå-

ñÿò äâi òèñÿ÷íèõ¿, òîäi ÿê ó òåñòàõ GMAT òà GRE öå ¾òðè òèñÿ÷i äâiñòi

ï'ÿòäåñÿò äâà¿, à öiëà ÷àñòèíà âiääiëÿ¹òüñÿ âiä äðîáîâié íà ïèñüìi êðàïêîþ

(íàïðèêëàä, 3,252.7 � ¾òðè òèñÿ÷i äâiñòi ï'ÿòäåñÿò äâi öiëèõ ñiì äåñÿòèõ¿). Â

óñiõ çàâäàííÿõ âèêîðèñòîâóþòüñÿ òiëüêè äiéñíi ÷èñëà. Ñëiä çâåðíóòè óâàãó

íà òå, ùî íàÿâíi ó òåñòàõ äiàãðàìè, òà ÷èñëîâi äàíi äî íèõ, ïðåäñòàâëåíi ç

ìàêñèìàëüíîþ òî÷íiñòþ, ùî ìîæå óñêëàäíèòè âèêîíàííÿ çàâäàííÿ.

Â òåñòàõ GMAT òà GRE êðiì òðàäèöiéíèõ çàâäàíü ç âèáîðîì âiäïîâiäi,

ìàþòü ìiñöå ïèòàííÿ ùå äâîõ òèïiâ � íà âèðiøåííÿ çàäà÷ i ¾íà âèçíà÷åííÿ

äîñòàòíîñòi äàíèõ¿ (Data Su�ciency). Êîæíå ïèòàííÿ òèïó Data Su�ciency

ñóïðîâîäæó¹òüñÿ âèõiäíîþ iíôîðìàöi¹þ i äâîìà òâåðäæåííÿìè, ïîçíà÷åíè-

ìè íîìåðàìè ¾1¿ i ¾2¿, ÿêi ìiñòÿòü äîäàòêîâó iíôîðìàöiþ. Çàâäàííÿ ïîëÿ-

ãà¹ â òîìó, ùîá âèçíà÷èòè, ÷è ìiñòèòüñÿ íåîáõiäíà iíôîðìàöiÿ â ïåðøîìó,

â äðóãîìó àáî â îáîõ òâåðäæåííÿõ, ùî ¹ íåòèïîâèì äëÿ óêðà¨íñüêèõ òåñòiâ.

Êðiì öüîãî, âèêîíàííÿ çàâäàíü óñêëàäíåíî òèì, ùî îäíi é òi æ òâåðäæåííÿ

ìîæóòü ïîøèðþâàòèñÿ íà äåêiëüêà çàâäàíü (äèâ. ïðèêëàäè íèæ÷å).

Òàêi çàâäàííÿ äîïîìàãàþòü ïåðåâiðèòè ðiâåíü ïiäãîòîâêè êàíäèäàòà çà

äîïîìîãîþ âèÿâëåííÿ éîãî çäiáíîñòåé ðîçâ'ÿçóâàòè çàäà÷i ç âèêîðèñòàííÿì

âåëèêî¨ êiëüêîñòi íàïðÿìêiâ ðîçâ'ÿçêiâ. Òàêîæ âàæëèâî, ùî íà âñi ïèòàííÿ

äîâîäèòüñÿ âiäïîâiäàòè òiëüêè â òié ïîñëiäîâíîñòi, â ÿêié ¨õ ïðîïîíó¹ êîì-

ï'þòåð. Ïîâåðíóòèñÿ i ïåðåîñìèñëèòè âæå ïðîéäåíå çàâäàííÿ íåìîæëèâî.
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Öå âèìàãà¹ îñîáëèâî¨ óâàãè ïðîòÿãîì óñüîãî iñïèòó. Äåÿêi ïèòàííÿ ìîæóòü

çäàâàòèñÿ iäåíòè÷íèìè, àëå ïðè öüîìó ìàòè ðiçíi âiäïîâiäi [4].

Òåìàòè÷íå íàïîâíåííÿ òåñòiâ GMAT òà GRE ó öiëîìó âiäïîâiäà¹

óêðà¨íñüêîìó øêiëüíîìó êóðñó ìàòåìàòèêè. Çîêðåìà äî öèõ òåñòiâ âõîäÿòü:

àðèôìåòè÷íi çàäà÷i; îïåðàöi¨ ç öiëèìè òà êðàòíèìè ÷èñëàìè, ìíîæíèêàìè;

÷èñëîâi ïîñëiäîâíîñòi; ðîáîòà ç äåñÿòèííèìè ÷èñëàìè, âiäñîòêàìè, ïðîïîð-

öiÿìè; ïîêàçíèêè ñòóïåíþ òà êâàäðàòíi êîðåíi; ñòàòèñòèêà (ïîñëiäîâíîñòi,

ñåðåäíi âåëè÷èíè, òåîðiÿ éìîâiðíîñòåé, ìîäà, ìåäiàíà, êâàðòèëi, ÿêi, äî ðå÷i,

íå âèâ÷àþòüñÿ â óêðà¨íñüêié øêîëi); îïåðàöi¨ iç çìiííèìè âåëè÷èíàìè; àë-

ãåáðà¨÷íi ðiâíÿííÿ òà íåðiâíîñòi. Íà âiäìiíó âiä ÇÍÎ ç ìàòåìàòèêè ïîâíiñòþ

âiäñóòíi òðèãîíîìåòðiÿ, ïîõiäíà òà ïåðâiñíà.

Âåëèêà óâàãà ïðèäiëÿ¹òüñÿ àëãåáðà¨÷íèì äðîáàì òà äiÿì íàä íèìè. �

çàâäàííÿ íà ñïðîùåííÿ âèðàçiâ, ùî ìiñòÿòü ñòóïåíi ç öiëèìè ïîêàçíèêàìè.

Áàãàòî çàâäàíü íà ðîçóìiííÿ ïîíÿòü ïðîñòèõ òà ñêëàäíèõ ÷èñåë (¹ çàâäàííÿ,

ó ÿêèõ ïîòðiáíî ðîçêëàñòè ÷èñëî íà ïðîñòi ìíîæíèêè), ïîðiâíÿíü ÷èñåë. �

âåëèêà êiëüêiñòü çàâäàíü, ó ÿêèõ ïîòðiáíî çíàòè âëàñòèâîñòi ãðàôiêiâ ôóíê-

öié (ïåðø çà âñå, öå ëiíiéíà ôóíêöiÿ, êâàäðàòè÷íà ôóíêöiÿ òà iíøi). Íà

âiäìiíó âiä àíàëîãi÷íèõ çàâäàíü ÇÍÎ, ãðàôiêè ïîòðiáíî îïèñóâàòè ñëîâàìè,
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ùî ìîæå óñêëàäíèòè âèêîíàííÿ çàâäàííÿ. Òàê ÿê é íà ÇÍÎ, áàãàòî çàâäàíü

íà ðîçâ'ÿçàííÿ ðiâíÿíü òà íåðiâíîñòåé (â îñíîâíîìó, öå ëiíiéíi âèïàäêè).

Îêðåìî ñëiä çâåðíóòè óâàãó íà òàê çâàíi ¾òåêñòîâi¿ çàäà÷i, áî òåñòè GMAT

òà GRE, ÿê é òåñòè ÇÍÎ, îáîâ'ÿçêîâî ìiñòÿòü òàêè çàâäàííÿ. Íàé÷àñòiøå, öå

çàäà÷i íà çíàõîäæåííÿ ïðîöåíòiâ âiä ÷èñëà, áàíêiâñüêèõ ïðîöåíòiâ (ïðîñòèõ

òà ñêëàäíèõ).

Ãåîìåòðè÷íà ñêëàäîâà òåñòó ìiñòèòü ïèòàííÿ, ÿêi âèâ÷àþòüñÿ â øêiëüíî-

ìó êóðñi ãåîìåòði¨ ïåðåâàæíî äî 9 êëàñó âêëþ÷íî. Çîêðåìà, öå âëàñòèâîñòi

òàêèõ ôiãóð ÿê òðèêóòíèêè, ïðÿìîêóòíèêè, êâàäðàòè òà ¨õ ïëîùi, âåêòîðè.

Âèêîðèñòîâó¹òüñÿ ôîðìóëà ñóìè êóòiâ áàãàòîêóòíèêà. Êóòàì âçàãàëi ïðè-

äiëÿ¹òüñÿ çíà÷íà óâàãà. Íàïðèêëàä, âñòóïíèê ïîâèíåí çíàòè âëàñòèâîñòi

ñóìiæíèõ êóòiâ òà êóòiâ, ùî óòâîðåíi ïàðàëåëüíèìè ïðÿìèìè òà ñi÷íîþ. Çà-

âäàííÿ, ÿê é íà ÇÍÎ, â îñíîâíîìó ïðåäñòàâëåíi ãðàôi÷íî. Ñòåðåîìåòðè÷íi

çàäà÷i äóæå îáìåæåíi � öå, ïåðåâàæíî, çàäà÷i íà âëàñòèâîñòi ïàðàëåëåïiïå-

äó.

3 Âèñíîâêè

Íà íàøó äóìêó, íàéáiëüøó ñêëàäíiñòü ïðåäñòàâëÿþòü çàâäàííÿ GMAT òà

GRE ç ìàòåìàòè÷íî¨ ñòàòèñòèêè òà àíàëiçó äàíèõ. Âîíè ìiñòÿòü íå òiëüêè

êîìáiíàòîðèêó, åëåìåíòè ìàòåìàòè÷íî¨ ñòàòèñòèêè, íà÷àëüíi ïîíÿòòÿ òåî-

ði¨ éìîâiðíîñòåé, ùî âèâ÷àþòü óêðà¨íñüêi øêîëÿði (ïåðåâàæíî â 11 êëàñi),

àëå é òàêè ïîíÿòòÿ ÿê êâàðòiëi, ïðîöåíòåëi, ñòàíäàðòíå âiäõèëåííÿ. Âñòóï-

íèêàì íåîáõiäíå âìiííÿ êîðèñòóâàòèñÿ ñïåöèôi÷íèìè ãðàôiêàìè (íàïðè-

êëàä, boxplots or box-and-whisker plots), ó ÿêèõ çàñòîñîâó¹òüñÿ íåçâè÷íå äëÿ

óêðà¨íñüêîãî ñòóäåíòà (àáiòóði¹íòà) ïîçíà÷åííÿ íàéìåíøîãî (L) òà íàéáiëü-

øîãî (G) çíà÷åíü. Iíàêøå íiæ ó íàøèõ ïiäðó÷íèêàõ ïðåäñòàâëåíi òàêi ïî-

íÿòòÿ ÿê ïåðåñòàíîâêè (permutation), ðîçìiùåííÿ (permutations of n objects

taken k at a time) òà êîìáiíàöi¨ (combinations of n objects taken k at a time).

Ïîçíà÷åííÿ òà ôîðìóëè äëÿ ¨õ çíàõîäæåííÿ òàêîæ äåùî âiäðiçíÿþòüñÿ. Íà-

ïðèêëàä, â óêðà¨íñüêîìó ÇÍÎ ç ìàòåìàòèêè êîìáiíàöi¨ - öå Ck
n, à â GMAT

òà GRE � öå nCk àáî
(
n
k

)
é òàêå ií.[5, 6]. Òîáòî äëÿ óñïiøíîãî ïðîõîäæåííÿ

òåñòiâ GMAT òà GRE ïîòðiáíî ðåòåëüíî îïðàöþâàòè öþ òåìó.

Òàêèì ÷èíîì òåñòè òèïó GMAT òà GRE, ÿê òåñòè, ùî ïåðåâiðÿþòü

çàãàëüíó ìàòåìàòè÷íó ïiäãîòîâêó, ìàþòü áàãàòî ñïiëüíîãî ñ óêðà¨íñüêèì

ÇÍÎ. Òîáòî ïðè ïiäãîòîâöi äî íèõ äîöiëüíî êîðèñòóâàòèñÿ íàâ÷àëüíî-

äèäàêòè÷íèìè ìàòåðiàëàìè ç ïiäãîòîâêè äî ÇÍÎ ç ìàòåìàòèêè. Îäíàê iñíó-

þòü i ñóòò¹âi âiäìiííîñòi, íà ÿêi ñëiä çâåðíóòè óâàãó àáiòóði¹íòàì. Ïî-ïåðøå,
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öi òåñòè ïåðåâiðÿþòü ðiçíèé çìiñò êóðñó ìàòåìàòèêè; ïî-äðóãå, ¹ íîâi äëÿ

óêðà¨íñüêîãî àáiòóði¹íòà òèïè çàâäàíü, çîêðåìà öå ñòîñó¹òüñÿ òåìè ¾data

analysis¿, ÿêà íàéáiëüø âiäðiçíÿ¹òüñÿ âiä ÇÍÎ ç ìàòåìàòèêè. Òàêèì ÷èíîì,

ó óêðà¨íñüêîãî àáiòóði¹íòà ¹âðîïåéñüêîãî àáî àìåðèêàíñüêîãî âèùîãî íàâ-

÷àëüíîãî çàêëàäó ¹ ðåàëüíà ìîæëèâiñòü ñêëàñòè âñòóïíi iñïèòè äî íèõ ç

ìàòåìàòèêè, àëå çà óìîâè  ðóíòîâíî¨ ðåòåëüíî¨ ïiäãîòîâêè.
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The features of mathematical part of tests GRE, GMAT

The article deals with the analysis of the main problems in passing the

mathematical part of the GMAT and GRE tests. The author analyzes the basic

peculiarities of these tests from the point of view of their correspondence to

the Ukrainian variant of �nal testing in mathematic � the external independent

assessment.
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Òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü ïðîñòûõ ìñ-
ïàð íà ÷åòûð¼õìåðíûõ ìíîãîîáðàçèÿõ

Í. Â. Ëóêîâà - ×óéêî

Àííîòàöèÿ Äîêàçàí êðèòåðèé òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè ïðîñòîé

ïîëÿðíîé ÌÑ-ïàðû áåç êðèòè÷åñêèõ òî÷åê èíäåêñà 3 íà ÷åòûð¼õìåðíîì

ìíîãîîáðàçèè â òåðìèíàõ óïîðÿäî÷åííûõ äèàãðàìì Êèðáè.

Êëþ÷åâûå ñëîâà ôóíêöèè Ìîðñà, ýêâèâàëåíòíîñòü, ïîëå Ìîðñà - Ñìåéëà

ÓÄÊ 517.91

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå. Äâà âåêòîðíûõ ïîëÿ X,Y íà M íà-

çûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì

h : M → M , îòîáðàæàþùèé òðàåêòîðèè ïîëÿ X â òðàåêòîðèè ïîëÿ Y , ñî-

õðàíÿÿ èõ îðèåíòàöèþ.

Ðàçíûìè ñïîñîáàìè òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ âåêòîðíûõ ïîëåé

Ìîðñà - Ñìåéëà íà ïîâåðõíîñòÿõ ïîëó÷åíà Å.À.Ëåîíòîâè÷åì è À.Ã.Ìàéåðîì,

Ì.Ïåéêñîòî, Â.Â.Øàðêîì, Õ.Âîíãîì, Ã.Ôëåéòèñîì, Å.Ãèðèê è äð.

Òîïîëîãè÷åñêîé êëàññèôèêàöèè âåêòîðíûõ ïîëåé Ìîðñà - Ñìåéëà íà

òð¼õìåðíûõ ìíîãîîáðàçèÿõ ïîñâÿùåíû ðàáîòû Ã.Ôëåéòàñà, ß.Ë.Óìàíñüêîãî

òà Î.Î.Ïðèøëÿêà, à â ÷åòûð¼õìåðíîì ñëó÷àå ðàáîòà [1].

Ôóíêöèè f, g : M → R íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè

ñóùåñòâóþò ãîìåîìîðôèçìû h : M → M , h′ : R→ R, äëÿ êîòîðûõ âûïîë-

íÿåòñÿ ðàâåíñòâî f ◦ h = h′ ◦ g è ãîìåîìîðôèçì h′ ñîõðàíÿåò îðèåíòàöèþ

ïðÿìîé.

Ãëîáàëüíàÿ òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ôóíêöèé Ìîðñà íà ïîâåðõ-

íîñòÿõ è îäíîñâÿçíûõ ìíîãîîáðàçèÿõ ðàçìåðíîñòè áîëüøåé 5 áûëà ïîëó÷åíà
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â ðàáîòàõ À.Ò.Ôîìåíêî è Â.Â.Øàðêî [2], [3]. Òîïîëîãè÷åñêóþ êëàññèôèêà-

öèÿ ôóíêöèé Ìîðñà íà çàìêíóòûõ òðåõìåðíûõ ìíîãîîáðàçèÿõ ïîñòðîåíî â

[4], à íà ÷åòûð¼õìåðíûõ â [5].

Â [6] ïîëó÷åíà êëàññèôèêàöèÿ ôóíêöèé Ìîðñà - Ñìåéëà íà çàìêíóòûõ

ðèìàíîâûõ òðåõìåðíûõ ìíîãîîáðàçèÿõ ïî îòíîøåíèþ ê ãåîìåòðè÷åñêîé ýê-

âèâàëåíòíîñòè â òåðìèíàõ îáîáùåííûõ äèàãðàìì Õåãîðà.

ÌÑ-ïàðîé íàçûâàåòñÿ òàêàÿ ïàðà {f,X}, â êîòîðîé f � ôóíêöèÿ Ìîðñà,

à X � ãðàäèåíòíî-ïîäîáíîå âåêòîðíîå ïîëå ýòîé ôóíêöèè.

Äâå ÌÑ-ïàðû {f,X}, {g, Y } íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíû-

ìè, åñëè ñóùåñòâóþò ãîìåîìîðôèçìû h : M →M , h′ : R→ R äëÿ êîòîðûõ

âûïîëíÿåòñÿ ðàâåíñòâî f ◦ h = h′ ◦ g è êðîìå òîãî ãîìåîìîðôèçì h îòîáðà-

æàåò òðàåêòîðèè ïîëÿ X íà òðàåêòîðèè ïîëÿ Y .

Ïî òåîðåìå Ìîðñà â îêðåñòíîñòè íåâûðîæäåíííîé êðèòè÷åñêîé òî÷-

êè ñóùåñòâóåò ñèñòåìà êîîðäèíàò x1, x2, ..., xn, â êîòîðîé ôóíêöèÿ èìå-

åò âèä f(x1, x2, ..., xn) = f(0) − x2
1 − x2

2 − ... − x2
k + x2

k+1 + ... + x2
n. Ïîëå

X = {−x1,−x2, ...,−xk, xk+1, ..., xn} áóäåò ãðàäèåíòíî-ïîäîáíûì äëÿ ýòîé

ôóíêöèè. Íàçîâåì ýòè ôóíêöèþ è ïîëå ñòàíäàðíîé ïàðîé.

ÌÑ-ïàðà íàçûâàåòñÿ ïðîñòîé, åñëè äëÿ êàæäîé êðèòè÷åñêîé òî÷êè ôóíê-

öèè ñóùåñòâóåò îêðåñíîñòü â êîòîðîé îíà òîïîëîãè÷åñêè ýêâèâàëåíòíà ñòàí-

äàðòíîé ÌÑ-ïàðå.

ÌÑ-ïàðà íàçûâàåòñÿ ïîëÿðíîé, åñëè ó ôóíêöèè ñóùåñòâóåò ëèøü îäèí

ëîêàëüíûé ìèíèìóì è îäèí ëîêàëüíûé ìàêñèìóì.

Ïîñòàíîâêà çàäà÷è. Íàéòè óñëîâèÿ òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè

ïðîñòîé ïîëÿðíîé ÌÑ-ïàðû áåç êðèòè÷åñêèõ òî÷åê èíäåêñà 3.

Òîïîëîãè÷åñêàÿ åêâèâàëåíòíîñòü ïðîñòîé ïîëÿðíîé ÌÑ-ïàðû

áåç êðèòè÷åñêèõ òî÷åê èíäåêñà 3. Áóäåì ðàññìàòðèâàòü ôóíêöèè Ìîð-

ñà íà 4-ìåðíûõ ìíîãîîáðàçèÿõ, ó êîòîðûõ îäèí ìèíèìóì è îäèí ìàêñèìóì

è íåò êðèòè÷åñêèõ òî÷åê èíäåêñà 3. Ìíîæåñòâî êðèòè÷åñêèõ òîî÷åê óïîðÿ-

äî÷åíî ïî âîçðàñòàíèþ çíà÷åíèÿ ôóíêöèè â íèõ. Íîìåð êðèòè÷åñêîé òî÷êè

� ýòî íîìåð åå êðèòè÷åñêîãî çíà÷åíèÿ. Ïî ôóíêöèè ïîñòðîèì ðàçëîæåíèå

íà ðó÷êè. Òîãäà ýòî ðàçëîæåíèå íà ðó÷êè áóäåò çàäàâàòü äèàãðàììó Êèðáè,

â êîòîðîé êàæäîé âëîæåííîé îêðóæíîñòè ñ òî÷êîé ñîîòâåòñòâóåò 1-ðó÷êà,

à îêðóæíîñòè ñ îñíàùåíèåì - 2-ðó÷êà (ýòà îêðóæíîñòü åñòü ñðåäíåé ñôåðîé

2-ðó÷êè). Ïðè ýòîìó êàæäàÿ îêðóæíîñòü èìååò òîò æå íîìåð, êîòîðûé è

ñîîòâåòñòâóþùàÿ êðèòè÷åñêàÿ òî÷êà ôóíêöèè Ìîðñà (ðàâíûé íîìåðó ñîîò-

âåòñòâóþùåé ðó÷êè).
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Ïðè ýòîì âñåãäà ìîæíî äîáèòüñÿ, ÷òîáû îêðóæíîñòü ñ òî÷êîé áûëà ñòàí-

äàðòíî âëîæåíîé, äóãè âíóòðè íåå áûëè ãîðèçîíòàëüíûìè è ïðîõîäèëè íàä

ëåâîé ïîëóîêðóæíîñòüþ è ïîä ïðàâîé ïîëóîêðóæíîñòüþ. Â äàëüíåéøåì ìû

áóäåì ïðåäïîëàãàòü, ÷òî äëÿ âñåõ äèàãðàìì âûïîëíÿåòñÿ ýòî ñâîéñòâî. Ïî

äðóãîìó, ìû ýòî ìîæåì ðàññìàòðèâàòü êàê ôèêñàöèþ âíóòðåííåãî äâóõìåð-

íîãî äèñêà, îðàíè÷åííîãî îêðóæíîñòüþ ñ òî÷êîé, è âñåõ åãî ïåðåñå÷åíèé ñ

äóãàìè.

Äèàãðàììó Êèðáè, â êîòîðîé êàæäîé îêðóæíîñòè ïðèïèñàí íîìåð, à äëÿ

îêðóæíîñòåé ñ òî÷êàìè çàôèêñèðîâàíû âíóòðåííèå äèñêè, íàçîâåì óïîðÿäî-

÷åííîé. Äâå óïîðÿäî÷åííûå äèàãðàììû Êèðáè íàçûâàþòñÿ èçîìîðôíûìè,

åñëè ñóùåñòâóåò ãîìåîìîðôèçì ñôåð S3, êîòîðûé îòîáðàæàåò âëîæåííûå

îêðóæíîñòè íà îêðóæíîñòè, ñîõðàíÿÿ òî÷êè èëè îñíàùåíèÿ îêðóæíîñòåé,

íîìåðà îêðóæíîñòåé è òî÷êè ïåðåñå÷åíèÿ ñ âíóòðåííèìè äèñêàìè.

Òåîðåìà 1 Äâå ïðîñòûå ïîëÿðíûå ÌÑ-ïàðû áåç êðèòè÷åñêèõ òî÷åê èíäåê-

ñà 3 íà ÷åòûðåõìåðíûõ ìíîãîîáðàçèÿõ òîïîëîãè÷åñêè ýêâèâàëåíòíû òîãäà

è òîëüêî òîãäà, åñëè ïîñòðîåííûå ïî íèì óïîðÿäî÷åííûå äèàãðàììû Êèð-

áè èçîìîðôíû.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïîñêîëüêó òîïîëîãè÷åñêàÿ ýêâèâàëåíò-

íîñòü çàäàåò ñîîòâåòñòâèå ìåæäó òðàåêòîðèÿìè ïîëåé, òî îíà ïîðîæäàåò

áèåêöèþ ìåæäó èõ ïåðåñå÷åíèÿìè ñ òðåõìåðíûìè ñôåðàìè, êîòîðàÿ ïî ïî

ïîñòðîåíèþ áóäåò ãîìåîìîðôèçìîì. Ïðè ýòîì îêðóæíîñòè îòîáðàæàþòñÿ â

îêðóæíîñòè, ñîõðàíÿÿ îòìå÷åíûå òî÷êè è îñíàùåíèÿ. Ñîîòâåòñòâèå êðèòè-

÷åñêèõ çíà÷åíèé ãàðàíòèðóåò ðàâåíñòâî íîìåðîâ (ïîðÿäêîâ) ýòèõ îêðóæíî-

ñòåé.

Äîñòàòî÷íîñòü. Íå îãðàíè÷èâàÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî ó äâóõ

ôóíêöèé îäèíàêîâûå çíà÷åíèÿ â ñîîòâåòñòâóþùèõ êðèòè÷åñêèõ òî÷êàõ.

Ãîìåîìîðôèçì äèàãðàìì çàäàåò ñîîòâåòñòâèå ìåæäó òðàåêòîðèÿìè ïîëåé

(êðîìå íåóñòîé÷èâûõ ìíîãîîáðàçèé êðèòè÷åñêèõ òî÷åê èíäåêñà 2 è 3). Ïðè

íåîáõîäèìîñòè ïîäïðàâèì åãî òàê, ÷òîáû îí ñîâïàäàë ñ ãîìåîìîðôèçìîì â

îêðåñòíîñòè îñíàùåííûõ îêðóæíîñòåé, êîòîðûé çàäàåòñÿ óñëîâèåì ïðîñòî-

òû ôóíêöèé. Òîãäà ïîëó÷èì òàêæå ñîîòâåòñòâèå ìåæäó íåóñòîé÷èâûìè ìíî-

ãîîáðàçèÿìè êðèòè÷åñêèõ òî÷åê èíäåêñà 2. Ñîîòâåòñòâèå ìåæäó íåóñòîé÷è-

âûìè ìíîãîîáðàçèÿìè êðèòè÷åñêèõ òî÷åê ìîæíî ïîëó÷èòü èç óñëîâèÿ åäèí-

ñòâåííîñòè îäíîòî÷å÷íûõ êîìïàêòèôèêàöèé íà ïðîñòðàíñòâå îðáèò. Òàêèì

îáðàçîì, ïîëó÷èì ãîìåîìîðôèçì ïðîñòðàíñòâà îðáèò îäíîé ôóíêöèè â äðó-

ãóþ. Äëÿ êàæäîé îðáèòû (òðàåêòîðèè) çàäàäèì ãîìåîìîðôèçì íà ñîîòâåò-

ñòâóþùóþ îðáèòó äðóãîé ôóíêöèè ñ ïîìîùüþ ðàâåíòñâà çíà÷åíèé ôóíêöèé
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â òî÷êàõ îðáèòû. Òàêèì îáðàçîì ïîëó÷èì èñêîìûé ãîìåîìîðôèçì ìíîãîîá-

ðàçèé.

Ïðèìåð. Íà ÷åòûð¼õìåðíîé ñôåðå ôóíêöèÿ Ìîðñà ñ 4 êðèòè÷åñêè-

ìè òî÷êàìè èíäåêñîâ 0,1, 2 è 4 çàäàåòñÿ ïðîèçâîëüíûì óçëîì (2-ðó÷êà) è

îêðóæíîñòüþ ñ òî÷êîé, êîòîðàÿ åñòü ãðàíèöåé 2-äèñêà, êîòîðûé ïåðåñåêàåò-

ñÿ ñ óçëîì òðàíñâåðñàëüíî â îäíîé âíóòðåííåé òî÷êå. Äâå òàêèå äèàãðàììû

ýêâèâàëåíòíû, åñëè ýêâèâàëåíòíû èõ óçëû (ñóùåñòâóåò ãîìåîìîðôèçì òðåõ-

ìåðíîé ñôåðû, ïåðåâîäÿùèé óçåë â óçåë).

Çàêëþ÷åíèå. Èññëåäîâàíû òîïîëîãè÷åñêèå ñâîéñòâà ÌÑ-ïàð íà çà-

ìêíóòûõ ÷åòûð¼õìåðíûõ ìíîãîîáðàçèÿõ. Àâòîð íàäååòñÿ, ÷òî ïîëó÷åííûå

ðåçóëüòàòû ìîæíà áóäåò ðàñïðîñòðàíèòü íà áîëåå øèðîêèé êëàññ ÌÑ-ïàð.
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Îá àôôèííûõ îìáèëè÷åñêèõ ïîãðóæåíèÿõ âû-
ñîêîé êîðàçìåðíîñòè.

Åëåíà Àëåêñååâíà Øóãàéëî

Àííîòàöèÿ Â ðàáîòå îïèñàíû ñâîéñòâà ìíîãîìåðíûõ àôôèííûõ îì-

áèëè÷åñêèõ ïîãðóæåíèé âûñîêîé êîðàçìåðíîñòè ñ ïëîñêîé è ëîêàëüíî

ñèììåòðè÷åñêîé èíäóöèðîâàííîé ñâÿçíîñòüþ. Äàíà ïàðàìåòðèçàöèÿ îìáè-

ëè÷åñêèõ ïîãðóæåíèé ñ íèëüïîòåíòíûì îïåðàòîðîì êðèâèçíû.

Êëþ÷åâûå ñëîâà àôôèííîå ïîãðóæåíèå, îïåðàòîð êðèâèçíû, ëîêàëüíî

ñèììåòðè÷åñêàÿ ñâÿçíîñòü.

ÓÄÊ 514.754

Ââåäåíèå

Ïóñòü (Mn,∇) � àôôèííîå n-ìåðíîå ìíîãîîáðàçèå ñî ñâÿçíîñòüþ ∇,
(Rn+k, D) � ñòàíäàðòíîå (àðèôìåòè÷åñêîå) àôôèííîå ïðîñòðàíñòâî ñ ïëîñ-

êîé ñâÿçíîñòüþ D. Îáîçíà÷èì X(Mn) ìíîæåñòâî âñåõ ãëàäêèõ âåêòîðíûõ

ïîëåé íà Mn. Â ñîîòâåòñòâèè ñ [3], ïîãðóæåíèå f : (Mn,∇) → (Rn+k, D)

íàçûâàåòñÿ àôôèííûì, åñëè âäîëü ïîãðóæåíèÿ îïðåäåëåíî k-ìåðíîå òðàíñ-

âåðñàëüíîå äèôôåðåíöèðóåìîå ðàñïðåäåëåíèå Q: x ∈ Mn 7→ Qx òàêîå, ÷òî

äëÿ âñåõ x ∈Mn è âñåõ X, Y ∈ X(Mn) ñïðàâåäëèâî ðàçëîæåíèå

DXf∗(Y ) = f∗(∇XY ) + h(X, Y ), h(X, Y ) ∈ Q, (1)

êîòîðîå îïðåäåëÿåò àôôèííóþ ôóíäàìåíòàëüíóþ ôîðìó h(X,Y ).

Äëÿ ïðîèçâîëüíîãî òðàíñâåðñàëüíîãî âåêòîðíîãî ïîëÿ ξ çàïèñûâàåòñÿ

òàêæå àíàëîãè÷íîå ðàçëîæåíèå DXξ = −f∗(SξX) + ∇⊥Xξ, êîòîðîå îïðåäå-



Àôôèííûå îìáèëè÷åñêèå ïîãðóæåíèÿ 27

ëÿåò îïåðàòîð Âåéíãàðòåíà Sξ îòíîñèòåëüíî ξ è òðàíñâåðñàëüíóþ ñâÿç-

íîñòü ∇⊥.
Îòîáðàæåíèå Sx : Qx × Tx(Mn) → Tx(Mn), äåéñòâóþùåå ïî ïðàâèëó

(ξ,X) 7→ SξX â êàæäîé òî÷êå x ∈ Mn, îïðåäåëÿåò îòîáðàæåíèå Âåéíãàð-

òåíà.

Ïóñòü ξ1, . . . ξk � áàçèñ òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ Q. Àôôèííûå

àíàëîãè ðàçëîæåíèé Ãàóññà è Âåéíãàðòåíà çàïèñûâàþòñÿ â âèäå

DXY = ∇XY + hα(X, Y )ξα, (2)

DXξα = −SαX + τβα (X)ξβ . (3)

Êîìïîíåíòû êóáè÷åñêîé ôîðìû àôôèííîãî ïîãðóæåíèÿ îòíîñèòåëüíî

áàçèñà òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ èìåþò âèä:

Cα(X, Y, Z) = (∇Xhα)(Y, Z) + ταβ (X)hβ(Y, Z). (4)

Â [7] äîêàçàíî, ÷òî ðàíã îòîáðàæåíèÿ h(X, Y ) : Tx(M)×Tx(M)→ Qx íå

çàâèñèò îò âûáîðà òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ è íàçûâàåòñÿ òî÷å÷íîé

êîðàçìåðíîñòüþ àôôèííîãî ïîãðóæåíèÿ. Äîêàçàíî òàêæå, ÷òî â ñëó÷àå àô-

ôèííîãî ïîãðóæåíèÿ ìàêñèìàëüíîé òî÷å÷íîé êîðàçìåðíîñòè ðàçìåðíîñòü

ÿäðà è îáðàçà îòîáðàæåíèÿ Âåéíãàðòåíà íå çàâèñÿò îò âûáîðà òðàíñâåð-

ñàëüíîãî ðàñïðåäåëåíèÿ. Ñëåäîâàòåëüíî, ìîæíî âûäåëÿòü îòäåëüíûå êëàñ-

ñû ïîãðóæåíèé, èìåþùèå îáùèå ñâîéñòâà îòîáðàæåíèÿ Âåéíãàðòåíà. Îä-

íèì èç òàêèõ êëàññîâ ÿâëÿþòñÿ îìáèëè÷åñêèå ïîãðóæåíèÿ. Õîðîøî èçó÷åíû

îìáèëè÷åñêèå ãèïåðïîâåðõíîñòè - ñîáñòâåííûå è íåñîáñòâåííûå àôôèííûå

ñôåðû ([2,3] è äð.). Îïðåäåëåíèå è ñâîéñòâà îìáèëè÷åñêèõ ïîãðóæåíèé êî-

ðàçìåðíîñòè äâà äàíû â [4]. Äëÿ ïîãðóæåíèé áîëåå âûñîêîé êîðàçìåðíîñòè

ââåäåì àíàëîãè÷íîå îïðåäåëåíèå

Îïðåäåëåíèå 1 Àôôèííîå ïîãðóæåíèå f : (Mn, ∇) → (Rn+k, D), äëÿ

êîòîðîãî ñóùåñòâóåò òðàíñâåðñàëüíîå ðàñïðåäåëåíèå Q òàêîå, ÷òî îòîá-

ðàæåíèå Âåéíãàðòåíà îáëàäàåò ñëåäóþùèì ñâîéñòâîì:

S : (ξ,X) 7→ λξ ·X, ãäå λξ − ãëàäêàÿ ôóíêöèÿ ∀ ξ,

íàçûâàåòñÿ àôôèííûì îìáèëè÷åñêèì ïîãðóæåíèåì. Ïðè ýòîì

(i) åñëè âñå λξ íóëåâûå, òî åñòü S ≡ 0, òî ïîãðóæåíèå íàçûâàåòñÿ íåñîá-

ñòâåííûì àôôèííûì îìáèëè÷åñêèì;

(ii) â ïðîòèâíîì ñëó÷àå ïîãðóæåíèå íàçûâàåòñÿ ñîáñòâåííûì àôôèííûì îì-

áèëè÷åñêèì.
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Îïåðàòîðû Âåéíãàðòåíà àôôèííîãî îìáèëè÷åñêîãî ïîãðóæåíèÿ îáëàäà-

þò ñëåäóþùèìè ñâîéñòâàìè: Sα = λα · I, ãäå λα � ãëàäêèå ôóíêöèè, I �

òîæäåñòâåííûé îïåðàòîð.

Çàìåòèì, ÷òî àôôèííûå îìáèëè÷åñêèå ïîãðóæåíèÿ ÿâëÿþòñÿ ÷àñòíûì

ñëó÷àåì öåíòðî-àôôèííûõ ïîãðóæåíèé [4,3].

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñîáñòâåííûõ àôôèííûõ îìáèëè÷å-

ñêèõ ïîãðóæåíèé.

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì àôôèííîå ïîãðóæåíèå f : (Mn, ∇) → (Rn+k, D). Õîðîøî èç-

âåñòíû [2] îñíîâíûå óðàâíåíèÿ àôôèííûõ ïîãðóæåíèé:

R(X, Y )Z = hα(Y, Z)SαX − hα(X, Z)SαY ; (5)

(∇Xhα)(Y, Z) + ταβ (X)hβ(Y, Z) = (∇Y hα)(X, Z) + ταβ (Y )hβ(X, Z); (6)

(∇XSα)Y − τβα (X)SβY = (∇Y Sα)X − τβα (Y )SβX; (7)

hβ(X, SαY )− hβ(Y, SαX) =

X(τβα (Y )) + τβγ (X)τγα(Y )− Y (τβα (X))− τβγ (Y )τγα(X)− τβα ([X, Y ]). (8)

Äîêàçàíî [7], ÷òî åñëèMn � ïîäìíîãîîáðàçèå â Rn+k ñ òðàíñâåðñàëüíûì
ðàñïðåäåëåíèåì Q = span{ξ1, . . . , ξk} è Q̄ = span{ξ̄1, . . . , ξ̄k} � ïðåîáðàçîâà-
íèå òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ

ξ̄α = Φβαξβ + Zα, (9)

ãäå Zα � êàñàòåëüíûå âåêòîðíûå ïîëÿ íà Mn, Φ = [Φβα]k×k íåâûðîæäåííàÿ

ìàòðèöà èç ãëàäêèõ ôóíêöèé, òîãäà:

h̄α(X, Y ) = [Φ−1]αβh
β(X, Y ) (10)

∇̄XY = ∇XY − [Φ−1]αβh
β(X, Y )Zα (11)

S̄αX = ΦβαSβX −∇XZα + τ̄βα (X)Zβ (12)

τ̄βα (X) = [Φ−1]βγ{τ
γ
δ (X)Φδα + hγ(X, Zα) +X(Φγα)} (13)
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Òåîðåìà 1 Ïóñòü f : (Mn, ∇) → (Rn+k, D) � ñîáñòâåííîå àôôèííîå îì-

áèëè÷åñêîå ïîãðóæåíèå ñ ðàäèóñîì-âåêòîðîì ïîãðóæåíèÿ r̄. Åñëè â òðàíñ-

âåðñàëüíîì ðàñïðåäåëåíèè ñóùåñòâóåò âåêòîðíîå ïîëå ξ òàêîå, ÷òî λξ 6= 0

âî âñåé îáëàñòè îïðåäåëåíèÿ, òîãäà áàçèñ òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ

ìîæåò áûòü âûáðàí ñëåäóþùèì îáðàçîì

ξ1 = −r̄, ξα =
−−−→
const ïðè α = 2, k. (14)

Ïðè ýòîì:

1) îïåðàòîðû Âåéíãàðòåíà èìåþò ñëåäóþùèé âèä

S1 = I, Sα ≡ 0 ∀α = 2, k; (15)

2) òðàíñâåðñàëüíàÿ ñâÿçíîñòü ïëîñêàÿ, ïðè÷åì

τβα (X) = 0 äëÿ âñåõ X è âñåõ α, β = 1, k;

3) òåíçîð êðèâèçíû èíäóöèðîâàííîé ñâÿçíîñòè âû÷èñëÿåòñÿ ïî ôîðìóëå

R(X, Y )Z = h1(Y, Z)X − h1(X, Z)Y (16)

4) ñâÿçíîñòü ÿâëÿåòñÿ ïðîåêòèâíî ïëîñêîé;

5) ñâÿçíîñòü ïîëóñèììåòðè÷åñêàÿ, ò.å. R ·R = 0;

6) òåíçîð Ðè÷÷è ñèììåòðè÷åí è âû÷èñëÿåòñÿ ïî ôîðìóëå

Ric(Y, Z) = (n− 1)h1(Y, Z).

Äîêàçàòåëüñòâî Ðàññìîòðèì àôôèííîå îìáèëè÷åñêîå ïîãðóæåíèå f :

(Mn, ∇) → (Rn+k, D). Îïåðàòîðû Âåéíãàðòåíà èìåþò ñëåäóþùèé âèä

Sα = λα · I, ïðè÷åì ñóùåñòâóåò α òàêîå, ÷òî λα 6= 0 âî âñåé îáëàñòè îïðå-

äåëåíèÿ. Íå íàðóøàÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî λ1 6= 0. Òîãäà ìîæíî

âûáðàòü áàçèñ â òðàíñâåðñàëüíîì ðàñïðåäåëåíèè

ξ̄α = Φβαξβ , Φk×k =


1/λ1 −λ2/λ1 . . . −λk/λ1

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1


òàêèì îáðàçîì, ÷òî S̄1 = I, S̄α ≡ 0 ∀α = 2, k. Òî åñòü îïåðàòîðû Âåéíãàðòåíà

èìåþò âèä (15).

Èç óðàâíåíèÿ Ãàóññà (5) ïîëó÷àåì, ÷òî òåíçîð êðèâèçíû âû÷èñëÿåòñÿ ïî

ôîðìóëå (16)

R(X, Y )Z = h1(Y, Z)X − h1(X, Z)Y.
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Òåíçîð êðèâèçíû â äàííîì ñëó÷àå ñîâïàäàåò ñ òåíçîðîì êðèâèçíû èíäó-

öèðîâàííîé ñâÿçíîñòè öåíòðî-àôôèííîãî ïîãðóæåíèÿ ãèïåðïîâåðõíîñòè [3].

Ñëåäîâàòåëüíî, â äàííîì ñëó÷àå ñâÿçíîñòü èìååò òå æå ñâîéñòâà, à èìåííî:

1) òåíçîð Ðè÷÷è ñèììåòðè÷åí è âû÷èñëÿåòñÿ ïî ôîðìóëå

Ric(Y, Z) = (n− 1)h1(Y, Z);

2) ñâÿçíîñòü ÿâëÿåòñÿ ïðîåêòèâíî ïëîñêîé.

Ïðÿìûì ïîäñ÷åòîì ëåãêî ïðîâåðèòü, ÷òî äàííàÿ ñâÿçíîñòü ïîëóñèììåòðè-

÷åñêàÿ, ò.å. R ·R = 0.

(R(U,W ) ·R)(X,Y )Z = R(U,W )(R(X,Y )Z)−R(R(U,W )X,Y )Z−

R(X,R(U,W )Y )Z −R(X,Y )(R(U,W )Z) = (R(U,W )(h1(Y,Z)X−

h1(X,Z)Y )−R(h1(W,X)U − h1(U,X)W,Y )Z −R(X,h1(W,Y )U−

h1(U, Y )W )Z −R(X,Y )(h1(W,Z)U − h1(U,Z)W ) =

h1(Y,Z)(h1(W,X)U − h1(U,X)W )− h1(X,Z)(h1(W,Y )U − h1(U, Y )W )−

h1(W,X)(h1(Y,Z)U − h1(U,Z)Y ) + h1(U,X)(h1(Y,Z)W − h1(W,Z)Y )−

h1(W,Y )(h1(U,Z)X − h1(X,Z)U) + h1(U, Y )(h1(W,Z)X − h1(X,Z)W )−

h1(W,Z)(h1(Y,U)X − h1(X,U)Y ) + h1(U,Z)(h1(Y,W )X − h1(X,W )Y ) = 0

Ðàññìîòðèì óðàâíåíèÿ Ðè÷÷è (8) äëÿ äàííîãî ïîãðóæåíèÿ

ïðè α = 1 : hβ(X, S1Y )− hβ(Y, S1X) = hβ(X, Y )− hβ(Y, X) = 0;

ïðè α = 2, k : hβ(X, SαY )− hβ(Y, SαX) = hβ(X, 0)− hβ(Y, 0) = 0.

Òàêèì îáðàçîì, äëÿ äàííîãî ïîãðóæåíèÿ òðàíñâåðñàëüíàÿ ñâÿçíîñòü

ïëîñêàÿ.

Ïîñêîëüêó Sα = 0 ïðè α = 2, k è ∇S1 = 0 ïðè α = 1, òî èç óðàâíå-

íèé Êîäàööè (7), ïîëó÷àåì: −τ1α(X)Y = −τ1α(Y )X. Òàê êàê ýòî ðàâåíñòâî

âûïîëíÿåòñÿ ïðè ëþáûõ X, Y , òî ñëåäîâàòåëüíî,

τ1α(X) = 0 äëÿ âñåõ X è âñåõ α = 1, k. (17)

Ïîñêîëüêó òðàíñâåðñàëüíàÿ ñâÿçíîñòü ïëîñêàÿ, òî ìîæíî âûáðàòü áàçèñ â

òðàíñâåðñàëüíîì ðàñïðåäåëåíèè òàêèì îáðàçîì, ÷òî âñå ôîðìû òðàíñâåð-

ñàëüíîé ñâÿçíîñòè áóäóò íóëåâûå. À ñ ó÷åòîì (17) îêàçûâàåòñÿ, ÷òî òà-

êîé áàçèñ ìîæåò áûòü ïîëó÷åí ïðåîáðàçîâàíèåì ξ̄α = Φβαξβ ñ ìàòðèöåé

Φk×k =

(
1 01×(k−1)

b(k−1)×1 Ψ(k−1)×(k−1)

)
, êîòîðàÿ íå ìåíÿåò (12,13) âèä îïåðàòî-

ðîâ Âåéíãàðòåíà (15).
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Èòàê, ïîëó÷àåì DXξ1 = −X, DXξα = 0 ïðè α = 2, k. Òàêèì îáðàçîì, åñ-

ëè r̄ - ðàäèóñ-âåêòîð ïîãðóæåíèÿ, òî áàçèñ òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ

ìîæåò áûòü âûáðàí ñëåäóþùèì îáðàçîì ξ1 = −r̄, ξα =
−−−→
const ïðè α = 2, k.

Òåîðåìà ïîëíîñòüþ äîêàçàíà.

Ëåììà 1 Ïóñòü f : (Mn, ∇) → (Rn+k, D) � ñîáñòâåííîå àôôèííîå îì-

áèëè÷åñêîå ïîãðóæåíèå, ïðè÷åì ñóùåñòâóåò α òàêîå, ÷òî λα 6= 0 âî âñåé

îáëàñòè îïðåäåëåíèÿ. Òîãäà ïîãðóæåíèå ìîæåò áûòü ïàðàìåòðèçîâàíî

ñëåäóþùèì îáðàçîì

r̄(x) = {ρ1(x), . . . , ρn+1(x), F 2(x), . . . , F k(x)} (18)

ñ áàçèñîì òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ

ξ1 =−ρ̄=−{ρ1, . . . , ρn+1, 0, . . . , 0}, ξα={0, . . . , 1, . . . , 0} ïðè α = 2, k, (19)

ãäå åäèíèöà ñòîèò íà (n+ α)-ì ìåñòå. Ïðè ýòîì âûïîëíÿþòñÿ âñå ñâîé-

ñòâà, ñôîðìóëèðîâàííûå â òåîðåìå 1, çà èñêëþ÷åíèåì ôîðì òðàíñâåðñàëü-

íîé ñâÿçíîñòè: τβ1 (X) = X(F β) äëÿ β = 2, k, îñòàëüíûå êîìïîíåíòû íóëå-

âûå.

Äîêàçàòåëüñòâî Âûáåðåì áàçèñ òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ (14).

Èòàê, ξα � ïîñòîÿííûå âåêòîðíûå ïîëÿ äëÿ α = 2, k. Ïóñòü V = Rn+1 �

àôôèííîå ïîäïðîñòðàíñòâî â Rn+k, òðàíñâåðñàëüíîå ïðîñòðàíñòâó Q̃ =

Lin {ξ2, . . . , ξk}. Ïóñòü π : Rn+k → V � ïðîåêöèÿ âäîëü Q̃ òàêàÿ, ÷òî

π◦f : Mn → Rn+1 � öåíòðî-àôôèííîå ïîãðóæåíèå ñ îáðàçîìW � îòêðûòûì

ïîäìíîæåñòâîì V è òðàíñâåðñàëüíûì âåêòîðíûì ïîëåì ξ̃, ãäå ξ̃ � ïðîåêöèÿ

ξ1 íà V âäîëü Q̃. Ìîæåì íàéòè ãëàäêîå îòîáðàæåíèå F : Mn → Rk−1 òàêîå,
÷òî f(x) = (π ◦ f)(x) +

n∑
α=2

Fα(x)ξα.

Âûáåðåì ñèñòåìó êîîðäèíàò â ïîäïðîñòðàíñòâå Q̃ ñëåäóþùèì îáðàçîì:

ξα={0, . . . , 1, . . . , 0}, ãäå åäèíèöà ñòîèò íà (n+α)-ì ìåñòå ïðè α = 2, k. Òîãäà

ξ̃ = −{ρ1, . . . , ρn+1, 0, . . . , 0} = ξ1 è ïàðàìåòðèçàöèÿ ïîãðóæåíèÿ èìååò âèä

(18).

Â òåîðåìå 1 ñâîéñòâà îìáèëè÷åñêîãî ïîãðóæåíèÿ ñôîðìóëèðîâàíû äëÿ

áàçèñà òðàíñâåðñàëüíîãî ïîãðóæåíèÿ (14). Áàçèñ (19) ñîîòâåòñòâóåò ïðåîá-

ðàçîâàíèþ (9) áàçèñà (14) ñ Zα ≡ 0 è ìàòðèöåé

Φk×k =


1 0 . . . 0

F 2 1 . . . 0
...

...
. . .

...

F k 0 . . . 1

 .
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Ïðè òàêîì ïðåîáðàçîâàíèè h1 íå ìåíÿåòñÿ (10), âèä îïåðàòîðîâ Âåéíãàðòå-

íà (15) òàêæå íå ìåíÿåòñÿ (12), à çíà÷èò, íå ìåíÿþòñÿ è ñâîéñòâà òåíçîðà

êðèâèçíû. Òðàíñâåðñàëüíàÿ ñâÿçíîñòü îñòàåòñÿ ïëîñêîé, íî èç (13) ñëåäóåò,

÷òî τβ1 (X) = X(F β), îñòàëüíûå êîìïîíåíòû íóëåâûå.

Î÷åâèäíî, ÷òî åñëè íå âñå λα íóëåâûå, íî íå ñóùåñòâóåò α, ïðè êîòîðîì

λα íå îáðàùàåòñÿ â íóëü âî âñåé îáëàñòè îïðåäåëåíèÿ, òî ïàðàìåòðèçàöèÿ

(18) ìîæåò áûòü âûáðàíà ëîêàëüíî.

Åñëè äëÿ ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî ïîãðóæåíèÿ âûáðàí

òðàíñâåðñàëüíûé áàçèñ (19), òî ñâîéñòâà ïîãðóæåíèÿ îïðåäåëÿþòñÿ êîì-

ïîíåíòîé àôôèííîé ôóíäàìåíòàëüíîé ôîðìû îòíîñèòåëüíî ξ1, òî åñòü

h1(X,Y ). Íàçîâåì ñîáñòâåííîå àôôèííîå îìáèëè÷åñêîå ïîãðóæåíèå ñ áà-

çèñîì òðàíñâåðñàëüíîãî ðàñïðåäåëåíèÿ (19) íåâûðîæäåííûì, åñëè ôîðìà

h1 íåâûðîæäåíà, è âûðîæäåííûì â ïðîòèâíîì ñëó÷àå.

Ñëåäñòâèåì ïðåäûäóùåé ëåììû ÿâëÿåòñÿ ñëåäóþùåå

Ïðåäëîæåíèå 1 Îáðàç ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî ïîãðóæå-

íèÿ f : (Mn, ∇)→ (Rn+k, D) ëåæèò íà àôôèííîì ãèïåðöèëèíäðå ñ (k−1)-

ìåðíîé îáðàçóþùåé, áàçîé êîòîðîãî ÿâëÿåòñÿ n-ìåðíàÿ öåíòðî-àôôèííàÿ

ãèïåðïîâåðõíîñòü.

Ëåììà 2 Ïóñòü äàíû äâà ñîáñòâåííûõ àôôèííûõ îìáèëè÷åñêèõ ïîãðóæå-

íèÿ f : (Mn, ∇) → (Rn+k, D) è f̃ : (Mn, ∇̃) → (Rn+k, D). Ïðåäïîëîæèì

∇ = ∇̃, òîãäà îáðàçû ýòèõ ïîãðóæåíèé ëåæàò íà àôôèííî ýêâèâàëåíòíûõ

öèëèíäðàõ.

Äîêàçàòåëüñòâî Âûáåðåì äëÿ êàæäîãî èç äàííûõ ïîãðóæåíèé òðàíñâåð-

ñàëüíûé áàçèñ (19). Ïîãðóæåíèÿ ëåæàò íà àôôèííûõ öèëèíäðàõ ñ áàçàìè,

êîòîðûå çàäàþòñÿ ðàäèóñàìè-âåêòîðàìè ρ è ρ̃ ñîîòâåòñòâåííî.

Äëÿ öåíòðî-àôôèííûõ ãèïåðïîâåðõíîñòåé ρ è ρ̃ èìååì ñëåäóþùèå õà-

ðàêòåðèñòèêè: (∇, h = h1, S = S1 = I, τ = τ11 = 0), (∇̃, h̃ = h̃1, S̃ = S̃1 =

I, τ̃ = τ̃11 = 0). Ïîñêîëüêó ∇ = ∇̃, òî R = R̃, íà îñíîâàíèè ôîðìóëû (16)

äåëàåì âûâîä, ÷òî h1 = h̃1, òî åñòü h = h̃. Ñëåäîâàòåëüíî, âñå õàðàêòåðè-

ñòèêè äëÿ ãèïåðïîâåðõíîñòåé ñîâïàäàþò, è íà îñíîâàíèè èçâåñòíûõ òåîðåì

î åäèíñòâåííîñòè, äåëàåì âûâîä, ÷òî ρ è ρ̃ àôôèííî ýêâèâàëåíòíû. À ñëå-

äîâàòåëüíî, ýêâèâàëåíòíû àôôèííûå öèëèíäðû, íà êîòîðûõ ëåæàò îáðàçû

f è f̃ .
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2 Àôôèííûå îìáèëè÷åñêèå ïîãðóæåíèÿ ñ ïëîñêîé ñâÿçíîñòüþ

Ðàññìîòðèì ñíà÷àëà íåñîáñòâåííîå àôôèííîå îìáèëè÷åñêîå ïîãðóæåíèå.

Òàêîå ïîãðóæåíèå àôôèííî ýêâèâàëåíòíî [7] ïîãðóæåíèþ ãðàôèêà íåêî-

òîðîãî ãëàäêîãî îòîáðàæåíèÿ F : Mn → Rk, èíäóöèðîâàííàÿ ñâÿçíîñòü â

äàííîì ñëó÷àå ïëîñêàÿ.

Ðàññìîòðèì òåïåðü ñîáñòâåííîå àôôèííîå îìáèëè÷åñêîå ïîãðóæåíèå.

Ëåììà 3 Îáðàç ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî ïîãðóæåíèÿ f :

(Mn, ∇)→ (Rn+k, D) ñ ïëîñêîé ñâÿçíîñòüþ ∇ ëåæèò â àôôèííîé ãèïåð-

ïëîñêîñòè â Rn+k, íå ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò.

Äîêàçàòåëüñòâî Âûáåðåì äëÿ äëÿ ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî

ïîãðóæåíèÿ òðàíñâåðñàëüíûé áàçèñ (19). Ïîñêîëüêó ñâÿçíîñòü ïëîñêàÿ, òî

R(X, Y )Z = h1(Y, Z)X − h1(X, Z)Y = 0 ∀X,Y, Z ⇒ h1 = 0.

Ñëåäîâàòåëüíî, öåíòðî-àôôèííàÿ ãèïåðïîâåðõíîñòü ρ̄ ÿâëÿåòñÿ àôôèííîé

ãèïåðïëîñêîñòüþ â Rn+1, íå ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò. Ñóùåñòâó-

åò ñèñòåìà êîîðäèíàò, â êîòîðîé ðàäèóñ-âåêòîð ïîãðóæåíèÿ çàäàåòñÿ ñëåäó-

þùèì îáðàçîì

r̄(x) = {x1, . . . , xn, aixi + 1, F 2(x), . . . , F k(x)}.

Òàêèì îáðàçîì, îáðàç ïîãðóæåíèÿ ëåæèò íà àôôèííîé ãèïåðïëîñêîñòè â

Rn+k, íå ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò. Ïîãðóæåíèå, ðàññìàòðèâàå-

ìîå êàê îòîáðàæåíèå â ýòîé ãèïåðïëîñêîñòè, ÿâëÿåòñÿ ïîãðóæåíèåì ãðàôèêà

ãëàäêîãî îòîáðàæåíèÿ F : Mn → Rk−1.

3 Îìáèëè÷åñêèå ïîãðóæåíèÿ ñ ëîêàëüíî ñèììåòðè÷åñêîé

ñâÿçíîñòüþ

Íàïîìíèì, ÷òî ñâÿçíîñòü ∇ íàçûâàåòñÿ ëîêàëüíî ñèììåòðè÷åñêîé, åñëè

∇R = 0. Ïóñòü f : (Mn, ∇) → (Rn+k, D) ñîáñòâåííîå àôôèííîå îìáè-

ëè÷åñêîå ïîãðóæåíèå. Âûáåðåì òðàíñâåðñàëüíîå ðàñïðåäåëåíèå (14), òîãäà
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òåíçîð êðèâèçíû âû÷èñëÿåòñÿ ïî ôîðìóëå (16). Âû÷èñëèì ∇R:

(∇WR)(X,Y )Z =

= ∇W (R(X,Y )Z)−R(∇WX,Y )Z −R(X,∇WY )Z −R(X,Y )∇WZ =

= ∇W (h1(Y,Z)X − h1(X,Z)Y )− h1(Y,Z)∇WX + h1(∇WX,Z)Y−

− h1(∇WY,Z)X + h1(X,Z)∇WY − h1(Y,∇WZ)X + h1(X,∇WZ)Y =

= W (h1(Y, Z))X − h1(∇WY,Z)X − h1(Y,∇WZ)X −W (h1(X,Z))Y+

+ h1(X,Z)∇WY + h1(X,∇WZ)Y = (∇Wh1)(Y,Z)X − (∇Wh1)(X,Z)Y

Ñëåäîâàòåëüíî, äëÿ ñîáñòâåííûõ àôôèííûõ îìáèëè÷åñêèõ ïîãðóæåíèé

ñ òðàíñâåðñàëüíûì ðàñïðåäåëåíèåì (14)

∇R = 0 ⇔ ∇h1 = 0 (20)

Äëÿ òîãî, ÷òîáû ñâÿçíîñòü áûëà ëîêàëüíî ñèììåòðè÷åñêîé íåîáõîäèìî

è äîñòàòî÷íî, ÷òîáû îíà áûëà ñîãëàñîâàíà ñ êâàäðàòè÷íîé ôîðìîé h1. Êàê

èçâåñòíî, ñóùåñòâóåò åäèíñòâåííàÿ ñâÿçíîñòü áåç êðó÷åíèÿ, ñîãëàñîâàííàÿ

ñ íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìîé. Òåíçîð êðèâèçíû ïðè ýòîì èìååò

âèä (16). Â ñëó÷àå, êîãäà àôôèííàÿ ôóíäàìåíòàëüíàÿ ôîðìà ïîëîæèòåëü-

íî îïðåäåëåíà, ìû èìååì ïîëíóþ àíàëîãèþ ñ ðèìàíîâûì îìáèëè÷åñêèì ïî-

ãðóæåíèåì, èëè ïîãðóæåíèåì ïîñòîÿííîé ïîëîæèòåëüíîé êðèâèçíû. Ñëåäî-

âàòåëüíî, íåâûðîæäåííîå ñîáñòâåííîå àôôèííîå îìáèëè÷åñêîå ïîãðóæåíèå

f : (Mn, ∇) → (Rn+k, D) ñ ïîëîæèòåëüíî îïðåäåëåííîé h1 ìîæåò áûòü

ïàðàìåòðèçîâàíî ñëåäóþùèì îáðàçîì

r̄ = {ρ1, . . . , ρn+1, f2, . . . , fk},

ãäå ρ̄ = {ρ1, . . . , ρn+1} � ðàäèóñ-âåêòîð ãèïåðñôåðû Sn, fα � ïðîèçâîëüíûå

ãëàäêèå ôóíêöèè äëÿ α = 2, k. Î÷åâèäíî, ÷òî∇ â äàííîì ñëó÷àå � ñâÿçíîñòü

ãèïåðñôåðû.

Â îáùåì ñëó÷àå âûáåðåì ïàðàìåòðèçàöèþ àôôèííîãî îìáèëè÷åñêîãî

ïîãðóæåíèÿ (18), ãäå ρ̄ � ðàäèóñ-âåêòîð öåíòðî-àôôèííîé ãèïåðïîâåðõíî-

ñòè.Âû÷èñëèì äëÿ íåå êóáè÷åñêóþ ôîðìó Cρ:

Cρ(X, Y, Z) = (∇Xh1)(Y, Z) + τ11 (X)h1(Y, Z) = 0.

Èòàê, åñëè èíäóöèðîâàííàÿ ñâÿçíîñòü ëîêàëüíî-ñèììåòðè÷åñêàÿ, òî ρ̄ � ïà-

ðàëëåëüíàÿ öåíòðî-àôôèííàÿ ãèïåðïîâåðõíîñòü. Òàêèå ïîâåðõíîñòè õîðî-

øî èçó÷åíû. Íåâûðîæäåííûìè ïàðàëëåëüíûìè öåíòðî-àôôèííûìè ãèïåð-

ïîâåðõíîñòÿìè ÿâëÿþòñÿ òîëüêî öåíòðàëüíûå ãèïåðêâàäðèêè [3].
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Âûðîæäåííûìè ïàðàëëåëüíûìè ãèïåðïîâåðõíîñòÿìè ÿâëÿþòñÿ àôôèí-

íûå öèëèíäðû [1], [3], [8]. Ñëåäîâàòåëüíî, âûðîæäåííûìè ïàðàëëåëüíûìè

öåíòðî-àôôèííûìè ãèïåðïîâåðõíîñòÿìè ÿâëÿþòñÿ öèëèíäðû íàä öåíòðàëü-

íûìè êâàäðèêàìè.

Ïðåäëîæåíèå 2 Îáðàç ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî ïîãðóæå-

íèÿ f : (Mn, ∇) → (Rn+k, D) ñ ëîêàëüíî-ñèììåòðè÷åñêîé ñâÿçíîñòüþ ∇
ëåæèò íà àôôèííîì öèëèíäðå íàä öåíòðàëüíîé êâàäðèêîé.

4 Ñîáñòâåííûå àôôèííûå îìáèëè÷åñêèå ïîãðóæåíèÿ ñ

íèëüïîòåíòíûì îïåðàòîðîì êðèâèçíû

Îïðåäåëèì ñòåïåíè îïåðàòîðà êðèâèçíû R(X,Y ) ðåêóððåíòíî ñëåäóþùèì

îáðàçîì:

Rp(X,Y )Z = Rp−1(X,Y )(R(X,Y )Z), p > 1

Äëÿ äåéñòâèòåëüíûõ ïðîñòðàíñòâåííûõ ôîðì (Mn, g) äëÿ ëþáûõ X è Y

èìååò ìåñòî ôîðìóëà [6]

Rp(X,Y ) =

{
(−b2c2)s−1R(X,Y ), p = 2s− 1,

(−b2c2)s−1R2(X,Y ), p = 2s,
s ∈ N,

ãäå b = |X ∧ Y | � íîðìà áèâåêòîðà X ∧ Y .
Íàéäåì ñòåïåíè îïåðàòîðà êðèâèçíû (16):

R2(X,Y )Z = h1(Y, h1(Y,Z)X−h1(X,Z)Y )X−h1(X,h1(Y, Z)X−h1(X,Z)Y )Y =

= {h1(Y,X)h1(Y, Z)−h1(Y, Y )h1(X,Z)}X−{h1(X,X)h1(Y, Z)−h1(X,Y )h1(X,Z)}Y,

R3(X,Y )Z = h1(Y, {h1(Y,X)h1(Y,Z)− h1(Y, Y )h1(X,Z)}X−

− {h1(X,X)h1(Y,Z)− h1(X,Y )h1(X,Z)}Y )X − h1(X, {h1(Y,X)h1(Y,Z)−

− h1(Y, Y )h1(X,Z)}X − {h1(X,X)h1(Y, Z)− h1(X,Y )h1(X,Z)}Y )Y =

= h1(X,Y )h1(X,Y ){h1(Y, Z)X−h1(X,Z)Y }−h1(X,X)h1(Y, Y ){h1(Y,Z)X−

− h1(X,Z)}Y } = {h1(X,Y )h1(X,Y )− h1(X,X)h1(Y, Y )}R(X,Y )Z.

Ïî èíäóêöèè ïîëó÷àåì

Rp(X,Y ) =


{(h1(X,Y ))2 − h1(X,X)h1(Y, Y )}s−1R(X,Y )

äëÿ p = 2s− 1, s ∈ N;

{(h1(X,Y ))2 − h1(X,X)h1(Y, Y )}s−1R2(X,Y )

äëÿ p = 2s, s ∈ N,

(21)
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Â ñëó÷àå, êîãäà ïîãðóæåíèå ÿâëÿåòñÿ íåâûðîæäåííîé öåíòðî-àôôèííîé

ãèïåðïîâåðõíîñòüþ, â êà÷åñòâå ìåòðèêè ìîæíî âçÿòü àôôèííóþ ôóíäàìåí-

òàëüíóþ ôîðìó è òîãäà ìû ïîëó÷àåì òîò æå ðåçóëüòàò, ÷òî è â ðèìàíîâîì

ñëó÷àå.

Èññëåäóåì âîïðîñ î òîì, â êàêîì ñëó÷àå îïåðàòîð R(X,Y ) ìîæåò áûòü

íèëüïîòåíòíûì (ïðè âñåõ X,Y ).

Ëåììà 4 Îïåðàòîð R(X,Y ) ñîáñòâåííîãî àôôèííîãî îìáèëè÷åñêîãî ïî-

ãðóæåíèÿ r̄ : Mn → Rn+k ñ òðàíñâåðñàëüíûì ðàñïðåäåëåíèåì (14) è

íåïëîñêîé èíäóöèðîâàííîé ñâÿçíîñòüþ ÿâëÿåòñÿ íèëüïîòåíòíûì (ïðè

âñåõ X,Y ) òîãäà è òîëüêî òîãäà, êîãäà rank h1 = 1, ïðè÷åì ñòåïåíü íèëü-

ïîòåíòíîñòè ðàâíà 2.

Äîêàçàòåëüñòâî Èç óñëîâèÿ R2(X,Y )Z = 0 ∀X,Y, Z, ïîëó÷àåì ñèñòåìó

óðàâíåíèé {
h1(Y,X)h1(Y,Z)− h1(Y, Y )h1(X,Z) = 0

h1(X,X)h1(Y,Z)− h1(X,Y )h1(X,Z) = 0,

Îòíîñèòåëüíî ïåðåìåííûõ h1(Y,Z), h1(X,Z) � ýòî ëèíåéíàÿ îäíîðîäíàÿ ñè-

ñòåìà, êîòîðàÿ èìååò òîëüêî òðèâèàëüíîå ðåøåíèå â ñëó÷àå, êîãäà rank h1 ≥
2. Åñëè æå rank h1 = 1, òî ìû ïîëó÷àåì âåðíûå ðàâåíñòâà ïðè ëþáûõ çíà-

÷åíèÿõ X, Y, Z.

Èòàê, R2 = 0 òîãäà è òîëüêî òîãäà, êîãäà rank h1 = 1.

Ðàâåíñòâî R3(X,Y )Z = 0 ∀X,Y, Z â ñëó÷àå íåïëîñêîé ñâÿçíîñòè âîç-

ìîæíî ëèøü (21), êîãäà (h1(X,Y ))2 − h1(X,X)h1(Y, Y ) = 0 ∀X,Y , òî åñòü

rank h1 = 1.

Òåîðåìà 2 Ïóñòü f : Mn → Rn+k � ñîáñòâåííîå àôôèííîå îìáèëè÷åñêîå

ïîãðóæåíèå ñ íèëüïîòåíòíûì îïåðàòîðîì êðèâèçíû è íåïëîñêîé èíäóöè-

ðîâàííîé ñâÿçíîñòüþ ∇. Òîãäà ñóùåñòâóåò ñèñòåìà êîîðäèíàò, â êîòîðîé

äàííîå ïîãðóæåíèå çàäàåòñÿ ðàäèóñîì-âåêòîðîì

r̄(u1, . . . , un) = ϕ̄(u1) +

n∑
i=2

uic̄i +

k∑
α=2

fα(u1, . . . , un)ξα (22)

ñ òðàíñâåðñàëüíûì ðàñïðåäåëåíèåì ξ1 = −r̄, ξα =
−−−→
const ïðè α = 2, k.

Âåêòîð-ôóíêöèÿ ϕ̄ óäîâëåòâîðÿåò óðàâíåíèþ ϕ̄′′=−h(u1)ϕ̄+ a(u1)ϕ̄′.

Äîêàçàòåëüñòâî Íà îñíîâàíèè ëåììû 4 çàêëþ÷àåì, ÷òî rank h1 = 1. Ñëå-

äîâàòåëüíî, ñóùåñòâóåò êîîðäèíàòíûé áàçèñ â êàñàòåëüíîì ïðîñòðàíñòâå
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òàêîé, ÷òî

h1 =


h 0 . . . 0

0 0 . . . 0
...
...
. . .

...

0 0 . . . 0

 , hα =


hα11 h

α
12 . . . h

α
1n

hα12 h
α
22 . . . h

α
2n

...
...

. . .
...

hα1n h
α
2n . . . h

α
nn

 , α = 2, k, (23)

S1ei = ei, i = 1, n, Sα ≡ 0, α = 2, k. (24)

Ðàññìîòðèì óðàâíåíèÿ Êîäàööè äëÿ h (6) ïðè α = 1, i 6= 1:

(∇eih
1)(e1, e1) = (∇e1h

1)(ei, e1),

∂h

∂ui
− 2h1(∇eie1, e1) = −h1(∇e1ei, e1)− h1(ei, ∇e1e1),

∂h

∂ui
= hΓ 1

i1 (i 6= 1). (25)

À òàêæå ïðè α = 1, i, k 6= 1:

(∇eih
1)(e1, ek) = (∇e1h

1)(ei, ek),

−h1(∇eie1, ek)− h1(e1, ∇eiek) = −h1(∇e1ei, ek)− h1(ei, ∇e1ek),

hΓ 1
ik = 0 (i, k 6= 1). (26)

Èç óðàâíåíèÿ Ãàóññà (16) è âèäà àôôèííîé ôóíäàìåíòàëüíîé ôîðìû

(23) ïîëó÷àåì

R(e1, ej)e1 = −hej , j 6= 1,

R(e1, ej)ek = 0, j, k 6= 1,

R(ei, ej)ek = 0, i, j, k 6= 1.

(27)

Òàêèì îáðàçîì, kerR = {e2, e3, . . . , en}. Ñëåäîâàòåëüíî, ìîæíî âûáðàòü ïà-
ðàìåòðèçàöèþ ïîãðóæåíèÿ r̂ = r̄(u(v)), ÷òîáû Γ̂ kij = 0 ïðè i, j, k = 2, n.{

u1 = v1

ui = ψi(v2, . . . , vn) i = 2, n.

Çàìåòèì, ÷òî ïðè òàêîì ïðåîáðàçîâàíèè êîîðäèíàò âèä àôôèííîé ôóíäà-

ìåíòàëüíîé ôîðìû (23) è âèä îïåðàòîðîâ Âåéíãàðòåíà (24) íå èçìåíÿòñÿ.

∂uk

∂vγ
Γ̂ γαβ = Γ kij

∂ui

∂vα
∂uj

∂vβ
+

∂2uk

∂vα∂vβ
.

Ïîñêîëüêó (26) Γ 1
ij = 0, i, j 6= 1, òî â íîâîé ñèñòåìå êîîðäèíàò Γ̂ 1

ij =

0, i, j 6= 1. Ñëåäîâàòåëüíî, Γ̂ kij = 0, i, j 6= 1, ∀k. Ó÷èòûâàÿ (14, 23), ïîëó÷àåì
i, j 6= 1

∂2r̂

∂vi∂vj
=

k∑
α=2

ĥαijξα.
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Èíòåãðèðóÿ, ïîëó÷èì:

r̂(v1, . . . , vn) = ϕ̄1(v1) +

n∑
i=2

viϕ̄i(v
1) +

k∑
α=2

f̂α(v1, . . . , vn)ξα,

ãäå
∂2f̂α

∂vi∂vj
= ĥαij . Ïîñêîëüêó (14), äëÿ ðåãóëÿðíîñòè ïîãðóæåíèÿ íåîáõîäè-

ìà ëèíåéíàÿ íåçàâèñèìîñòü âåêòîðîâ ϕ̄1
′(v1), ϕ̄1(v1), . . . , ϕ̄n(v1), ξ2, . . . , ξk.

Ñëåäîâàòåëüíî, ìîæíî ïàðàìåòðèçîâàòü äàííîå ïîãðóæåíèå ñëåäóþùèì îá-

ðàçîì (v1 = u1)

r̄(u1, . . . , un) = ϕ̄(u1) +

n∑
i=2

uic̄i +

k∑
α=2

fα(u1, . . . , un)ξα

Ñ òðàíñâåðñàëüíûì ðàñïðåäåëåíèåì ξ1 = −r̄, ξ2, . . . , ξk. Âåêòîð-ôóíêöèÿ
ϕ̄(u1) ïðè ýòîì èìååò äâå íåíóëåâûå êîîðäèíàòû è óäîâëåòâîðÿåò óðàâíåíèþ

ϕ̄′′ = −h(u1)ϕ̄+ a(u1)ϕ̄′.

∂r̄

∂u1
= ϕ̄′(u1) +

k∑
α=2

∂fα

∂u1
ξα,

∂r̄

∂ui
= c̄i +

k∑
α=2

∂fα

∂ui
ξα ïðè i 6= 1

Âûïèøåì ðàçëîæåíèÿ Ãàóññà:
∂2r̄

∂ui∂uj
=

k∑
α=2

∂2fα

∂ui∂uj
ξα ïðè i · j 6= 1

∂2r̄

(∂u1)2
= ϕ̄′′(u1) +

k∑
α=2

∂2fα

(∂u1)2
ξα = −h(u1)ϕ̄(u1) + a(u1)ϕ̄′(u1)+

+
k∑

α=2

∂2fα

(∂u1)2
ξα = h(u1)ξ1 + a(u1)ϕ̄′(u1) + h(u1)

n∑
i=2

uic̄i+

+
k∑

α=2

(
h(u1)fα +

∂2fα

(∂u1)2

)
ξα = hξ1 + a

∂r̄

∂u1
+ h

n∑
i=2

ui
∂r̄

∂ui
+

+
k∑

α=2

(
hfα − a∂f

α

∂u1
− h

n∑
i=2

ui
∂fα

∂ui
+

∂2fα

(∂u1)2

)
ξα

Òàêèì îáðàçîì, äàííîå ïîãðóæåíèå èìååò íåïëîñêóþ èíäóöèðîâàííóþ

ñâÿçíîñòü, êîòîðàÿ â ëîêàëüíûõ êîîðäèíàòàõ çàäàåòñÿ ñëåäóþùèì îáðàçîì:

∇e1e1 = a(u1)e1 + h(u1)
n∑
i=2

uiei

∇e1ei = 0 äëÿ i = 2, n

∇eiej = 0 äëÿ i, j = 2, n.

Òåîðåìà äîêàçàíà.
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Àòîìè ñòåïåíi 2 íà ïîâåðõíÿõ ç êðà¹ì

Î.Ì.Iâàíþê, Î.Î.Ïðèøëÿê

Àíîòàöiÿ Äëÿ ëîêàëüíî¨ êëàñèôiêàöi¨ m-ôóíêöié íà ïîâåðõíÿõ óâåäåíî

ïîíÿòòÿ àòîìà. Îïèñàíi âñi àòîìè ñòåïåíi 2.

Êëþ÷îâi ñëîâà àòîì m-ôóíêöi¨ · òîïîëîãi÷íà êëàñèôiêàöiÿ

ÓÄÊ 517.91

1 Âñòóï

Íåõàé M � çàìêíåíèé îði¹íòîâàíèé äâîâèìiðíèé ìíîãîâèä (ïîâåðõíÿ).

Íåõàé f � ãëàäêà ôóíêöiÿ íà M . Ðîçãëÿíåìî ãàìiëüòîíîâó äèíàìi÷íó ñè-

ñòåìó, ùî çàäà¹òüñÿ ðiâíÿííÿì dx
dt = sgradf(x), x ∈ M . Òîäi ¨¨ òðà¹êòîði¨

ëåæàòü íà êîìïîíåíòàõ ëiíié ðiâíÿ ôóíêöi¨ f . Öi êîìïîíåíòè íàçèâàþòü øà-

ðàìè. Ãîìåîìîðôiçì ïîâåðõíi, ùî âiäîáðàæà¹ øàðè íà øàðè, íàçèâà¹òüñÿ

ïîøàðîâîþ åêâiâàëåíòíiñòþ. Îòæå, ïîøàðîâà êëàñèôiêàöiÿ ôóíêöié çàäà¹

òîïîëîãi÷íó êëàñèôiêàöiþ ãàìiëüòîíîâèõ äèíàìi÷íèõ ñèñòåì. Íà ìíîæèíi

âñiõ ôóíêöié ìîæíà âèäiëèòè âiäêðèòó ñêðiçü ùiëüíó ïiäìíîæèíó, ÿêà ñêëà-

äà¹òüñÿ ç ïðîñòèõ ôóíêöié Ìîðñà. À.Êîíðîä [3] i Ã.Ðiá [9] äëÿ äîñëiäæåííÿ

ôóíêöié ââåëè ãðàô, ÿêèé îòðèìó¹òüñÿ ç ïîâåðõíi ïiñëÿ ñòÿãóâàííÿ êîæíî-

ãî øàðó äî òî÷êè. Öåé ãðàô ¹ ïîâíèì òîïîëîãi÷íèì iíâàðiàíòîì ïðîñòèõ

ôóíêöié Ìîðñà. Â ðîáîòi Î.Áîëñiíîâà òà À.Ôîìåíêà [1] áóëî çàïðîïîíîâàíî

ðîçøàðîâàíèé îêië êðèòè÷íîãî ðiâíÿ íàçèâàòè àòîìîì, à ãðàô Ðiáà, ó ÿêîãî

âåðøèíàì âiäïîâiäàþòü àòîìè, à ðåáðàì êîìïîíåíòè êðàþ àòîìiâ, íàçèâàòè
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ìîëåêóëîþ. Öå äàëî çìîãó ïîáóäóâàòè ïîøàðîâó òà òîïîëîãi÷íó êëàñèôiêà-

öiþ äîâiëüíèõ ôóíêöié Ìîðñà.

Äëÿ ìíîãîâèäiâ ç êðà¹ì àíàëîãîì ôóíêöié Ìîðñà ¹ m-ôóíêöi¨. Öå òàêi

ôóíêöi¨, â ÿêèõ âñi êðèòè÷íi òî÷êè ¹ íåâèðîäæåíèìè i íå ëåæàòü íà êðàþ,

à òàêîæ òàêi, ùî îáìåæåííÿ ôóíêöi¨ íà êðàé ¹ ôóíêöi¹þ Ìîðñà.

Â ðîáîòi [2] Î.Î. Ïðèøëÿê êëàñèôiêóâàâ ïðîñòi m-ôóíêöi¨ íà îði¹íòîâà-

íèõ ïîâåðõíÿõ.

Òîïîëîãi÷íi âëàñòèâîñòi m-ôóíêöié äîñëiäæóâàëè ó ðîáîòi [6].

Ñ.Ìàêñèìåíêî äëÿ òîïîëîãi÷íî¨ êëàñèôiêàöi¨ m-ôóíêöié âèêîðèñòîâó-

âàâ ãðàôè ç iíâîëþöi¹þ [5]. Ìåòîþ ðîáîòè ¹ ïîâíà ïîøàðîâà ëîêàëüíà

êëàñèôiêàöiÿ ïðîñòèõ m-ôóíêöié íà êîìïàêòíèõ ïîâåðõíÿõ ç êðà¹ì, à

òàêîæ îði¹íòîâàíà ïîøàðîâà êëàñèôiêàöiÿ â îêîëi êðèòè÷íîãî ðiâíÿ, ÿêà

åêâiâàëåíòíà òîïîëîãi÷íié êëàñèôiêàöi¨ âåêòîðíîãî ïîëÿ êîñîãî ãðàäi¹íòà

sgradf .

2 Ïðîñòi ôóíêöi¨ Ìîðñà, m-ôóíêöiÿ.

Íåõàé M � ãëàäêèé ìíîãîâèä ðîçìiðíîñòi n, f :M −→ R � ãëàäêà ôóíê-

öiÿ. Ðîçãëÿíåìî ãëàäêó ôóíêöiþ f(x) = 0 íà ãëàäêîìó ìíîãîâèäi Xn i íåõàé

x1, ..., xn � ãëàäêi ðåãóëÿðíi êîîðäèíàòè â îêîëi òî÷êè x.

Îçíà÷åííÿ. Òî÷êà x ∈M íàçèâà¹òüñÿ êðèòè÷íîþ äëÿ ôóíêöi¨ f , ÿêùî

äèôåðåíöiàë df =
∑ ∂f

∂xi
dxi îáåðòà¹òüñÿ â íóëü â òî÷öi x. Ïðè öüîìó f(x)

íàçèâà¹òüñÿ êðèòè÷íèì çíà÷åííÿì ôóíêöi¨ f .

Êðèòè÷íà òî÷êà íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî äðóãèé äèôåðåíöiàë

d2f =
∑ ∂2f

∂xi∂xj
dxidxj íåâèðîäæåíèé â öié òî÷öi.

Îçíà÷åííÿ. Ãëàäêà ôóíêöiÿ íàçèâà¹òüñÿ ôóíêöi¹þ Ìîðñà, ÿêùî âñi ¨¨

êðèòè÷íi òî÷êè íåâèðîäæåíi.

Îçíà÷åííÿ.Ôóíêöiÿ Ìîðñà íàçèâà¹òüñÿ ôóíêöi¹þ Ìîðñà çàãàëüíîãî ïî-

ëîæåííÿ, ÿêùî íà ïîâåðõíi ðiâíÿ ëåæèòü íå áiëüøå îäíi¹¨ êðèòè÷íî¨ òî÷êè.

Ôóíêöi¨ Ìîðñà, ÿêi ìàþòü ðiâíî ïî îäíié êðèòè÷íié òî÷öi íà êîæíîìó

êðèòè÷íîìó ðiâíi, ìè áóäåìî íàçèâàòè ïðîñòèìè.

Íåõàé M � ãëàäêèé êîìïàêòíèé n-âèìiðíèé ìíîãîâèä ç êðà¹ì.

Îçíà÷åííÿ. Ôóíêöiÿ f :M −→ R íàçèâà¹òüñÿ m-ôóíêöi¹þ, ÿêùî:

à) óñi ¨¨ êðèòè÷íi òî÷êè � íåâèðîäæåíi i íå ëåæàòü íà ∂M ;

á) êðàé ìíîãîâèäó ìîæíà ïîäàòè ó âèãëÿäi îá'¹äíàííÿ ∂M = ∂M− ∪
∂M0 ∪ ∂M+ òàêîãî, ùî îáìåæåííÿ f∂ ôóíêöi¨ f íà ∂M0 ¹ ôóíêöiÿ Ìîðñà i

ÿêùî ìíîæèíà ∂M− 6= ∅ (∂M+ 6= ∅), òî ôóíêöiÿ f ïðèéìà¹ íà íié ìiíiìàëüíå
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(ìàêñèìàëüíå) çíà÷åííÿ. Ïðè öüîìó ïåðåòèíè V− = ∂M− ∩ ∂M0 i V+ =

∂M+∩∂M0 áóäóòü (n−2)-âèìiðíèìè ìíîãîâèäàìè, ÿêi íàçèâàþòüñÿ êóòàìè,
à ñàìà òðiéêà (M,∂M, V− ∪ V+) � ìíîãîâèäîì ç êóòàìè.

3 Ïîíÿòòÿ àòîìà. Ïðîñòi àòîìè.

Íåõàé f � m-ôóíêöiÿ íà ïîâåðõíi X2, g � iíøà m-ôóíêöiÿ íà iíøié

ïîâåðõíi Y 2. Ïèòàííÿ: êîëè öi ôóíêöi¨ íà ïîâåðõíÿõ ìîæíà ââàæàòè åêâi-

âàëåíòíèìè? Ðîçãëÿíåìî ïàðó (X2, f) i (Y 2, g).

Îçíà÷åííÿ. m-ôóíêöi¨ f i g íà ïîâåðõíÿõ X2 i Y 2 áóäåìî íàçèâàòè

ïîøàðîâî åêâiâàëåíòíèìè, ÿêùî iñíó¹ äèôåîìîðôiçì λ : X2 −→ Y 2, ÿêèé

ïåðåâîäèòü çâ'ÿçíi êîìïîíåíòè ëiíié ðiâíÿ ôóíêöi¨ f â çâ'ÿçíi êîìïîíåíòè

ëiíié ðiâíÿ ôóíêöi¨ g. Ïàðà (X2, f) ïîøàðîâî åêâiâàëåíòíà ïàði (Y 2, g).

Òðåáà äîñëiäèòè ïîøàðîâó åêâiâàëåíòíiñòü m-ôóíêöié â îêîëi ¨õ êðèòè÷-

íèõ çíà÷åíü.

Àòîì � öå òîïîëîãi÷íèé òèï îñîáëèâîñòi m-ôóíêöi¨. Iíøèìè ñëîâàìè,

àòîì � öå òîïîëîãi÷íèé òèï çâ'ÿçíî¨ êîìïîíåíòè îêîëó îñîáëèâîãî øàðó m-

ôóíêöi¨ íà ïîâåðõíi. Êîæíà m-ôóíêöiÿ âèçíà÷à¹ ðîçøàðóâàííÿ ç îñîáëèâî-

ñòÿìè íà ïîâåðõíi. Éîãî øàðàìè ìîæíà ââàæàòè êîìïîíåíòè çâ'ÿçíîñòi ðiâ-

íÿ ôóíêöi¨. Â îêîëi êîæíîãî ðåãóëÿðíîãî øàðó öå ðîçøàðóâàííÿ òðèâiàëüíî

� ïðÿìèé äîáóòîê êîëà íà âiäðiçîê.

Îçíà÷åííÿ. Àòîìîì íàçèâà¹òüñÿ îêië P 2 êðèòè÷íîãî øàðó, ÿêèé çà-

äà¹òüñÿ íåðiâíiñòþ c − ε ≤ f ≤ c + ε äëÿ äîñòàòíüî ìàëîãî ε, ðîçøàðîâàíó

íà ëiíi¨ ðiâíÿ ôóíêöi¨ f i ÿêà ðîçãëÿäà¹òüñÿ ç òî÷íiñòþ äî ïîøàðîâî¨ åêâi-

âàëåíòíîñòi P 2 = {x : −ε ≤ f(x)− c ≤ ε}.
ßêùî êðèòè÷íå çíà÷åííÿ c � ëîêàëüíèé ìiíiìóì ÷è ëîêàëüíèé ìàêñèìóì,

òî àòîì íàçèâà¹òüñÿ àòîìîì A. ßêùî êðèòè÷íå çíà÷åííÿ c � ñiäëîâå, òî

âiäïîâiäíèé àòîì íàçèâà¹òüñÿ ñiäëîâèì.

Àòîì íàçèâà¹òüñÿ ïðîñòèì, ÿêùî m-ôóíêöiÿ â ïàði (P 2, f) � ïðîñòà.

Ðåøòà àòîìiâ íàçèâà¹òüñÿ ñêëàäíèìè.

Àòîì íàçèâà¹òüñÿ îði¹íòîâàíèì àáî íåîði¹íòîâàíèì â çàëåæíîñòi âiä

òîãî, ÷è ¹ ïîâåðõíÿ P 2 îði¹íòîâàíîþ ÷è íåîði¹íòîâàíîþ.

Íåõàé c � êðèòè÷íå çíà÷åííÿ ôóíêöi¨ f íà X2 i c′ � êðèòè÷íå çíà÷åííÿ

ôóíêöi¨ g íà Y 2. Ðîçãëÿíåìî ¨õ îñîáëèâi øàðè: f−1(c) i g−1(c′) i ïðèïóñòèìî,

ùî öi øàðè çâ'ÿçíi.

Îçíà÷åííÿ. m-ôóíêöi¨ f i g íàçèâàþòüñÿ ïîøàðîâî îñíàùåíî åêâiâà-

ëåíòíèìè â îêîëi ñâî¨õ îñîáëèâèõ øàðiâ f−1(c) i g−1(c′), ÿêùî iñíóþòü äâà

äîäàòíi ÷èñëà ε i ε′ i äèôåîìîðôiçì λ : f−1(c−ε, c+ε) −→ g−1(c′−ε′, c′+ε′),
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ÿêèé ïåðåâîäèòü ëiíi¨ ðiâíÿ ôóíêöi¨ f â ëiíi¨ ðiâíÿ ôóíêöi¨ g i ÿêèé çáåði-

ãà¹ íàïðÿìîê ðîñòó ôóíêöié, òîáòî λ âiäîáðàæà¹ îáëàñòü (f > c) â îáëàñòü

(g > c′).

Ðîçãëÿíåìî ïàðó (P 2, f), äå P 2 � çâ'ÿçíà êîìïàêòíà ïîâåðõíÿ ç íåïî-

ðîæíiì êðà¹ì ∂P 2, à f � m-ôóíêöiÿ íà íié, ÿêà ìà¹ ðiâíî îäíå êðèòè÷íå

çíà÷åííÿ C, ïðè÷îìó f−1(c− ε)∪f−1(c+ ε) = ∂P 2. Êëàñ îñíàùåíî¨ ïîøàðî-

âî¨ åêâiâàëåíòíîñòi öi¹¨ ïàðè (P 2, f) íàçèâà¹òüñÿ f -àòîìîì ÷è îñíàùåíèì

àòîìîì.

Çàóâàæåííÿ. Êîæíîìó àòîìó âiäïîâiäà¹ 2 f -àòîìè. Âîíè îòðèìóþòüñÿ

îäèí ç îäíîãî çàìiíîþ çíàêà ôóíêöi¨ íà àòîìi. Iíîäi öi 2 àòîìè ìîæóòü áóòè

ñïiâïàäàþ÷èìè, åêâiâàëåíòíèìè.

Îçíà÷åííÿ. f -àòîìîì íàçèâà¹òüñÿ àòîì ç ïîïåðåäíüîãî îçíà÷åííÿ, äëÿ

ÿêîãî ôiêñîâàíî ðîçáèòòÿ êiëåöü íà äîäàòíi i âiä'¹ìíi.

Çðîçóìiëî, ùî íà f -àòîìi â ïîïåðåäíüîìó îçíà÷åííi ìîæíà çàäàòè m-

ôóíêöiþ, äëÿ ÿêî¨ ãðàô K áóäå ¨¨ êðèòè÷íèì ðiâíåì (íàïðèêëàä, íóëüîâèì),

ïîâåðõíÿ P 2 áóäå ìíîæèíîþ òî÷îê x òàêèõ, ùî −ε ≤ f(x) ≤ ε.
Ôóíêöiÿ f áóäå äîäàòíîþ íà äîäàòíèõ êiëüöÿõ i âiä'¹ìíîþ íà âiä'¹ìíèõ

êiëüöÿõ.

Íàéïðîñòiøèìè ïðèêëàäàìè àòîìiâ ¹ îêîëè ìàêñèìóìiâ, ìiíiìóìiâ i ñiä-

ëîâèõ êðèòè÷íèõ òî÷îê íà ïîâåðõíÿõ. Ïðè ïåðåõîäi ÷åðåç êðèòè÷íèé ðiâåíü

m-ôóíêöi¨ çàãàëüíîãî ïîëîæåííÿ âèíèêàþòü ïåðåáóäîâè ðiâíiâ [2] (ðèñ.1-5).

Ðèñ. 1.

1. Â ìîìåíò ïåðåáóäîâè çìiíþ¹òüñÿ êiëüêiñòü êîìïîíåíò çâ'ÿçíîñòi

(ðèñ.2).

2. Êiëüêiñòü êîìïîíåíò ðiâíÿ íå çìiíþ¹òüñÿ (ðèñ.3).

3. Ëiíiÿ ðiâíÿ â ìîìåíò ïåðåáóäîâè � êîëî (ðèñ.4).

4. Ëiíiÿ ðiâíÿ â ìîìåíò ïåðåáóäîâè ¹ âiäðiçêîì (ðèñ.5).
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Ðèñ. 2.

Ðèñ. 3.

Ðèñ. 4.

Ðèñ. 5.
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4 Àòîìè ñêëàäíîñòi 2.

Ðîçãëÿíåìî âñi ìîæëèâi ëiíi¨ ðiâíiâ m-ôóíêöié íà çàäàíié îði¹íòîâàíié

ïîâåðõíi ñêií÷åííîãî òèïó. Äëÿ ðåãóëÿðíîãî çíà÷åííÿ m-ôóíêöi¨ âiäïîâiäíà

ëiíiÿ ðiâíÿ ñêëàäà¹òüñÿ ç íåïåðåòèííèõ ìiæ ñîáîþ êië òà çàìêíåíèõ âiäðiç-

êiâ. Îïèøåìî ¨õ ïåðåáóäîâè ïðè ïåðåõîäi ÷åðåç îñîáëèâèé ðiâåíü. Êðèòè÷íi

òî÷êè ïîçíà÷àòèìåìî ÷åðåç c, ðåãóëÿðíi òî÷êè � ÷åðåç a. Ðåáðà íà ãðàôi Ði-

áà, ùî âiäïîâiäàþòü êîëàì, áóäåìî ïîçíà÷àòè ÷îðíèìè ñòðiëêàìè, à òi, ùî

âiäïîâiäàþòü âiäðiçêàì � áiëèìè.

Ðîçïî÷íåìî ç âíóòðiøíiõ êðèòè÷íèõ òî÷îê. ßêùî ðåãóëÿðíèé ðiâåíü äî

ïðîõîäæåííÿ êðèòè÷íîãî çíà÷åííÿ áóâ îá'¹äíàííÿì êië, òî ìè îòðèìà¹ìî

àòîìè, ÿêi áóëè îïèñàíi âèùå. Ðîçãëÿíåìî ñèòóàöiþ, êîëè ñåðåä ðåãóëÿðíèõ

ðiâíiâ ¹ âiäðiçîê. Òîäi àòîì áóäå ìàòè âèãëÿä êîìïîíåíò ðåãóëÿðíîãî ðiâíÿ,

ïîìíîæåíèõ íà âiäðiçîê ç ïðèêëå¹íèìè ñìóæêàìè.

Ðîçãëÿíåìî âñi ìîæëèâi àòîìè ñêëàäíîñòi 2 m-ôóíêöié íà ïîâåðõíÿõ ç

êðà¹ì. Ìîæëèâi òàêi âèïàäêè:

1. Â ìîìåíò ïåðåáóäîâè çìiíþ¹òüñÿ êiëüêiñòü êîìïîíåíò çâ'ÿçíîñòi

ëiíié ðiâíÿ (ðèñ.6-13).

Íà ðèñ.6 âiäðiçîê i êîëî ïåðåõîäÿòü ó êîëî, i íàâïàêè: êîëî ïåðåõîäèòü

ó âiäðiçîê i êîëî. Ìè îòðèìàëè íà êðàþ ìàêñèìóì (ìiíiìóì) i âíóòðiøíþ

ñiäëîâó êðèòè÷íó òî÷êó. ßê àòîìè âîíè îäíàêîâi, àëå ÿê f -àòîìè ðiçíi.

Ðèñ. 6.

Íà ðèñ.7 äâà êîëà ïåðåõîäÿòü ó âiäðiçîê, i íàâïàêè: âiäðiçîê ïåðåõîäèòü

ó äâà êîëà. Ìè îòðèìàëè íà êðàþ ìiíiìóì (ìàêñèìóì) i âíóòðiøíþ ñiäëîâó

êðèòè÷íó òî÷êó. ßê àòîìè âîíè îäíàêîâi, àëå ÿê f -àòîìè ðiçíi.

Íà ðèñ.8 äâà âiäðiçêè ïåðåõîäÿòü ó âiäðiçîê, i íàâïàêè: âiäðiçîê ïåðåõî-

äèòü ó äâà âiäðiçêè. Ìè îòðèìàëè íà êðàþ ìàêñèìóì (ìiíiìóì) i âíóòðiøíþ

ñiäëîâó êðèòè÷íó òî÷êó. ßê àòîìè âîíè îäíàêîâi, àëå ÿê f -àòîìè ðiçíi.
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Ðèñ. 7.

Ðèñ. 8.

Íà ðèñ.9 äâà âiäðiçêè i êîëî ïåðåõîäÿòü ó âiäðiçîê, i íàâïàêè. Òóò îäíîìó

àòîìó âiäïîâiäà¹ äâà f -àòîìè.

Ðèñ. 9.

Íà ðèñ.10 äâà âiäðiçêè ïåðåõîäÿòü ó òðè âiäðiçêè, i íàâïàêè. Òóò îäíîìó

àòîìó âiäïîâiäà¹ äâà f -àòîìè.

Íà ðèñ.11 òðè êîëà ïåðåõîäÿòü â îäíå êîëî, i íàâïàêè. Òóò îäíîìó àòîìó

âiäïîâiäà¹ äâà f -àòîìè [1].

Íà ðèñ.12 âiäðiçîê i äâà êîëà ïåðåõîäÿòü ó âiäðiçîê, i íàâïàêè. ßê àòîìè

âîíè îäíàêîâi, àëå ÿê f -àòîìè ðiçíi.

Íà ðèñ.13 äâà âiäðiçêè i êîëî ïåðåõîäÿòü ó äâà âiäðiçêè, i íàâïàêè. Òóò

îäíîìó àòîìó âiäïîâiäà¹ äâà f -àòîìè.



Àòîìè ñòåïåíi 2 íà ïîâåðõíÿõ ç êðà¹ì 47

Ðèñ. 10.

Ðèñ. 11.

Ðèñ. 12.

Ðèñ. 13.

2. Â ìîìåíò ïåðåáóäîâè íå çìiíþ¹òüñÿ êiëüêiñòü êîìïîíåíò çâ'ÿçíî-

ñòi ëiíié ðiâíÿ (ðèñ.14-19).
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Âiäðiçîê i êîëî ïåðåõîäèòü ó äâà âiäðiçêè, i íàâïàêè. ßê f -àòîìè âîíè

ðiçíi (ðèñ.14,15).

Ðèñ. 14.

Ðèñ. 15.

Íà ðèñ.16 òðè âiäðiçêè ïåðåõîäÿòü ó òðè âiäðiçêè. Ðåãóëÿðíi ëiíi¨ ðiâíÿ

m-ôóíêöi¨ òóò ñêëàäàþòüñÿ ç òðüîõ êîìïîíåíò çâ'ÿçíîñòi ÿê äî ïåðåáóäîâè,

òàê i ïiñëÿ íå¨. Òîìó ãðàôè, ùî âiäïîâiäàþòü àòîìàì ñêëàäíîñòi 2 ìàòèìóòü

õðåñòîïîäiáíèé âèãëÿä (îäíà âåðøèíà âàëåíòíîñòi 6). Öüîìó àòîìó âiäïîâi-

äà¹ îäèí f -àòîì.

Íà ïåðøîìó ìàëþíêó (ðèñ.17) äâà êîëà ïåðåõîäÿòü ó äâà êîëà. Ðåãóëÿð-

íi ëiíi¨ ðiâíÿ m-ôóíêöi¨ òóò ñêëàäàþòüñÿ ç äâîõ êîìïîíåíò çâ'ÿçíîñòi ÿê äî

ïåðåáóäîâè, òàê i ïiñëÿ íå¨. Òîìó ãðàôè, ùî âiäïîâiäàþòü àòîìàì ñêëàäíî-

ñòi 2 ìàòèìóòü õðåñòîïîäiáíèé âèãëÿä (îäíà âåðøèíà âàëåíòíîñòi 4). Öüîìó

àòîìó âiäïîâiäà¹ îäèí f -àòîì. À íà äðóãîìó ìàëþíêó êîëî i âiäðiçîê ïåðå-

õîäèòü ó âiäðiçîê i êîëî.

Íà ïåðøîìó ìàëþíêó (ðèñ.18) âiäðiçîê i êîëî ïåðåõîäèòü ó âiäðiçîê i

êîëî, à íà äðóãîìó êîëî i âiäðiçîê ïåðåõîäèòü ó êîëî i âiäðiçîê. Òóò îäíîìó

àòîìó âiäïîâiäà¹ äâà f -àòîìè.

Íà ðèñ.19 äâà âiäðiçêè ïåðåõîäÿòü ó äâà âiäðiçêè. Ðåãóëÿðíi ëiíi¨ ðiâíÿ

m-ôóíêöi¨ òóò ñêëàäàþòüñÿ ç äâîõ êîìïîíåíò çâ'ÿçíîñòi ÿê äî ïåðåáóäîâè,
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Ðèñ. 16.

Ðèñ. 17.

Ðèñ. 18.

òàê i ïiñëÿ íå¨. Òîìó ãðàôè, ùî âiäïîâiäàþòü àòîìàì ñêëàäíîñòi 2 ìàòèìóòü

õðåñòîïîäiáíèé âèãëÿä (îäíà âåðøèíà âàëåíòíîñòi 4). Öüîìó àòîìó âiäïîâi-

äà¹ îäèí f -àòîì.

3. Ëiíiÿ ðiâíÿ â ìîìåíò ïåðåáóäîâè � êîëî (ðèñ.20,21).

Ëiíi¨ ðiâíÿ m-ôóíêöi¨ äî ïåðåáóäîâè (ó âèïàäêó ìiíiìóìó) � êîëà. Íà

ãðàôi öå âiäîáðàæà¹òüñÿ ðåáðîì ïåðøîãî ðîäó (÷îðíà ñòðiëêà). Áåçïîñåðåä-

íüî â ìîìåíò ïåðåáóäîâè ëiíiÿ ðiâíÿ ¹ êîëîì. Îòæå, êîëî ïåðåõîäèòü ó äâà

âiäðiçêè. Îäíîìó àòîìó âiäïîâiäàþòü äâà f -àòîìè (ðèñ.20). Ìè îòðèìàëè

äâà ëîêàëüíi åêñòðåìóìè (ìiíiìóìè i ìàêñèìóìè).

Ëiíiÿ ðiâíÿ m-ôóíêöi¨ äî ïåðåáóäîâè � âiäðiçîê. Íà ãðàôi öå âiäîáðà-

æà¹òüñÿ ðåáðîì äðóãîãî ðîäó (áiëà ñòðiëêà). Áåçïîñåðåäíüî â ìîìåíò ïåðå-
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Ðèñ. 19.

Ðèñ. 20.

áóäîâè ëiíiÿ ðiâíÿ ¹ êîëîì. Îòæå, âiäðiçîê ïåðåõîäèòü ó âiäðiçîê. Öüîìó

àòîìó âiäïîâiäà¹ îäèí f -àòîì (ðèñ.21).

4. Ëiíiÿ ðiâíÿ â ìîìåíò ïåðåáóäîâè ¹ âiäðiçêîì (ðèñ.22,23).

Ãðàô ìà¹ âèãëÿä ÷îòèðèíîãè, îñêiëüêè äî ïðîõîäæåííÿ ìàêñèìóìó (ìiíi-

ìóìó) ïðîîáðàçè ðåãóëÿðíèõ òî÷îê ìàþòü äâi êîìïîíåíòè çâ'ÿçíîñòi, i ïiñ-

ëÿ ïåðåáóäîâè ïðîîáðàçè ðåãóëÿðíèõ òî÷îê ñêëàäàþòüñÿ ç äâîõ êîìïîíåíò

çâ'ÿçíîñòi � çàìêíåíèõ iíòåðâàëiâ. Öüîìó àòîìó âiäïîâiäà¹ îäèí f -àòîì

(ðèñ.22).

Íà ðèñ.23 îäèí âiäðiçîê ïåðåõîäèòü ó òðè âiäðiçêè, i íàâïàêè. Öüîìó

àòîìó âiäïîâiäà¹ äâà f -àòîìè.

Òåîðåìà. (Ïðî ëîêàëüíó êëàñèôiêàöiþ) Êîæåí àòîì ñêëàäíîñòi 2 m-

ôóíêöi¨ íà ïîâåðõíi ç êðà¹ì ¹ îäíèì ç äåâ'ÿòíàäöÿòè àòîìiâ, àáî îäíèì ç

òðèäöÿòè äâîõ f -àòîìiâ (B1 −B32).
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Ðèñ. 21.

Ðèñ. 22.

Ðèñ. 23.

Äîâåäåííÿ. Ìîæëèâi äâà âèïàäêè: ¹ ãðàíè÷íà êðèòè÷íà òî÷êà àáî íi.

1) ßêùî íåìà¹ ãðàíè÷íî¨ êðèòè÷íî¨ òî÷êè, òî îáèäâi êðèòè÷íi òî÷êè

âíóòðiøíi ñiäëîâi, îòæå, àòîì � öå äâà ñêëå¹íi îêîëè öèõ òî÷îê. Îêië ìà¹

âèãëÿä êðèâîëîíiéíîãî âîñüìèêóòíèêà. Ìîæëèâå ñêëåþâàííÿ òiëüêè íåïàð-

íèõ ñòîðií. Íóìåðó¹ìî ¨õ òà ðîçãëÿäà¹ìî âñi ìîæëèâi âàðiàíòè ñêëåþâàííÿ,

ïiñëÿ ÷îãî îòðèìó¹ìî âñi àòîìè áåç ãðàíè÷íèõ òî÷îê.

2) ßêùî ¹ ãðàíè÷íà òî÷êà, òî àòîì ãîìåîìîðôíèé ïðîñòîìó àòîìó, ó

ÿêîãî ÷àñòèíà ãðàíèöi ïðîäàâëåíà âñåðåäèíó (ç íå¨ çðîáëåíî âèðiç). Ðîçãëÿ-

äà¹ìî âñi ìîæëèâi âèðiçè. Ç ãðàôà A1 îòðèìà¹ìî B1 i B3, ç ãðàôà A2 � B2
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i B4, ç ãðàôà A3 � B5, B7, B17, B19, ç ãðàôà A4 � B6, B8, B18, B20, ç ãðàôà

A5 � B9 i B10, ç ãðàôà A6 � B28, B29, ç ãðàôà A7 � B27, B29. Ç ãðàôà A8

îòðèìó¹ìî B32, B30, à ç A9 � B31, B30. Ç ãðàôà B11 îòðèìó¹ìî B13, B15 i

B21, ç ãðàôà B12 � B14, B16, à ç ãðàôà B22 � B23, B24, B25 i B26.

Õî÷à B26 i B30 ÿê àòîìè ðiçíi, àëå ÿê f -àòîìè âîíè îäíàêîâi (äâà âiäðiçêè

ïåðåõîäèòü ó äâà âiäðiçêè). B17 i B19, B18 i B20 ÿê f -àòîìè îäíàêîâi, àëå ðiçíi

ÿê àòîìè.

Ìè ìîæåìî ðîáèòè ðîçðiçè äâîìà ñïîñîáàìè. Ìîæíà âèðiçàòè ñìóæêó,

íå çìiíþþ÷è ïðè öüîìó ñêëàäíîñòi àòîìà. Àáî ìè ðîáèìî âèðiç â ïðîñòîìó

àòîìó, çáiëüøóþ÷è ñêëàäíiñòü íà îäèíèöþ.

Ìè ìîæåìî âèðiçàòè ñìóæêó ïî äiàãîíàëi â B24 i B25, àëå îòðèìà¹ìî

àòîìè, ÿêi içîìîðôíi B16 i B15 âiäïîâiäíî. Âèðiçàþ÷è ñìóæêó â B26, ìè

îòðèìó¹ìî àòîì, içîìîðôíèé B21. Òàêèì ÷èíîì âèùå îïèñàíi âñi ìîæëèâi

àòîìè ñêëàäíîñòi äâà.

Ðîçãëÿíåìî õðåñò (ðèñ.24) [1], i áóäåìî ñêëåþâàòè ñòîðîíè. Óñiõ ñêëåéîê

áóäå îáìåæåíà êiëüêiñòü, ïåðåáðàâøè ÿêi ìè îòðèìà¹ìî âñi àòîìè. ßêùî

ìè íå ñêëåþ¹ìî ñòîðîíè, òî öå âiäïîâiäà¹ âèðiçàíié ñìóæöi. Âñiõ ìîæëèâèõ

ñïîñîáiâ ñêëåéêè áóäå òðèäöÿòü äâà, à îòæå, iñíó¹ òðèäöÿòü äâà àòîìè ñêëàä-

íîñòi 2. ßêùî ìè çàêëå¨ìî âñi ñòîðîíè, òî îòðèìà¹ìî àòîìè, ïåðåðàõîâàíi ó

ðîáîòi Î.Áîëñiíîâà òà À.Ôîìåíêà [1].

Ðèñ. 24.

Îòðèìàíi àòîìè íå içîìîðôíi ìiæ ñîáîþ, îñêiëüêè âîíè íå ãîìåîìîðôíi,

ìàþòü íå ãîìåîìîðôíi êðèòè÷íi ðiâíi àáî íå ãîìåîìîðôíi âåðõíi òà íèæíi

êðà¨.



Âèñíîâêè

Ó ðîáîòi ðîçãëÿíóòî âñi ìîæëèâi àòîìè ñêëàäíîñòi 2 m-ôóíêöié íà

ïîâåðõíÿõ ç êðà¹ì, óçàãàëüíåíî ðåçóëüòàòè Î.Â.Áîëñiíîâà i À.Ò.Ôîìåíêî,

Î.Î.Ïðèøëÿêà i Â.Â.Øàðêà, íàâåäåíî ëîêàëüíó òîïîëîãi÷íó êëàñèôiêàöiþ

îáìåæåíèõ m-ôóíêöié ñêëàäíîñòi 2 íà îði¹íòîâàíèõ ïîâåðõíÿõ ç êðà¹ì.

Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi äëÿ ãëîáàëüíî¨ êëàñè-

ôiêàöi¨ m-ôóíêöié ñêëàäíîñòi 2, à òàêîæ ÿê ïî÷àòêîâèé åòàï äëÿ äîñëiä-

æåííÿ àòîìiâ áiëüøî¨ ñêëàäíîñòi. Âñi öi ðåçóëüòàòè çàñòîñîâóþòüñÿ ïðè äî-

ñëiäæåííi âåêòîðíèõ ïîëiâ êîñîãî ãðàäi¹íòà íà ìíîãîâèäàõ ç êðà¹ì.
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Atoms of degree 2 on the surfaces with boundary

We de�ne p-graph and describe how it changes under isotopy of projections

for classi�cation of maps of 2-manifolds into plane. The problem of graph

implementation and maps classi�cation was considered.
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Quantum Geometry: Energy-amplitude approach
to multiphoton resonances and above threshold
ionization

Andrey A. Svinarenko

Abstract An advanced energy-amplitude approach to calculation of the char-

acteristics of multi-photon ionization in atomic systems is presented and based

on the many-body perturbation theory. It is used for numerical calculating the

above threshold ionization characteristics for atom of magnesium in a intense

laser �eld.

Keywords Multiphoton resonances · An advanced energy-amplitude approach

· Eigen functions and energy eigen values

Mathematics Subject Classi�cation (2000) 55R05 · 53B05

1 Introduction

The interaction of the atomic systems with the external alternating �elds, in

particular, laser �elds has been the subject of intensive experimental and the-

oretical investigation. Calculation of the deformation and shifts of the atomic

emission and absorption lines in a strong laser �eld, de�nition of the k-photon

emission and absorption probabilities and atomic levels shifts, study of laser

emission quality e�ect on characteristics of atomic line, dinamical stabilization

and �eld ionization etc are the most actual problems to be solved. Naturally, it

is of the great interest for phenomenon of a multiphoton ionization. t present

time, a progress is achieved in the description of the processes of interaction

atoms with the harmonic emission �eld [1]�[8]. But in the realistic laser �eld the

according processes are in signi�cant degree di�er from ones in the harmonic

�eld. The latest theoretical works claim a qualitative study of the phenomenon
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though in some simple cases it is possible a quite acceptable quantitative de-

scription. Among existed approaches it should be mentioned the Green function

method (the imaginary part of the Green function pole for atomic quasienergetic

state), the density - matrix formalism ( the stochastic equation of motion for

density - matrix operator and its correlation functions), a time-dependent den-

sity functional formalism, direct numerical solution of the Schr�odinger (Dirac)

equation, multi-body multi-photon approach etc. [1]�[8]. Decay probabilities of

the hydrogen atom states in the super-strong laser �eld are calculated by the

Green function method (see [2]) under condition that electron- proton interac-

tion is very small regarding the atom-�eld interaction. Note that this approach

is not easily generalized for multielectron atoms. In [2],[9] authors extended

the non-Hermitian multi-state Floquet dynamics approach by Day to treat one-

electron atomic system to the case of general multi-electron ones. The result is

a generalization of the R-matrix Floquet theory, developed by Burke that al-

lows for pulse shape e�ects whilst retaining the ab initio treatment of detailed

electron correlation. The approach based on the eigenchannel R-matrix method

and multichannel quantum-defect theory , introduced by Robicheaux and Gao

to calculate two-photon processes in light alkaline-earth atoms has been imple-

mented by Luc-Koenig et al [9] in j-j coupling introducing explicitly spin-orbit

e�ects and employing both the length and velocity forms of the electric dipole

transition operator. Nevertheless in many calculations there is a serious problem

of the gauge invariance, connected with using non-optimized one-electron repre-

sentation (in fact provided by not entire account for the multi-body interelectron

correlations). The known example is non-coincidence of values for the length and

velocity forms of the electric dipole transition operator [1,2]. We consider an ad-

vanced amplitude approach to calculation of the characteristics of multi-photon

ionization in atomic systems, which is based on the many-body perturbation

theory (PT) and use it for numerical calculating the above threshold ionization

(ATI) characteristics for atom of magnesium in a intense laser �eld.

2 Energy QED approach to multiphoton resonances and above

threshold ionization

In this section we consider a quite exact approach based on the QED perturba-

tion theory [2]�[7], which allow to calculate the characteristics of multi-photon

ionization in atomic systems. Below we calculate numerically the above threshold

ionization (ATI) cross-sections for atom of magnesium in a intense laser �eld.

The two-photon excitation process will be described in the lowest relativistic
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PT order. This approach is valid away from any one-photon intermediate-sate

resonance. We start from the two-photon amplitude for the transition from an

initial state Ψ0 with energy E0 to a �nal state |Psif with energy Ef = E0 + 2ω

is:

T
(2)
f0 = lim

n→0+

∫
dε〈Ψf |D × e|ε〉(E0 + ω − ε+ in)−1〈ε|d× e|Ψ0〉. (1)

HereD is the electric dipole transition operator (in the length r form), e is the

electric �eld polarization and ω is a laser frequency. It's self-understood that the

integration in equation 1 is meant to include a discrete summation over bound

states and integration over continuum states. Usually an explicit summation is

avoided by using the Dalgarno-Lewis by means the setting [3]:

T
(2)
f0 = Cf 〈‖D × e‖Λp〉, (2)

where 〈‖...‖〉 is a reduced matrix element and Cf is an angular factor depend-

ing on the symmetry of the Ψf , Λp, Ψ0 states. Λp can be founded from solution

of the following inhomogeneous equation [3]

(E0 + ω ×H|Λp〉 = (D × e)|Ψ0〉 (3)

at energy E0 + ω, satisfying outgoing-wave boundary condition in the open

channels and decreasing exponentially in the closed channels. The total cross

section (in cm4 W−1) is de�ned as

σ/I =
∑
J

σJ/I = 5.7466× 10−35ωau

∑
J

|T (2)
J,0 |

2, (4)

where I (in W/cm2) is a laser intensity. To describe two-photon processes

there can be used di�erent quantities [9]: the generalized cross section σ(2), given

in units of cm4s, by

σ
(2)
cm4s = 4.3598× 10−18ωauσ/Icm4W−1 (5)

and the generalized ionization rate Γ (2)/I2, (and probability of to-photon

detachment) given in atomic units, by the following expression

σ/Icm4W−1 = 9.1462× 10−36ωauΓ
(2)
au /I

2
au (6)

Described approach is realized as computer program block in atomic numeric

code "Super-atom" (c.f. [2]�[7], which includes a numeric solution of the Dirac

equation and calculation of the matrix elements of the Eqs. 1�5 type. The original
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moment is connected with using the consistent QED gauge invariant procedure

for generating the atomic functions basis's (optimized basis's) [8]. This approach

allows getting results in an excellent agreement with experiment and they are

more precise in comparison with similar data, obtained with using non-optimized

basis's.

3 Some results and conclusion

Let us present the results of calculating the multi-photon resonances spectra

characteristics for atom of magnesium in a laser �eld. Note that in order to

calculate spectral properties of atomic systems di�erent methods are used: rel-

ativistic R-matrix method (R-method; Robicheaux-Gao, 1993; Luc-Koenig E.

etal, 1997), added by multi channel quantum defet method, K-matrix method

(K-method; Mengali-Moccia,1996), di�erent versions of the �nite L2 method

(L2 method) with account of polarization and screening e�ects (SE) (Moccia-

Spizzo, 1989; Karapanagioti et al, 1996), Hartree-Fock con�guration interaction

method (CIHF), operator QED PT (Glushkov-Ivanov, 1992; Glushkov et al;

2004) etc.(c.f.[2,9]. In table 1 we present results of calculating characteristics

for 3p21S0 resonance of Mg; E- energy, counted from ground state (cm−1), Γ -

autoionization width (cm−1), σ/I- maximum value of generalized cross-section

(cm4W−1). R-matrix calculation with using length and velocity formula led to

results, which di�er on 5-15% , that is evidence of non-optimality of atomic

basis's. This problem is absent in our approach and agreement between theory

and experiment is very good. Further let us consider process of the multi-photon

ATI from the ground state of Mg. The laser radiation photons energies ω in the

range of 0,28-0,30 a.u. are considered, so that the �nal autoionization state (AS)

is lying in the interval between 123350 cm−1 and 131477cm−1. First photon pro-

vides the AS ionization, second photon can populate the Rydberg resonance's,

owning to series 4snl,3dnl,4pnp where J=0 and J=2 [9]. In table 2 we present

energies (cm−1 ; counted from the ground level of Mg 3s2) and widths (cm−1)

of the AS (resonance's) 4snl, 3dnl, 4p2 1D2, calculated by the K-, R-matrix and

our methods. In a case of 1S0resonance's one can get an excellent identi�cation

of these resonance's. Let us note that calculated spectrum of to-photon ATI is

in a good agreement with the R-matrix data and experiment. In a whole other

resonances and ATI cross-sections demonstrate non-regular behaviour.

Studied system is corresponding to a status of quantum chaotic system with

stochastization mechanism. It realizes through laser �eld induction of the over-

lapping (due to random interference and �uctuations) resonances in spectrum,
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Table 1 Characteristics for 3p21S0 resonance of atom of the magnesium: E- energy, counted
from ground state (cm−1), Γ - autoionization width (cm−1), σ/I-maximum value of generalized
cross-section (cm4W−1).

Methods E Γ σ/I

Luc-Koenig E. etal, 1997 without account SE
Length form 68492 374 1,96 10−27

Velocity form 68492 376 2,10 10−27

Luc-Koenig E. etal, 1997 With Account SE
Length form 68455 414 1,88 10−27

Velocity form 68456 412 1,98 10−27

Moccia and Spizzo (1989) 68320 377 2,8 10−27

Robicheaux and Gao
(1993)

68600 376 2,4 10−27

Mengali and Moccia(1996) 68130 362 2,2 10−27

Karapanagioti et al (1996) 68470 375 2,2 10−27

Our calculation 68281 323 2,0 10−27

Table 2 Energies and widths (cm−1) of the AS (resonance's) 4snl, 3dnl, 4p21D2 for Mg (see
text)

R−method Our approach K− method
1D2 E Γ 1D2 E Γ E Γ

4s3d 109900 2630 4s3d 109913 2645 110450 2600
3d2 115350 2660 3d2 115361 2672 115870 2100
4s4d 120494 251 4s4d 120503 259 (ds) 120700 170
3d5s 123150 1223 3d5s 123159 1235 (ds) 123400 2000
4p2 124290 446 4p2 124301 458 124430 500
3d4d 125232 400 3d4d 125245 430 125550 590
4s5d 126285 101 4s5d 126290 113 (ds) 126250 120
3d6s 127172 381 3d6s 127198 385 (ds) 127240 350
4s6d 127914 183 4s6d 127921 215 127870 1900
3d5d 128327 208 3d5d 128344 215
4s7d 128862 18 4s7d 128874 24 (ds) 128800 30
3d5g 128768 4,5 3d5g 128773 5,2 3d5g 128900 2,2
3d7s 129248 222 3d7s 129257 235 129300 160
4s8d 129543 114 4s8d 129552 125 (ds) 129500 140

3d6d 129844 115
4s9d 129975 64
4s10d 130244 5
3d8s 130407 114
4s11d 130488 118
4s12d 130655 28
3d7d 130763 52
4s13d 130778 36
4s14d 130894 14
4s15d 130965 7

their non-linear interaction, which lead to a global stochasticity in the atomic

system and quantum chaos phenomenon. The quantum chaos is well known in

physics of the hierarchy, atomic and molecular physics in external electromag-

netic �eld. Earlier it has been found in simple atomic systems H, He, and also

Ca (c.f. refs. in [2,3,9]). Analysis indicates on its existence in the Mg spec-



trum. Spectrum of resonance's can be divided on three intervals: 1). An interval,

where states and resonances are clearly identi�ed and not strongly perturbed; 2)

quantum-chaotic one, where there is a complex of the overlapping and strongly

interacting resonances; 3). Shifted one on energy, where behaviour of energy

levels and resonances is similar to the �rst interval. The quantitative estimate

shows that the resonances distribution in the second quantum-chaotic interval

is satis�ed to Wigner distribution as follows:

W (x) = xexp(−πx2/4).

At the same time, in the �rst interval the Poisson distribution is valid.
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describe a decay of high-excited states (the multipole giant resonances). The

approach is based on the more accurate mutual using the advanced shell model
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1 Introduction

In the modern quantum geometry and quantum theory of the many-fermion

systems there is a number of very complex problems, connected with a devel-

opment of the consistent methods of calculating eigen values of energy for the

Hamiltonians of the many-body systems with account of correlation and other

corrections (see, for example, [1]�[4]). As it is well known, the multipole giant res-

onances (MGR) are the highly excited states of nuclei, which are interpreted as

the collective coherent vibrations with participation of large number of nucleons.

Experimentally, MGR are manifested as the wide maximums in the dependence

of cross-section of the nuclear reactions on the incident particle energy r in -th

spectrum of incident particles. A classi�cation of MGR as the states of collec-

tive type is usually ful�lled on the quantum numbers of vibrational excitations:
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entire angle momentum (J) and parity π (Jπ). The MGR are observed in the

spectra of majority of nuclei and situated, as a rule, in the continuous spectrum

of excitations in a nucleus (with width of order of several MeV). Two theoretical

approaches to description of MGR are usually used. In the phenomenological

theories it is supposed that the strong collectivization of states allows applying

the hydrodynamical models to the description of vibrations of the nuclear form

and volume. The microscopic theory is based on the shell nuclear model. In the

simple interpretation an excitation of the MGR is result of transition of the nu-

cleons from one closed shell to another one, i.e. the MGR is a result of coherent

summation of many particle-hole (p-h) transitions with necessary momentum

and parity. MGR are situated under the excitation energies, which exceed the

thresholds of emission of the particles from a nucleus. The interaction of a nu-

cleus with external �eld with forming the MGR occurs during several stages.

There is a production of the p-h excitation which corresponds to 1p-1h states

over the Fermi surface (1st stage). Then the excited pair interacts with nuclear

nucleons with the creating another 1p-1h excited state or two p-h pairs (2p-2h

state; 2nd stage). Then the 3p-3h and more complicated states are created till

the statistical equilibrium takes a place. The full width of MGR is provided by

the direct decay to continuum (Γ ↑) and decay of the 1p-1h con�gurations on

more complicated multi-particle (Γ ↓) ones. The mixing with complex con�gu-

rations leads to the loss of the coherence and creating states of the compound

nucleus. Naturally an account of complex con�gurations has signi�cant meaning

for correct explanation of the MGR widths, structure, decay properties. Here we

present an advanced generalized multicon�guration model to describe a decay

of high-excited states, which is based on the mutual using the shell models and

microscopic Zhivopistsev-Slivnov model of pre-equilibrium decay with statistical

account for complex con�gurations 2p2h, 3p3h etc. It generalizes earlier devel-

oped models [7]�[10]. The advanced approach has been applied to analysis of

reaction (µ-n) on the nucleus 40Ca.

2 Advanced generalized multi-con�guration model

The MGR may be treated on the basis of the advanced multi-particle shell

model. Process of appearance a collective state of MGR and an emission process

of nucleons are described (see details in refs. [3]�[6]) by standard diagram, which

contains an e�ective Hamiltonian of interaction Vµ, resulted in capture of muon

by nucleus with transformation of proton to neutron and emission by antineu-
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trino. Isobaric analogs of isospin and spin-isospin resonances of �nite nucleus are

excited.

The corresponding diagrams for photonuclear reactions look to be analogous

and contain the full vertex part Γ̃n22 (full amplitude of interaction, which trans-

fers the interacting p-h pair to the �nite npnh state). The full vertex Γ Γ̃n22 is

de�ned by the system of equations within quantum Green function modi�ed ap-

proach [6]�[7]). Further, all possible con�gurations are divided on two groups: i)

group of complicated con�gurations `n1', which must be considered within shell

model with account for residual interaction; ii) statistical group `n2' of complex

con�gurations with large state density p(n,E) � and strong overlapping the

states Gn � Dn−1 > Dn (Dn is an averaged distance between states with 2n

exciton; Gn is an averaged width).

To take into account a collectivity of separated complex con�gurations for

input state a diagonalization of residual interaction on the increased basis (ph,

ph+phonon, ph+2 phonon) is used. All complex con�gurations are considered

within the pre-equilibrium decay model [5] with additional account of `n1' group

con�gurations. The input wave functions of the MGR for nuclei with closed or

almost closed shells can be found from diagonalization of residual interaction

on the e�ective optimized 1p1h basis [2]. Statistical multistep negative muon

capture through scalar intermediate states of compound nucleus is important.

Intensities of nucleon spectra are de�ned by standard way (see refs. [5]�[7]).

The intensity of nucleonic spectra is de�ned as follows:

dI

dεf
(Eµ, l, εf , Jπ) =

∑
n=1,
∆n=1

Γ ↑n(l, εf , Jπ)

Γn(Jπ)
·

[
n−1∏
k=1

Γ ↓k (Jπ)

Γk(Jπ)

]
· Λµ(Eµ, Jπ), (1)

where

Γ ↑n(l, εf , Jπ) = 2π〈|〈ϕNn
(Jπ)|INn,NB+1[ϕ

(+)(l, εf )ϕNB
(UB , IB)]Jπ〉|2〉×

×ρ(l, εf )ρ(b)(NB , UB , IB),

Γ ↑k (Jπ) =
∑
l,f

∫
dεfΓ

↑
k (l, εf , Jπ),

Γk(Jπ) = Γ ↑k (Jπ) + Γ ↓k (Jπ),

Γ ↓k (Jπ) = 2π〈|〉ϕNk
(Jπ)|INk,Nk+1|ϕNk+1

(Jπ)〉|2〉ρ(b)(Nk+1, Jπ,Eµ),

Eµ = εf + UB +BN .

Here l is the orbital moment of the emission nucleon, εf is its energy; BN is the

bond energy of nucleon in the compound nucleus; Λµ(Eµ, Jπ) is probability of
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µ-capture with excitation of the state ϕin(Eµ, Jπ) with energy E_mu, spin J

and parity π.

As in refs. ([5]�[8]), one could neglect the interference between contributions

of separated `dangerous' con�gurations. The above indicated features of the sta-

tistical group of con�gurations are not ful�lled for the `dangerous' con�gurations.

However, the value Γ ↓n(n1) for some dangerous con�guration is weakly depen-

dent upon the energy. Indeed, con�guration n1 is the superposition of the large

number of con�gurations, i.e.

Γ ↓n(n1) =
∑
n+1

|〈|In1,n+1|n+ 1〉|2

(Eµ − En+1)2 + Γ 2
n+1/4

Generally, the expressions for the n-step contribution to the emission spectrum

are modi�ed as follows:

dI

dεf
(Eµ, l, εf , Jπ) =

Γ ↑n2
(l, εf , Jπ)

Γn2
(Jπ)

Γn−1,n2
(Jπ)

Γn−1(Jπ)
+

+
∑
{n1}

Γ ↑n1
(l, εf , Jπ)

Γn1
(Jπ)

Γ ↓n−1,n1
(Jπ)

Γn−1(Jπ)

[
n−2∏
k=1

Γ ↓k (Jπ)

Γk(Jπ)

]
Λ̃µ(Eµ, Jπ), (2)

Γ ↓n−1 =
∑
{n1}

Γ ↓n−1,n1
+ Γ ↓n−1,n2

,

where

Γ ↓n−1,n1
=
|〈ϕNn−1

(Jπ)INn−1,Nn
ϕ(n1)Nn (Jπ)〉2Γn1

(Eµ − En1
)2 + Γ 2

n1
/4

Supposing the input state is isolated, in formalism of the input ph-states one

can write:

Λ̃ =
Γ1(Jπ)Λµ(ϕ(Ei, Jπ))

(Eµ − Ei)2 + Γ 2
n1
/4

where

Γ1(ϕin) = Γ ↑1 + Γ ↓1,n2
+

∑
{n1}

Γ ↓1,n1

3 Results and conclusion

The wave functions of the input state {ϕin} in the reaction 40Ca (µ−n) have been

calculated within the shell model [7]�[9]. As one could wait for that a collectivity

of initial input state leads to signi�cant decreasing Γ ↓i . The separation into

groups n1 and n2 is naturally accounted for the 2p2h con�guration space and the

contribution of con�gurations `ph+phonon' and weakly correlated 2p2h states



64 O.Yu.Khetselius

is revealed. A probability of transition to `dangerous' con�gurations 2p2h is

provided by value of matrix element:

|〈ϕin(ph, Jπ,E)|Iph,2p2h|ϕ(2p2h, Jπ,E)〉|2

and additionally by density ρ(2p2h, Jπ,E) for statistical group n2. The contri-

bution of weakly correlated 2p2h con�gurations is de�ned by expression [4]:

Γ ↓2p2h = 2π〈|〈|Iph2p2h|〉|2〉ρ2p2h.

The residual interaction has been choosen in the form of Soper forces:

V = g0(1− α+ ασ1σ2)δ(r1 − r2),

where g0/(4πr
3
0) = −3 MeV, α = 0.135. The phonons have been considered

in the collective model and calculation parameters in the collective model and

generalized RPA are chosen according to [7]. Our theoretical estimates have

been compared with experimental data and other calculation results ([4]�[7]).

In the range of 5�13 MeV the experiment gives the intensity ∼10% from the

equilibrium one. As it has been shown earlier (see, for example, [4]�[6]), the

1−, 2− states do not the signi�cant contribution. However, they exhaust ∼80%
of the intensity of µ−-capture. The analysis shows that an advanced mutual

account for 0±, 1+, 2+, 3+ and more high multipoles (plus more less correct

microscopic calculation of Γ ↓in(Jπ,E), the input and 2p2h states, separation of

the 2p2h space n con�gurations n1 and n2 etc.) allows to �ll the range of high

and middle part of spectrum. From this point of view, the presented approach is

more correct in comparison with the earlier multicon�guration models [4]�[6]).
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Ðîçìèòi k-óëüòðàìåòðè÷íi ïðîñòîðè

Îëåêñàíäð Ãðèãîðîâè÷ Ñàâ÷åíêî

Àíîòàöiÿ Çàïðîïîíîâàíî ðîçìèòèé àíàëîã ïîíÿòòÿ K-óëüòðàìåòðè÷íîãî

ïðîñòîðó. Ïîêàçàíî íóëüâèìiðíiñòü îäåðæàíèõ ïðîñòîðiâ. Ðîçãëÿíóòî

ôóíêòîð ãiïåðïðîñòîðó íà êàòåãîði¨ òàêèõ ïðîñòîðiâ.

Êëþ÷îâi ñëîâà Óëüòðàìåòðè÷íèé ïðîñòið, ðîçìèòèé ìåòðè÷íèé ïðîñòið,

ðîçìèòà ìåòðèêà Ãàóñäîðôà

ÓÄÊ 515.12

1 Âñòóï

Ìåòðè÷íèé ïðîñòið íàçèâàþòü óëüòðàìåòðè÷íèì (àáî íåàðõiìåäîâèì), ÿêùî

éîãî ìåòðèêà çàäîâîëüíÿ¹ ñèëüíó íåðiâíiñòü òðèêóòíèêà. Ó ìàòåìàòèöi óëü-

òðàìåòðè÷íi ïðîñòîðè âïåðøå âèíèêëè ó òåîði¨ ÷èñåë (p-àäè÷íi ìåòðèêè),

çãîäîì âîíè çíàéøëè çàñòîñóâàííÿ òàêîæ ó åâîëþöiéíié áiîëîãi¨, òåîðåòè÷-

íié ôiçèöi, ñåìàíòèöi ìîâ ïðîãðàìóâàííÿ òà iíøèõ ðîçäiëàõ íàóêè.

Ó ñòàòòi [5] îçíà÷åíî ïîíÿòòÿ K-óëüòðàìåòðè÷íîãî ïðîñòîðó. Öå ïî-

íÿòòÿ ¹ ó ïåâíîìó ñåíñi ïðîìiæíèì ìiæ ïîíÿòòÿìè ìåòðè÷íîãî ïðîñòî-

ðó òà óëüòðàìåòðè÷íîãî ïðîñòîðó. Ìîòèâàöiÿ çàïðîâàäæåííÿ ïîíÿòòÿ K-

óëüòðàìåòðè÷íîãî ïðîñòîðó ëåæèòü ó òåîði¨ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ.

Íàãàäà¹ìî, ùî ðîçìèòi ìåòðè÷íi ïðîñòîðè ¹ äàëåêèì óçàãàëüíåííÿì ìåò-

ðè÷íèõ ïðîñòîðiâ; ó îñíîâó îçíà÷åííÿ ðîçìèòî¨ ìåòðèêè ïîêëàäåíî ìiðó

éìîâiðíîñòi òîãî, ùî âiäñòàíü ìiæ òî÷êàìè ïðîñòîðó íå ïåðåâèùó¹ çàäàíîãî

÷èñëà. Ç äâîõ íàéïîøèðåíiøèõ òåîðié ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ ìè çó-
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ïèíèëèñÿ íà òié, ùî çàïî÷àòêîâàíà ó ñòàòòi [1]. Îäíi¹þ ç ïðè÷èí öüîãî ¹ òå,

ùî òàêi ðîçìèòi ìåòðèêè äàþòü àëüòåðíàòèâíèé îïèñ âàæëèâîãî â òîïîëîãi¨

êëàñó ìåòðèçîâíèõ ïðîñòîðiâ.

Ó ïðîïîíîâàíié çàìiòöi çàïðîâàäæó¹òüñÿ ðîçìèòèé àíàëîã ïîíÿòòÿ K-

óëüòðàìåòðè÷íîãî ïðîñòîðó. Âií àïðiîðíî âèÿâëÿ¹òüñÿ áàãàòøèì, îñêiëüêè

áåðåòüñÿ äî óâàãè òàêîæ çìiííà t, ïðèñóòíÿ â îçíà÷åííi ðîçìèòî¨ ìåòðèêè.

Âñòàíîâëåíî, ùî çàïðîâàäæåíi ðîçìèòi k-óëüòðàìåòðè÷íi ïðîñòîðè ïîðîä-

æóþòü íóëüâèìiðíó ðiâíîìiðíó ñòðóêòóðó. Êðiì òîãî, ðîçãëÿíóòî ôóíêòîð

ãiïåðïðîñòîðó íà êàòåãîði¨ ðîçìèòèõ k-óëüòðàìåòðè÷íèõ ïðîñòîðiâ.

2 k-óëüòðàìåòðè÷íi ïðîñòîðè

Íàâåäåìî íåîáõiäíi îçíà÷åííÿ ç òåîði¨ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ (äå-

òàëüíiøå äèâ. â [1]). Íàãàäà¹ìî, ùî t-íîðìîþ íàçèâàþòü áiíàðíó îïåðàöiþ

∗ : [0, 1]× [0, 1]→ [0, 1] òàêó, ùî âèêîíàíî óìîâè:

(i) ∗ àñîöiàòèâíà i êîìóòàòèâíà;

(ii) ∗ íåïåðåðâíà;
(iii) a ∗ 1 = a äëÿ âñiõ a ∈ [0, 1];

(iv) a ∗ b ≤ c ∗ d, ÿêùî a ≤ c i b ≤ d.

Ïðèêëàäàìè t-íîðì ¹ ôóíêöi¨: 1) a ∗ b = ab òà 2) a ∗ b = a∧ b = min{a, b}.

Îçíà÷åííÿ 1 Òðiéêà (X,M, ∗) íàçèâà¹òüñÿ ðîçìèòèì ìåòðè÷íèì ïðî-

ñòîðîì, ÿêùî X � äîâiëüíà ìíîæèíà, ∗ � íåïåðåðâíà t-íîðìà i M � ðîç-

ìèòà ìíîæèíà íà X2 × (0,∞), ùî çàäîâîëüíÿþòü òàêi óìîâè äëÿ âñiõ

x, y, z ∈ X i s, t > 0:

(i) M(x, y, t) > 0,

(ii) M(x, y, t) = 1 òîäi i ëèøå òîäi, êîëè x = y,

(iii) M(x, y, t) =M(y, x, t),

(iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),

(v) ôóíêöiÿ M(x, y,−) : (0,∞)→ [0, 1] íåïåðåðâíà.

Âiäîìî, ùî äëÿ ðîçìèòîãî ìåòðè÷íîãî ïðîñòîðó (X,M, ∗) ìíîæèíà êóëü

B(x, r, t) = {y ∈ X | M(x, y, t) > 1 − r}, äå x ∈ X, t > 0, r ∈ (0, 1), óòâîðþ¹

òîïîëîãiþ íà ìíîæèíi X.

Îçíà÷åííÿ 2 Íåõàé (Xi,Mi, ∗) � ðîçìèòi ìåòðè÷íi ïðîñòîðè, i = 1, 2.

Âiäîáðàæåííÿ f : X1 → X2 íàçèâàþòü íåðîçòÿãóþ÷èì, ÿêùî M1(x, y, t) ≤
M2(f(x), f(y), t) äëÿ êîæíèõ (x, y, t) ∈ X1 ×X1 × (0,∞).
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Íåõàé X � ìíîæèíà i K ∈ [0,∞]. Ìåòðèêó d íà ìíîæèíi X áóäåìî íà-

çèâàòè K-óëüòðàìåòðèêîþ, ÿêùî d(x, y) ≤ max{d(x, z), d(z, y)} äëÿ êîæíèõ

x, y, z ∈ X òàêèõ, ùî min{d(x, z), d(z, y)} ≤ K.

Çàóâàæèìî, ùî êîæíà 0-óëüòðàìåòðèêà íàñïðàâäi ¹ ìåòðèêîþ i êîæíà∞-

óëüòðàìåòðèêà ¹ óëüòðàìåòðèêîþ. Çàóâàæèìî òàêîæ, ùî êîæåí K-óëüòðà-

ìåòðè÷íèé ïðîñòið ¹ K ′-óëüòðàìåòðè÷íèì ïðîñòîðîì, ÿêùî K ′ ≤ K.

Íèæ÷å íàâåäåíî îçíà÷åííÿ àíàëîãà ïîíÿòòÿ K-óëüòðàìåòðèêè äëÿ ðîç-

ìèòèõ ìåòðè÷íèõ ïðîñòîðiâ. Ïðè öüîìó ìè ðîçãëÿäà¹ìî òiëüêè t-íîðìó ∧.
Íåõàé k : (0,∞) → [0, 1] � ôóíêöiÿ. Ðîçìèòó ìåòðèêó M íà ìíîæèíi X

íàçèâàþòü ðîçìèòîþ k-óëüòðàìåòðèêîþ, ÿêùî äëÿ êîæíîãî t > 0 i êîæíèõ

x, y, z âèêîíàíî óìîâó:

M(x, y, t) ∧M(y, z, t) ≤M(x, z, t),

ÿêùî min{M(x, y, t),M(y, z, t)} ≥ k(t).
Ïðè k(t) ≡ 0 îäåðæó¹ìî ïîíÿòòÿ ðîçìèòî¨ óëüòðàìåòðèêè, à ïðè k(t) ≡ 1

� ïîíÿòòÿ ðîçìèòî¨ ìåòðèêè.

ßêùî d � ìåòðèêà íà ìíîæèíi X, òî òîäi ôóíêöiÿ Md : X ×X × (0,∞),

çàäàíà ôîðìóëîþ

Md(x, y, t) =
t

t+ d(x, y)
, x, y ∈ X, t > 0,

âèçíà÷à¹ ðîçìèòó ìåòðèêó íà X.

Ïðîïîçèöiÿ 1 ßêùî ìåòðèêà d ¹ K-óëüòðàìåòðèêîþ íà ìíîæèíi X, òî

ôóíêöiÿ Md ¹ ðîçìèòîþ k-óëüòðàìåòðèêîþ íà ìíîæèíi X, äå k(t) = t
t+K .

Äîâåäåííÿ Ïðîâîäèòüñÿ áåçïîñåðåäíiìè îá÷èñëåííÿìè.

Çà àíàëîãi¹þ äî ïîíÿòòÿ K-íåðîçòÿãóþ÷îãî âiäîáðàæåííÿ îçíà÷èìî òàêå

ïîíÿòòÿ. Íåõàé (X,M,∧) òà (Y,N,∧) � ðîçìèòi k-óëüòðàìåòðè÷íi ïðîñòî-

ðè. Íåïåðåðâíå âiäîáðàæåííÿ f : X → Y íàçèâàþòü k-íåðîçòÿãóþ÷èì, ÿêùî

N(f(x), f(y), t) ≥M(x, y, t) äëÿ êîæíèõ x, y ∈ X òàêèõ, ùî M(x, y, t) ≥ k(t).
Ëåãêî áà÷èòè, ùî k-óëüòðàìåòðè÷íi ïðîñòîðè òà ¨õ k-íåðîçòÿãóþ÷i âiäî-

áðàæåííÿ óòâîðþþòü êàòåãîðiþ.

Ðiâíîìiðíi ñòðóêòóðè, ïîðîäæåíi ðîçìèòîþ ìåòðèêîþ, îçíà÷åíi â ñòàòòi

[2]. Äîâåäåíî, ùî ÿêùî (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé ïðîñòið, òî {Un |
n ∈ N} � áàçà ðiâíîìiðíî¨ ñòðóêòóðè UM , ñóìiñíî¨ ç òîïîëîãi¹þ τM , äå

Un =

{
(x, y) |M

(
x, y,

1

n

)
> 1− 1

n

}
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äëÿ âñiõ n ∈ N. Íàäàëi íà ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðàõ ðîçãëÿäà¹ìî ñàìå
òàêó ðiâíîìiðíó ñòðóêòóðó.

Ðiâíîìiðíèé ïðîñòið íàçèâàþòü ðiâíîìiðíî íóëüâèìiðíèì (äèâ. [3]), ÿê-

ùî ó êîæíå éîãî ðiâíîìiðíå ïîêðèòòÿ ìîæíà âïèñàòè ðiâíîìiðíå äèñêðåòíå

ïîêðèòòÿ.

Òåîðåìà 1 Íåõàé k � òàêà íåïåðåðâíà ôóíêöiÿ, ùî limt→+0 k(t) < 1. Òîäi

êîæåí ðîçìèòèé k-óëüòðàìåòðè÷íèé ïðîñòið ¹ ðiâíîìiðíî íóëüâèìiðíèì.

Äîâåäåííÿ Iñíó¹ t0 > 0 òàêå, ùî k(t) ≥ 1 − t äëÿ êîæíîãî t ∈ (0, t0). Íåõàé

n0 ∈ N � òàêå, ùî 1/n0 < t0.

Äëÿ êîæíîãî n ≥ n0 ìà¹ìî

UnUn ={(x, z) ∈ X ×X | iñíó¹ y ∈ X òàêå, ùî M(x, y, 1/n) > 1− (1/n),

M(y, z, 1/n) > 1− (1/n)} ⊂ {(x, z) ∈ X ×X |M(x, z, 1/n) > 1− (1/n)}

=Un,

òîáòî ðiâíîìiðíà ñòðóêòóðà, ïîðîäæåíà M , ìà¹ áàçó, ùî ñêëàäà¹òüñÿ ç âiä-

íîøåíü åêâiâàëåíòíîñòi. Îñêiëüêè êîæíå âiäíîøåííÿ åêâiâàëåíòíîñòi ïîðîä-

æó¹ äèç'þíêòíå ðiâíîìiðíå ïîêðèòòÿ ïðîñòîðó, òî çâiäñè áåçïîñåðåäíüî âèï-

ëèâà¹ òâåðäæåííÿ òåîðåìè.

Íåõàé B � íåïîðîæíÿ ïiäìíîæèíà ðîçìèòîãî ìåòðè÷íîãî ïðîñòîðó

(X,M, ∗). Äëÿ êîæíèõ a ∈ X i t > 0, íåõàé

M(a,B, t) = sup{M(a, b, t) | b ∈ B}

(äèâ. îçíà÷åííÿ 2.4 ñòàòòi [4]).

Íåõàé (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé ïðîñòið. Îçíà÷èìî ÷åðåç expX

ñiì'þ âñiõ íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí â ïðîñòîði X. ßê i â ñòàòòi

[4], îçíà÷èìî ôóíêöiþ

MH : expX × expX × (0,∞)→ (0, 1]

ôîðìóëîþ:

MH(A,B, t) = min

{
inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)

}
äëÿ âñiõ A,B ∈ expX i t > 0.

Îñíîâíèé ðåçóëüòàò (Òåîðåìà 1) ñòàòòi [4] ñòâåðäæó¹, ùî (MH , ∗) � ðîç-

ìèòà ìåòðèêà íà ìíîæèíi expX (ðîçìèòà ìåòðèêà Ãàóñäîðôà). Áiëüøå
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òîãî, öÿ ðîçìèòà ìåòðèêà ïîðîäæó¹ òîïîëîãiþ Âi¹òîðiñà íà ãiïåðïðîñòîði

expX.

Íàãàäà¹ìî, ùî äëÿ êîæíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X → Y âiäî-

áðàæåííÿ exp f : expX → expY çàäà¹òüñÿ ôîðìóëîþ: exp f(A) = f(A).

Òåîðåìà 2 Íåõàé M � ðîçìèòà k-óëüòðàìåòðèêà íà ìíîæèíi X. Òîäi

MH � ðîçìèòà k-óëüòðàìåòðèêà íà ìíîæèíi expX. Ïðèöüîìó îäåðæó¹-

ìî ôóíêòîð exp íà êàòåãîði¨ ðîçìèòèõ k-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà

k-íåðîçòÿãóþ÷èõ âiäîáðàæåíü.

Äîâåäåííÿ Íåõàé A,B,C ∈ expX, t > 0 i íåõàé

MH(A,B, t) = α ≥ k(t), MH(B,C, t) = β ≥ k(t).

Ç îçíà÷åííÿ ðîçìèòî¨ ìåòðèêè Ãàóñäîðôà âèïëèâà¹, ùî äëÿ êîæíîãî a ∈ A
iñíó¹ b ∈ B òàêå, ùî M(a, b, t) ≥ k(t). Àíàëîãi÷íî, äëÿ êîæíîãî b ∈ B iñíó¹

c ∈ C òàêå, ùî M(b, c, t) ≥ k(t).
Çàñòîñîâóþ÷è îçíà÷åííÿ ðîçìèòî¨ k-óëüòðàìåòðèêè, îäåðæó¹ìî: äëÿ

êîæíîãî a ∈ A iñíóþòü b ∈ B i c ∈ C òàêi, ùî M(a, c, t) ≥ α ∧ β, i, àíà-
ëîãi÷íî, äëÿ êîæíîãî c ∈ C iñíóþòü b ∈ B i a ∈ A òàêi, ùî M(c, a, t) ≥ α∧β.

Ðàçîì öå îçíà÷à¹, ùî MH(A,B, t) ≥ α ∧ β.
Íåõàé òåïåð f : X → Y � k-íåðîçòÿãóþ÷å âiäîáðàæåííÿ ðîçìèòîãî ìåò-

ðè÷íîãî ïðîñòîðó (X,M,∧) ó ðîçìèòèé ìåòðè÷íèé ïðîñòið (Y,N,∧). ßê-
ùî MH(A,B, t) ≥ α ≥ k(t), òî äëÿ êîæíîãî a ∈ A iñíó¹ b ∈ B òàêå, ùî

M(a, b, t) ≥ α. Ïåðåõîäÿ÷è äî îáðàçiâ i âðàõîâóþ÷è k-íåðîçòÿãóâàíiñòü âi-

äîáðàæåííÿ f , îäåðæó¹ìî, ùî äëÿ êîæíîãî a′ ∈ f(A) iñíó¹ b′ ∈ f(B) òàêå,

ùî N(a′, b′, t) ≥ α. Àíàëîãi÷íî, äëÿ êîæíîãî b′ ∈ f(B) iñíó¹ a′ ∈ f(A) òàêå,
ùî N(a′, b′, t) ≥ α. Ðàçîì öå îçíà÷à¹, ùî , ùî N(exp f(A), exp f(B), t) ≥ α.

Òàêèì ÷èíîì, âiäîáðàæåííÿ exp f ¹ k-íåðîçòÿãóþ÷èì.

3 Çàóâàæåííÿ

Ó ñòàòòi [5] äîâåäåíî ñòðóêòóðíó òåîðåìó äëÿ K-óëüòðàìåòðè÷íèõ ïðî-

ñòîðiâ. Âèíèêà¹ ïðèðîäíà ïðîáëåìà: îïèñàòè ñòðóêòóðó ðîçìèòèõ k-

óëüòðàìåòðè÷íèõ ïðîñòîðiâ.

Êðiì òîãî, ó ñòàòòi [5] ïîêàçàíî, ùî iñíó¹ K-óëüòðàìåòðèçàöiÿ ïðîñòî-

ðó éìîâiðíiñíèõ ìið ç êîìïàêòíèìè íîñiÿìè íà K-óëüòðàìåòðè÷íîìó ïðî-

ñòîði. Öÿ K-óëüòðàìåòðèçàöiÿ áàçó¹òüñÿ íà iñíóâàííi ìåòðèêè Êàíòîðîâè÷à

íà ïðîñòîði éìîâiðíiñíèõ ìið íà ìåòðè÷íîìó ïðîñòîði òà ìåòðèêè Ãàðòîãà-

äå Âiíêà íà ïðîñòîði éìîâiðíiñíèõ ìið íà óëüòðàìåòðè÷íîìó ïðîñòîði. Ó
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òåîði¨ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ íå ïîáóäîâàíî âiäïîâiäíèêà ìåòðèêè

Êàíòîðîâè÷à íà ïðîñòîðàõ éìîâiðíiñíèõ ìið, îäíàê iñíó¹ àíàëîã ìåòðèêè

Ïðîõîðîâà (äèâ. [8]). Êðiì òîãî, iñíó¹ àíàëîã ìåòðèêè Ãàðòîãà-äå Âiíêà íà

ïðîñòîði éìîâiðíiñíèõ ìið íà ðîçìèòîìó óëüòðàìåòðè÷íîìó ïðîñòîði [7]. Öå

äà¹ íàäiþ íà ìîæëèâiñòü ïîáóäîâè k-óëüòðàìåòðèçàöi¨ ïðîñòîðiâ éìîâiðíiñ-

íèõ ìið.

Àíàëîãi÷íå çàïèòàííÿ ìîæíà ñôîðìóëþâàòè i äëÿ òàê çâàíèõ iäåìïî-

òåíòíèõ ìið (ìið Ìàñëîâà) íà k-óëüòðàìåòðè÷íèõ ïðîñòîðàõ.
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