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Geometry of Chaos: Consistent combined ap-
proach to treating chaotic dynamics atmospheric
pollutants and its forecasting

A.V. Glushkov, Yu.Ya. Bunyakova, P.A. Zaichko

Abstract It is presented an numerical application of a consistent chaos-
geometrical combined approach to treating of chaotic dynamics of atmospheric
pollutants and its forecasting. It combines together application of the wavelet
analysis, multi-fractal formalism, mutual information approach, correlation
integral analysis, false nearest neighbour algorithm, Lyapunov exponent’s

analysis, surrogate data method etc.

Keywords geometry of chaos, dynamical systems, non-linear analysis and chaos
theory techniques

Mathematics Subject Classification: (2000) 55R01-55B13

1. Introduction

In this paper we present an numerical application of a consistent chaos-
geometrical combined approach [1-10] to treating of chaotic dynamics of atmo-
spheric pollutants and its forecasting. It combines together application of the
wavelet analysis, multi-fractal formalism, mutual information approach, corre-
lation integral analysis, false nearest neighbour algorithm, Lyapunov exponent’s
(LE) analysis, surrogate data method etc. As it is indicated earlier [1-4], time
series can be considered as random realization, when the randomness is caused
by a complicated motion with many independent degrees of freedom. Chaos is
alternative of randomness and occurs in very simple deterministic systems. Al-
though chaos theory places fundamental limitations for long-rage prediction, it

can be used for short-range prediction since ex facte random data can contain



Geometry of Chaos 7

simple deterministic relationships with only a few degrees of freedom. During
the last two decades, many studies in various fields of science have appeared,
in which chaos theory was applied to a great number of dynamical systems,
including those are originated from nature (e.g. [1-22]). These studies concern-
ing the key dynamical characteristics of different systems allow concluding that
methodology from chaos theory can be applied and the short-range forecast
by the non-linear prediction method can be satisfactory. The outcomes of such
studies are very encouraging, as they not only revealed that the dynamics of the
apparently irregular phenomena could be understood from a chaotic determinis-
tic point of view but also reported very good predictions using such an approach
for different systems. Chaos theory establishes that apparently complex irregu-
lar behaviour could be the outcome of a simple deterministic system with a few

dominant nonlinear interdependent variables.

2. Combined chaos-geometrical approach to atmospheric pollutants

dynamic: Numerical Data

2.2.1. Data and methodics

As it is indicated, although chaos theory places fundamental limitations for long-
rage prediction, it can be used for short-range prediction since ex facte random
data can contain simple deterministic relationships with only a few degrees of
freedom. The studies concerning non-linear behaviour in the time series of atmo-
spheric constituent concentrations are sparse, and their outcomes are ambiguous.
In ref. [11] there is an analysis of the NOs, CO, O3 concentrations time series
and is not received an evidence of chaos. Also, it was shown that O3 concen-
trations in Cincinnati (Ohio) and Istanbul are evidently chaotic, and non-linear
approach provides satisfactory results [12]. These studies show that chaos the-
ory methodology can be applied and the short-range forecast by the non-linear
prediction method can be satisfactory. Time series of concentrations are however
not always chaotic, and chaotic behaviour must be examined for each time se-
ries. So, we shall (i) study the concentration of atmospheric constituents in the
Gdansk region (Poland) to select only those measurements, which are defined as
chaotic, and (ii) build non-linear prediction model for selected time series. In our
study, nitrogen dioxide (NOs) and sulphurous anhydride (SO2) concentration
data observed at the sites of Gdansk region during 2003 year are used. There
are ten sites in the region, but time series are continuous at 2 ones only, Sopot
(site 6) and Gdynia (site 9). We use one year hourly concentrations (total of
8760 data points). Table 1 presents some of the important statistics [6,9].
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Table 1. Some statistics of air pollutant concentrations at the Gdansk region
(Jan.-Dec.2003)

Statistics Site 6 (Sopot) Site 9 (Gdynia)
NO, SO, NO, SO,

Number of data 8760 8760 8760 8760

Mean (jg/m3) 15.46 9.13 17.04 11.84

Maximum value | 107.53 111.99 101.13 95.47

(ng/m?)

Minimum value | 2.29 3.99 3.92 5.59

(ng/m?)

Standard  deviation | 11.99 6.94 11.22 7.19

(ng/m?®)

Skewness 2.26 4.79 1.81 3.89

Kurtosis 7.61 38.15 4.43 22.78

Let us consider scalar measurements s(n) = s(tp+ nAt) = s(n), where t,

is a start time, At is time step, and n is number of the measurements. In
a general case, s(n) is any time series (f.e. atmospheric pollutants concentra-
tion). As processes resulting in a chaotic behaviour are fundamentally multi-
variate, one needs to reconstruct phase space using as well as possible infor-
mation contained in s(n). Such reconstruction results in set of d-dimensional
vectors y(n) replacing scalar measurements. The main idea is that direct use
of lagged variables s(n + 7), where 7 is some integer to be defined, results
in a coordinate system where a structure of orbits in phase space can be
captured. Using a collection of time lags to create a vector in d dimensions,
y(n) =1[s(n),s(n + 7),s(n + 27),..,8(n +(d— 1)7)], the required coordinates
are provided. In a nonlinear system, s(n + j7) are some unknown nonlinear
combination of the actual physical variables. The dimension d is the embedding

dimension, dg.

The choice of proper time lag is important for the subsequent reconstruction of
phase space. If 7 is chosen too small, then the coordinates s(n + j7), s(n +
(j + 1)7) are so close to each other in numerical value that they cannot be
distinguished from each other. If 7 is too large, then s(n + j7), s(n + (j +
1)7) are completely independent of each other in a statistical sense. If 7 is too
small or too large, then the correlation dimension of attractor can be under-or
overestimated. One needs to choose some intermediate position between above
cases. First approach is to compute the linear autocorrelation function C'r,(4) and
to look for that time lag where C'(§) first passes through 0. This gives a good
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hint of choice for 7 at that s(n+j7) and s(n+(j +1)7) are linearly independent.
It’s better to use approach with a nonlinear concept of independence, e.g. an
average mutual information. The mutual information I of two measurements a;
and by is symmetric and non-negative, and equals to 0 if only the systems are
independent. The average mutual information between any value a; from system
A and by, from B is the average over all possible measurements of I 45(a;, by).
In ref. [4] it is suggested, as a prescription, that it is necessary to choose that

where the first minimum of I(7) occurs.

The goal of the embedding dimension determination is to reconstruct a Eu-
clidean space R? large enough so that the set of points d4 can be unfolded
without ambiguity. The embedding dimension, d g, must be greater, or at least
equal, than a dimension of attractor, d4, i.e. dg > d4. In other words, we can
choose a fortiori large dimension dg, e.g. 10 or 15, since the previous analysis
provides us prospects that the dynamics of our system is probably chaotic. The
correlation integral analysis is one of the widely used techniques to investigate
the signatures of chaos in a time series. The analysis uses the correlation integral,
C(r), to distinguish between chaotic and stochastic systems. If the time series is

characterized by an attractor, then [16] the correlation integral C'(r) is related
log C(r)

to the radius r as d = lim I
ogr

r—0,N— o0
If the correlation exponent attains saturation with an increase in the embedding

, where d is correlation exponent.

dimension, then the system is generally considered to exhibit chaotic dynam-
ics. The saturation value of correlation exponent is defined as the correlation

dimension (dg) of the attractor (see details in refs. [3,6,9]).
2.2.2 The results for time series

Table 2 summarizes the results for the time lag calculated for first 10% values of
time series. The autocorrelation function crosses 0 only for the NO5 time series at
the site 9, whereas this statistic for other time series remains positive. The values,
where the autocorrelation function first crosses 0.1, can be chosen as 7, but in
[6,9] it’s showed that an attractor cannot be adequately reconstructed for very
large values of 7. So, before making up final decision we calculate the dimension
of attractor for all values in Table 2. The large values of 7 result in impossibility
to determine both the correlation exponents and attractor dimensions (Table 3)

using Grassberger-Procaccia method [16].

Table 2. Time lags (hours) subject to different values of C', and first minima
of average mutual information,I,,;,1, for the time series of NOs , SO5 (Gdansk
reg.; Jan.-Dec. 2003)
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Site 6 (Sopot) Site 9 (Gdy-
nia)

NO, SO2 NO, SOs
Cp =0 | — — 102 —
C, =136 232 53 147
0.1
c, -6 12 4 2
0.5
Lnin1 9 19 8 17

The outcome is explained not only inappropriate values of 7 but also shortcom-
ings of correlation dimension method. If algorithm [14] is used, then a percentages
of false nearest neighbours are comparatively large in a case of large 7. If time
lags determined by average mutual information are used, then algorithm of false
nearest neighbours provides dg = 6 for all air pollutants.

Table 3. Correlation exponents (dg) and embedding dimensions determined by
false nearest neighbours method (dy) with percentage of false neighbours (in
parentheses) calculated for various time lags (7) for the time series of NOz, SO4

(Gdansk reg.;Jan.-Dec. 2003)

Site 6 (Sopot) | Site 6 (Sopot) | Site 9 (Gdynia) | Site 9 (Gdynia)

NO4 SO, NO, 50>

T do dn T do dn T | do dn T do dn

136 | - 11 232 | - 10 53| 7.62| 9 147 | - 10
(6.2) (8.8) (9.2) (9.8)

6 5.42| 6 12 | 1.64| 6 4 | 5.29| 6 26 | 3.95| 6
(1.3) (1.2) (1.1) (1.1)

9 5.31| 6 19 | 1.58| 6 8 [ 5316 17 | 3.40| 6
(1.2) (1.2) (1.1) (1.2)

2.2.3. Nonlinear prediction model
First of all, it’s important to define how predictable is a chaotic system? The pre-
dictability can be estimated by the Kolmogorov entropy, which is proportional
to a sum of positive LE. The spectrum of LE is one of dynamical invariants
for non-linear system with chaotic behaviour. The limited predictability of the
chaos is quantified by the local and global LE, which can be determined from
measurements. The LE are related to the eigenvalues of the linearized dynamics
across the attractor. Negative values show stable behaviour while positive val-
ues show local unstable behaviour. For chaotic systems, being both stable and
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unstable, LE indicate the complexity of the dynamics. The largest positive value
determines some average prediction limit. Since the LE are defined as asymp-
totic average rates, they are independent of the initial conditions, and hence the
choice of trajectory, and they do comprise an invariant measure of the attractor.
An estimate of this measure is a sum of the positive LE. The estimate of the
attractor dimension is provided by the conjecture d; and the LE are taken in
descending order. The dimension dj gives values close to the dimension esti-
mates discussed earlier and is preferable when estimating high dimensions. To
compute LE, we use a method with linear fitted map, although the maps with
higher order polynomials can be used too. Non-linear model of chaotic processes
is based on the concept of compact geometric attractor on which observations
evolve. Since an orbit is continually folded back on itself by dissipative forces
and the non-linear part of dynamics, some orbit points y"(k), r =1, 2, ..,Np
can be found in the neighbourhood of any orbit point y(k), at that the points
y"(k) arrive in the neighbourhood of y (k) at quite different times than k. One
can then choose some interpolation functions, which account for whole neigh-
bourhoods of phase space and how they evolve from near y(k) to whole set of
points near y(k 4 1). The implementation of this concept is to build parameter-
F(y(k), a)
and use various criteria to determine parameters a. Since one has the notion of

ized non-linear functions F(x, a) which take y(k) into y(k+ 1) =

local neighbourhoods, one can build up one’s model of the process neighbour-
hood by neighbourhood and, by piecing together these local models, produce a
global non-linear model that capture much of the structure in an attractor it-
self. Table 4 shows the global LE. It can note that the Kaplan-Yorke dimensions
[22], which are also the attractor dimensions, are smaller than the dimensions
obtained by the algorithm of false nearest neighbours. The presence of the two
(from six) positive A; suggests the system broadens in the line of two axes and
converges along four axes that in the six-dimensional space. Table 4. First two
LE (M1, A2), Kaplan-Yorke dimension (dy,), and average limit of predictability
(Prmag, hours) for time series of NO3,505 (Gdansk reg.;Jan.-Dec.,2003)

Site 6 | Site 6 | Site 9 (Gdy- | Site 9
(Sopot) (Sopot) nia) NOq (Gdynia)
NOy S04 S0;

A1 0.0184 0.0164 0.0189 0.0150

A2 0.0061 0.0066 0.0052 0.0052

dr, 4.11 5.01 3.85 4.60

Priaz| 40 43 41 49
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The time series of SO, at the site 9 have the highest predictability (more than
2 days), and other time series have the predictabilities slightly less than 2 days.
To use the non-linear prediction method, it is necessary to solve another one
problem which can be defined as how much exactly nearest neighbours, NN, must
be considered to obtain satisfactory results of the forecasts? Table 5 summarizes
the results of our experiments. The coefficients of correlation rise to the maxima
at some number of NN. These coefficients are both large and significant. So, we
further use NN = 180forNO, and NN = 260forSO» at the site 6, as well as
NN = 2100forNOg and NN = 250forSO, at the site 9.

Table 5. Coefficient correlation (r) between actual data and 24-hour forecast
subject to NN for last 100 points of time series of NOy and SOs (Gdansk reg.;
Jan.-Dec. 2003).

Site 6 (Sopot) | Site 6 (Sopot) | Site 9 (Gdynia) | Site 9 (Gdynia)
N02 SO2 N02 SOZ

NN| 80 | 180 | 200 | 80 | 260 | 280 | 80 | 210 | 230 | 80 | 250 | 270

R | 0.95| 096| 0.96| 0.91] 0.94]| 0.94] 0.96| 0.97| 0.97 | 0.93| 0.94| 0.94

3. Conclusions
Thus, we considered a problem of a chaos manifestation in dynamics of at-
mospheric pollutants within earlier formulated formally theoretical basis’s of a
consistent chaos-geometrical approach to treating of chaotic dynamical systems.
This approach combines together the non-linear analysis methods to dynamics,
such as the wavelet analysis, multi-fractal formalism, mutual information ap-
proach, correlation integral analysis, false nearest neighbour algorithm, the LE
analysis, surrogate data method etc. We have investigated a chaotic behaviour
in the nitrogen dioxide and sulphurous anhydride concentration time series at 2
sites in Gdansk region and proved an existence of the low-dimensional chaos in
these series. We have presented an effective nonlinear prediction model and real-
ized a successful short-range forecast of atmospheric pollutant time series. The
presented example has shown high perspectives of a combined chaos-geometrical

approach methods to treating dynamics of very complicates chaotic systems.
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OcobsmBocti maremaru4dHoi yactuHu tectiB GRE,
GMAT

A.11. Kpusko

Amnoramis Crarts npucBsideHa 0COOJUBOCTAM MATEMATUYHOI YACTHUHU TECTIiB
GMAT ra GRE. 3pob6seno nopiBussibauit ananiz mixk 3HO 3 maremaruku
zapnanasMu GMAT ta GRE. BusiBieni crinbhi pucu Ta akIieHTOBAHO yBary Ha

KJIIOYOBUX BIIMIiHHOCTSIX MiXK TECTaMH.

Kuarouosi cioBa Tecr, GMAT, GRE, maremaruka, 30BHIINIHE HE3ATEKHE OIli-
HIOBAHHsI, ajredpa, TeoMerpis, CTAaTHCTHKA, Teopis #moBipHOCTel, rpadikn

dyHKIIH, TECTyBaHHS, TECTOBI 3aBIAHHSI

VK 378.091.27:51

1 Beryno

Ocranni poku cepes yKPaiHCHKOI MOJIOZI Ma€ MiCIe CTiiffKa TeH/IEHIlisi OTPUMAaH-
Hs BUIINOI OCBiTH y €Bpomeifichkux Kpainax abo B Amepuri un Kanami. Oxmak
TYT BUHUKAE KOJIO IIEBHUX NPOOJIeM, HAWBAXKJIUBIIIIME Cepel| AKHUX €, 30KpeMa,
BUBUYEHHsI 0A30BUX YHIBEPCHTETCHKUX MUCIUILIIH 1HIIOK MOBOIO, BiIMIHHOCTI y
IIKiJIbHIN mporpaMi abiTypieHTIB, HA OCHOBI SKOI CKJIa/IEH] YHIBEPCUTETCHKI Kyp-
cH, BiK HAIIUX BUMYCKHUKIB mKig (17 — 18 pokiB), 0 He BiAMOBIIAE BiKYy TOB-
Hostirrs (21 pik), upuitasromy B 6ibiocTi 3aKOpAOHHUX Kpain Ta inmi. Tomy
6araTo MOJIOIUX JTIOAEH OTPUMYIOTh OCBITY KBasi(piKaIiifHOro piBHA «OaKaIaBp»
B YKpaiHi, a B:Ke MOTIM MPOJOBKYIOTH CBOE HaBUAHHA 3aKOpAoHOM. [lepeBazkuo

CTYIEHTH OOWPAIOTh Oi3HEC-HANPSIMKU MOJAJBINOI OCBITH, IJIS 9OTO HEOOXiTHO
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ckaanarn tect TOEFL abo IELTS ta GRE a6o GMAT. Ocranni Tectn MicTaTh
JIOCATDH BEJUKY KiTbKiCTh iHKOJIM JOCHTH CIenuidHnX 3aBIaHb 3 MATEMATHKH,
JI0 IKAX MOXKYTh OyT He TOTOBI yKpailHchKi abirypieaTu. ToMy akTya bHICTD i€l
poboTu mosiArae y HeoOXiTHOCTI TPOBEAEHHS TOPIBHSAIHHOTO aHAJII3Y MiXK TecTa-
MU €BPOTEHCHKUMY (aMepUKAHCHKUMH) Ta, yKpainchbkuM SHO 3 maremaruku mjist
VCIIIITHOTO MTOM0TaHHS MOXKJINBUX TPY/IHOIIB abiTypIEHTIB IpH 1X MPOXOIKEHHI,

Ta, OiIbIN e(PeKTUBHOI MiATOTOBKYU /10 TECTYBAHHSI.

Meroto crarri € BusiBiienns ocHoBaux ocobnusocreii rectiB GRE ta GMAT,
MOPIBHSAHHA 1X 3 YKPAIHCHKUM 30BHIIITHIM HE3aJIE2KHUM OIIIHIOBAHHSAM 3 MaTeMa-

THUKH.

Cutizn 3a3Ha9UTH, 10 3MICT IUX TECTiB, B OCHOBHOMY I'DYHTYETbCS HA IIKiTb-
HUX 3HAHHSX 3 MATE€MaTUKHU, aJie¢ MPUOIM3HO YBEPTHh 3aBIAaHb -— 3 TEMATHUKH,
III0 BUBYAETHCI B YKpAiHiI y BUIUX HABYAJBHUX 3aKJIQJAX TiJ 9aC OMPAI0-
Banus Kypcey «Buiia maremaruka». Tak GRE (Graduate Record Examinations)
-— CTAHJAPTHU30BAHUN ICIIUT AHIVIIHCHKOI0 MOBOIO, SIKHH € OTHIEI0 3 HEOOXiTHUX
YMOB BCTYILy Ha 3apy0ixKui miciagaBy3iBchKi nporpamu ta kypeu (MSc, MBA, PhD
ta in.). Icaye nsa tumnm icnury: GRE General Test (3aranbuuii, po3pobienunit
JUIsl OLIHKM KPUTHYHOIO MUCJICHHS Ta aHaJiTHu4HUX HaBu4ok B uiiomy) u GRE
Subject Test (cnemianizoBannii)[l]. GMAT (Graduate Management Admission
Test) — 1e TAKOXK AHIJIOMOBHUII 3araJIbHOOCBITHIH TECT, 110 BU3HAYAE AHAJITUIHI,

MaTeMaTuYHi Ta BepOasIbHi 3IiI0HOCTI.

2 Ocob6iauBocTi TecTiB

Tect GMAT 31a€Thcst AUCTAHIHHO (OH-JIANH TECT), 38 JOMOMOrOI0 KOMIT'IOTEP-
HOI mporpamu. ZIKIMO TakKol MOXKJIMBOCTI HEMAE, TO IPOIOHYETHCS ITPOXOIKEH-
HS TeCTiB abo Ha 0a3i THMYACOBHX KOMII IOTEPU30BAHUX IEHTPIB TECTYBAHHSA
38 CKOPOYEHUM DO3KJIAZ0M, ab0 y BUIVIAAl IMHUCHMOBOrO Tecty (oauH abo JBa
pa3 ma pik). GMAT cki1azaeTbcs 3 TPHOX CEKINi, KOXKHA 3 AKX Ma€ CBOI
piBui: Analytical Writing Assessment (nucbmoBe ece Ha 4iTKO 3ajaHy Temy);
Quantitative (MmaTremarnani 3apganns); Verbal (cnenjanizoBanuii Tect Ha 3HAH-
Hs i po3yminusa anrmiicskol MoBr) [2]. TecT copaMoBanuil Ha OIIHIOBAHHS Bep-
OaTbHUX, MATEMATUYHUX, Ta AHAJITHIHUX 3I0HOCTEH TAaKOK HABUYOK MHUCHMA,
Ha aHTJIMCHKIN MOBI Kl € BaXKJINBUMH JJIsI ITOJAJIBINOI poOOTH Kauauaary. 1 pu-
BAJICTDb TECTY CKJIAIA€ MPUOIU3HO YOTUPHU TOAUHU 3 JIECATUXBUIMHHUME TIepe-
pBamu. I[IpoxokeHHs TeCTy He mepeadadae OMiHKY 3HAHb KAHIUIATA, Y KOHKDPET-

HUX TaIy3sx Oi3Hecy abo mpodecioHaIbHUX HABHYOK. He BpaxoOBYIOTHCST TAKOK
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Taki Cy0’€KTUBHI SKOCTI SIK MOTHWBAIlis, KPEATUBHICTH, HABUIKU MiXKOCOOUCTIC-

HOTO CIJIKyBaHHSA. Pe3yabraru TecTy MiificHI IpOTIroM 1T POKiB.

€ BinminHOCTI ¥ crocobax nepesipku Tecrie GRE ta GMAT Ta ykpaincbko-
ro 3HO. Tax 3HO mnepesipsieThest 3a I0MOMOro0 koMm’iorepa, a rect GMAT,
HAIIPUKJIA/, [IEPEBIPAETHCA OJHOYACHO I KOMII IOTEPOM 1 JIFOAMHOIO. ¥ BHIIAJIKY,
KOJIM PE3yJIbTATH CINBIAJAI0OTH — IX HAMPABISIOTH O€3M0CEPETHBO 10 YIOOBOI0O
sakyany (a He 10 abiTypienTy aK Ha YKpaini), iHakme — 3a/ydaloTh TPETIO

0CcO0y J1j11 BUPIIIEHHS TTUTAHHS OIiHIOBAHHS.

MaremarmdyHa gacTuHA 000X TECTIB ABJsAE€ COOOIO MEPEBipKy OA30BUX 3HAHD
3 asreOpu, reomerpii Ta Teopii fimoBipHOCTi. ¥ OibITIOCT] BUMAAKIB 1€ MaTepias
MIKIJIBHOT TMPOTpaMu, sKuil BKJIIOYEHO 10 ykpaincbkoro 3HO, ognak icHyOThH
cyrreBi Biaminnocri. 30kpema, e KIbKicTh 3aBJaHb, gKi n0TpibHO PO3B’si3arTu
3a nepuuii yac. Ha 3HO e 33 3aBnanns na 150 XBujiuH, TOOTO YMOBHA, «IIBH/I-
KicTb» BuKOHaHHS — 0,22 3aBJaHHS 3a XBUJIUHY, npu cKiaaganui Tecry GMAT
— ne 37 muTaHb 3a MakCUMyM 75 xBuiauH, T00TO 1e 0,49 3aBIaHb 3a XBUJIUHY, &
y Bunagky GRE upononyerbcs 28 uuranp 3a 45 xsunun (0,62 3aBianus 3a XBu-

JuHy ), T06TO IOTPIGHO PO3B’sA3yBaTH 3a/a4l y /Ba, a TO il TPU pa3u IIBUJILIIE.

Oxkpewmo moTpebdye yBaru nutanis ¢popmu tecriB. Ykpaincbke 3HO micturs
3aBIaHHs TPhoX (GOpM: 3aBIAHHS 3 BUOOPOM OJHI€l MPaBUILHOI BiAMOBImi, 3aB-
JAHHSA HA BCTAHOBJEHHS BiAMOBIITHOCTI, 8 TAKOXK 3aBAAHHA BiAKpHUTOI GOpMH 3
KODOTKOIO BimoBio [3]. Inkomu 1i 3aBJaHHS HOCATH XapakTep 3ajad OiiabIil

HA JIOTIKY HiK Ha TIHOOKE 3HAHHS Maremarwku. Hampukiram:

[ T J
x B¢
AR$®

In the multiplication above, each symbol represents a different unknown digit, and
@ x W x & =36, What is the three digit integer @M &?

(A) 263 (B) 236 (C) 194 (D) 491 (E) 452

[Toni6Hi 3aBmaHHs COPSMOBAHI HA TMEPEBIPKY 3JATHOCTI KAHIUIATA PO3B’s-
3yBaHHS /10 MaTeMaTudHuX 3a7a4. [IpobiemMui nuTanns Jal0Th MOXKJIUBICTD 3a-
MPOIMOHYBAaTH JIEKiTbKa BapiaHTiB 3amad 3 apuMETHKH, OCHOBHOI aireOpu Ta
esieMeHTapHOI reoMeTpii. 3aBAaHHs MOJSIra€ B TOMY, 100 PO3B’s3aTH 33734y Ta

obpaTu BipHY BiAMOBiAb 3 T'STH 3aMPOMOHOBAHUX BAPIAHTIB.
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What number is x percent of y percent of z, in terms of x, y, and z?

xyz Xy + Xz xyz +100xz xyz Xy +xz
000 P10 © 0000 @i ® 0

(A)

YactuHa 33139 TpeCcTaBIeH] y CyTO MaTeMaTHIHUX PO3PaXyHKAX, 1HII Ma-
I0OTh BUTJISJ TEKCTOBUX 33JIad, IO TPYHTYIOTHCS Ha YKUTTEBUX CHUTYAIlidAX, aje

noTpebyI0Th MATEMATHIHOIO PO3B’A3KY.

A grocery store sells two varieties of jellybean jars, and each type of jellybean jar contains
only red and yellow jellybeans. If Jar B contains 20% more red jellybeans than Jar A, but
10% fewer yellow jellybeans, and Jar A contains twice as many red jellybeans as yellow

jellybeans, by what percent is the number of jellybeans in Jar B larger than the number of
jellybeans in Jar A?

Binpizugerncsa me Tinmbku GopmymoBaHHS 334341, ane it popMa 3ammucy Iuc-
ga. Tak 3ammc 3,252 B yKpaiHCHKIi ITKOJI 03HAYAE «TPHU IUINX IABICTI T'ATIaE-
car nBi tucsunuxy, Tomi gk y tectax GMAT ta GRE me «rpu tucadi gsicti
IATAECAT Ba», a IMija YaCTUHA BiAIIIAE€THCS Bix ApoOOBiH HA MHCHMiI KPAIIKOIO
(nanpukian, 3,252.7 — «rpu Tucai gBicTi 1'sgTHecAT ABl HuX cim gecaTux» ). B
yCiX 3aBIaHHSAX BUKOPHCTOBYIOTHCS TifbKM aAificHi uncaa. Cuin 3BepHyTH yBary
Ha Te, 1110 HASBHI y Tecrax Jiarpamu, Ta YMCJIOBI JIaHl /IO HUX, [IPEJICTaB/IeH] 3
MAaKCHMAaJIbHOIO TOYHICTIO, II0 MOXKE€ YCKJIA/HUTH BUKOHAHHS 3aB/IAHHS.

B recrax GMAT rta GRE kpim rpaguuiiinux 3asaadb 3 BubOpoM Bimnosisi,
MAalOTh MiClle TTMTAHHS I11e JIBOX THIIB — HA BUPIIIEHHs 33/a49 1 «HA BU3HAYEHHS
nmocraraocti ganux» (Data Sufficiency). Koxne nuranuga Tuny Data Sufficiency
CYTIPOBOXKYETHCST BUXITHOIO 1HMOPMAITIEIO i TBOMA TBEP/IXKEHHSIMU, TO3HAUEHN-
Mu HOMepaMu «1» i «2», gki MicTsaTh HOmaTKOBY iH(OpMAIifo. 3aBIaHHs OIS~
ra€ B TOMY, MO0 BU3HAYUUTH, 9M MICTUTHCA HEOOXiTHA iHGOpPMAIlis B MEPIIOMY,
B Ipyromy abo B 000X TBEP/KEHHSX, IO € HETUIIOBUM /IJIsi YKPAIHCHKUX TECTIB.
Kpim 1mp0r0, BUKOHAHHS 3aBIaHb YCKIAIHEHO TUM, IO OJIHI i Ti YK TBEP/I>KEHHS
MOXKYTh HOIIUPIOBATUCS HA JEKLIbKA 3aBJaHb (JAUB. IPUKJIA/IM HUKYE).

Taxi 3aBmaHHsa JAOMTOMAraioTh TMEPEBIPUTH PiBEHb MiATOTOBKU KAHINIATA 34
JIOLIOMOT'OI0 BUSIBJIEHHS HOr0 3/110HOCTE PO3B’sA3yBaTH 33,129l 3 BUKOPUCTAHHAM
BEJIMKOI KITBKOCTI HAIPSMKIB PO3B’sa3KiB. Tako:K BasK/JIHBO, IO HA BCi MATAHHSA
JOBOJUTHLCA BIAMOBIIATH TITBKU B Tiif TOCIITOBHOCTI, B AKiil iX MPOMOHYE KOM-

m’torep. [loBepHyTHCS 1 TEPEOCMUCTUTH B¥KE TPONIEHE 3aBIAHHS HEMOMKJIUBO.



TpancBepcasi 1 IpOAOBKEHHST (PYHKTODIB 19

Leo can buy a certain computer for p, dollars in State
A, where the sales tax is t; percent, or he can buy the
same computer for p, dollars in State B, where the
sales tax is t, percent. Is the total cost of the
computer greater in State A than in State B ?

{1} tl > t;_r

{2:' .E'll'; = Dgtz

A school administrator will assign each student in

a group of n students to one of m classrooms. If

3 <m< 13 < n, is it possible to assign each of the

n students to one of the m classrooms so that each
classroom has the same number of students assigned
to it?

(1) Itis possible to assign each of 3n students to
one of m classrooms so that each classroom
has the same number of students assigned to it.

(2) Itis possible to assign each of 13n students to
one of m classrooms so that each classroom
has the same number of students assigned to it.

Ile BuMarae ocoOIMBOI yBaru MpoTsAroM ychoro icrnuty. eski nuTaHHs MOXKYTH
3/1aBATUCS 1JIGHTUYHUMHU, aJle UPU UbOMY MarTu pisni sBiguosiad [4].

Temaruune wnamoBHenust TectiB GMAT ta GRE y mizomy Bigmosinae
YKPATHCHKOMY TIKLJIBHOMY KYPCY MAT€MATUKH. 30KPEMa, 0 IIUX TECTIB BXOISITh:
apudMeTndHi 3a1a49i; omepariil 3 MInMu Ta KPATHUMHA YACTAMU, MHOKHAKAMU;
YHUCJIOBI TOC/IIOBHOCTI; pobOTA 3 JIECATHHHUME YUCIAMH, BiICOTKAMH, MPOIIOP-
[igMU; MOKA3HUKHU CTYIIEHIO Ta KBaJpaTHI KOPEHi; craTucTuka (mOCiJoBHOCTI,
cepeJiHI BeJTMYWHY, Teopid iMoBipHOCTE#, MO/Ia, MeTiana, KBAPTHUJI, sKi, 10 pedi,
He BUBYAIOTHhC B yKPATHCHKIN 11KOU); onepauii i3 3MIHHUMU BeJIMYUHAMU; AJl-
rebpaiuni piBugHHg Ta HepisHOCTi. Ha BimMiny Big 3HO 3 MmaremaTuku noBHICTIO
BiZICyTHI TPUTOHOMETDid, TIOXi/THA Ta MepBiCHA.

Benuka yBara mpuainsernbcst amrebpaidHuM japobaM Ta JisM HaJ HUMH. €
3aB/IaHHS HA CIIPOINEHHS BUPA3iB, IO MICTATH CTYIEHL 3 IMIIMMU TMOKA3HUKAMU.
Bararo 3aB1anb Ha pO3YMiHHS MOHATE TPOCTUX T4, CKJIAIHUX YUCET (€ 3aBIaHH,
y dKUX 1OTPIGHO PO3KJIACTU YUCJIO HA IIPOCTI MHOXKHUKH), IIOPIBHSAHB duces. €
BeJINKa KiTbKICTh 3aBIaHb, Y SKAX MOTPIOHO 3HATH BIACTUBOCTI rpadikiB GpyHK-
wiii (mepm 3a Bce, me Jinifina dyHKig, KBagparuuna (ysknoig ta immi). Ha

Bimminy Bim anasoriuaux 3aaanb 3HO, rpadiku moTpibHO OMUCYBATH CJIOBAMH,
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III0 MOYKe YCKJIQIHUTH BUKOHAHHS 3aBmanus. Tak sk it wa 3HO, 6araro 3aBmann
Ha pPO3B’s#3aHHs PiBHAHb TA HEPIBHOCTEH (B OCHOBHOMY, lie JiHiiiHi BUnIaJKM).
OkpeMo ¢ 3BepHyTH yBary Ha Tak 3BaHi «TekcToBi» 3amadi, 60 Tectu GMAT
ta GRE, sk it tectu 3HO, 060B’s13K0BO MicTaTh Taku 3aBaanus. Haliqacrime, e
3a/1a4i Ha 3HAXOKEHHS MPOIEHTIB BiJ YncIa, GaHKIBCHKUX TPOIEHTIB (TIpOCTHX
T CKJIATHUX).

leomerpuuna ckia/10Ba TECTY MICTUTD UTAHHS, SKi BUBYAIOTHCA B IIKIJIHHO-
My Kypci reoMeTpii mepeBaxkHo j10 9 KJIacy BKJIIOYHO. 30KpeMa, Ie BIaCTHBOCTI
TakuX GIryp K TPUKYTHUKH, TPIMOKYTHUKH, KBAIPATH Ta IX IJIOIIi, BEKTOPH.
BuxopucroByerhcst dopmyna cymn KyTiB 6ararokyrHnka. Kyram B3arami mpu-
JUIA€ThCH 3HAYHA yBara. Hanpukiiaz, BCTYNHUK HOBHHEH 3HATH BJIACTUBOCTI
CYMIKHUX KYTiB Ta KyTiB, [0 YTBOPEH] MAPATETHLHUME MPIMUME Ta CITHOI0. 3a-
Brauus, gk # va 3HO, B ocHoBHOMY mpezcTasiieni rpadiuno. Crepeomerputmi

3a/a4i Iyke 0OMeXKeHi — I1e, TepeBaykHO, 33/1a4l Ha, BJIACTUBOCTI MapaJeernimne-

Ay.

3 BucuoBknu

Ha mamy nymky, Halibiibly ckiIagHicTh mpejacrapiaiorh 3apmganas GMAT Ta
GRE 3 maremMaTuvHOI CTATUCTUKHU Ta aHAIi3y JaHUX. BOHU MicTATH He TiTbKU
KOMOIHATOPUKY, €JIeMEHTH MATEeMATHUIHOI CTATHUCTUKU, HAYAJIbHI TTOHSTTS TEO-
pii fiMoBipHOCTE(l, IO BUBYAIOTH yKPAIHCHKI KOJAP] (nepeBaxuo B 11 kuaci),
aje # TakW MOHATTS K KBapTifi, IPOIEHTe N, CTaHIapTHe Biaxumrennsa. Berym-
HUKaM HeoOxiqHe BMiHHS KopucTyBaTucsa cnemudivbaumu rpadikamu (Hampu-
kiaz, boxplots or box-and-whisker plots), y SKuX 3aCTOCOBY€THCS HE3BUYHE JIsi
yKpalHChbKOro cryzaenrta (abirypienra) nosnadenus uaiimeninoro (L) ra naiibinb-
moro (G) 3uavenp. IHakine HIXK y HAIIMX HIAPYYHUKAX IPEICTABJIEHI Taki 1O-
HATTA 9K nepecTaHoBKu (permutation), po3mimenns (permutations of n objects
taken k at a time) ra kombinauii (combinations of n objects taken k at a time).
Tloznadgenus ta popMysn ajist iX 3HAXOMKEHHS TaKOXK JEI0 BiapisaaoThesa. Ha-
npukaa, B ykpaincekomy 3HO 3 marematuxu kombinamii - e CF, a 8 GMAT
ta GRE - 1e ,,C}), abo (Z) it Take in.[5, 6]. To6TO 151 yCTINIHOTO MPOXOIZKEHHST
rectiB GMAT ra GRE 1orpibHO peresibHO OIPAIIOBATH II0 TEMY.

Takum uwmaom tectu tuny GMAT rta GRE, sk Tectu, mo mnepesipsaioTh
3arajgbHy MaTeMATHYHY IIiITOTOBKY, MalOTh 0Aararo CILIbHOTO € YKPAIHCHKUM
3HO. Tobro npy miaroTroBui I0 HUX AOULIBHO KOPHCTYBATUCHA HABYAJIbLHO-
IUIaKTUIHUME MaTepiajgavu 3 miarorosku 10 3HO 3 maremaruku. OmgHak icHy-

I0Th i CyTTEBI BiIMIHHOCTI, HA SIKi CJIiJ1 3BepHYTH yBary aditypierrtam. [To-mepire,
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IIi TECTW TEePEeBipAIOTh Pi3HWI 3MICT KypCy MaTeMaTWuKW; TO-Ipyre, € HOBL I
YKPAaIHCHKOrO abiTypi€HTa THIHN 3aBJaHb, 30KpeMa IIe CTOCYEThbcd Temu «data
analysis», saka Haibinbm Biapizasgernes Big 3HO 3 maremaruku. Takum 9uHOM,
y YKpaiHCHKOro abiTypieHTa €BPOMEHChKOro abo aMepuKaHCHKOIO BHUIMOIO HAB-
YaJbHOTO 3aKJI3y € peaqbHa MOMKJIWBICTH CKJIACTH BCTYMHI iCTUTH /IO HUX 3

MaTEeMaTUKH, aJjie 33 YMOBU I'PYHTOBHOI PETEJIbHOI I ITOTOBKH.
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The features of mathematical part of tests GRE, GMAT

The article deals with the analysis of the main problems in passing the
mathematical part of the GMAT and GRE tests. The author analyzes the basic
peculiarities of these tests from the point of view of their correspondence to
the Ukrainian variant of final testing in mathematic — the external independent

assessment.
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Tonosornyeckass 3KBUBAJIEHTHOCTh ITPOCTBIX MC-
nap Ha YeTBIPEXMEPHBIX MHOT000pa3max

H. B. Jlykosa - Yyiiko

Ansoranua Jlokazan KpuTepuii TOMOJOTHIECKONH SKBUBAJEHTHOCTH IIPOCTOMH
nosisipHoit MC-mapbl 6e3 KPUTHYECKUX TOYEK WHIEKCA 3 HA YeTHIPEXMEPHOM

MHOTrO00pa3uu B TEPMUHAX YHOPSIOUEHHBIX auarpamm Kupou.

Kurouessbie cioBa ¢dynkiun Mopca, SKBUBaJIeHTHOCT, osie Mopca - Cmeitna

VIK 517.91

I[Iycte M — rnaakoe muOroobpaswme. /IBa BekTopHbIX moast X, Y wa M Ha-
3BIBAIOTCS TOTOJOTUYECKU SKBUBAJEHTHBIME, €CJIM CYIIIECTBYET TOMEOMOPdU3M
h: M — M, orobpaxxaromuii TpaeKTopun moJjigs X B TPAEKTOPUU MOJA Y, CO-
XpaHssd UX OPUEHTAIUIO.

Pazapivu  ciocobamu TOMOIOrHYecKas KiiacCuUKAIusd BEKTOPHBIX MOJeit
Mopca - Cmeitna na mosepxuoctsx monydena E.A . Jleonrosuuem n A.T.Maitepowm,
M.Ileiikcoro, B.B.IMlapkom, X.Bourom, I'.®@neittucom, E.I'upuk u ap.

Tomonornveckoit KaaccupuKAIUK BEKTOPHBIX moseit Mopca - Cwmeiina Ha
TPEXMEPHBIX MHOT000pa3usix mocBsIens paborsr [.@jeiitaca, 9.J1.YMancpkoro
ra 0.0.Ilpunuisika, a B yerbipéxmepHoM ciaydae pabora [1].

Oyukuyu f, g : M — R Ha3bIBAIOTCS TOMOJIOTTIECKU IKBUBAJICHTHBIMU, €CJIH
cymecTBytoT romeomopduamet h: M — M , I/ : R — R, 1 KOTOPBIX BBITOJ-
Hstercs papencrso f o h = h' o g u romeomopdusm h’ coxpanser opueHTalUIO
IPAMOWA.

[nobanbras Tomoslormdeckas kiaccudukanus dyaknuii Mopca Ha MOBEpX-

HOCTSIX ¥ OJTHOCBSI3HBIX MHOTOOOPA3USX PA3MEPHOCTH OOJIBITElH § ObLIa MOy IeHa,
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B paborax A.T.@omenko u B.B.ITapxko [2], [3]. Tononorudeckyio kaaccudpura-
nusa Gyakinuit Mopca Ha 3aMKHYTBIX TPEXMEPHBIX MHOIOODOPa3UaX MOCTPOEHO B

[4], a Ha gerbIpéxMepHBIX B [5].

B [6] nouyuena kunaccudukauust dbyunxuuit Mopcea - Cumeitiia Ha 3aMKHY ThIX
PHMAaHOBBIX TPEXMEPHBIX MHOrOOOPA3HAX II0 OTHOIIEHUIO K T€OMETPUIECKOH 3K-

BUBAJIEHTHOCTH B TEPMHUHAX OOOOIIEHHBIX AUArpaMM Xeropa.

MC-napoti naspiBaerca Takaga mapa { f, X }, B koropoii f — dbyukuusa Mopca,

a X — rpaaueHTHO-TI000HOe BEKTOPHOE TOJie 3TOM (DyHKITHH.

Oee MC-mmapsr {f, X},{g,Y} Ha3bBatorcsi TOMONOrMYECKN SKBHBAJIEHTHBI-
MU, ecid cyiecrsyior romeomopdusmbl b : M — M, A’ : R — R 119 KOTOpbIX
BBINIOJTHAETCS PaBeHCTBO f o h = h' o g m kpome Toro romeomopdusm h orobpa-

KaeT TpaeKTopuu moJisg X Ha TPAeKTOPWH TOJA Y .

ITo reopeme Mopca B OKpPECTHOCTH HEBBIPOXK/IEHHHOH KPUTHYECKOH TOY-
KH CyIIECTBYeT CHUCTEMa KOODJIWHAT X1,X2,...,Tn, B KOTOPOH (DYHKIMS WMe-
er Bug f(x1,22,...,2n) = f(0) —af — a3 — ... — 2} + a3, + ... + 2. Ioxne
X = {—x1,—2%2, ..., — Tk, Tht1, -, T} OYIET IPATMEHTHO-ONOOHBIM JIJIsI ITOMN
dyukun. HazoBem 3tu (pyHKIHIO U MOJIE CTAHIAPHON Mapoi.

MC-napa Ha3bIBAETCS TTPOCTOI, €CIIU [IJIsT KAYK IO KPUTUIECKON TOUKN (PYHK-
LMK CYIIECTBYET OKPECHOCTb B KOTOPOI OHA TOLOJIOIMYECKH SKBUBAJIEHTHA CTAH-
mapraoit MC-mape.

MC-napa Ha3bBIBAETCS MOJSAPHON, ecan y (BDYHKIUU CYIIECTBYeT JIUINh OIWH

JIOKAJIbHBINA MUHHUMYM U OOUH JIOKaJIbHBINA MaKCHUMYM.

IHocmanosra 3adavwu. HaliTn ycaoBHsi TOMOJOTHYECKONW HKBUBAJIEHTHOCTH

rpocroit nossspaoit MC-napbl 6e3 KpUTHYECKUX TOYEK HHJIEKCA 3.

TomoJsiornveckasi eKBUBaJIEHTHOCTDH IIpocToil moJiapHoii MC-nmapbi
6e3 KpuTHUYecKuX Touek mHaekca 3. Byaem paccmarpusars dyukmmm Mop-
ca Ha 4-MepHBIX MHOT000Pa3MAX, y KOTOPBIX OAMH MUHHUMYM U OJMH MAKCHUMYM
M HEeT KPUTHUIECKUX TOUEK WHIEKca 3. MHOKEeCTBO KPUTHYECKUX TOOYEK YTOpSI-
JIOYEHO 110 BO3PACTAHMIO 3HAYeHU (DyHKIUK B HUX. HoMep KPUTUIECKON TOYKHU
— 3TO HOMEp ee KpuTtmdeckoro 3uadenus. 1o dbyHKIUM MOCTPpOMM pa3jIoKeHue
Ha pyuku. Torma 3To paszsoxenue Ha pyduku OyJeT 3a7aBaTh quarpammy Kupbn,
B KOTOPO# KaxKJ0# BJIOYKEHHOM OKPYXKHOCTH € TOYKOHM COOTBETCTBYET l-pydka,
a OKPY2KHOCTH C OCHAIIEHHUEM - 2-pYyUKa (3Ta OKPYXKHOCTb €CTb cpeueil cdepoit
2-pyuku). IIpu aromy Kaxkzas OKPY:KHOCTb MMEET TOT K€ HOMED, KOTOPBIA U
COOTBETCTBYIOIIAsA KpUTHIECKasa Touka (pyukuuu Mopca (paBHbBIl HOMEPY COOT-

BETCTBYIOMIEH PYUKH).
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[Tpu 3TOM BCerma MOKHO JOOUTHCS, ITOOBI OKPYKHOCTH C TOYKOI OBLIa, CTAH-
JIAPTHO BJIOXKEHO#, yI'W BHYTPH Hee ObLId rOPU30HTAIBHBIMYU U IIPOXO/IAINA HA/T
JIEBO# TIOJTYyOKPY?KHOCTBIO 1 TIOJ, IPABOii MOJTYOKPY>KHOCTHIO. B mambHeieM Mbl
OyZeM Ipero/ararb, 9T JJIsi BCEX IUArPAMM BBIMOJIHSAETCS 3TO CBOHCTBO. I1o
JIPYTOMY, MBI 3TO MOYKEM PACCMATPUBATH KAK (PUKCAINIO BHYTPEHHETO IBYXMED-
HOT'O JUCKA, OPAHMYEHHOI'O OKPY2KHOCTBIO C TOYKOW, W BCEX €ro Mepecedenuii ¢
JIyTaMu.

Huarpammy Kupbu, B KOTOPOI#t KazK10i1 OKPYKHOCTH TTPUITUCAH HOMED, & [IJIst
OKPY2KHOCTEH ¢ TouKaMu 3aUKCUPOBAHDI BHY TPEHHUE [IUCKH, HA30BEM YIIOPI0-
qennoit. JIBe ymopsimodeHubie aunarpaMmbl KupObu Ha3bIBAIOTCS M30MOPQMHBIMH,
ecu cymecTsyeT romeoMopdusM cdep S, KOTOpBIH 0TOOparkaeT BIIOXKEHHBIE
OKPYXKHOCTU HA, OKPYKHOCTH, COXPAHSs TOYKYM WJIN OCHAINEHUsI OKPYZKHOCTEM,

HOMEpa OKPY?KHOCTEIl U TOYKU llepecedeHusd C BHYTPEHHUMHU JJUCKAMU.

Teopema 1 /[se npocmuoie noaspuoie MC-napo. 6e3 xpumuveckuxr movwex under-
ca 8 HA YEMBLPETMEPHHLL MHO2000PAZUALT MONOAO2UNECKY IKGUBAALHMHBL MO200
U TOABKO M020a, ecAU TOCMPOEHHbLE N0 HUM Ynopadovennsie duazpammos Kup-

oU U30MOPPHDL.

HokazareabcTBo. Heobzodumocms. ITockoabKy Tomosornieckast SKBUBATIEHT-
HOCTb 33/Ia€T COOTBETCTBUE MEXK/y TPAEKTOPUIAMH IIOJIeH, TO OHA HOPOXKAET
OMEKINIO MEXKJIy WX MEPECedeHUsiMUA C TPeXMepHbIMU cdepaMu, KOTOPas Mo 10
MOCTPOEHUIO OyeT romeoMopdu3MoM. [Ipu 3TOM OKpPYKHOCTH OTOOPAKAIOTCSA B
OKPYYKHOCTHU, COXPAHSIsT OTMEUEHbIe TOYKN U OcHaIennsi. COOTBETCTBUE KPUTH-
YEeCKUX 3HAYEHUI rapaHTUPYeT PABEHCTBO HOMEPOB (IIOPSJIKOB) ITUX OKPYZKHO-
CTel.

Locmamounocms. He orpannanBasi OOIITHOCTA MOXKEM CUUTATh, 9TO Y JABYX
byHKUMT OAMHAKOBbIE 3HAYEHHHA B COOTBETCTBYIOMIUX KPUTHYECKAX TOUYKAX.
Tomeomopdusm guarpamMm 3a7aeT COOTBETCTBHE MEXK/Y TPAEKTOPUSIMU IOJIEi
(KpoMe HeyCTONYMBBIX MHOrOOOpa3uii KpUTHIECKUX TOUeK uHiaekca 2 u 3). Ilpu
HEOOXOIUMOCTH TOAMPABUM €0 TaK, YTOOBI OH COBMIAIAT ¢ TOMEOMOP(pPU3IMOM B
OKPECTHOCTH OCHAIEHHBIX OKPY2KHOCTEI, KOTOPbIN 33/1a€TCsl YCIOBUEM IIPOCTO-
1ol pyHKIHH. TOrma moaydnM TakkKe COOTBETCTBUE MEXK Ty HEYCTONIMBBIMU MHO-
rooOpa3usMy KPUTUIECKUX TOUYEK HHIEKCA 2. COOTBETCTBHE MEXK/Iy HEyCTOWYn-
BBIMY MHOTO0OPA3UsAMY KPUTHIECKUX TOUYEK MOYKHO MTOJIYUUTh U3 YCIOBUS €IWH-
CTBEHHOCTH OJHOTOYEYHBIX KOMITaKTH(pUKAIUil Ha mpocTpancTse opout. Takum
06pazoM, IOy IUM TOMEOMOP(MU3M TPOCTPAHCTBA OPOUT OTHOM (DYHKIMH B APY-
ryto. s Kaxoit opOouThl (TpaeKTOpUH) 3a4auM roMeoMopdu3M Ha COOTBET-

CTBYIOIILYIO OpOUTY APYyTOil (DyHKIINHU C MOMOIIBIO PABEHTCBA 3HAUEHUN hyHKITHIT
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B TOUKax opouThl. TakuM 00pa30M MOIYyUUM UCKOMBII TOMEOMOP(hU3M MHOT000-
pasuii.

IIpumep. Ha dgernipéxmepnoit chepe dpyuakims Mopca ¢ 4 KpUTHIECKH-
mu Toukamu uHAekcoB 0,1, 2 u 4 3amaercs NPOU3BOIBHBIM y3JI0M (2-pydKa) u
OKPY?KHOCTBIO C TOUYKOH, KOTOPas eCTh TPaHuIIell 2-T1CKa, KOTOPBIi IepeceKkaeT-
Cs C y3JIOM TPAHCBEPCAJIHHO B OJHOM BHyTpeHHEl Touke. /IBe Takue aquarpaMMbl
9KBUBAJIEHTHbI, €CJIU 9KBUBAJIEHTHBI UX y3JIbl (CyLIIECTBYET rOMEOMOP(hU3M TPex-
MepHOii chepbl, TIePeBOIAINNI Y3 B y3e).

3akJrouenue. UcciepoBanbl Tonosorndeckue cpoiicrea MC-map Ha 3a-
MKHYTBIX 9€TBIPEXMEPHBIX MHOI00Opa3usax. ABTOP HaJEeTcs, 94TO MOy YeHHbIE

Ppe3yabTaThl MOXKHA OyIeT pacnpoCTpaHuTh Ha Oojee mupokuii kKjaace MC-map.
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Topological equivalance of simple MS-pairs on 4-manifolds
It is proved a criterion of topological equivalence of simple polar MS-pairs

without critical points of index 3 on 4-manifolds using ordered Kirby diagrams
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O6 adpduHHBIX OMOMIMYIECKUX IOTPYKEHUAX BbI-
COKOI1 KOPa3MEPHOCTMU.

Enena Anekceesna lllyraiino

Annoranmsa B pabore ommcaHbI CBONCTBA MHOTMOMEPHBIX AMQPUHHBIX OM-
OMIMYIECKUX TOTPYKEHUI BBICOKOW KOPA3MEPHOCTH C TIJIOCKOW W JIOKAJIHHO
CAMMETPHUIECKONH HHIYIIUPOBAHHON CBA3HOCTBHIO. /lana mapamerpusamus oMOu-

JIMYECKUX HOT'PYKeHUil ¢ HUJIBIIOTEHTHBIM OIIePATOPOM KDPUBHU3HBI.

KurroueBbie cioBa ad@uHHOE TOTPyKEHWE, ONEPATOP KPUBU3HBI, JIOKAJIHHO

CUMMETPpHUYIECKaA CBA3HOCTD.

VK 514.754

BBenenue

Mycts (M™,V) — adduntoe n-mepHoe MHOroo0pasue €O CBI3HOCTHIO V,
(R"**_ D) — crammaprroe (apudnmermaeckoe) adbdunmroe TPOCTPaHCTRO € TLIOC-
Koit cBszHocThi0 D. Obo3naaum X(M™) MHOXKECTBO BCEX IVIQJKUX BEKTOPHBIX
noneit ma M™. B coorsercreum ¢ [3]|, morpyxenne f : (M", V) — (R*"** D)
Ha3biBaeTcsd adGUHHBIM, €CTH BIOJb TOMPYKEHUs OMPEIEIeHO k-MepHOe TPaHC-
BepcasbHOe nuddepeHimpyemoe pacnpeaenenne Q: x € M™ — @, Takoe, 9TO

st Beex ¢ € M™ u Beex X, Y € X(M™) cupaBeyiuBo pasioxeHue
Dx f«(Y) = f«(VxY) + h(X, Y), h(X, Y) € Q, (1)

KOTOpOE omnpejessier afipurnyto dyndamenmanvryro dopmy h(X,Y).
jisi TpOu3BOILHOTO TPAHCBEPCATBHOTO BEKTOPHOTO MOJs £ 3amMnChIBAETCS

TaKyKe aHajormuHoe pasznokenne Dx& = —f,(SeX) + V&, KoTopoe ompeie-
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aser onepamop Belineapmena S¢ OTHOCUTENIBHO § U MPAHCEEPCANLHYIO CEA3-
nocmo V.

Orobpaxenue S; : Qp X Tp(M™) — T,(M™), neiicrByioiiee mo mpaBuLy
(&, X) — S¢X B kaxk0it Touke x € M™, onpenenser omobpascenue Betneap-
mena.

Iycrs &1, ...& — 6a3uc TpancBepcaabHOro pactpenenenus: Q. Addunnbe

anayorn pasnoxkenuit ['aycca m Belinraprena 3ammncbIBaloTCS B BUJIE
DxY =VxY 4+ h*(X, Y)&,, (2)

Dx&y = —So X +75(X)5. (3)

Komnonenrsl xybuueckotl gopmv apPUHHOIO MOIPYKEHUsT OTHOCUTEJHHO

6asznca TPAHCBEPCATHLHOIO PACIPEIETeHN UMEIOT BUI:
CUX, Y, Z) = (Vxh*)(Y, Z) + 75 (X)WP(Y, Z). (4)

B [7] aokazano, uro paur orobpaxenus h(X, V) : T,(M) x T, (M) — Q, ue
3aBHUCUT OT BBIDOPA TPAHCBEPCATHLHOIO PACIPEIETIEHUS U HABBIBAETCS MOYeUHOU
Kopasmeprocmvro adpduHHOTO MorpyKenusi. /Jloka3aHo Takke, 9T0 B ciaydae ad-
GUHHOrO MOTPYIKEHUS MAKCUMAJIbHON TOYEUHONH KOPA3MEPHOCTH PA3MEPHOCTH
anapa u obpasa orobparkeHusi BefiHrapTerna He 3aBHCAT OT BBIOOPA TPAHCBEP-
canmbHOTO pachpesenenus. Cae10BaTebHO, MOXKHO BBIIEISAThH OTIETbHBIE KTac-
ChI TIOTPYKeHUil, uMeromme o0IIme CBOMCTBA oToOparkenusi Beitnraprena. Og-
HUM M3 TAKUX KJIACCOB SBJISIOTCS OMOMIMYECKHUE IOy 2KEHMst. XOPOLIO U3y YEHbI
OMOMINIECKNE TUIEPIOBEPXHOCTH - COOCTBEHHBIE W HecoOCTBeHHbIE adhDUHHBIE
cdepsr ([2,3] u gp.). Onpenenenne u cBOMCTBA OMOUIHYECKHUX TIOMPYKEHHI KO-
pasMepHOCTH 11Ba JaHbl B [4]. 15 morpy»KeHuii 6oJiee BBICOKOH KOPa3MEPHOCTH

BBEIEM aHaJIOTHIHOE OIIpeaesienne

Onpenenenne 1 Adgunnoe noepyorcenue f : (M™, V) — (R*"T* D), das
K0MOP020 CYULCMEYem mpanceepcarvhoe pacnpedeserue Q maroe, wmo omob-

pascenue Betinzapmena obaadaem ciedyrouum c80tcmeom:
S (&, X) = A X, ede e — anadkan pynxyua V &,
Ha3vL8aeMcesA aPdunmvim ombusuveckum nozpystcenuem. Ipu smom

(i) ecim Bce A¢ mynesble, 10 ectb S = 0, TO HOIpyKeHUe HA3BIBAETCH HeCOD-
CMEEHHBIM APHUHHDLM OMOUAUNECKUM;
(ii) B OPOTMBHOM CJIydae MOrpy KeHue Ha3bIBACTCS COOCEEHHbIM aPHUHHBLM OM-

OUAUYECKUM.
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Omneparopsr Beituraprena adbduHHOrO OMOMINIECKOTO TOTPYKEHUsT 001318~
0T CJIEAYIONMMHU CBOMCTBAMU: So = A - I, rme Ay — rnagkue dpyHkuuu, I —
TOXKJECTBEHHBII ONepaTop.

Samerum, uro adduHHBIE OMOUINIECKHE TIOTPYKEHUS ABJIIIOTCS YACTHBIM
ciydaeM 1eHTpo-abGUHHBIX MorpyKenuii [4, 3.

Jlannast pab0OTa MOCBSAINEHA U3YUEHUIO COOCTBEHHBIX adMUHHBIX OMOMIIIE-

CKUX IIOI'PY2KEHUI.

1 ITpenBapuTeabHbIE CBEJ/IeHUS

Paccemorpum adbdunnoe norpyxenme f : (M™, V) — (R*"* D). Xopomo u3-

BecTHBI [2] ocHOBHBIE ypaBHeHust adbUHHBIX TTOrPYKeHMIL:

R(X, Y)Z = h*(Y, Z)SaX — h*(X, Z)SsY; (5)

(Vxh)(Y, Z) + 5 (X)RP(Y, Z) = (Vyh*)(X, Z) + 15 (V)R (X, Z); (6)
(VxSa)Y —78(X)S5Y = (VySa)X — 72(Y)SsX; (7)

R (X, SaY) — hP(Y, SuX) =
X(r{ (V) + )/ (X)r2 (V) = V(7 (X)) = Tf (V)73(X) = 70 (X, Y]). (8)

Joxkazano [7], uro eciiu M™ — noamuoroo6pasue 8 R™T* ¢ rpancsepcasibibiv

pacmpegenenueM Q = span{¢y, ..., &} u Q =span{¢y,..., &} — npeobpazopa-
HUE TPAHCBEPCATLHOTO PACIPEICICHIs

goz = q)gfﬁ + Zon (9)

rme Z, — KacaTeslbHbIe BeKTOpHBIE TTonid HA M™, @ = [@g] kx ki HEBBIPOXKIEHHAS

MaTpuia U3 AKX GYHKIU, Toraa:

h(X, Y) = [@715n7 (X, Y) (10)
VxY =VxY — @507 (X, Y)Z, (11)
SoX =885 X —VxZo +75(X) 25 (12)

TR(X) = [07 {7 (X)P, + WY (X, Zo) + X(27)} (13)
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Teopema 1 ITycmo f: (M™, V) — (R*"* . D) — cobemeennoe addunmoe om-
busuNeCKOe No2pYAHCEHUE ¢ PAduYCoM-6eKMopom nozpysicenus 7. Ecau 6 mpanc-
8EPCANLHOM PACTIPEIeNeHUY CYULecmeyem sexmophoe noae & maxoe, 4mo Ae 7 0
60 e6cell obaacmu onpedesenus, moz0a 6a3uUc MPAHCEEPCANDHO20 PACTPEIENCHUS

MOXHCETM, ODIMD 8LLOPAH CAEIYOULUM 00PA3OM
& = —7, &, = const npu a = 2, k. (14)
IIpu smom:

1) onepamopuw, Betinzapmena umerom caedyrousuti 6ud
S1=1, So =0Va=2k; (15)
2) Mpanceepcarbhas C6AZHOCD NAOCKAA, NPUBEM
75(X) =0 dan 6cex X u ecex o, B =1, k;
3) men3op KPUGU3HBL UHIYUUPOGAHHOT CEAZHOCTNU GLINUCAALTNCA NO POPMYAE
R(X, Y)Z =h'(Y, 2)X - h'(X, 2)Y (16)

4) C8AZHOCTD ABAAKLTNCHA NPOEKMUBHO NAOCKOT;
5) ceasnocmo noaycummempuueckas, m.e. R- R =0;

6’) men3op Puvvu cummempuuen u evuucasemes no gopmyae
Ric(Y, Z) = (n — 1)R*(Y, Z).

Loxasameavcmeo Paccmorpum  addunnoe ombuimdaeckoe morpyxenwe f

(M, V) — (R*** D). Oneparopsr BeitHrapTena mMeioT CeIyIONIHH BIT
Sa = Mg+ I, upudem cymecrByer a Takoe, 4ro A, 7 0 BO Bceil obiacru oupe-
nenennsi. He Hapymias obIHOCTH MOXKeM cauTaTh, 910 A1 # 0. Torma moxkHO

BBIOpaTh OA3UC B TPAHCBEPCAIHHOM PACIPEICTICHIN

/M =Xa/Ar - —Me/A
_ 0 1 0
ba =05, Drxr =
0 0 1

takuM o6paszoM, ut0 S; = I, S, = 0 Va = 2, k. To ects oneparopst Beitaraprena
umeror sug (15).
U3 ypapuenus Taycca (5) nosydaem, 9To T€H30p KPUBU3HBI BHIYUCIISETCS 110
dopmyie (16)
R(X, Y)Z =h Y, 2)X — W (X, Z)Y.
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Ten3op KPUBMU3HBI B TAHHOM CJIYYae COBMAIAET C TEH30POM KPWBU3HBI HHITY-
UMPOBAHHOI CBA3HOCTH HEHTPO-abPUHHOIO OrPyKeHus ruepuosepxuoctu [3].

CﬂeﬂOBaTeJ’[bHO, B TaHHOM CjIy4dae CBA3HOCTb UMEET Te 2Ke CBOfICTBa, a UMEHHO:

1) men3op Puvvu cummempuren u BRITUCTIIETCs IO (POPMYyITTe
Ric(Y, Z) = (n — 1)WY, 2);
2) C8A3HOCTD ABAAECTINCA TIPOEKTNUBHO NAOCKOU.

IIpsiMpiM OZICYETOM JIETKO NMPOBEPUTH, YTO JAHHAA CBA3HOCTH IMOJIyCHMMETDH-

Jeckas, T.e. R- R =0.

(R(U,W)-R)(X,Y)Z = R(U,W)(R(X,Y)Z) — R(R(UW)X,Y)Z~
R(X,R(U,W)Y)Z — R(X,Y)(R(U,W)Z) = (R(UW)(h (Y, Z) X —
RN (X, Z)Y) — R(W(W,X)U - b (U, X)W,Y)Z — R(X, " (W,Y)U—
WU, YYW)Z — R(X,Y) (WY (W, Z)U — hN (U, Z)W) =
RY(Y, Z) (W' (W, X)U — WY (U, X)W) — b1 (X, Z)(R* (W, YU — h* (U, Y)W)—
W, X) (W' (Y, Z)U — WY (U, 2)Y) + hY (U, X) (R (Y, Z)W — b (W, Z2)Y ) —
R (W, Y)(h' (U, 2)X — h'(X, Z)U Y)(h (W, Z)X — ' (X, Z)W)~
RHW, Z)(WH (Y, U)X — hH (X, U)Y) +h' (U, Z) (' (Y, W)X — h' (XvW) ) =

)+h(
) + 1 (U,

Paccmorpum ypasaenusi Puaan (8) JJIsI JaHHOTO IIOTPY>KeHnA
mpu a = 1: KX, $1Y) - hP(Y, $1X)=hr%(X, Y) - hP(Y, X)=0;
mpu o =2,k :  hP(X, S.Y)—hP(Y, S.X) =R’ (X, 0) - RA(Y, 0) =0.

Taknm o6pazoM, [jsi JAHHOTO TOTPYYKEHUST MPAHCEEPCAALHAL CEAZHOCTID
NAOCKAA.

IMockonbky So = 0 mpu o = 2,k u VS; = 0 mpu a = 1, T0 u3 ypasHe-
unit Komammu (7), nomyuaem: —72(X)Y = —71(Y)X. Tak xak 370 paBeHCTBO

BBITIOJIHSAETCS MPH JTI00BIX X, Y, TO clIemoBaTeInbHo,

72(X) = 0 ans Beex X u Beex o = 1, k. (17)

e

TlockombKy TpamHCBepcaabHAs CBI3HOCTD ILTOCKAs, TO MOXKHO BBIOpPATh OA3WC B
TPAHCBEPCAJIBHOM DPACHPEIEIeHNH TaKUM 00pa3oM, 4To Bce (OpMbI TpaHCBED-

ca/IbHO# cBsA3HOCTH OymyT Hysnesbie. A ¢ yderom (17) okaswIBaeTCs, 4TO Ta-

KOif 6asuc MOKeT GbITh MOJIy4eH IIPeoOpa3oBaHmeM &, = @ggg ¢ Mmarpurei
1 0 _
P = Dx(k=1) , Koropas ne mensier (12,13) Bug omeparo-
b—1)x1 Y(k—1)x(k—1)

por Beiirraprena (15).
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Urax, momysaem Dx& = —X, Dx&, = 0 mpu o = 2, k. Takum o6pasom, ec-

JIA T - PAJINYC-BEKTOP MOTPY2KEeHMs, TO 0A3UC TPAHCBEPCAIHHOIO PACIIPEIeIeHUs

_ —
MOKeT OBITh BBIOpAH caeayiomum obpasom & = —7, &, = const mpu o = 2, k.

Teopema, MOJTHOCTHIO JIOKa3aHa.

Jdemma 1 ITyemo f : (M", V) — (R"* D) - cobecmeennoe addurmoe om-
OUAUMECKOE MOZDYNCEHUE, TIPUNEM CYWECTNEYEM O Maxoe, 4mo Ao 7 0 60 6celi
obaacmu onpedeaenus. Tozda noezpysicenue modicem Gblmb NAPAMEMPUIOEAHO

caedyrouum 00pasom
F@) = {p (@), o (@), F2(a), ..., P ()} (18)
¢ 6a3UCOM MPAHCEEPCANLHOZO PACTPEIEACHUS
Gi=—p=—{p*, ..., p""10,...,0},6&0={0,...,1,...,0} mpua =2k, (19)

ede edunuya cmoum na (n + o)-m mecme. IIpu 3MoM BLNOAHAIOMCS 6Ce C80U-
cmea, chopmyauposantvie 6 meopeme 1, 3a uckiovenuem Hopm Mpanceepcaib-
HOU C8AZHOCTIU: Tlﬁ (X) = X(FP) daa B =2, k, ocmarvnsie Komnonenmo, nyne-

6ole.

Joxasameavcmeo Boibepem 6a3uc TpaHcBepcanbHOro pacupenesenus (14).
Urak, &, — HOCTOSHHBIE BEeKTOpHBIE mois mig o = 2, k. Ilyers V. = R*H —
abdunnoe mommpocrpancteo B R™TF rtpamcepcambHOe mpocTpaHCTBY Q =
Lin{&,..., &}. Hycrs 7 : R — V - npoexuus Buoas Q raxas, 4ro
mof: M™ — R"! — nenrpo-adbdunnoe norpyzxenue ¢ 06pazom W — OTKPLITBIM
IOAMHOKECTBOM V M TPAHCBEpPCATBHBIM BEKTOPHBIM TOJIEM &, re & — IPOeKIHs

& ma V Baoms (). Moxkewm maiitu riaaaxoe orobpaskenne F : M — RF~1 takoe,

aro f(z) = (r0 f)@) + 3 Fo(2)€ar

a=2

BhiGepeM CHCTeMy KOODAMHAT B MOJIPOCTPAHCTBE () CJIELYIOMIM 00pa3oM:
€.=10,...,1,...,0}, rae exmmmma crout Ha (n+a)-m Mecte mpu o = 2, k. Torma
= —{pl,...,p"T10,...,0} = & u mapaMerpu3aNusA MOIPY’KEHHs MMEeT B

3
(18

—

B Teopeme 1 cBoiicTBa OMOMINYECKOTO TMOrPYKEHUsT CHOPMYIUPOBAHBI JIJIs
6azuca Tpancsepcasibioro norpyxenus (14). Basuc (19) coorsercrsyer upeob-

paszosanuio (9) 6asuca (14) ¢ Z, = 0 u marpunei

10...0

F21...0
Drxr =

Fko...1



32 E. A. Illyraiino

ITpu TakoMm mpeobpazoBannn hl He Mensercs (10), Buz oneparopos Beiinrapre-
Ha (15) rakxke He MeHsercd (12), a 3HAYUT, HE MEHHAIOTCH U CBOMCTBA TEH30DA
kpuBu3Hbl. TpaHcBepcaibHas CBA3HOCTb OCTAETCs ILIOCKOI, HO u3 (13) caemyer,

aro 77 (X) = X(FP), ocTanbubie KOMIOHEHTHI HyJIEBbLE.

OdeBngHO, 9TO €CN He BCE A\, HYJIEBbIe, HO He CYIIECTBYET (v, TTPW KOTOPOM
Ao He obparaercs B HyJIb BO BCeH 00OJACTH OIpeeeHns, TO IapaMeTPU3aIus

(18) MoxkeT OBITH BBIOPAHA JIOKAIBHO.

Ecaun ans coberBennoro adp@uUHHONO OMOMIMYECKOTrO MOIPYyKEHUs BBIOPAH
TpancBepcasbhblii 6aszuc (19), TO CBONCTBa IOrPYKEHUsI OINPEAESIAIOTC KOM-
mouenTol addunHOl dyHIAMEHTATBHON (HOPMBI OTHOCUTEIBHO &1, TO €CTh
h'(X,Y). Hazosem cobcrrennoe adgdunnoe oMOuIndIeckoe Morpyskenne ¢ 6a-
3UCOM TPaHCBepcaibHOro pacupenesenus (19) nesvpooicdernnvim, eciu dopma

h! HeBBIpOXKIEHA, U 6bLPONHCOLHNBLM B TIPOTHBHOM CIydae.

CuiescrBueM IpeablAyIIeil JIeMMbL ABJISETCS CIeLyolee

IIpenmoxxenne 1 Ob6pas cobcmeennozo apPunnozo omOUNUYECKO20 TLOPYHCE-
nua f o (M™, V) — (R"* D) aesrcum na addunrom aunepyusundpe ¢ (k—1)-
meproli 00pasyrouet, 6a301 KOMOPO20 ABAAEMCHA N-MEPHASA UEHMPO-APOUHHAA

2UNepnosepIrHocmss.

Jlemma 2 ITycmws danvt dea cobcmeeHHvT aPPOUHHBLE OMOUNUNECKUT NO2PYHCE-
wus f 2 (M™, V) = (R™* D) u f: (M", V) — (R** D). Ilpednoroscum
V =V, mozda 06pasn. SMu nozpyscenui Lescam na abdunno sK6U6aieHmmos

UYUAUHOIPAT.

Jokxaszameavcmeo BribepeM 71s KayKJI0r0 M3 JAHHBIX MOTPYXKEHWH TpaHCBep-
casbublii 6asuc (19). [Torpyxenus nexar na addunabx nuaMHApPax ¢ 6azamu,

KOTOPBIE 33JAI0TCs PANYCAMU-BEKTOPAMHU P U [ COOTBETCTBEHHO.

st menTpo-adpPUHHBIX IUIIEPIIOBEPXHOCTEH p U ) UMEEM CJIEAYIONIAE Xa-
pakrepuctuku: (V, h=h', S=8, =1, 1 =71 =0), (V, h=h', §=5, =
I, 7 = 7 = 0). Hockoneky V = V, 10 R = R, na ocuosammnu dbopmyst (16)
nenaeM BbiBOI, uTo hl = hl, To ects h = h. CienoBaTesbHO, BCE XapaKTepH-
CTUKU JIJIsl TUIIEPIIOBEPXHOCTEN COBIAIAIOT, U HA OCHOBAHUU M3BECTHBIX TEOPEM
0 €IMHCTBEHHOCTH, JIEJIAEM BBIBOJ, UTO p U p adOUHHO IKBUBATIEHTHBI. A Cle-

JIOBATEJILHO, SKBUBAJIEHTHBI adDUHHDBIE TUIMHIDPBI, HA KOTOPHIX JIesKaT 00pas3bl
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2 Addunnbie oMOMINYECKNE MOTPY>KEHNUA C TUIOCKON CBA3HOCTHIO

Paccvorpum crHauana HecobcTBeHHOE AMDPHUHHOE OMOMIMYECKOE TMOTPYKEHHe.
Takoe morpyxenne abdUHHO KBHBaJEHTHO [7] morpyskenuto rpaduka HeKo-
TOPOro riagkoro orodpazkenns F : M™ — RF, unaynupoBanHas CBA3HOCTH B

JAaHHOM CJIy4da€ IIJIOCKad.

PaccvoTrpum Teneps cobcTBerHOE adPUHHOE OMOMINIECKOE TTOIPYKEHHE.

Jlemma 3 O6pas cobcmeennozo addunmnozo ombunruveckozo nozpyscenus f
(M™, V) = (R"* D) ¢ naockoti ceasmocmoro V aestcum 6 addunnoti eunep-

naockocmu 6 R"TF | e npoxodawets wepes navano xwoopdunam.

Zloxazameavcmeo Boibepem mitst 1j1st cOOCTBEHHOTO a(MUHHOTO OMOMIHIECKOTO

norpyzkenusi Tpancsepcaibublii 6asuc (19). TlockoibKy cBA3HOCTD ILI0CKast, TO

R(X, Y)Z =h'(Y, Z2)X - WX, 2)Y =0VX,Y,Z = h'=0.

CuietoBarenbho, neHTpo-adUHHAS TUIEPIIOBEPXHOCTD p sBiisiercs adOuHHON
rumepiiockocTnio B R™ L e mpoxogameit gepes maano koopaurat. CymecTsy-
€T CHUCTeMa KOOD/JMHAT, B KOTOPO# PaJMyC-BEKTOD MOIPYKEHUs 3a/IaeTCs CIIEy-

OIWM 00pa3oM

F(z) = {z', ... 2" a;xt + 1, F?(x),..., F¥(z)}.

Takum obpa3om, 00pa3 MOrpyKeHus JeKUT HA aDGUHHON TUNEPIIOCKOCTH B
R"+* me mpoxomamieii yepes nauasno koopauuar. Ilorpyzkenue, paccMarpubae-
MO€ KaK 0TOOPazKEHNE B ITOH TUIEPILIOCKOCTH, ABJISAETCS NOIPYKEHNEM rpaduKa

IJIaKOro otobpazkenus F : M™ — RFL,

3 OMbumYeckue NOrpy2KeHusi € JJOKAJIbHO CUMMETPUIECKOM

CBA3HOCTBIO

HanoMHEM, 4TO CBA3HOCTH V HA3LIBACTCH A0KAALHO CUMMEMPUUECKOT, eCIH
VR = 0. Ilycts f : (M™, V) — (R"* D) cobereennoe addumnoe oM6m-

JITUeCcKoe Torpy¥kenue. Beibepem TpaHcBepcaibHoe pacupenenenue (14), torma
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TEH30p KPUBHW3HBI BeIYHcIsieTcst 10 dbopmyite (16). Boraucanm VR:

(VwR)(X,Y)Z =
=Vw(R(X,Y)Z) - R(VwX,Y)Z — R(X,VwY)Z — R(X,Y)Vw Z =
=Vwh'(Y,2)X - h'(X,2)Y) - W (Y, 2)Vw X + h'(Vw X, Z2)Y —
- WN(VwY, 2)X + (X, 2)VwY — b (Y, ViwZ2)X + hY (X, Vw 2)Y =
=WH'Y,2)X - " (VwY,2)X — b (Y, Vw2)X — W(h (X, 2))Y +
+hN X, 2)VwY + X, Vw 2)Y = (Vwh')(Y, 2)X — (Vwh')(X, 2)Y

CrenoBarebHO, 771 COOCTBEHHBIX adDUHHBIX OMOMJINYECKUX TOTDYKEHUA

C TPAHCBEPCAIBHBIM pacnpesenenuem (14)
VR=0 < Vh'=0 (20)

st TOro, 9T00BI CBA3HOCTH OBLIA JIOKATHHO CHMMETPHIECKON HEOOXOINMO
1 JIOCTaTOYHO, 9TOOBI OHa Oblaa coracoBaHa ¢ Keajapatwdanoii dopmoit ht. Kak
M3BECTHO, CYIIECTBYET €INHCTBEHHAs CBSI3HOCTH 0€3 KPYUeHWst, COTJIACOBAHHAS
C HEBBIPOXKIEHHON KBaAparudHoil ¢popmoit. TeH30p KpUBU3HBI IIPHA ITOM HMEET
Buz (16). B ciyuae, korna addunnas dynsamenranbhas GpopMa MOJI0KUTE b
HO OIIpE/IeJIeHa, MbI IMEeeM ITOJIHYIO AHAJIOTHIO C PUMAHOBBIM OMOMINYIECKUM IT0-
IPYZKEHUEM, UJIH [IOIPYKEHUEM IOCTOSHHOM 10JIOKUTEIbHOM KpuBu3HbL. Crieno-
BaTeJIbHO, HEBLIPOXKAECHHOE cOOCTBEHHOE aphPUHHOE OMOMINTIECKOE TIOTPYKEHNE
f:(M", V) = (R""* D) c nonoxurensrno onpenenennoit h! Moxer GBITH

MapamMeTPU30BAHO CJIEAYIONTUM 00pa3oM

T_:{p17"'7pn+17f27"'7fk}7

e p = {pt,...,p"* '} — pamgmyc-Bekrop rumepcdepsr S, f¢ — TPOU3BOTLHBIE
rnaaxue Gysxnum s o = 2, k. O4geBunno, uTo V B JAHHOM CJIydae — CBA3HOCTD
rutnepcdepsr.

B obmem ciaydae Boibepem mapamerpusanuio ap@PUHHOTO OMOUIHIECKOTrO
norpyzxenusi (18), rue p — paauyc-BekTop 1eHTPo-adGUHHOI TUNIepPIOBEPXHO-

cru.Beraucennm a71a mee Kyomaeckyio dopumy Cp:
Co(X, Y, Z) = (Vxh')(Y, Z) + i (X)h'(Y, Z) = 0.

Wrak, eciiv MHIYTUPOBAHHAS CBA3HOCTD JIOKAJIBHO-CUMMETPHYECKA, TO p — [a-
pasmenbHasa MeHTpo-ad(DUHHAS THIEPIOBEPXHOCTD. TaKWe MOBEPXHOCTH XOPO-
1110 u3ydenbl. HeBbIPOK IEHHBIMY MapaJIJIEIbHBIMY [TEHTPO-AhOUHHBIMEU THIIED-

TOBEPXHOCTAMU ABJIAIOTCA TOJIBKO IIEHTPAJbHBIC TUIIEPKBAJAPUKN [3]
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BBIDOXK IEHHBIMW TTAPAIIJIESTHHBIMA MHIEPTIOBEPXHOCTSIME SBISIOTCS adbuH-
uble munaApsl [1], [3], [8]. CremoBarenbHO, BHIPOXK/ICHHBIMU IAPATLIEIbHBIMA
neaTpo-abPUHEBIME HIEPIOBEPXHOCTAMA ABJISAIOTCS ITUIUHAPHI HAJT HEHTPAIb-

HBIMH KBaJPUKaMU.

Ilpengyoxkenue 2 O6pa3 cobecmeennozo addunnozo omOUIUNECKO20 NOPYdHCE-
wua f o (M™, V) — (R"‘H“, D) ¢ aokasvro-cummempuueckoli ceasnocmovio V

AEAHCUM HA GPPHUHHOM YUAUHIPE HA0 UEHMPAALHOT KEaOPUKOT.

4 Cob6cTBeHHBbIE adpPUHHBbIE OMOUINYIECKHNE MOTPYKEHUS C

HUJIBIIOTEHTHBIM OII€epPATOPOM KPHUBU3HBI

Oupenenum crenenu oneparopa kpubushbl R(X,Y) peKyppeHTHO ciieiyomum
00pa3oM:
RP(X,Y)Z = RFYX,Y)R(X,Y)Z), p>1

o peiicrBuresbHbix npocrpancrBentbix dhopm (M™, g) ans awbbix X u Y

umMeer Mecto Gopmyna [6]

(b2 LR(X,Y), p=2s—1,

€N,
(=b*¢®)*'R*(X,Y), p = 2s,

RP(X,Y) = {

rae b = |X AY| — nopma GusekTopa X AY.

Haitnem crenenu oneparopa kpusustbt (16):

RY*(X,Y)Z = h*(Y,h (Y, 2) X —h (X, Z2)Y) X —h (X, W (Y, Z) X —h (X, Z)Y)Y =
= (R (Y, X)RU (Y, 2)=h' (Y, Y)h' (X, Z)} X —{h (X, X)h' (Y, Z)=h' (X, Y)h' (X, 2)}Y,

R¥(X,Y)Z = h* (Y, {h (Y, X)h' (Y, Z) — h (Y, Y)W (X, Z)} X —
—{hN(X, X)W (Y, Z) — hM(X,Y)RY (X, 2)})Y)X — WYX, {h} (Y, X)) (Y, Z)—
— AN Y, Y)RNX, 2)} X — {hN (X, X)W (Y, Z) — hH(X, Y)RY (X, 2)}Y)Y =
= (X, VAN X, Y){h' (Y, 2)X —h* (X, 2)Y} - hH (X, X)h' (Y, Y){h' (Y, Z) X~
— WX, 2) Y} = (KX, V)R (X,Y) - hY(X, X)h (YY) R(X,Y)Z.

Ilo waAyKIMK TOTy9aem

{(MY(X,Y))? - WYX, X)R (Y, Y)}*'R(X,Y)
asap=2s—1, seN;

{(M1(X,Y))? = hH X, X)RN (YY)} R*(X,Y)
ana p = 2s, s €N,

RP(X,Y) = (21)
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B ciaydae, Korma morpyskeHue sBIISIETCS HEBBIPOXKIECHHON MeHTPO-adbOUHHOM
TUTIEPIIOBEPXHOCTHIO, B KATECTBE METPUKH MOXKHO B3ATb adPuHHyi0 DyHIAMEH-
TANTBHYIO (POPMY M TOTJA MBI MOJIYYaEM TOT YK€ Pe3yJIbTar, 9TO U B PUMAHOBOM
cayJae.

HUccnenyem Bompoc o ToM, B KakoMm ciaydae omneparop R(X,Y) moxer 6biTh

HuibnorenTHbiM (pu Beex X, Y).

JIemma 4 Onepamop R(X,Y) cobemeennozo agpunmozo ombuaruseckozo no-
epyorcenua T 2 M™ — R"F ¢ mpanceepcarvnmm pacnpedesenuem (14) u
HENAOCKOT UHOYUUPOBAHHOT CBAZHOCTNIGIO AGAAECMCA HUALTIOMERIHbLM  (TNPU
ecex X,Y ) mozda u moavko mozda, xozda rank h' = 1, npuuem cmeneny Huab-

nomermHocmu pasHa 2.

Jokasameavcmeo U3 yenosus R%*2(X,Y)Z = 0 VX,Y,Z, nonydaem cucremy

ypaBHEHUI

WY, X)RNY, Z) — B (Y, Y )l (X, Z)
KX, X)hL(Y, Z) — B (X, Y)hY(X, Z) = 0,

Ornocurensro nepementwix (Y, Z), hl(X, Z) — aro nuneiinas ofHOpogHAS CH-
crema, KOTOpas UMeeT TOJIbKO TPHBHAILHOE PelleHue B ciydae, Koraa rank bl >
2. Eciin ke rank h' = 1, To MBI TTOJIy4aeM BepHBbIE PABEHCTBA, IIPU JIIOOBIX 3HA-
gennsx X, Y, Z.

Nrak, R? = 0 Torna u ToJbKO TOrna, Korna rank Al = 1.

Pagenctso R3(X,Y)Z = 0 VX,Y,Z B ciaydae HeMJIOCKOH CBAZHOCTH BO3-
moskao sk (21), korma (hY(X,Y))? — RY(X, X)R'(Y,Y) = 0 VX,Y, To ecTn
rank h' = 1.

Teopema 2 ITycmo f : M™ — R*"F — cobemeennoe agdunnoe ombunruueckoe
NOZPYHCEHUE € HUADTOMEHMHBLM ONEPATNOPOM KPUBUSHDL U HENAOCKOT UHOYUU-
posarnoti ceasznocmuvio V. Toz2da cyuecmeyem cucmema K0opdunam, 6 Komopot

danmoe nozpyostcernue 3adaemcs paduycww—eenmopom

n k
Flut, ... u™) = @(u') + Zui@' + Z fot, e (22)
=2 a=2
¢ mpanceepcarvrvim pacnpedesenuem & = —7, &, = const npu a = 2, k.

Bexmop-dpynryus @ ydoeaemeopaem ypasnenuro @' =—h(ul)p + a(ul)@’.

Joxaszameavcmeo Ha ocnoBannu seMmbl 4 3akmodaeM, 9to rank bl = 1. Cie-

JIOBATEJILHO, CYIIECTBYET KOODIAMHATHBIM OA3MC B KAacaTeTbHOM TTPOCTPAHCTRE
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TaKo#, 9TO

ho...0 he h$y ... b

1n
00...0 hiy hy ... hS,

Bl = Che=| PRI G 29, (23)
00...0 h$, hS, ... hS,

Sie; =e;, 1 =1,n, S, =0, a:ﬂ- (24)

Paccmorpum ypasuenus Koparmmm masa b (6) mpu o = 1, ¢ # 1:

(Ve;h')(er, e1) = (Verh')(ei, er),

oh
aui — 2h1(v6i61, 61) = —hl(v616i, 61) — hl(ei, v6161),
oh .
oo = WL (i £1). (25)

A rakxke npu a =1, i,k # 1:

(veihl)(el7 ek) = (vel hl)(eiv ek‘)7
7h1(veiela Gk) - hl(el, Veiek) = fhl(Velei, ek) - hl(ei, velek),
LY =0 (i,k#1). (26)

U3 ypasuenus Taycca (16) u Buma addunnoii dbynmamentanbaoi (HopMb

(23) nosyuaem
R(el,ej)el = —hej, j 7’5 1,

R(@l,ej)ek = 07 j7k 7& 1) (27)
R(e;,ej)er =0, i,7,k # 1.
Takum obpaszom, ker R = {es, €3, ..., e,}. CiaenoBaresbHo, MOKHO BbIOPATD Iia-

pamerpusaluo norpyxenus ¢ = 7(u(v)), 9T00bI f;; =0mpui,j,k =2,n.

ul = vl
ut = i(v?,.. . u") i =2, n.
3amMernm, 9TO TPHU TAKOM TPeoOpa3oBaHnu KoopauHaT Buj adduuHOl DyHIA-
MeHTaIbHOI (hopMBI (23) u BU onepatopor Beiinraprena (24) He M3MEHSATCS.
ouk o Out Ou? . %"
o1 BT T T v guf T v o’
IMockonbky (26) I’ilj =0, 4,7 # 1, T0O B HOBOI1 cuCTEMe KOODJMHAT f’llj =
0, 4,7 # 1. CnemoBarenbHoO, ﬁZ’; =0, i,7 # 1, Vk. Yuursisas (14, 23), nonyuaem
i,j# 1
k
%7 -
Jviovi Z hij€a-

a=2
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Wurerpupys, moaydanm:
n k
,,g(,Ul’ ’Un 1 —‘rZ’UZ(ﬁi(Ul)—FZfa(Ul Un)ga)
=2 a=2
82 Fou R
€ 7‘]" =
vt ovI *

= h$. Iockonbky (14), 1s PeryJispHOCTH IOPY2KEHUs HEOOXO0 1~
Ma JMHeiHas He3aBHCEMOCTb BeKTopos @1’ (vh), @1(

= (o1
o Pa(0)), oo
CiriezioBaresbHO, MOYKHO MTAPAMETPH30BATH JTAHHOE MOTPYYKEHUe CJIIYIOMNM 00-
pasom (v! = ul)

n k
Flut,. .. o(u') + Zui@- + Z o (ut u" )y
=2 a=2
C TpancBepcanbHBIM pacmpenenenueMm & = —7, &o,
(u'

, &k BekTop-dynkums
) TIPA 5TOM MMeeT JIBe HEHYJIEBble KOODANHATHI U YIOBIETBOPSIET YPABHEHWIO
¢" = —h(u")p + a(u')@'.

%:# ngifa’ az: Zaz‘* mpi i 71
BbIl;I/IIHeM pa3n0>12<eHI/Iﬂ laycca
_ & o
31?iguj =& 5?Li£uj So upui-j 71
(3851)2 _ —//( )+ i (an; _ h(ul)gé(ul) +a(u1)<,27’(u1)+
fOl

 Gayate = A6 + () () + hiu) iuim

L R or a—
( ( )f (g )2 €a 8 Z£1+ Oul
+ 2232 (hf‘* - f —h Z f

82fa
T ouly? ) S
Takum obpa3om, TaHHOE HOpr)KeHI/Ie UMEEeT HEMJIOCKYI0 WHIYINPOBAHHYO
b)

CBA3HOCTDb, KOTOPad B JIOKAJbHbBIX KOODJANHATAX 3aa€TCA CJIEAYIOIUM o6pa30M

Spope
?

Ve e1 = a(ut)e; + h(

Ve, =0 amai

n
ul) - ule;
i=2
=2,n
Ve,e; =0 masai,j=2,n.

Teopema mokazana.
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AToMu cTerneHi 2 Ha IMOBEPXHAX 3 KPAEM

O.M.IBaniok, O.0.Ilpuinsik

Awnoranis [dnsa smokanpuol kiacudikamii m-QyHKINNH HA TOBEPXHAX YBEIEHO

nouarra aroMma. Onucani sci aromu creneni 2.

KurrogoBi cioBa arom m-QyHKHil - TOHOJIOr YHa, Kiacudikaiiis

VK 517.91

1 Beryn

Hexaii M — 3aMkHeHwuii OpieHTOBaHWii JBOBUMIpHWIA MHOroBuJ (IIOBEPXHSH).
Hexait f — rmanka dyskuis na M. Po3risHeMo raMiabTOHOBY JWHAMIYHY CH-

cTemy, 0 33/IA€ThCs PIBHAHHAM % = sgradf(z), x € M. Toui ii rpaekropii
JieXKaTh Ha KOMIIOHEHTaX JiHi# piBas ¢yaKIil f. Ili KoMIOHEeHTH HA3UBAIOTD IIa-
pamu. I'omeomopdiszm moBepxHi, IO BimoOparkae Imapu Ha IMIapH, HA3HUBAETHCSA
MOMapoBoI0 ekBiBasienTHICTIO. OTIKe, momapoBa kiacudikaris dyHKIH 3a7a€
TOIMOJIOTIYHY KJaacuiKaIiio raMiibTOHOBUX AuHaMidauX cucrem. Ha MHOXKUHI
BCiX (DYHKIIIH MOKHA BULIUTH BiIKPUTY CKPi3b MILIBHY i AMHOXKHIHY, SKa CKJIa-
Jaerbes 3 mpoctux GyHKIi Mopca. A.Korpon [3] i I.Pi6 [9] mnas mocuminkenHs
dyukIiit BBenmm rpad, sIKuil OTPUMYETHCS 3 TIOBEPXHI MiCJIsT CTATYBAHHS KOYKHO-
ro mapy n0 touku. lleit rpad € mMOBHMM TOMIOJIOTIYHAM iHBApPiaHTOM IIPOCTHX
dbynkuiit Mopca. B po6ori O.Boscinosa ta A.®Pomenka [1] Gysio0 3anponoHoBaHO
PO3MIAPOBAHUN OKIJI KpUTUIHOTO PiBHS HA3WBATH aTOMOM, a rpad Piba, y skoro

BEpIUHAM BiJIMOBIAIOTH ATOMH, 8 peOpaM KOMIIOHEHTH KPAO aTOMIB, HA3UBATH
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MoJsiekyot. Le mano 3mMory mobyayBaTy MOMAPOBY Ta TOMOJOTIUHY KIacudika-
mifo goBiapaEX QyHKIH Mopca.

s MHOTOBHIIB 3 Kpaem anajorom ¢gyukiii Mopca € m-gynkmii. Ile Taki
GyHKIIT, B IKAX BCI KPUTUIHI TOYKK € HEBUPOIXKEHUMH 1 He JIeKATh Ha KPaio,
a TaKOXK Taki, o obmerkenns GyHKINT HA Kpail € dpynkmiero Mopca.

B pobGori [2] O.0. Ipumask kiaacudikysas npocti m-dyHKIiT Ha OpieHTOBA-
HUX TIOBEPXHSIX.

Tomosoriuni  BaactuBocTi  m-byHKIii  gocaimkyeamn y  pobori  [6].
C.Makcumenko isi TOnojaoriduol  kiaacudikarii m-QyHKIiii BUKOPUCTOBY-
BaB rpadu 3 imBosonico [5]. Meroio poforu € moBHa ImOMIAPOBA JIOKAJILHA
kiacudikaiis mpocTux m-QYHKIH Ha KOMIAKTHUX TOBEPXHAX 3 KpPAEM, a
TAKOXK OPIEHTOBAHA TIOIMIAPOBA KJIACUDIKAIlisT B OKOJI KPUTUYHOTO PIiBHS, SKa
€KBiBaJIEHTHA TOIMOJIOTIYUHIM Kiacudikallil BEeKTOPHOIO IMOJisi KOCOrO TI'PATIEHTA

sgrad f.

2 IIpocri pyukiii Mopca, m-pyHKILis.

Hexait M — rnagkuit muorosuz po3mipuocti n, f : M — R — rmagka dyHk-
isi. Posrusinemo raaxy dyukiio f(z) = 0 Ha rmagkomy MHOroBuai X i Hexait
T1,..., Ty — IJIAJKL PEryIApHI KOOPJIMHATH B OKOJII TOYKH T.

Osznauenns. Touka x € M HazuBaeThCa Kpumuunoro i GyHKIIT f, SKIIo
nudepennian df = > gTidxi obepraerbcd B Hysb B Touli x. [lpu npomy f(x)
HA3UBAETHCS KPUMUYHUM 3HavenHAm DYHKIUT f.

Kpurnyna TOYKa HA3WBAETHCST HEGUPOOHCEHOI, SKINO NPYTUuil AudepeHIial
df =3 %dmid% HEBUPOJKCHUH B Iiil TOYII.

KPUTUYHI TOYKH HEBUPOJIKEHI.

Osuavenns. Pyukuis Mopca HazuBaeTbes pynryiero Mopca 3a2a4bH020 no-
NOHCEHHA, AKITO HA MOBEPXHI PIBHS JIEXKUTH He OibIre OgHIET KDUTHIHOI TOUKH.

Oyukmii Mopca, ki MarOTh PiBHO MO OAHIA KPUTHUUHIA TOUIl HA KOXKHOMY
KPATUIHOMY DiBHI, MU OyIeMO HA3UBATH TPOCTIUMU.

Hexait M — rnaakuii KOMIAKTHUN n-BUMIPDHUN MHOTOBH/L 3 KPAEM.

Osuavenns. Oyukiis f: M — R masuBaeTbea m-Pynkyicro, AKIIO:

a) yci i1 KpuTu4Hi TOUYKM — HEBUPOJIZKEH] 1 He Jiexkarb Ha OM;

6) Kpail MHOrOBHIY MOXKHA NOAATH y BUrIanl ob’exnanus OM = OM_ U
OMy U OM, takoro, mo obmexenus fp dbyuknii f va 0My € dyukmis Mopca i
ko MEOKuHA OM_ % () (OM, # 1), To dyukuia f npuiimae Ha Hiif MiHIMATbHE
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(MmakcumasnbHe) 3HaueHHs. IIpu mpomy neperwnn Vo = OM_ N OMy i Vy =
OMNOMy 6ynyrb (n—2)-BUMIDHMMU MHOIOBUIAMH, SIKi HA3UBAIOTHCS KYMAMU,

a cama tpiiika (M,0M,V_ U V,) — mH0206udOM 3 KYyMaMU.

3 ITousrra aroma. IIpocTti atomu.

Hexait f — m-dynxnig ma mosepxmi X2, g — imma m-pyHKIia Ha, immmiit
nosepxui Y2, Iuranna: ko 1i GyHKOIl HA HOBEPXHAX MOXKHA BBAzKATH €KBi-
panenTaEMu’? Posrmanemo mapy (X2, f) i (Y2, g).

Osznauennsi. m-Gynknii f i g ma mosepxuax X2 i Y2 Gyzemo naswbaTu
NOWAPOBO EKEIBANEHMHUMY, AKIIO icHye maudeomopdizm A : X2 — Y2, aknit
LIEPEBOMTD 3B’sI3HI KOMIIOHEHTH JiiHill piBHsg GyHKUil f B 3B’s3HI KOMIIOHEHTH
ninift pisaa dynknii g. [Mapa (X2, f) nomaposo exsiBasentHa mapi (Y2, g).

Tpeba mocaiauTn mOMAPOBY €KBiBAIEHTHICTD M-PYHKITH B OKOJI IX KPUTHI-
HUX 3HAYEHbD.

Arom — 1e Tomosoriunuit THN 0cOOAMBOCTI M-yHKI{I. [HITMME CciIOBaMHU,
aTOM — 1€ TOIIOJIOTiYHUN THUIl 3B’A3HOI KOMIIOHEHTH OKOJIy OCOOJIMBOIO MIApPY M-
dyukil #Ha mopepxui. Koxkua m-dyHKIia Bu3Hauae po3mapyBaHHs 3 0COOIHBO-
cTsIME Ha, ToBepxHi. 1Ioro mapamMm MOXKHa BBAYKATH KOMIIOHEHTH 3B s3HOCTI piB-
Hst GyHKIIT. B 0KOJIi KOYKHOTO PEryJisipHOTO Mapy Iie pO3MIaPyBAHHS TPUBIAILHO
— npamuii 106yTOK KOJIa Ha BiApi3oK.

OsHadyeHHS. AMOMOM HA3UBAETHCA OKiM P? KPUTHYHOTrO IIapy, SKHil 3a-
Jaerbest HepiBHicTiO ¢ — € < f < ¢+ € 4719 10CTaTHRO MAJIOrO €, PO3IIAPOBAHY
Ha inil piBHs GyHKIOT f 1 9Ka PO3TIATAETHC 3 TOUYHICTIO JO MOMIAPOBOI €KBi-
sanenrnocti P? = {z: —e < f(z) —c < €}.

Ko KpuTHYHE 3HAYEHHS ¢ — JIOKAJIBHUN MiHIMYM 91 JIOKAJIBHUI MAKCUMYM,
TO aTOM HA3WBAETHCA amomom A. ZKIO KpuTudHe 3HAYEHHS ¢ — CLAJIOBE, TO
BiAMOBIIHMI aTOM HA3WBAETHCA CiOAOGUM.

ATom HasmBaeThCs npocmum, kMo m-byHKiis B mapi (P2, f) — mpocra.
Permira aToMiB HA3UBAETHCS CKAGOHUMU.

ATOM Ha3UBAETBHCA OPIEHMOBAHUM ADO HEOPIEHMOBAHUM B 3aJEXKHOCTI Bis
TOTO, 4N € TIOBepXHA P? OpieHTOBAHOIO UI HEOPiEHTOBAHOIO.

Hexait ¢ — xpuTnune 3nadenns Gynknii f Ha X2 i ¢/ — KpuTHIHe 3HAYCHHA
bynkuii g ma Y2, Posrasnemo ix ocobmusi mapu: f~1(c) i g~ (¢) i npumycrumo,
IO I1i IIapu 3B’ A3Hi.

OsuadyeHHd. M-QyHKIIl [ 1 ¢ HABWBAIOTHCA NOWLAPOBO OCHAULEHO €KBIBA-
AEHMHUMY B OKOJITi CBOTX 0ocobmBux mapis f~1(c) i g~1(c'), axmo icuyoTs 1Ba

nonaTHi uncna € i ¢’ i audeomopdizm A : fH(c—e,ct+e) — g7 —€',d +¢),
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KW IepeBOAUTD JiHiT piBHsa QyHKHil f B JiHil piBHsa yHKIH ¢ 1 axwit 36epi-
rae HaupsIMOK pocry (yHKLiil, To6ro A Binobpaxae obnacrs (f > ¢) B obuacrb
(9> ).

Posriamemo mapy (P2, f), ne P? — 38’A3Ha KOMIAKTHA TOBEPXHA 3 HeMO-
poxmiM Kpaem OP2?, a f — m-byHKIig Ha Hifl, 9Ka Mae piBHO OJHe KPHUTHIHE
suavenns C, npuaomy f~1(c—e)U f~(c+¢e) = dP?. Knac ocnarenoi nomapo-
BOi ekBiBasienTHOCT Hiel napu (P2, f) HasuBa€TbCA f-0MOMOM HH OCHAIICHUM
ATOMOM.

3ayBakenusa. Koxxnomy aromy Bianopinae 2 f-aromu. BoHu orpuMyorses
OJIFH 3 OJIHOTO 3aMiHOI0 3HaKa PYHKIII Ha aTromi. IHomi 11l 2 aToMu MOXKYTH OyTH
CITiBMAJAI0YUMHU, €KBiBAJIEHTHUMH.

OsuaveHHsd. f-amMomMom HA3UBAETHCI ATOM 3 TIOMEPEIHBOTO O3HAYEHHS, JIJ1sT
SAKOTO (PIKCOBAHO PO3OMTTS KijJelb Ha JOMATHI i Bix emmi.

3po3ymisio, Mo Ha f-aToMi B MOMEpEeIHBOMY O3HAUEHHI MOXKHA 3aATH 171~
dbyukio, qya akoi rpad K Oyze i1 KpuruaauM piBHeM (HATTPUKJIAJ, HYIOBUM ),
nosepxusa P? Gyjie MHOKHHOIO TOUOK ¥ Takux, mo — < f(z) < e.

Oyuxkmis f Oyme DOJATHOI HA JOJATHUX KiJbIAX 1 BiI €MHOIO HA Bim €MHUX
KILJIBIIAX.

Haiinpocrimumu mpuk/IagaMu aToMiB € OKOJIM MAKCHUMYMiB, MiHIMyMiB i ciz-
JIOBUX KPUTUYHUX TOYOK HA TOBepxHsAX. [Ipu mepexosi depe3 KpurudHuil piBeHb

m-GYHKILT 3araJbHOTO MOJIOKEHHST BUHUKAIOTH nepebynosu piBHiB [2] (puc.1-5).

—4C ¥4

N\

. 18 4,

Puc. 1.

1. B momenm mepebydosu 3mMiHIOEMDBCA KIALKICD KOMNOHEHM 36 A3HOCTI
(puc.2).

2. Kisvkicms Komnonenwm pieha e amintoemoca (puc.3).

3. Jlinin piens 6 momenm nepebydosu — koao (puc.d).

4. Jlinis piens 6 momenm nepebydosu € eidpiskom (puc.5).
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4 Atomu ckJyagHocTi 2.

Posrisimemo Bci moxkimBi JiiHil piBHIB m-byHKIIN Ha 3amaHiil OpieHTOBaHIH
MOBEPXHI CKiHUYeHHOTO TUMy. [Ij1s peryisipHoro 3HadeHHs m-QyHKIIT BiAmoBi1HA
JIiHig PiBHA CKJIAJAETHCS 3 HEIIEPETUHHUX MiK CODOIO KijT Ta 3aMKHEHHX Biapi3-
kiB. Onuimemo Tx nmepeGy 0By IpH Nepexo/i depe3 ocobmBuii pisers. Kpuruani
TOYKHU MMO3HAYATUMEMO Uepe3 ¢, PErYJAapHi TOUKu — Yepe3 a. Pebpa na rpadi Pi-
6a, IO BiAMOBIIAIOTH KOJaM, OyIeMO MO3HAYATH YOPHUMH CTPIJIKaMU, a Ti, IO
BiamoBiaiors Bifgpizkam — Oimnmu.

Pozmognemo 3 BHYTpIMIHIX KPUTHIHAX TOYOK. ZKINO perynsapHuii piBeHb 10
MPOXO/PKEHHST KPUTUYHOTO 3HAYEHHs OyB 00’€IHAHHAM KiJI, TO MU OTPHUMAEMO
aromu, siki Oy/u onucaHi BuIle. PO3rIsHeMO CUTYAIii0, KOJIU CEPel PETrYISTPHUX
piBHiB € Bizapi3zok. Tomi arom Oyae MATH BULJISI KOMIIOHEHT PEryISpPHOrO PIiBHS,
IMMOMHOXKEHUX Ha Bi/IPi30K 3 MPUKIECEHUMU CMYKKAMU.

PosrisiHemMo BCi MOXKIMBI aTOMU CKJIAIHOCTI 2 m-QyHKINH HA TOBEPXHIX 3
Kpaem. MoxkuBi Taki B IKH:

1. B momenm mepebydosu 3mMiHIOEMBCA KIALKICD KOMNOHEHM 36 A3HOCTI
Ainil piens (puc.6-13).

Ha pwuc.6 Bimpizok i KO0 mepexoadaTh y KOJIO, i HaBMaKu: KOJIO MEePEXOIUTh
y BiApi3ok i Ko10. Mu orpumasnu Ha Kpaio makcumym (Minimym) i BHYyTPiLIHIO

CiITOBY KPUTHYHY TOYKY. ZIK aTOMHM BOHH OJHAKOBI, aje fK f-aToOMHU Pi3Hi.

f f
@

-—--o( B,
———o( B,

Puc. 6.

Ha puc.7 aBa Koja mepexoasaTh y BiIpi3oK, 1 HaBMAKU: BiIPI30K MEPEXOINUTH
y JBa Koja. Mu oTpuMasy Ha Kpawo MiHiMyM (MakCUMyM) i BHYTPIIIHIO CiZ/IOBY
KPUTHYHY TOYKY. ZIK aToMu BOHM OJHAKOBI, ajie gK f-aroMu pi3Hi.

Ha pwuc.8 mBa Bigpizku mepexomsaTs y BiApi3oK, i HABOAKW: BiAPI30K mepexo-
[IUTH y /Ba Biapizku. Mu orpuMasiu Ha Kpaio MakcuMyM (MiHiMyM) i BHY TPIlIHiO

CiIJTIOBY KPpUTHYHY TOYKY. ZIK aTOMU BOHM OIHAKOBI, ajie K f-aTOMU Pi3Hi.
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f f
-——9( B,
—9C B,
Puc. 7.
f f
-—-o( j\L B, M—HC B,
Puc. 8.

Ha puc.9 aBa Bimpi3km i KOI0 mepexoasaTh y Bimpizok, i Hasmaku. TyT omHOMY

aroMy Biinosizae asa f-aromu.

—-4C B,

Puc. 9.

Ha pwuc.10 nBa Bifpi3km mepexoadaTh Yy TpH BiApi3ku, i HaBmaku. TyT omHOMY
aroMy Biinosigae aBa f-aromu.

Ha pwuc.11 Tpu KoJia epexosaTh B OJHE KOJIO, i HaBmaku. TyT OMHOMY aToMy
Biguosinae aa f-aromu [1].

Ha pwuc.12 Bigpizox i gBa KoMa mepexonaTh y BiApi3ok, i HaBmaku. K aromun
BOHH O/JTHAKOBI, ajie sk f-aToMu pi3Hi.

Ha pwuc.13 nBa Bipi3kw i KOO MEpexoAsdaTh y ABa Biipi3kw, i HaBmaku. Tyt

OJIHOMY aTOMY BiJNOBia€ IBa f-aTOMH.
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f f

n—o( B, -—-o( 1 B,
Puc. 10.
o M O
——$C B12
-——-o( B//
BM
BI(

Puc. 11.

[ oy

Puc. 12.

~

f f
-—-o( B, X

Puc. 13.

2. B momenm nepebydosu He 3MIHIWEMBCA KIALKICTbL KOMTOHEHI 36 A3HO0-

emi atnid piena (pnc.14-19).
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Bimpizok i K00 mepexoauTh y aBa BiApi3kw, i HaBmaku. YKk f-aromMu BOHM

pisui (puc.14,15).

f f
Puc. 14.

d f
Puc. 15.

Ha pwuc.16 Tpwu Bizmpi3kum mepexondaTh y Tpu Biapizku. Perymsapwi minii pisus
M~PYHKIIT TYT CKIAIAI0THCS 3 TPHOX KOMIIOHEHT 3B’SI3HOCTI sIK 70 mepedyI0BH,
Tak i micssa mei. Tomy rpadu, 1m0 BiAMOBIIaI0TH aTOMaM CKJIAIHOCT] 2 MATUMYTh
xXpecronoibuuit Buriisz, (onHa BepimHa BajeHTHOCTI 6). IlboMy aTomy Biamosi-
JIa€ OMH f-aToM.

Ha nepiomy manronky (puc.17) npa Kosa nepexoisrhb y aBa KoJa. Peryisp-
Hi JTiHil piBHS M-QYHKINT TyT CKIAZAI0THCS 3 IBOX KOMIIOHEHT 3B S3HOCTI SK 10
nepebymoBu, Tak i micas Hel. Tomy rpadwu, Mo BiAMOBIIAITH aTOMaM CKJIAIHO-
cri 2 MarumyTh Xpecronoibuuit Buruis (ogua Bepumua Bajsenrsocti 4). [ibomy
aToMmy Biamosizae omuH f-aTroM. A Ha APYroMy MaJsOHKY KOJIO 1 BiApi3ok mepe-
XOJIUTDH Y BiIPI30K i KOJIO.

Ha mepmomy masmonky (puc.18) Bigpi3ok i K00 mepexoguTsh y BiApi3ok i
KOJIO, & Ha APYroMYy KOJIO i Bipi3oK mepexoanTsh y Koo i Biapizok. Tyt omromy
aToMmy BiAmoBimae aBa f-aTomm.

Ha pwuc.19 aBa Bimpizkm mepexomdaTh y aBa Binpizkw. Perymapni minii piBas

m~QYHKIHIT TYyT CKIAJAI0THCS 3 JIBOX KOMIIOHEHT 3B’SI3HOCTI $IK /10 TiepebyIoBH,
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Puc. 16.
f f
Puc. 17.
- - f f
b et
!
Puc. 18.

Tak i micysa wei. Tomy rpadu, 1m0 BiAMOBIIAI0TH ATOMAaM CKJIAIHOCTI 2 MATUMYTh
xpecronoibuuit Buriisiz (onHa BepimHa BajgentHocri 4). Ilbomy aromy Biaosi-
A€ oauH f-aToMm.

3. Jlinia piena 6 momenm nepebydosu — xoao (puc.20,21).

Jlinii piBug m-dynkuii no uepebynosu (y Bunaixky minimymy) — kosa. Ha
rpadi e BimobpaxkaeTbcs pebpoM mepmoro poay (d4opHa crpiika). Besnocepes-
HBO B MOMEHT nepedynoBu JiiHis piBHs € KosoMm. OTKe, KOJIO NepexXoanuTh y 1Ba
Biapizku. Opguomy aromy simnosinarors asa f-aromu (puc.20). Mu orpumasnu
JIBA JIOKaJIbHI ekcTpeMyMmu (MiHIMyMU 1 MAKCUMyMH).

Jlinig piBug m-dyskmil g0 mepedymosu — Biapizok. Ha rpadi me Bimobpa-
JKAEThCs pebpoM apyroro poxy (Gina crpinka). Besnocepeanbo B MOMEHT mepe-
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af

N
-—o( B g

Puc. 19.

b
N
. B, c i By

Puc. 20.

OymoBu Jinist piBHg € kosioM. OTKe, BiApi3ok mepexoauTh y Bimpizok. Ipomy
aromy Bipnosinae onun f-arom (puc.21).

4. Jinis piens 6 momenm nepebydosu € 6idpiskom (puc.22,23).

Ipad mae BUTIIAN YOTUPUHOTH, OCKIJIBKHU 10 TPOXOKEHHS MaKCUMyMy (MiHi-
MyMy) TpO0OOpa3u PEryJisapHUX TOUYOK MAIOTh JBl KOMIOHEHTH 3B I3HOCTI, 1 Tmic-
Jist nepedyioBy 1POOOPa3HU PErysispPHUX TOYOK CKJIIAJIAIOTHCHA 3 JBOX KOMIIOHEHT
3B’SI3HOCTI — 3aMKHeHuX inrepsasiB. llpoMmy aromy Biamosimae omwH f-aTom
(puc.22).

Ha pwuc.23 onwn Bimpi3ok mepexoanTh y TpW Biapiskw, i Hapmaku. oMy
aroMy Biamnosizae asa f-aromu.

Teopema. (Ilpo aokarvny xaacudirayito) Koxken arom ckmamsocri 2 m-
GbyHKIIT HA MOBEPXHI 3 KPAEM € OIHUM 3 JEB’STHAIIATHA aTOMIB, aDO OTHUM 3

TpUANATH OBOX f-atoMiB (B — Bss).
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Ny
VN
’/’— ~, C ® 329
YN
Puc. 21.
f
C B;,
Puc. 22.
F f
B;,
B,
Puc. 23.

Zlosedenns. MoxkIMBI 1Ba BUMIAAKY: € TPAHUIHA KPUTUIHA, TOYKA a00 Hi.

1) dkwo Hemae rpaHudHOl KPUTUYHOI TOYKM, TO OOMABI KPUTUYHI TOYKU
BHYTPIIITHI Ci/IJTOBI, OT?Ke, aTOM — Tie JIBa CKJe€HI OKoiu nux To4oK. OKin mae
BUTVISL, KDUBOJIOHIMHOTO BOCBMUKYTHWKA. MOXKIIUBE CKICIOBAHHS TLILKHA HETap-
Hux cropin. Hymepyemo iX Ta po3risggaeMo BCi MOYKJIMBI BapiaHTU CKJICIOBAHHS,
iCJIA 90r0 OTPUMYEMO BCi aTomMu 6€3 TPAHMIHUX TOYOK.

2) dkuio € rpaHuYHA TOYKA, TO aTOM rOMeoMOP(dHUIl IPOCTOMY ATOMY, y
SIKOT'O YaCTUHA TPAHUII TPOJaBjieHa Bcepeauny (3 Hel 3po0seno Bupis). Posris-

JaeMo Bci MokanBi Bupisu. 3 rpada A, orpumaemo By i Bs, 3 rpada Ay — Bg
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i B4, 3 rpa(ba A3 - B5, B7, Bl?: Blg, 3 rpa(ba A4 - BG: Bg, Blg, BQQ, 3 rpa(ba
As — Bg i Byg, 3 rpada Ag — Bag, Bag, 3 rpacda A7 — Bay, Bag. 3 rpada Ag
OTPUMYEMO 332, Bgo, a 3 Ag - Bgl, B30. 3 rpacba Bll OTPUMYEMO 813, B15 i
Ba1, 3 rpada Bi2 — Bia, Big, a 3 rpada Bas — Bas, Bag, Bas 1 Bag.

Xoua Bag 1 Bsp sk aroMu pi3Hi, ajie gk f-aroMu BOHU OJHAKOBI (1Ba Biapi3ku
NepexoIuTh y IBa BiApisku). By7 i Big, Big 1 Bog 9K f-aToMu OHAKOBI, ajie pi3mui
SAK ATOMH.

Mu moxkemo pobuTu po3pizu aBoMa crmocobamu. MoykHA BUPI3ATH CMYKKY,
He 3MIHIOIYH IIPH LIBOMY CKJIaAHOCTI aroma. AGO Mu pobuMO BUPI3 B POCTOMY

aTomy, 30LIBIMYI0YN CKIAIHICTD HA OSUHUITIO.

Mu mokemMoO BHpi3aTh CMYKKY MO mgiaroHasi B Bay i Bas, ane oTpumMaemMo
aromu, ki i3omopdui Big 1 Bis Bigmosigno. Bupizaoun cmykky B Bog, Mu
OTPUMY€EMO aTOM, i3oMOopdHM By;. Takum 4MHOM BHUINE OMUCAHI BCI MOXKJIWBI
ATOMU CKJIQJHOCTI JBa.

Posrasinemo xpecr (puc.24) [1], i GymemMo cKieroBaTH CTOPOHH. YCIX CKIEHOK
Oyme obMerKeHa KiJlbKiCTh, mepeOpaBIin fKi MU OTPHMAEMO BCi aTromu. ZKIo
MH HE CKJIEIOEMO CTOPOHHU, TO Iie BiAmoBimae Bupizamiit cmyxKiii. Beix Mok IuBHX
ctoco0iB CKJeliKu OyIe TPUALATE ABA, & OTXKE, iICHYE TPUAIATD JBa ATOMY CKJIA/I-
HOCTI 2. ZKITO MU 3aKJI€IMO BCi CTOPOHM, TO OTPUMAEMO aTOMHU, TTEPEPAXOBAHI ¥

pobori O.Boncinosa Ta A.@Pomenka [1].

Puc. 24.

Orpumani aromu He i30MOpdHI MizK COHOI0, OCKITBKY BOHU HE TOMEOMOP(HI,
MalOTh He TOMeOMOpP(dHI KpUTHYHI piBHI a00 HEe romeoMopdHi BepXHI Ta HUKHI

Kpal.



BucHoBknu

Y pobori po3risiHyTO BCi MOXKJ/IMBI aromMu CKAaaHOCTI 2 m-dyHKUiit Ha

MOBEPXHAX 3 KpaeM, y3araibaeHo pedynbraru O.B.Boscinosa i A.T.®@omenko,

0.0.IIpumiaka i B.B.Illapka, HaBeIEHO JIOKAJbHY TOMOJIOTIYHY KJIaCH(IKAIIIO

obmeskeHnX Mm-(YHKINH CKIAQIHOCTI 2 HA OPIEHTOBAHWX TIOBEPXHSIX 3 KPAEM.

Orpumani pe3ynbraTu MOXKYTb OyTH BHKOPHCTaHI Ui TJIODATBHOI KJTacu-

dikamii m-pyHKIA CKIATHOCTI 2, & TAKOXK K MOYATKOBHUI €Tam s AOCIIiI-

JKEHHs aTOMIB OiyIbIIol ckjaaHoCTi. Bei 11 pe3ynbraTu 3acTOCOBYIOTHCS TIPHU 10~

CJII>KeHHI BEKTOPHUX TIOJIB KOCOTO TPAIIEHTa HA MHOTOBUIAX 3 KPAEM.
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Atoms of degree 2 on the surfaces with boundary

We define p-graph and describe how it changes under isotopy of projections

for classification of maps of 2-manifolds into plane. The problem of graph

implementation and maps classification was considered.
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Quantum Geometry: Energy-amplitude approach
to multiphoton resonances and above threshold
ionization

Andrey A.Svinarenko

Abstract An advanced energy-amplitude approach to calculation of the char-
acteristics of multi-photon ionization in atomic systems is presented and based
on the many-body perturbation theory. It is used for numerical calculating the
above threshold ionization characteristics for atom of magnesium in a intense
laser field.
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1 Introduction

The interaction of the atomic systems with the external alternating fields, in
particular, laser fields has been the subject of intensive experimental and the-
oretical investigation. Calculation of the deformation and shifts of the atomic
emission and absorption lines in a strong laser field, definition of the k-photon
emission and absorption probabilities and atomic levels shifts, study of laser
emission quality effect on characteristics of atomic line, dinamical stabilization
and field ionization etc are the most actual problems to be solved. Naturally, it
is of the great interest for phenomenon of a multiphoton ionization. t present
time, a progress is achieved in the description of the processes of interaction
atoms with the harmonic emission field [1]-[8]. But in the realistic laser field the
according processes are in significant degree differ from ones in the harmonic
field. The latest theoretical works claim a qualitative study of the phenomenon
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though in some simple cases it is possible a quite acceptable quantitative de-
scription. Among existed approaches it should be mentioned the Green function
method (the imaginary part of the Green function pole for atomic quasienergetic
state), the density - matrix formalism ( the stochastic equation of motion for
density - matrix operator and its correlation functions), a time-dependent den-
sity functional formalism, direct numerical solution of the Schrddinger (Dirac)
equation, multi-body multi-photon approach etc. [1]-[8]. Decay probabilities of
the hydrogen atom states in the super-strong laser field are calculated by the
Green function method (see [2]) under condition that electron- proton interac-
tion is very small regarding the atom-field interaction. Note that this approach
is not easily generalized for multielectron atoms. In [2],[9] authors extended
the non-Hermitian multi-state Floquet dynamics approach by Day to treat one-
electron atomic system to the case of general multi-electron ones. The result is
a generalization of the R-matrix Floquet theory, developed by Burke that al-
lows for pulse shape effects whilst retaining the ab initio treatment of detailed
electron correlation. The approach based on the eigenchannel R-matrix method
and multichannel quantum-defect theory , introduced by Robicheaux and Gao
to calculate two-photon processes in light alkaline-earth atoms has been imple-
mented by Luc-Koenig et al [9] in j-j coupling introducing explicitly spin-orbit
effects and employing both the length and velocity forms of the electric dipole
transition operator. Nevertheless in many calculations there is a serious problem
of the gauge invariance, connected with using non-optimized one-electron repre-
sentation (in fact provided by not entire account for the multi-body interelectron
correlations). The known example is non-coincidence of values for the length and
velocity forms of the electric dipole transition operator [1,2]. We consider an ad-
vanced amplitude approach to calculation of the characteristics of multi-photon
ionization in atomic systems, which is based on the many-body perturbation
theory (PT) and use it for numerical calculating the above threshold ionization

(ATTI) characteristics for atom of magnesium in a intense laser field.

2 Energy QED approach to multiphoton resonances and above

threshold ionization

In this section we consider a quite exact approach based on the QED perturba-
tion theory [2]-[7], which allow to calculate the characteristics of multi-photon
ionization in atomic systems. Below we calculate numerically the above threshold
ionization (ATI) cross-sections for atom of magnesium in a intense laser field.

The two-photon excitation process will be described in the lowest relativistic
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PT order. This approach is valid away from any one-photon intermediate-sate
resonance. We start from the two-photon amplitude for the transition from an
initial state ¥y with energy Ey to a final state |Psiy with energy E; = Ey + 2w

is:

T%) = lirg /de(WﬂD x ele)(Ey +w — e +in) " {e|d x e|¥). (1)
n—04

Here D is the electric dipole transition operator (in the length r form), e is the
electric field polarization and w is a laser frequency. It’s self-understood that the
integration in equation 1 is meant to include a discrete summation over bound
states and integration over continuum states. Usually an explicit summation is

avoided by using the Dalgarno-Lewis by means the setting [3]:

2
T2 = Cr{ID x e||4p), 2)

where (]|...||) is a reduced matrix element and C/ is an angular factor depend-
ing on the symmetry of the ¥, A,, ¥, states. A, can be founded from solution

of the following inhomogeneous equation [3]

(Bo +w x H|Ay) = (D x ¢)|%) 3)

at energy Fy + w, satisfying outgoing-wave boundary condition in the open
channels and decreasing exponentially in the closed channels. The total cross

section (in cm* W™1!) is defined as

o/I =" 0s/1=5.7466 x 10w, > TR, (4)
J J

where I (in W/cm?) is a laser intensity. To describe two-photon processes

there can be used different quantities [9]: the generalized cross section o(?), given
in units of cm?s, by

o), = 4.3598 X 10" ¥wana/ Lpmiw 1 (5)

and the generalized ionization rate I"(?) /I?, (and probability of to-photon

detachment) given in atomic units, by the following expression

0/ Iomaw -1 = 9.1462 x 10™%%w,, 2 /12, (6)

Described approach is realized as computer program block in atomic numeric
code "Super-atom" (c.f. [2]-[7], which includes a numeric solution of the Dirac
equation and calculation of the matrix elements of the Egs. 1-5 type. The original
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moment is connected with using the consistent QED gauge invariant procedure
for generating the atomic functions basis’s (optimized basis’s) [8]. This approach
allows getting results in an excellent agreement with experiment and they are
more precise in comparison with similar data, obtained with using non-optimized

basis’s.

3 Some results and conclusion

Let us present the results of calculating the multi-photon resonances spectra
characteristics for atom of magnesium in a laser field. Note that in order to
calculate spectral properties of atomic systems different methods are used: rel-
ativistic R-matrix method (R-method; Robicheaux-Gao, 1993; Luc-Koenig E.
etal, 1997), added by multi channel quantum defet method, K-matrix method
(K-method; Mengali-Moccia,1996), different versions of the finite L? method
(L? method) with account of polarization and screening effects (SE) (Moccia-
Spizzo, 1989; Karapanagioti et al, 1996), Hartree-Fock configuration interaction
method (CIHF), operator QED PT (Glushkov-Ivanov, 1992; Glushkov et al;
2004) etc.(c.f.[2,9]. In table 1 we present results of calculating characteristics
for 3p2'Sy resonance of Mg; E- energy, counted from ground state (cm~1!), I'-
autoionization width (cm~!), o /I- maximum value of generalized cross-section
(cm*W~1). R-matrix calculation with using length and velocity formula led to
results, which differ on 5-15% , that is evidence of non-optimality of atomic
basis’s. This problem is absent in our approach and agreement between theory
and experiment is very good. Further let us consider process of the multi-photon
ATT from the ground state of Mg. The laser radiation photons energies w in the
range of 0,28-0,30 a.u. are considered, so that the final autoionization state (AS)
is lying in the interval between 123350 cm ™! and 131477cm ™. First photon pro-
vides the AS ionization, second photon can populate the Rydberg resonance’s,
owning to series 4snl,8dnl,4pnp where J=0 and J=2 [9]. In table 2 we present
energies (cm™~! ; counted from the ground level of Mg 3s?) and widths (cm™1!)
of the AS (resonance’s) 4snl, 3dnl, 4p? ! Dy, calculated by the K-, R-matrix and
our methods. In a case of 'Sgresonance’s one can get an excellent identification
of these resonance’s. Let us note that calculated spectrum of to-photon ATT is
in a good agreement with the R-matrix data and experiment. In a whole other
resonances and ATI cross-sections demonstrate non-regular behaviour.

Studied system is corresponding to a status of quantum chaotic system with
stochastization mechanism. It realizes through laser field induction of the over-

lapping (due to random interference and fluctuations) resonances in spectrum,
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Table 1 Characteristics for 3p2!Sy resonance of atom of the magnesium: E- energy, counted
from ground state (cm™1), I'- autoionization width (cm™1!), ¢ /I- maximum value of generalized

cross-section (cm*W—1).

| Methods | E | T | o/I |
Luc-Koenig E. etal, 1997 without account SE
Length form 68492 374 1,96 1027
Velocity form 68492 376 2,10 10—27
Luc-Koenig E. etal, 1997 With Account | SE
Length form 68455 414 1,88 1027
Velocity form 68456 412 1,98 10—27
Moccia and Spizzo (1989) 68320 377 2,8 10—27
Robicheaux and  Gao | 68600 376 2,4 1027
(1993)
Mengali and Moccia(1996) | 68130 362 2,2 10727
Karapanagioti et al (1996) | 68470 375 2,2 10~27
Our calculation 68281 323 2,0 10—27

Table 2 Energies and widths (cm™!) of the AS (resonance’s) 4snl, 3dnl, 4p?! Dy for Mg (see

text)
R—method Our approach K — method

1Dy ET 1Dy ETD ET
4s3d 109900 2630 4s3d 109913 2645 110450 2600
3d? 115350 2660 3d? 115361 2672 115870 2100
4s4d 120494 251 4s4d 120503 259 (ds) 120700 170
3d5s 123150 1223 3d5s 123159 1235 (ds) 123400 2000
4p2 124290 446 4p? 124301 458 124430 500
3d4d 125232 400 3d4d 125245 430 125550 590
4s5d 126285 101 4s5d 126290 113 (ds) 126250 120
3d6s 127172 381 3d6s 127198 385 (ds) 127240 350
4s6d 127914 183 4s6d 127921 215 127870 1900
3d5d 128327 208 3d5d 128344 215
4s7d 128862 18 4s7d 128874 24 (ds) 128800 30
3d5g 128768 4,5 3d5g 128773 5,2 3d5g 128900 2,2
3d7s 129248 222 3d7s 129257 235 129300 160
4s8d 129543 114 4s8d 129552 125 (ds) 129500 140

3d6d 129844 115

459d 129975 64

4s10d 130244 5

3d8s 130407 114

4s11d 130488 118

4s12d 130655 28

3d7d 130763 52

4s13d 130778 36

4s14d 130894 14

4s15d 130965 7

their non-linear interaction, which lead to a global stochasticity in the atomic
system and quantum chaos phenomenon. The quantum chaos is well known in
physics of the hierarchy, atomic and molecular physics in external electromag-
netic field. Earlier it has been found in simple atomic systems H, He, and also
Ca (c.f. refs. in [2,3,9]). Analysis indicates on its existence in the Mg spec-



trum. Spectrum of resonance’s can be divided on three intervals: 1). An interval,

where states and resonances are clearly identified and not strongly perturbed; 2)

quantum-chaotic one, where there is a complex of the overlapping and strongly

interacting resonances; 3). Shifted one on energy, where behaviour of energy

levels and resonances is similar to the first interval. The quantitative estimate

shows that the resonances distribution in the second quantum-chaotic interval

is satisfied to Wigner distribution as follows:

W(z) = zexp(—mx?/4).

At the same time, in the first interval the Poisson distribution is valid.
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Abstract Within quantum-geometrical treating spectra of the finite Fermi-
systems it is presented an advanced generalized multiconfiguration model to
describe a decay of high-excited states (the multipole giant resonances). The
approach is based on the more accurate mutual using the advanced shell model
and microscopic model of pre-equilibrium decay with statistical account for

complex configurations 2p2h, 3p3h etc.
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1 Introduction

In the modern quantum geometry and quantum theory of the many-fermion
systems there is a number of very complex problems, connected with a devel-
opment of the consistent methods of calculating eigen values of energy for the
Hamiltonians of the many-body systems with account of correlation and other
corrections (see, for example, [1]-4]). As it is well known, the multipole giant res-
onances (MGR) are the highly excited states of nuclei, which are interpreted as
the collective coherent vibrations with participation of large number of nucleons.
Experimentally, MGR, are manifested as the wide maximums in the dependence
of cross-section of the nuclear reactions on the incident particle energy r in -th
spectrum of incident particles. A classification of MGR as the states of collec-

tive type is usually fulfilled on the quantum numbers of vibrational excitations:
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entire angle momentum (J) and parity 7 (J™). The MGR are observed in the
spectra of majority of nuclei and situated, as a rule, in the continuous spectrum
of excitations in a nucleus (with width of order of several MeV). Two theoretical
approaches to description of MGR are usually used. In the phenomenological
theories it is supposed that the strong collectivization of states allows applying
the hydrodynamical models to the description of vibrations of the nuclear form
and volume. The microscopic theory is based on the shell nuclear model. In the
simple interpretation an excitation of the MGR is result of transition of the nu-
cleons from one closed shell to another one, i.e. the MGR is a result of coherent
summation of many particle-hole (p-h) transitions with necessary momentum
and parity. MGR are situated under the excitation energies, which exceed the
thresholds of emission of the particles from a nucleus. The interaction of a nu-
cleus with external field with forming the MGR occurs during several stages.
There is a production of the p-h excitation which corresponds to 1p-1h states
over the Fermi surface (1st stage). Then the excited pair interacts with nuclear
nucleons with the creating another 1p-1h excited state or two p-h pairs (2p-2h
state; 2nd stage). Then the 3p-3h and more complicated states are created till
the statistical equilibrium takes a place. The full width of MGR is provided by
the direct decay to continuum (I'T) and decay of the 1p-1h configurations on
more complicated multi-particle (I'*) ones. The mixing with complex configu-
rations leads to the loss of the coherence and creating states of the compound
nucleus. Naturally an account of complex configurations has significant meaning
for correct explanation of the MGR widths, structure, decay properties. Here we
present an advanced generalized multiconfiguration model to describe a decay
of high-excited states, which is based on the mutual using the shell models and
microscopic Zhivopistsev-Slivnov model of pre-equilibrium decay with statistical
account for complex configurations 2p2h, 3p3h etc. It generalizes earlier devel-
oped models [7]-[10]. The advanced approach has been applied to analysis of

reaction (p-n) on the nucleus *°Ca.

2 Advanced generalized multi-configuration model

The MGR may be treated on the basis of the advanced multi-particle shell
model. Process of appearance a collective state of MGR, and an emission process
of nucleons are described (see details in refs. [3]-[6]) by standard diagram, which
contains an effective Hamiltonian of interaction V), resulted in capture of muon

by nucleus with transformation of proton to neutron and emission by antineu-
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trino. Isobaric analogs of isospin and spin-isospin resonances of finite nucleus are
excited.

The corresponding diagrams for photonuclear reactions look to be analogous
and contain the full vertex part I, (full amplitude of interaction, which trans-
fers the interacting p-h pair to the finite npnh state). The full vertex I" f2"2 is
defined by the system of equations within quantum Green function modified ap-
proach [6]-[7]). Further, all possible configurations are divided on two groups: i)
group of complicated configurations ‘ny’, which must be considered within shell
model with account for residual interaction; ii) statistical group ‘no’ of complex
configurations with large state density p(n, E) > and strong overlapping the
states G,, > D,,_1 > D,, (D,, is an averaged distance between states with 2n
exciton; Gy, is an averaged width).

To take into account a collectivity of separated complex configurations for
input state a diagonalization of residual interaction on the increased basis (ph,
ph+phonon, ph+2 phonon) is used. All complex configurations are considered
within the pre-equilibrium decay model [5] with additional account of ‘n;’ group
configurations. The input wave functions of the MGR for nuclei with closed or
almost closed shells can be found from diagonalization of residual interaction
on the effective optimized 1plh basis [2]. Statistical multistep negative muon
capture through scalar intermediate states of compound nucleus is important.
Intensities of nucleon spectra are defined by standard way (see refs. [5]-7]).

The intensity of nucleonic spectra is defined as follows:

H

dl T (1 Ef,JTl’
@( “,Z,Ef,(]ﬂ) = 7;
An=1

Ay (B, J), (1)

where
I (ep, Jm) = 2x{|{on, (JT) N, Np+1[0 D (1) ony (Up, IB)] 1x)] ) %
xp(l,ef)pP (Ng, Ug, Ip),

rl(Jm) = /dafr (Les, Jm),

Ii(Jm) = F,j (J7) + I} (Jn),
L (Jm) = 2x (o, (Jm) Ny N1 o ()2 (Niyr, I, B,
EHZEf—‘rUB-i-BN.

Here [ is the orbital moment of the emission nucleon, €y is its energy; By is the
bond energy of nucleon in the compound nucleus; A, (E,, Jr) is probability of
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p-capture with excitation of the state y;,(E,, J7) with energy E_mu, spin J
and parity .

As in refs. ([5]-[8]), one could neglect the interference between contributions
of separated ‘dangerous’ configurations. The above indicated features of the sta-
tistical group of configurations are not fulfilled for the ‘dangerous’ configurations.
However, the value I'}(n;) for some dangerous configuration is weakly depen-
dent upon the energy. Indeed, configuration n; is the superposition of the large

number of configurations, i.e.

In n 1|n+1>|2
Fi(nl): |<| 1,n+
; (Eu - En+1)2 + F’r%+1/4

Generally, the expressions for the n-step contribution to the emission spectrum

are modified as follows:

dl (l Efa‘]ﬂ-) n—1,n (J’/T)
il J 2
dgf( 3] 7€f7 7T) ’I’L2(J7T) anl(Jﬂ')
(Lep, Jr) Ty () "2 THIn) | -
nl ) n—1,n1 k A E J 2
+ Z Lo (J7)  Tnoi(Jm) 1;[ () | A B I @)
F’i 1 Z —1,ny —1,n2?
{n1}
where
Fl _ |<50Nn71(J7T)IN —1,Nn Qp(nl)N"(Jﬂ—»QFnl
By — Bu)? + 15, /4
Supposing the input state is isolated, in formalism of the input ph-states one
can write:
1 DM A (B Jm)
(Ey — E;)?2 4172 /4
where

Ni(pm) =T]+ T8, + > I,
{n1}

3 Results and conclusion

The wave functions of the input state {(;, } in the reaction °Ca (1~ n) have been
calculated within the shell model [7]-[9]. As one could wait for that a collectivity
of initial input state leads to significant decreasing FZ-J’. The separation into
groups n1 and ne is naturally accounted for the 2p2h configuration space and the
contribution of configurations ‘ph+phonon’ and weakly correlated 2p2h states
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is revealed. A probability of transition to ‘dangerous’ configurations 2p2h is

provided by value of matrix element:

[{pin(Ph, J7, E)|Iph 2p2n| 0 (2p2N, Jmr, E))?

and additionally by density p(2p2h, Jr, E) for statistical group ns. The contri-
bution of weakly correlated 2p2h configurations is defined by expression [4]:

Lyon = 27| (| Tonzpen ) [)p2pn
The residual interaction has been choosen in the form of Soper forces:
V = go(]. — + 0[010'2)(5(7’1 — 7’2),

where go/(47r3) = —3 MeV, a = 0.135. The phonons have been considered
in the collective model and calculation parameters in the collective model and
generalized RPA are chosen according to [7]. Our theoretical estimates have
been compared with experimental data and other calculation results ([4]-7]).
In the range of 5-13 MeV the experiment gives the intensity ~10% from the
equilibrium one. As it has been shown earlier (see, for example, [4]-[6]), the
1-

of the intensity of p~-capture. The analysis shows that an advanced mutual

, 27 states do not the significant contribution. However, they exhaust ~80%

account for 0%, 17, 2+, 3% and more high multipoles (plus more less correct
microscopic calculation of I iin(Jw,E), the input and 2p2h states, separation of
the 2p2h space n configurations n; and ns etc.) allows to fill the range of high
and middle part of spectrum. From this point of view, the presented approach is
more correct in comparison with the earlier multiconfiguration models [4]-[6]).
Acknowledgement. The author would like to thank Prof. A.Glushkov for

useful discussion and critical comments.
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Pozmurti k-ysnbpTpaMerpuyHi npocTopu

Ouiekcanjp I'puroposuy CaBueHKO

Amnorariiss 3alporiOHOBAHO PO3MHUTHUII AHAJION MOHATTS K -yIbTPaMETPUIHOIO
npocropy. IlokazaHo HyJIBBHMIPHICTD Ofep:KaHuxX mTpocTopiB. Po3rmsanyTo

GbYHKTOD TimepnpocTopy Ha KaTeropii TaKuX MpOCTOPIB.

KurouoBi ciaoBa YiabTpaMeTpudHUil MPOCTIP, PO3MUTHI METPpUYHUI TPOCTIP,

po3mmuTa merpuka [aycaopda

VK 515.12

1 Beryn

Merpuunuii npocrip Ha3uBawOTh yibrpamerpudauM (a6o HeapXiMeJIOBUM ), SKIIO
#10or0 MeTpUKa 3aJ0BOJIbHAE CUIbHY HEPIBHICTH TPUKYTHHUKA. Y MATEMATHI yiIb-
TpaMeTPUYHI MPOCTOPH BIEPINE BUHUK/W y TEOpil umcen (p-aaudni MeTpukm),
3ro/IOM BOHHU 3HAMIIIN 3aCTOCYBAHHS TaKOXK Y €BOJIIOIiiiHIN Giosorii, Teopernd-
Hilt i3uIti, ceMaHTHIN MOB IPOTPAMYBAHHS Ta iHIAX PO3ILTAX HAYKH.

Y crarri [5] o3naseno uoustrs K-yiaprpamerpudsnoro upocropy. e no-
HATTS € y THEBHOMY CEHCI MPOMIXKHUM MiXK TOHSTTSMU METPUYHOIO HPOCTO-
Py Ta yJIBTPAMETPUYIHOTO MPOCTOpy. MoTwuBallis 3ampoBazKeHHs TOHATTS K-
VIBTPAMETPUIHOTO MPOCTOPY JIEXKHUTD Y TEOPil PO3SMUTUX METPUIHUX TPOCTOPIB.
Haragaemo, mo po3muri MeTpudHi NpOCTOPH € JAJEKUM y3arajbHEHHSIM MeT-
PUYHHUX IMPOCTOPIB; Y OCHOBY O3HAYEHHS PO3MHUTOI METPHUKHU IMOKJIAJIEHO Mipy
WMOBIPHOCTI TOTO, ITIO Bi/ICTAHb MiXK TOYKAMH TTPOCTOPY HE MEPEBUIITYE 3aAHOTO

YUCIA. 3 JBOX HAUTIONIUPEHIMUX TEOPiil PO3MUTUX METPUIHUX MTPOCTOPIB MU 3y-
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MVHWINCS Ha Tiif, mo 3anouarkoBana y crarti [1]. Onieo 3 mpuynH nporo € Te,
IO TaKi PO3MUTI METPUKHU JIAIOTH AJIbTEPHATUBHUI OIKC BA2XKJIUBOI'O B TOIOJIOI]
KJIACY METPU30BHUX MPOCTOPIB.

Y NIpOmOHOBaAHi# 3aMITII 3aMPOBYIKYETHCA POZMHUTHN AHAJIOT TMOHATTS K-
VJIBTPAMETPUIHOrO MPOCTOPY. BiH anmpiopHO BUSBISETHCS OAraTiiuM, OCKIIbKA
OepeTbCs /10 yBaru TaKOXK 3MiHHA ¢, IPUCYTHsS B O3HAYEHHI PO3MHUTOI METPHUKH.
Bceramosseno, mo 3ampoBajKeHi PO3MUTI k-yIbTpaMeTPUUHI TPOCTOPH MOPO/I-
KYIOTh HYJbBUMIDHY PiBHOMIpHY cTpyKTypy. KpiM TOr0, po3risayTo MyHKTOD

TinmepmpocTOpy Ha KaTeropil pO3MUTHUX k-YIbTPAMETPUIHUX TPOCTOPIB.

2 k-ynapTpaMeTpudHi mpocTopu

Hageznemo neobxijni o3HaueHHst 3 T€Opil POBMUTUX METPUYHMX IIPOCTOPIB (ue-
ranbhine aus. B [1]). Haragaemo, mo t-nopmoo HaszuBaioTh GiHAPHY OIEpariio

x: [0,1] x [0,1] — [0, 1] TaKky, 1110 BUKOHAHO YMOBH:

(i) * acouiaTuBHA i KOMyTaTUBHA;
(i)
)
)

(i
(iv) axb<cxd, akmo a < cib<d.

* HEMePEPBHA;

ax1=a nua Beix a € [0,1];

Ipukaagamu t-HopM € dbyHKii: 1) axb = ab1a 2) axb = a A b= min{a, b}.

Osnauenns 1 Tpitixa (X, M,*) HA3UGAEMbCA POSMUTIUM METMPUSHUM TPO-
cmopom, akuo X — J06iAbHA MHONCUHG, * — Henepepena t-wopma i M — pos-
muma muoxcuna na X2 x (0,00), wo 3a00604HAOMD MAKi YMOGU 0Af 6CIT

z,Y,2 € X 15,t>0:

(1) M(z,y,t)

(i) M(z,y,t)

(i) M(z,y,t) = M(y,z,1),

(iv) M(x,y,t)* M(y,z,8) < M(x,z,t+ s),

(v) dynxuia M(x,y,—): (0,00) = [0, 1] nenepepena.

> 0,
=1 modi i auwe modi, Koru T =y,

Bigomo, wo muist poamuroro merpudnoro npocropy (X, M, ) MHOXKMHA KyJIb
B(z,r,t) ={ye X | M(z,y,t) >1—r},nex € X, t >0, r € (0,1), yrsoproe

TOIIOJIOTII0 HA MHOXKUHI X .

Osuauenns 2 Hezal (X;, M;,*) — posmumi mempuyuni npocmopu, i = 1,2.
Bidobpaoicenns f: X1 — Xo nasusaromsv HeposTaryounm, sxuo Mi(x,y,t) <
My(f(x), f(y),t) daa woocnuz (z,y,t) € X1 x X1 x (0,00).
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Hexait X — muoxkuHa i K € [0, 00]. Merpuky d Ha MuoxuHI X Gynemo Ha-
suaru K -yavmpamempuroro, akuio d(z,y) < max{d(z, z),d(z,y)} ana KoxKHUX
x,y, 2 € X rakux, mwo min{d(z, z),d(z,y)} < K.

BayBaxkuMo, 1m0 KoxkHa 0-yJIbTpaMeTprKa HACIIPAB/Ii € METPUKOIO 1 KOXKHA, 00~
YIABTPAMETPHKA, € yIbTPAMETPUKOI. 3ayBakuMO TAKOXK, IO KOXKeH K-ymbTpa-
Merpuunuii upocrip € K’-yiprpamerpuunum npocropom, axmo K' < K.

Huxkue HaBeneHO O3HAYEHHS AHAJIOrA IMOHATTS K -yJIbTPAMETPUKHU JJisi PO3-
MUTUX METPUIHHX MPOCTOPiB. [Ipu mboMy MU PO3TIAAIAEMO TINBKH t-HOPMY A.

Hexaii k: (0,00) — [0,1] — dyukuis. Posmury merpuky M Ha muoxkuui X
HA3WBAIOTH PO3MUTON k-yIBTPAMETPUKOIO, AKIIO [JIs KOKHOTO ¢ > 0 1 KOXKHUX

T,Y, % BUKOHAHO YMOBY:
M(x7 y7 t) /\ M(y’ Z7 t) S M(x7 Z’ t)?

sixrmno min{ M (z,y,t), M (y, z,t)} > k(t).

Ipu k(t) = 0 omepKyeMO HOHATTS PO3ZMUTOL yJIbTpaMerpuku, a upu k(t) = 1
— MOHSATTS PO3MUTOI METPUKH.

SAkmo d — merpuka Ha MuOKUHI X, TO Toal dyukuia My: X x X x (0, 00),

3amaHa GOPMyYIIOH

My(z,y,t) z,ye X, t >0,

"
Ct+d(x,y)’

BU3HAYAE PO3MUTY METPUKy Ha X .

IIponosuris 1 dxwo mempura d € K-yavmpamempuroro Ha mrodtcuni X, mo

Pynryia My e poamumoro k-yavmpamempuroro na muoscuni X, de k(t) = HLK

Jlosedenns IlpoBoaurhes Ge3mocepe HiMu OOINCICHHSIMM.

3a anaJIori€ro 10 MOHATTS K -HEPO3TATYIOYOro BigoOpakKeHHs O3HAYNMO TaKe
nousitrst. Hexaii (X, M, A) ta (Y, N,A) — po3muri k-yabrpamerpudni mpocro-
pu. Henepepere Binobpaxkenus f: X — Y Hasupalorhb k-HEpPO3TArYHOYUM, KO
N(f(x), f(y),t) > M(z,y,t) niua koxuux x,y € X rakux, mwo M(z,y,t) > k(t).

Jlerko 6aunTu, mo k-yabrpaMeTpudHi MPOCTOpPH Ta iX k-HEpO3TaAryodi Bimo-
OpaskeHHsI yTBOPIOIOTH KATEropito.

PiBHOMipHI CTPYKTYpHU, TOPOIZKEHI PO3SMUTOI0 METPUKOIO, O3HAYEH] B CTATTi
[2]. Horeneno, mo sxmo (X, M, *) — poamurnii merpuannii npocrip, To {U, |

n € N} — 6a3a pisaomipuoi crpykrypu Ups, CyMiCHOI 3 TOIOJIOTIEIO Thy, 1€

Un — {<x,y> | M(w i) > 1711}
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aas Beix n € N. Hagani Ha po3MUTHX METPUYHUX TTPOCTOPAX PO3TIISIAEMO CaMe
TaKy PiBHOMIpDHY CTPYKTYpY.-

PiBnomipuuil npocrip Ha3uBaOTh PiBHOMIPHO HysbBuMmipHum (aus. [3]), sx-
0 y KOXKHe #0ro piBHOMIpHE MOKPUTTS MOYKHA BIUCATH PIBHOMIpHE TUCKPETHE

TTOKPUTTA.

Teopema 1 Hezxati k — maxa nenepepena pymnryis, wo limy_,1o0k(t) < 1. Todi

K0oHCEH PO3MUMUT Kk-yasompamempuuruti TPOCMip € PIBHOMIDHO HYAbEUMIDHUM.

Josedennsa Ieaye to > 0 Take, mo k(t) > 1 —t ana koxuoro t € (0,tg). Hexait
ng € N — rake, mo 1/ng < to.

J1s KOsKHOTO N > N MAaEMO

U, U, ={(z,2z) € X x X | icuye y € X Take, mo M(x,y,1/n) >1—(1/n),
M(y,z,1/n)>1—(1/n)} C{(z,2) e X x X | M(x,2,1/n) >1—(1/n)}
:Un7
TOOTO pPiBHOMIpHA CTPYKTypa, mopomkena M, mae 6a3y, M0 CKIATAETHCS 3 Bifl-
HolIeHb ekBiBasieHTHOCTI. OCKLIbKY KOXKHE Bi/IHOLIEHHS €KBIBaJIEHTHOCTI 1I0PO/I-

Ky€ an3’IOHKTHE PiBHOMIpHE TOKPHUTTS IIPOCTOPY, TO 3Biacu 6e3mocepeHbO BHUII-

JINBA€ TBEPIAZKEHHA TEOPEMH.

Hexait B — HemOpOXKHSA TAMHOXKWHA PO3MHUTOTO METPUIHOTO MTPOCTOPY
(X, M, *). qna xoxuux a € X it > 0, nHexait

M(a, B,t) = sup{M(a,b,t) | b € B}

(nuB. o3navenns 2.4 crarri [4]).
Hexaii (X, M, *) — po3muTuii merpuunuii npocrip. O3nadumo depes exp X
ciM’10 BCIX HEMOPOXKHIX KOMIAKTHUX TiAMHOXKKH B mpocTopi X. 7k i B crarTi

[4], osraunmo dyHKIi0O
Mp: expX xexpX x (0,00) — (0,1]
dopmyiToro:
My (A, B,t) = min {;relgM(a,B,t),blglng(A,bJ)}

st Beix A, B €exp X it > 0.
Ocuopnwit pesyabrar (Teopema 1) crarti [4] crBepmxye, mo (M, *) — po3-

MHUTa MeTpuka Ha MHOXKWHI exp X (posmuma mempuxa [aycdopda). Bimbriie
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TOTO, T PO3MHUTA METPHWKA TOPOKYye Tomosorito Bieropica ma rimepmpoctopi
exp X.
Haramaemo, 1110 171 KO;KHOTO HemepepBHOro Bimobpaxkenus f: X — Y Bimo-

Opaxkenns exp f: exp X — expY 3amaerbcea dopmynomo: exp f(A) = f(A).

Teopema 2 Hexaili M — posmuma k-ysvmpamempura na muoxcuni X. Todi
My — posmuma k-yavmpamempura na muoocuns exp X . Ilpuyvomy odepoicye-
MO PYHKEMOP €XP Ha Kame20pii po3amMumur k-ysbmpamempusuHuL npocmopie ma

k-nepoamazyrouus 6i0006patcens.
Josedenns Hexait A, B,C € exp X, t > 0 i nexait

3 o3HaueHHA PO3MUTOI METPUKH Laycaopda BUILIUBAE, IO IS KOKHOTO a € A
icuye b € B rake, mo M(a,b,t) > k(t). Anasoriuno, mjia KoxkHOrO b € B icuye
¢ € C rake, mo M (b, c,t) > k(t).

3acTOCOBYI0YM O3HAYEHHS PO3MUTOI k-yJIbTPAMETPHKH, ONEPIKYEMO: JIJIs
KoxkHOrO @ € A icuyiors b € B i ¢ € C taki, mo M(a,c,t) > a A B, i, ana-
JIoriuHo, g KoxkHoro ¢ € C icayiors b € Bia € A raki, mo M (¢, a,t) > aA .

Pasowm 1ie o3navae, mo My (A, B,t) > a A .

Hexaii Tenep f: X — Y — k-Hepo3rsiryrode BigoOpazkKeHHsI PO3MHUTOIO MeET-
puunoro upocropy (X, M,A) y posmuruit merpuanuii npocrip (Y, N, A). k-
mo Mp(A,B,t) > « > k(t), ro mua xoxHoro a € A icuye b € B rake, 110
M(a,b,t) > «. lepexonauu mo 06pa3is i BpaxoByw4n k-HEPO3TArYBAHICTH Bi-
nobpazkenns f, omep:kyemo, mo mias Koxuoro a’ € f(A) icaye b’ € f(B) Take,
wo N(a',b',t) > «. Anasoriuno, maua koxkuoro b’ € f(B) icaye a’ € f(A) rake,
mo N(a',V',t) > «. Pasom ue o3navae, mo , mo N(exp f(A),exp f(B),t) > «a.

Takum uynHOM, BigoOpaxkeHHs exp f € k-HepOo3TryH4uM.

3 3ayBakenHus

Y crarri [5] moBegeno crpykrypHy Teopemy i K -ysbTpamMerpuuHUX 1IPO-
cropiB. BurHukae mnpupomHa mpobdieMa: OMHUCATH CTPYKTYPY pO3MUTHX k-
YJIBTPAMETPUIHUX MTPOCTOPIB.

Kpim Toro, y crarti [5] mokasano, mpo icHye K-yabTpaMerpusalisi mpocTo-
Py #MOBIpHICHHX Mip 3 KOMIAKTHUMH HOCiAMHU HA K-yJIbTpaMeTPpUIHOMY IIPO-
cropi. g K-ynbrpamerpu3ariis 6a3yeTbcsa Ha icHyBaHHI MeTpuku KanTopoBmda
Ha TTPOCTOPi AMOBIpHICHUX Mip Ha METPUIHOMY TIPOCTOPi Ta MeTpukm Laprora-

ne Bimka wa mpocTopi WMOBIpHICHWX Mip Ha yJIBTPAMETPUIHOMY MPOCTOPi. Y
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TEOpil PO3MUTUX METPUYHWUX MPOCTOPIB HE MOOYIOBAHO Bi/MOBITHUKA METPUKU
KanTopoBuua Ha mpocropax WMOBIpHICHHX Mip, OZHAK iCHy€ aHAIOr METPUKH
ITpoxoposa (aus. [8]). Kpim Toro, icuye ananor merpuku [aprora-ge Binka Ha
npocTopi HMOBIPHICHUX Mip HA PO3MHUTOMY yJibTpamerpudHomy mpocropi [7]. e
JIa€ HAJII0 HAa MOXKJIUBICTH MOOYIOBU k-yJIbTpaMETpu3allii mpoCcTOPiB HMOBipHic-
HUX Mip.

Amnajoriune 3anuraHHsS MOYXKHA CQOPMYJIIOBATH 1 JIJIsT TaK 3BAHUX 11EMITO-

rearHuX Mip (Mip MacioBa) Ha k-yJIbTpaMETPUYHUX MPOCTOPAX.
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