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Geometry of Chaos: Consistent combined ap-
proach to treating of chaotic self-oscillations in
backward-wave tube

A.V.Glushkov, V.V. Buyadzhi, V.B. Ternovsky

Abstract It is presented an numerical application of a consistent chaos-

geometrical combined approach to non-linear analysis and treating of chaotic of

chaotic self-oscillations in backward-wave tube. It combines together application

of the wavelet analysis, multi-fractal formalism, mutual information approach,

correlation integral analysis, false nearest neighbour algorithm, Lyapunov

exponent's analysis, surrogate data method etc.

Keywords geometry of chaos, backward-wave tube, non-linear analysis, chaotic

self-oscillations

Mathematics Subject Classi�cation: (2000) 55R01-55B13

1. Introduction

In this paper we present an numerical application of a consistent chaos-

geometrical combined approach [1-10] to to non-linear analysis and treating of

chaotic of chaotic self-oscillations in backward-wave tube. It combines together

application of the wavelet analysis, multi-fractal formalism, mutual informa-

tion approach, correlation integral analysis, false nearest neighbour algorithm,

Lyapunov exponent's analysis, surrogate data method etc. As it is indicated

earlier [1-4], time series can be considered as random realization, when the ran-

domness is caused by a complicated motion with many independent degrees

of freedom. Chaos is alternative of randomness and occurs in very simple de-

terministic systems. Although chaos theory places fundamental limitations for

long-rage prediction, it can be used for short-range prediction since ex facte
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random data can contain simple deterministic relationships with only a few de-

grees of freedom. During the last two decades, many studies in various �elds

of science have appeared, in which chaos theory was applied to a great number

of dynamical systems, including those are originated from nature (e.g. [1-19]).

Now it is well known that in the modern electronics etc there are many phys-

ical systems (the backward-wave tubes, multielement semiconductors and gas

lasers, di�erent radiotechnical devices etc), which can manifest the elements of

chaos and hyperchaos in their dynamics (e.g. [8-10]). The key aspect of study-

ing the dynamics of these systems is analysis of the dynamical characteristics.

Chaos theory establishes that apparently complex irregular behaviour could be

the outcome of a simple deterministic system with a few dominant nonlinear

interdependent variables. The outcomes of such studies are very encouraging, as

they not only revealed that the dynamics of the apparently irregular phenomena

could be understood from a chaotic deterministic point of view but also reported

very good predictions using such an approach for di�erent systems.

2. Combined chaos-geometrical approach to to treating of chaotic self-

oscillations in backward-wave tube

The backward-wave tube is an electronic device for generating electromagnetic

vibrations of the superhigh frequencies range. In ref.[9] there have been presented

the temporal dependences of the output signal amplitude, phase portraits, sta-

tistical quanti�ers for a weak chaos arising via period-doubling cascade of self-

modulation and for developed chaos at large values of the dimensionless length

parameter. The authors of [9] have solved the equations of nonstationary non-

linear theory for the O type backward-wave tubes without account of the spatial

charge, relativistic e�ects, energy losses etc. It has been shown that the �nite-

dimension strange attractor is responsible for chaotic regimes in the backward-

wave tube. In our work in order to study the chaotic self-oscillations regimes in

the backward-wave tube we have used earlier developed and adapted techniques

of the non-linear analysis, such as the multi-fractal formalism, methods of cor-

relation integral, false nearest neighbour, Lyapunov exponent's, surrogate data

(code �Geomath�). As the key ideas of our technique for nonlinear analysis of

chaotic systems have been in details presented in refs. [1-8], here we are limited

only by brief representation..

Since processes resulting in the chaotic behaviour are fundamentally multivari-

ate, it is necessary to reconstruct phase space using as well as possible infor-

mation contained in the dynamical parameter s(n), where n the number of the

measurements. Such a reconstruction results in a certain set of d -dimensional
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vectors y(n) replacing the scalar measurements. Packard et al. [12] introduced

the method of using time-delay coordinates to reconstruct the phase space of an

observed dynamical system. The direct use of the lagged variables s(n + τ),

where τ is some integer to be determined, results in a coordinate system in which

the structure of orbits in phase space can be captured. Then using a collection

of time lags to create a vector in d dimensions,

y(n) = s(n), s(n + τ), s(n + 2 τ), . . . , s(n + (d − 1 )τ), (1)

the required coordinates are provided. In a nonlinear system, the s(n + j τ) are

some unknown

nonlinear combination of the actual physical variables that comprise the source

of the measurements. The dimension d is called the embedding dimension, dE .

According to Mane [16] and Takens [15], any time lag will be acceptable is not

terribly useful for extracting physics from data. If τ is chosen too small, then

the coordinates s(n + jτ) and s(n + (j + 1)τ) are so close to each other in

numerical value that they cannot be distinguished from each other. Similarly, if

τ is too large, then s(n + jτ) and s(n + (j + 1)τ) are completely independent

of each other in a statistical sense. Also, if τ is too small or too large, then the

correlation dimension of attractor can be under- or overestimated respectively

[3]. The autocorrelation function and average mutual information can be applied

here. The �rst approach is to compute the linear autocorrelation function:

CL(δ) =
1
N

∑N
m=1[s(m+ δ)− s̄][s(m)− s̄]

1
N

∑N
m=1[s(m)− s̄]2

, s̄ =
1

N

N∑
m=1

s(m) (2)

and to look for that time lag where CL(δ) �rst passes through zero (see [18]).

This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ) are

linearly independent. a time series under consideration have an n-dimensional

Gaussian distribution, these statistics are theoretically equivalent (see, e.g., [1-

3]). The general redundancies detect all dependences in the time series, while

the linear redundancies are sensitive only to linear structures. Further, a possible

nonlinear nature of process resulting in the vibrations amplitude level variations

can be concluded.

The goal of the embedding dimension determination is to reconstruct a Euclidean

space Rd large enough so that the set of points dA can be unfolded without am-

biguity. In accordance with the embedding theorem, the embedding dimension,

dE , must be greater, or at least equal, than a dimension of attractor, itdA, i.e.

dE > dA. In other words, we can choose a fortiori large dimension dE , e.g.
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10 or 15, since the previous analysis provides us prospects that the dynamics

of our system is probably chaotic. However, two problems arise with working in

dimensions larger than really required by the data and time-delay embedding [1-

4,13-17]. First, many of computations for extracting interesting properties from

the data require searches and other operations in Rd whose computational cost

rises exponentially with d . Second, but more signi�cant from the physical point

of view, in the presence of noise or other high dimensional contamination of the

observations, the extra dimensions are not populated by dynamics, already cap-

tured by a smaller dimension, but entirely by the contaminating signal. In too

large an embedding space one is unnecessarily spending time working around

aspects of a bad representation of the observations which are solely �lled with

noise. It is therefore necessary to determine the dimension dA.

There are several standard approaches to reconstruct the attractor dimension

(see, e.g., [1-18]). The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. The analysis

uses the correlation integral, C (r), to distinguish between chaotic and stochas-

tic systems. To compute the correlation integral, the algorithm of Grassberger

and Procaccia [13] is the most commonly used approach. If the time series is

characterized by an attractor, then the integral C (r) is related to the radius r

given by

d = lim

r → 0

N →∞

logC(r)

log r
, (3)

where d is correlation exponent that can be determined as the slop of line in

the coordinates log C (r) versus log r by a least-squares �t of a straight line

over a certain range of r , called the scaling region. If the correlation exponent

attains saturation with an increase in the embedding dimension, the system

is generally considered to exhibit chaotic dynamics. The saturation value of

correlation exponent is de�ned as the correlation dimension (d2 ) of attractor.

Lyapunov exponents are the dynamical invariants of the nonlinear system. In a

general case, the orbits of chaotic attractors are unpredictable, but there is the

limited predictability of chaotic physical system, which is de�ned by the global

and local Lyapunov exponents. A negative exponent indicates a local average

rate of contraction while a positive value indicates a local average rate of expan-

sion. In the chaos theory, the spectrum of Lyapunov exponents is considered a

measure of the e�ect of perturbing the initial conditions of a dynamical system.
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Since the Lyapunov exponents are de�ned as asymptotic average rates, they are

independent of the initial conditions, and therefore they do comprise an invari-

ant measure of attractor. In fact, if one manages to derive the whole spectrum of

Lyapunov exponents, other invariants of the system, i.e. Kolmogorov entropy and

attractor's dimension can be found. The Kolmogorov entropy, K , measures the

average rate at which information about the state is lost with time. An estimate

of this measure is the sum of the positive Lyapunov exponents. The inverse of

the Kolmogorov entropy is equal to the average predictability. There are several

approaches to computing the Lyapunov exponents (see, e.g., [1-5,10,17]). One

of them [1,17] is in computing the whole spectrum and based on the Jacobin

matrix of the system function.

3. Numerical results and conclusions

In table 1 we present the data on the Lyapunov exponents' for two self-

oscillations regimes in the backward-wave tube: i). the weak chaos (normalized

length: L=4.24); ii) developed chaos (L=6.1). The correlations dimensions are

respectively as 2.9 and 6.2.

Table 1. numerical parameters of the chaotic self-oscillations in the backward-

wave tube: λ1 − λ6 are the Lyapunov exponents in descending order, K is the

Kolmogorov entropy

Regime λ1 λ2 λ3 λ4 λ5 λ6 K

Weak

chaos

L=4.24

0.261 -

0.0001

−0.0004 −0.528 − − 0.261

Hyperchaos

L=6.1

0.514 0.228 0.0000 −0.0002 −0.084 −0.396 0.742

Our analysis is in very good agreement with the similar data [9] and con�rms a

conclusion about realization of the chaotic features in dynamics of the backward-

wave tube. Thus, we have considered a problem of a chaotic oscillations in dy-

namics of the backward-wave tube within earlier formulated formally theoretical

basis's of a consistent chaos-geometrical approach to treating of chaotic dynami-

cal systems. This approach combines together the non-linear analysis methods to

dynamics, such as the wavelet analysis, multi-fractal formalism, mutual informa-

tion approach, correlation integral analysis, false nearest neighbour algorithm,

the LE analysis, surrogate data method etc. We have investigated a chaotic ele-

ments for two self-oscillations regimes in the backward-wave tube and proved an

existence of the low-dimensional chaos in the corresponding time series (dynam-

ics). The presented example has shown high perspectives of a combined chaos-
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geometrical approach methods to treating chaotic dynamics of very complicated

quantum-electronics, radio-technical systems, devices etc.
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Ìåòðèçîâíi ôóíêòîðè i K-óëüòðàìåòðèêè

Ë. �. Áàçèëåâè÷ Ì. Ì. Çàði÷íèé Î. Ã. Ñàâ÷åíêî

Àíîòàöiÿ Ïîíÿòòÿ K-óëüòðàìåòðè÷íîãî ïðîñòîðó ¹ ïðîìiæíèì ìiæ ïîíÿò-

òÿì ìåòðè÷íîãî ïðîñòîðó i óëüòðàìåòðè÷íîãî (íåàðõiìåäîâîãî) ïðîñòîðó.

Ìè îïèñó¹ìî çàãàëüíó êîíñòðóêöiþ K-óëüòðàìåòðèçàöi¨ äëÿ ìåòðèçîâíèõ

ôóíêòîðiâ ó ñåíñi Â.Â. Ôåäîð÷óêà.

Êëþ÷îâi ñëîâà Óëüòðàìåòðè÷íèé ïðîñòið, ìåòðèçîâíèé ôóíêòîð

1 Âñòóï

Ïîíÿòòÿ óëüòðàìåòðèêè (íåàðõiìåäîâî¨ ìåòðèêè) çíàõîäèòü ÷èñëåííi çàñòî-

ñóâàííÿ íå ëèøå ó ðiçíèõ ðîçäiëàõ ìàòåìàòèêè, à é äàëåêî çà ¨¨ ìåæàìè

(ó iíôîðìàòèöi, ôiçèöi, áiîôiçèöi). Íàãàäà¹ìî, ùî óëüòðàìåòðèêîþ íàçè-

âàþòü ìåòðèêó d, ÿêà çàäîâîëüíÿ¹ ñèëüíó íåðiâíiñòü òðèêóòíèêà d(x, y) ≤
max{d(x, z), d(z, y)}. Íåùîäàâíî îäèí ç àâòîðiâ öi¹¨ çàìiòêè ðîçãëÿíóâ îäíå

óçàãàëüíåííÿ ïîíÿòòÿ óëüòðàìåòðèêè, à ñàìå, ïîíÿòòÿ K-óëüòðàìåòðèêè

(äèâ. [9]). Îäíà ç ìîòèâàöié çàïðîâàäæåííÿ ïîíÿòòÿ K-óëüòðàìåòðèêè ëå-

æèòü ó òåîði¨ òàê çâàíèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ.

Äëÿ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ ó ñòàòòi [9] äîâåäåíî ñòðóêòóðíó òåî-

ðåìó. Êðiì òîãî, ó öié æå ñòàòòi ðîçãëÿíóòî ðiçíi ôóíêòîðiàëüíi êîíñòðóêöi¨

ó êàòåãîði¨ (ðiâíîìiðíèõ) K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà òàê çâàíèõ K-

íåðîçòÿãóþ÷èõ âiäîáðàæåíü.

Ó ñòàòòi [10] çàââàæåíî, ùî ìîæíà ðîçãëÿäàòè ôóíêòîð iäåìïîòåíò-

íèõ ìið íà êàòåãîði¨ (ðiâíîìiðíèõ) K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà K-

íåðîçòÿãóþ÷èõ âiäîáðàæåíü. Íàãàäà¹ìî, ùî ïîíÿòòÿ iäåìïîòåíòíî¨ ìiðè âè-
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íèêëî â êîíòåêñòi òàê çâàíî¨ iäåìïîòåíòíî¨ ìàòåìàòèêè (äèâ. [1,6,7,3] òà

ií.)

Iäåìïîòåíòíi ìiðè ¹ ÷àñòêîâèì ïðèêëàäîì òàê çâàíèõ íåàäèòèâíèõ ìið

(¹ìíîñòåé). �ìíîñòi íà óëüòðàìåòðè÷íèõ ïðîñòîðàõ âèâ÷àëèñÿ â [2]. Âèíèêà¹

ïðèðîäíà çàäà÷à ïîøèðåííÿ îäåðæàíèõ ðåçóëüòàòiâ íà ôóíêòîð ¹ìíîñòåé íà

êàòåãîði¨ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ.

Ó öié çàìiòöi ìè ðîçãëÿäà¹ìî çàãàëüíó ñèòóàöiþ i ïðîïîíó¹ìî êîíñòðóê-

öiþ, ÿêà ìîæå çàñòîñîâóâàòèñÿ äî êîæíîãî ìåòðèçîâíîãî ôóíêòîðà â ñåíñi

Â.Â. Ôåäîð÷óêà.

2 Öiëêîì ìåòðèçîâíi ôóíêòîðè

Íåõàé F � ìàéæå íîðìàëüíèé ó ñåíñi �. Ùåïiíà ôóíêòîð ó êàòåãîði¨ Comp

êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ (äèâ., íàïðèêëàä, [11]). Òóò ìè êîðîòêî

íàãàäà¹ìî, ùî óìîâà íîðìàëüíîñòi îçíà÷à¹ íåïåðåðâíiñòü, ìîíîìîðôíiñòü,

åïiìîðôíiñòü, çáåðåæåííÿ âàãè, ïåðåòèíiâ, ïðîîáðàçiâ, òî÷êè i ïîðîæíüî¨

ìíîæèíè. ßêùî îïóñòèòè óìîâó çáåðåæåííÿ âàãè, òî îäåðæó¹ìî îçíà÷åííÿ

ìàéæå íîðìàëüíîãî ôóíêòîðà.

Ïîíÿòòÿ ìåòðèçîâíîñòi ôóíêòîðà âïåðøå îçíà÷èâ Â.Â. Ôåäîð÷óê [12],

óçàãàëüíþþ÷è âëàñòèâîñòi êîíêðåòíèõ ôóíêòîðiâ ó êàòåãîði¨ Comp. Êàæå-

ìî, ùî ôóíêòîð F ìåòðèçîâíèé, ÿêùî êîæíié ìåòðèöi dX íà ïðîñòîði X

âiäïîâiäà¹ ìåòðèêà dF (X) íà ïðîñòîði F (X), ïðè÷îìó âèêîíàíî óìîâè:

1. çáåðiãàþòüñÿ içîìåòðè÷íi âêëàäåííÿ;

2. ïðèðîäíå âêëàäåííÿ X → F (X) ¹ içîìåòðè÷íèì âêëàäåííÿì;

3. diam(X) = diam(F (X)).

Íåõàé (X, d) � óëüòðàìåòðè÷íèé ïðîñòið. Äëÿ êîæíîãî K > 0 ÷åðåç

∼K ïîçíà÷à¹ìî âiäíîøåííÿ åêâiâàëåíòíîñòi íà X, îçíà÷åíå óìîâîþ: x ∼K y

òîäi i ëèøå òîäi, êîëè d(x, y) ≤ K. Íåõàé ÷åðåç qK : X → X/ ∼K ïîçíà÷åíî

ôàêòîðâiäîáðàæåííÿ, à äëÿ êîæíèõ K ≥ L > 0, ÷åðåç qLK : X/ ∼L→ X/ ∼K

� ïðèðîäíå âiäîáðàæåííÿ. Òîäi, î÷åâèäíî, X = lim←−(X/ ∼K , qLK).

Îçíà÷èìî âiäîáðàæåííÿ d̃ : F (X)× F (X)→ R ôîðìóëîþ

d̃(a, b) = inf{K > 0 | F (qK)(a) = F (qK)(b)}, a, b ∈ F (X).

Íåñêëàäíî ïîêàçàòè, ùî ôóíêöiÿ d̃ ¹ óëüòðàìåòðèêîþ íà ìíîæèíi F (X).

Ó äîâåäåííi ìè âèêîðèñòîâó¹ìî òîé ôàêò, ùî F (X) = lim←−(F (X/ ∼K

), F (qLK)) � öå âèïëèâà¹ ç âëàñòèâîñòi íåïåðåðâíîñòi ôóíêòîðà F .

Çàââàæèìî, ùî òîïîëîãiÿ íà F (X), iíäóêîâàíà óëüòðàìåòðèêîþ d̃, âçà-

ãàëi êàæó÷è, âiäìiííà âiä âèõiäíî¨ òîïîëîãi¨ íà F (X).
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Íåõàé X � ìíîæèíà i K ∈ [0,∞]. Ìåòðèêó d íà ìíîæèíi X áóäåìî íà-

çèâàòè K-óëüòðàìåòðèêîþ, ÿêùî d(x, y) ≤ max{d(x, z), d(z, y)} äëÿ êîæíèõ
x, y, z ∈ X òàêèõ, ùî min{d(x, z), d(z, y)} ≤ K.

Çàóâàæèìî, ùî êîæíà 0-óëüòðàìåòðèêà íàñïðàâäi ¹ ìåòðèêîþ i êîæíà∞-

óëüòðàìåòðèêà ¹ óëüòðàìåòðèêîþ. Çàóâàæèìî òàêîæ, ùî êîæåí K-óëüòðà-

ìåòðè÷íèé ïðîñòið ¹ K ′-óëüòðàìåòðè÷íèì ïðîñòîðîì, ÿêùî K ′ ≤ K.

Íàçâåìî K-óëüòðàìåòðè÷íèé ïðîñòið ðiâíîìiðíî K-óëüòðàìåòðè÷íèì,

ÿêùî iñíó¹ ε > 0 òàêå, ùî âèêîíàíî óìîâó: ÿêùî x, y ∈ X i d(x, y) < K + ε,

òî d(x, y) ≤ K.

Íàøà çàäà÷à � ïîáóäóâàòè K-óëüòðàìåòðèêó íà ïðîñòîði F (X) äëÿ

êîæíîãî ðiâíîìiðíî K-óëüòðàìåòðè÷íîãî ïðîñòîðó X. Íàñàìïåðåä çàââà-

æèìî, ùî äëÿ òàêîãî ïðîñòîðó X ìà¹ìî: X = lim←−(X/ ∼R, qRS , (0,K)). ßêùî

µ, ν ∈ F (X) i F (qK)(µ) = F (qk)(ν), òî ïðèéìåìî

d̃(µ, ν) = inf{S ∈ (K, 0) | F (qS)(µ) = F (qS)(ν)}.

Ïðèéìåìî:

dK(µ, ν) =



d̃(µ, ν), ÿêùî

F (qK)(µ) = F (qk)(ν),

max{dF (qK(X))(F (qK)(µ), F (qK)(ν)),K + ε}, ó ïðîòèëåæíîìó

âèïàäêó.

ßê áà÷èìî, îçíà÷åííÿ ôóíêöi¨ dK çàëåæèòü âiä òîãî, ÿêó ñòàëó ε âèáè-

ðà¹ìî ó îçíà÷åííi ðiâíîìiðíî¨ K-óëüòðàìåòðèêè. Öå ÿâíî íå âiäçíà÷àëîñÿ

ó ïîïåðåäíiõ ñòàòòÿõ, ùî ñòîñóþòüñÿ ðiâíîìiðíî K-óëüòðàìåòðè÷íèõ ïðî-

ñòîðiâ.

Òåîðåìà 1 Ôóíêöiÿ dK : F (X) × F (X) → R ¹ ðiâíîìiðíîþ K-

óëüòðàìåòðèêîþ íà ìíîæèíi F (X).

Äîâåäåííÿ Âiçüìåìî ε > 0 ç îçíà÷åííÿ ðiâíîìiðíî¨ óëüòðàìåòðèêè. Ïîêàæå-

ìî ñïî÷àòêó, ùî dK(µ, ν) > 0, ÿêùî µ 6= ν. ßêùî F (qK)(µ) = F (qK)(ν), òî

dK(µ, ν) = d̃(µ, ν) > 0. Ó ïðîòèëåæíîìó âèïàäêó dK(µ, ν) > ε > 0.

Î÷åâèäíî, ùî ôóíêöiÿ dK ñèìåòðè÷íà.

Äîâåäåìî äëÿ ôóíêöi¨ dK íåðiâíiñòü òðèêóòíèêà. Íåõàé µ, ν, τ ∈ F (X)

� ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X). ßêùî

F (qK)(µ) = F (qk)(ν) = F (qK)(τ),
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òî íåðiâíiñòü òðèêóòíèêà âèïëèâà¹ ç (ñèëüíî¨) íåðiâíîñòi òðèêóòíèêà äëÿ

ìåòðèêè d̃. ßêùî F (qK)(µ) = F (qK)(ν) 6= F (qK)(τ), òî

dK(µ, ν) ≤ K < K + ε ≤ max{dK(µ, τ), dK(ν, τ)}.

ßêùî F (qK)(µ) 6= F (qk)(ν) = F (qK)(τ), òî max{dK(µ, τ), dK(ν, τ)} =

dK(µ, τ). Ïðè öüîìó, ÿêùî dK(µ, ν) = K + ε, òî íåðiâíiñòü äîâåäåíî. Òîìó

ïðèïóñêà¹ìî, ùî dK(µ, ν) = dF (qK(X))(F (qK)(µ), F (qK)(ν)). Àëå òîäi òàêîæ

dK(µ, τ) = dF (qK(X))(F (qK)(µ), F (qK)(τ)) i íåðiâíiñòü òðèêóòíèêà ìà¹ ìiñöå.

Àíàëîãi÷íi ìiðêóâàííÿ çàñòîñîâó¹ìî äëÿ âèïàäêó, êîëè

F (qK)(µ), F (qk)(ν), F (qK)(τ) � ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X).

Òåïåð ïåðåâiðèìî óìîâó ç îçíà÷åííÿ K-óëüòðàìåòðèêè. Íàäàëi íåõàé

µ, ν, τ ∈ F (X) � ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X).

Íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñêà¹ìî, ùî dF (qK(X))(µ, ν) ≤ K. ßêùî

òàêîæ dF (qK(X))(ν, τ) ≤ K, òî ç ñèëüíî¨ íåðiâíîñòi òðèêóòíèêà äëÿ ìåòðèêè

d̃ âèïëèâà¹, ùî

dF (qK(X))(µ, ν) ≤ max{dF (qK(X))(µ, τ), dF (qK(X))(τ, ν)}.

Òåïåð ÿêùî dF (qK(X))(µ, ν) ≤ K i dF (qK(X))(ν, τ) ≥ K + ε, òî òàêîæ i

dF (qK(X))(µ, τ) ≥ K + ε, à îòæå

dF (qK(X))(µ, τ) =dK(F (qK)(µ), F (qK)(τ)) = dK(F (qK)(ν), F (qK)(τ)) = d(ν, τ)

=max{d(µ, ν), d(ν, τ)}.

Ïåðåâiðèìî, ùî ôóíêöiÿ dK ¹ ðiâíîìiðíîþ K-óëüòðàìåòðèêîþ. Íåõàé

µ, ν ∈ F (X) i dK(µ, ν) < K + ε. Ç îçíà÷åííÿ ôóíêöi¨ dK âèïëèâà¹, ùî òîäi

F (qK)(µ) = F (qk)(ν), à òîìó dK(µ, ν) ≤ K.

Çàóâàæèìî, ùî öÿ êîíñòðóêöiÿ ìîæå áóòè çäiéñíåíà òàêîæ i ó âèïàä-

êó íåêîìïàêòíèõ ïðîñòîðiâ. Ñïðàâäi, iñíó¹ ïðîäîâæåííÿ çà ×èãîãiäçå [13]

ôóíêòîðà F íà êàòåãîðiþ òèõîíîâñüêèõ ïðîñòîðiâ (ìè çáåðiãà¹ìî äëÿ öüîãî

ïðîäîâæåííÿ òó æ ñàìó ëiòåðó F ). Ìàþ÷è a, b ∈ F (X), ðîçãëÿíåìî çâó-

æåííÿ ìåòðèêè íà êîìïàêòíó ìíîæèíó supp(a)∪ supp(b) i äëÿ öi¹¨ ìåòðèêè
îçíà÷èìî âiäñòàíü ìiæ a i b ÿê âèùå.

Îçíà÷èìî êàòåãîðiþ UUMETK . �¨ îá'¹êòàìè ¹ K-óëüòðàìåòðè÷íi ïðî-

ñòîðè, à ìîðôiçìàìè ïðîñòîðó (X, d) ó ïðîñòið (Y, %) �K-íåðîçòÿãóþ÷i âiäî-

áðàæåííÿ, òîáòî íåïåðåðâíi âiäîáðàæåííÿ f : X → Y òàêi, ùî %(f(x), f(y)) ≤
d(x, y) äëÿ êîæíèõ x, y ∈ X òàêèõ, ùî d(x, y) ≤ K.
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Òåîðåìà 2 Íàâåäåíà âèùå êîíñòðóêöiÿ âèçíà÷à¹ ôóíêòîð íà êàòåãîði¨

ðiâíîìiðíèõ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà K-íåðîçòÿãóþ÷èõ âiäîáðà-

æåíü.

Äîâåäåííÿ ßêùî µ, ν ∈ F (X) i dK(µ, ν) ≤ K, òî dK(µ, ν) = d̃(µ, ν). Ïî-

çíà÷èìî ÷åðåç q′S : Y → Y/ ∼S äëÿ S ∈ (0,K]. Ç óìîâè K-íåðîçòÿãóâàíîñòi

âèïëèâà¹, ùî äëÿ êîæíîãî S ∈ (0,K] iñíó¹ âiäîáðàæåííÿ fS : X/ ∼S→ Y/ ∼S

òàêå, ùî q′Sf = fSqS . Çâiäñè F (q′S)F (f) = F (fS)F (qS), à òîìó

%K(F (f)(µ), F (f)(ν)) = %̃(F (f)(µ), F (f)(ν)) ≤ d̃(µ, ν) = dK(µ, ν).

3 Ïðèêëàäè

Òóò ìè ïîäà¹ìî äåÿêi ïðèêëàäè ìåòðèçîâíèõ ôóíêòîðiâ.

Ïî÷íåìî ç ôóíêòîðà íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé. ×åðåç expX ïî-

çíà÷à¹ìî ìíîæèíó âñiõ íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí ïðîñòîðó X, íà-

äiëåíó ìåòðèêîþ Ãàóñäîðôà. �ìíiñòþ íà êîìïàêòi X íàçèâàþòü ôóíêöiþ

c : expX ∪ {∅} → [0, 1], ùî çàäîâîëüíÿ¹ óìîâè:

1. c(∅) = 0, c(X) = 1;

2. ÿêùî F ⊂ G, òî c(F ) ≤ c(G) (ìîíîòîííiñòü);
3. ÿêùî c(F ) < a, òî iñíó¹ îêië U ìíîæèíè F òàêèé, ùî c(G) < a äëÿ

êîæíî¨ çàìêíåíî¨ ìíîæèíè G ⊂ U (íàïiâíåïåðåðâíiñòü çãîðè).

Äëÿ êîæíî¨ ¹ìíîñòi µ i êîæíî¨ íåïåðåðâíî¨ ôóíêöi¨ ϕ çàäà¹òüñÿ iíòåãðàë

Øîêå

µ(ϕ) =

∫
X

ϕdµ =

∫ ∞
0

µ(ϕ ≥ t)dt−
∫ 0

−∞
(1− µ(ϕ ≥ t))dt.

×åðåç n− LIP = n− LIP(X, d) ïîçíà÷à¹ìî ìíîæèíó âñiõ ëiïøèöåâèõ ôóíê-

öié ç ëiïøèöåâîþ êîíñòàíòîþ ≤ n ç ìíîæèíè C(X).

Êîæíà ìåòðèêà d íà X òåïåð ïîðîäæó¹ ìåòðèêó d̂ íà ìíîæèíi M(X)

âñiõ íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé íà X:

d̂(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ 1− LIP}

(äèâ. [8]).

Äëÿ íåïåðåðâíîãî âiäîáðàæåííÿ f : X → Y âiäîáðàæåííÿ

M(f) : M(X) → M(Y ) çàäà¹ìî ôîðìóëîþ: M(f)(c)(F ) = c(f−1(F )),

äëÿ êîæíîãî c ∈M(X) i çàìêíåíî¨ ïiäìíîæèíè F ⊂ Y .
Âiäîìî, ùî ôóíêòîð íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé M ìàéæå íîð-

ìàëüíèé.
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Òåîðåìà 3 Âiäîáðàæåííÿ íîñiÿ supp = suppX : M(X) → expX ¹ K-

íåðîçòÿãóþ÷èì.

Äîâåäåííÿ öüîãî ôàêòó ïîâòîðþ¹ âiäïîâiäíå äîâåäåííÿ äëÿ ôóíêòîðà éìî-

âiðíiñíèõ ìið, çàïðîïîíîâàíå â [9]. Íåñêëàäíî ïåðåâiðèòè, ùî êëàñ âiäîáðà-

æåíü suppX ñêëàäà¹ ïðèðîäíå ïåðåòâîðåííÿ ôóíêòîðà M â ôóíêòîð exp.

Çàñòîñîâóþ÷è êîíñòðóêöiþ ïîïåðåäíüîãî ïàðàãðàôà, îäåðæó¹ìî K-

óëüòðàìåòðèçàöiþ ïðîñòîðó íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé íà K-

óëüòðàìåòðè÷íîìó ïðîñòîði.

Ôóíêòîð iäåìïîòåíòíèõ ìið ðîçãëÿíóòî ó ñòàòòi [10]. Íåõàé cX îçíà÷à¹

ôóíêöiþ íà òîïîëîãi÷íîìó ïðîñòîði X, òîòîæíüî ðiâíó c. Çà òðàäèöiÿìè

iäåìïîòåíòíî¨ ìàòåìàòèêè ÷åðåç c � ϕ ïîçíà÷à¹ìî ôóíêöiþ cX + ϕ. ×åðåç

ϕ⊕ ψ ïîçíà÷à¹ìî ìàêñèìóì ôóíêöié ϕ i ψ.

Îçíà÷åííÿ 1 Íåõàé X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið. Ôóíêöiîíàë

µ : C(X)→ R íàçèâà¹òüñÿ iäåìïîòåíòíîþ ìiðîþ (ìiðîþ Ìàñëîâà), ÿêùî

1. µ(cX) = c;

2. µ(c� ϕ) = c� µ(ϕ);
3. µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

Âiäîìî, ùî äîâiëüíà iäåìïîòåíòíà ìiðà ¹ íåïåðåðâíèì ôóíêöiîíàëîì íà íîð-

ìîâàíîìó ïðîñòîði C(X).

Çàñòîñîâóþ÷è ïåðåòâîðåííÿ t 7→ et, îäåðæó¹ìî àëüòåðíàòèâíèé îïèñ

iäåìïîòåíòíèõ ìið. ×åðåç C+(X) ïîçíà÷à¹ìî ìíîæèíó âñiõ íåâiä'¹ìíèõ

íåïåðåðâíèõ ôóíêöié íà X. Ââàæà¹ìî, ùî iäåìïîòåíòíà ìiðà íà X � öå

ôóíêöiîíàë µ : C+(X)→ R, ùî çàäîâîëüíÿ¹ óìîâè:

1. µ(cX) = c;

2. µ(cϕ) = cµ(ϕ) äëÿ êîæíîãî c > 0;

3. µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

Íåõàé I(X) ìíîæèíà âñiõ iäåìïîòåíòíèõ ìið íà X. Íàäiëèìî I(X) ñëàá-

êîþ* òîïîëîãi¹þ. Áàçó öi¹¨ òîïîëîãi¨ ñêëàäàþòü ìíîæèíè

O(µ;ϕ1, . . . , ϕn; ε) = {ν ∈ I(X) | |µ(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n}.

Â [6] äîâåäåíî, ùî I(X) ¹ êîìïàêòíèì ãàóñäîðôîâèì ïðîñòîðîì.

Ðîçãëÿíåìî ïðèêëàä iäåìïîòåíòíî¨ ìiðè íà ïðîñòîði X. Íåõàé

x1, . . . , xn ∈ X i λ1, . . . , λn ∈ R � íàáið ÷èñåë òàêèõ, ùî max{λ1, . . . , λn} = 1.

Îçíà÷èìî µ : C(X)→ R íàñòóïíèì ÷èíîì:

µ(ϕ) = max{λi � ϕ(xi) | i = 1, . . . , n}.
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Äëÿ äîâiëüíîãî x ∈ X ÷åðåç δx îçíà÷èìî ôóíêöiîíàë íà C(X) íàñòóïíèì

÷èíîì: δx(ϕ) = ϕ(x), ϕ ∈ C(X). Òîäi ìîæíà çàïèñàòè, ùî µ = ⊕n
i=1λi � δxi

.

Äëÿ çàäàíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X → Y , çàäàìî âiäîáðàæåí-

íÿ I(f) : I(X) → I(Y ) íàñòóïíèì ÷èíîì. Íåõàé ϕ ∈ C(Y ), òîäi, äëÿ äàíî¨

µ ∈ O(X), çàäàìî I(f)(µ)(ϕ) = µ(ϕ ◦ f).
Ìè îòðèìàëè êîâàðiàíòíèé ôóíêòîð I íà êàòåãîði¨ Comp.

Ç [6] âiäîìî, ùî I çáåðiãà¹ êëàñ âêëàäåíü. ßê íàñëiäîê, äëÿ êîæíî¨ çà-

ìêíåíî¨ ïiäìíîæèíè A êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó X, ìíîæèíi

I(A) ìîæåìî ïîñòàâèòè ó âiäïîâiäíiñòü ïiäìíîæèíó I(ι)(A) ìíîæèíè I(X),

äå ι : A→ X ïîçíà÷à¹ âêëàäåííÿ. Öå äà¹ çìîãó îçíà÷èòè íîñi¨ iäåìïîòåíòíèõ

ìið, àíàëîãi÷íî äî éìîâiðíiñíèõ ìið. Íîñié iäåìïîòåíòíî¨ ìiðè µ ïîçíà÷à¹ìî

÷åðåç supp(µ).

Íàãàäà¹ìî, ùî ÿêùî d � äåÿêà ìåòðèêà íà ïðîñòîði X, òî íà ìíîæèíi

I(X) iäåìïîòåíòíèõ ìið íà X ç êîìïàêòíèìè íîñiÿìè ìåòðèêó ìîæíà îçíà-

÷èòè òàêîþ êîíñòðóêöi¹þ (äèâ. [1]).

Çàôiêñó¹ìî n ∈ N. Äëÿ êîæíèõ µ, ν ∈ I(X) íåõàé

d̃n(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ n− LIP}.

Ó ñòàòòi [1] ïîêàçàíî, ùî ôóíêöiÿ d̃n ¹ ïñåâäîìåòðèêîþ íà ìíîæèíi I(X).

Òîäi ôóíêöiÿ d̃ : I(X)× I(X)→ R, îçíà÷åíà ôîðìóëîþ

d̃(µ, ν) =

∞∑
i=1

d̃n(µ, ν)

2i
,

¹ ìåòðèêîþ íà ìíîæèíi I(X).

×åðåç dHZ ïîçíà÷à¹ìî ìåòðèêó íà ìíîæèíi iäåìïîòåíòíèõ ìið ç êîì-

ïàêòíèìè íîñiÿìè íà óëüòðàìåòðè÷íèõ ïðîñòîðàõ, îçíà÷åíó ó ñòàòòi [3]. Âî-

íà ðiâíà ìåòðèöi, îçíà÷åíié çàãàëüíîþ êîíñòðóêöi¹þ ó ïîïåðåäíüîìó ïàðà-

ãðàôi. Òàêèì ÷èíîì, îäåðæó¹ìî êîíñòðóêöiþ K-óëüòðàìåòðèçàöi¨ ïðîñòîðó

iäåìïîòåíòíèõ ìið ç êîìïàêòíèìè íîñiÿìè (äèâ. [10]).

Âàæëèâèìè ïðèêëàäàìè ðiâíîìiðíî K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ ¹

(K + ε)-äèñêðåòíi ïðîñòîðè, òîáòî ìåòðè÷íi ïðîñòîðè, ùî çàäîâîëüíÿþòü

óìîâó: d(x, y) ≥ K + ε äëÿ êîæíèõ x, y ∈ X, x 6= y. Ìåòðèêà íà I(X)

äëÿ (K + ε)-äèñêðåòíîãî ïðîñòîðó (X, d) çàäà¹òüñÿ ôîðìóëîþ: dK(µ, ν) =

max{dHZ(µ, ν),K + ε}, ÿêùî µ 6= ν. Îòðèìàíèé ìåòðè÷íèé ïðîñòið çíîâó ¹

(K + ε)-äèñêðåòíèì.

Íàãàäà¹ìî, ùî ÷åðåç P ïîçíà÷à¹òüñÿ ôóíêòîð éìîâiðíiñíèõ ìið íà êàòå-

ãîði¨ UUMETK (äèâ. [9]).
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Òåîðåìà 4 Ôóíêòîðè I òà P íà êàòåãîði¨ UUMETK íå içîìîðôíi.

Äîâåäåííÿ Ìè ìîäèôiêó¹ìî ïðèêëàä ç ñòàòòi [6]. Íåõàé

X = {a, b}, Y = {c, d}, Z = {(a, c), (a, d), (b, d)} ⊂ X × Y.

Ââàæà¹ìî, ùî âiäñòàíi ìiæ ïîïàðíî ðiçíèìè òî÷êàìè ó ïðîñòîðàõ X,Y, Z

ðiâíi 1. Íåõàé p1 : Z → X òà p2 : Z → Y � îáìåæåííÿ ïðîåêòóâàííÿ íà ïåð-

øèé i äðóãèé ñïiâìíîæíèê âiäïîâiäíî. Òîäi ïàðà âiäîáðàæåíü P (p1), P (p2)

ðîçäiëÿ¹ òî÷êè ó ìíîæèíi P (Z). Âîäíî÷àñ, öå íå òàê äëÿ ïàðè I(p1), I(p2).

Ñïðàâäi, íåõàé

µ = 0� δ(a,c)⊕ (−1)� δ(a,d)⊕0� δ(b,d), µ = 0� δ(a,c)⊕ (−2)� δ(a,d)⊕0� δ(b,d).

Òîäi

I(p1)(µ) = I(p1)(ν) = 0� δa ⊕ 0� δb, I(p2)(µ) = I(p2)(ν) = 0� δc ⊕ 0� δd.

4 Çàóâàæåííÿ

Ó àñèìïòîòè÷íié òîïîëîãi¨ âiäîìi òâåðäæåííÿ ïðî òå, ùî êîæåí ìåòðè÷-

íèé ïðîñòið åêiâàëåíòíèé, ÿê ó ñåíñi êàòåãîði¨ A (àñèìïòîòè÷íî¨ êàòåãîði¨

Äðàíiøíèêîâà), òàê i â ñåíñi òàê çâàíî¨ ãðóáî¨ êàòåãîði¨ Ðîó [4] äèñêðåòíî-

ìó ìåòðè÷íîìó ïðîñòîðîâi. Öå äàñòü çìîãó çàñòîñóâàòè ðåçóëüòàòè ïîïåðåä-

íüîãî ïàðàãðàôà äî âèâ÷åííÿ ôóíêòîðiàëüíèõ êîíñòðóêöié ó àñèìïòîòè÷íié

òîïîëîãi¨.

Iñíó¹ ìåòðèçàöiÿ Ïðîõîðîâà ôóíêòîðà éìîâiðíiñíèõ ìið, à òàêîæ àíàëî-

ãi÷íà äî íå¨ ìåòðèçàöiÿ ôóíêòîðà íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé [8]. Öi

ìåòðèçàöi¨ ïîðîäæóþòü K-óëüòðàìåòðèçàöi¨ ôóíêòîðiâ éìîâiðíiñíèõ ìið òà

íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé âiäïîâiäíî.
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Metrizable functors and K-ultrametrics

The notion of K-ultrametric space is intermediate between that of metric space

and of ultrametric (non-Archimedean) space. We describe a general construction

of K-ultrametrization for metrizable functors in the sense of V.V. Fedorchuk.
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Quantum Geometry: Quantization of quasistation-
ary states of the Dirac-Kohn-Sham equation in
heavy ion collision problem

O.Yu.Khetselius

Abstract An advanced approach to quantization of the quasi-stationary states

of the Dirac-Kohn-Shan equation in the heavy ion collision problem is proposed

and based on the consistent uni�ed quantum mechanical operator perturbation

theory and gauge-invariant quantum-electrodynamical description. An e�ective

numerical procedure for determination of the electron-positron pair production

cross-section during the ions collision is presented. The illustrative results for for

cross-sections of the U�U collision with using the two-pocket nuclear potential

are listed and compared with other data.

Keywords Quantum geometry · Dirac-Kohn-Sham equation · collision problem

· Quantization of quasi-stationary states

Mathematics Subject Classi�cation (2000) 55R05 · 53B05

1 Introduction

A development of the consistent methods of calculating a spectra of energy eigen

values, sets of the eigen functions, di�erent spectral and dynamical parameters

(collision cross-section, decay probabilities etc) for relativistic Hamiltonian of the

heavy relativistic many-body systems with direct, consistent account of the rel-

ativistic and nuclear e�ects is still actual and fundamentally important problem

of the modern quantum geometry and relativistic quantum theory of the many-

fermion systems (see, for example, [1]�[15]). Especial interest attracts solving

this problem in theory of relativistic many-body systems collision, such as col-

lision of heavy ions (nuclei). Here it is very important a development of the
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consistent procedures for quantization of the quasi-stationary states of the cor-

responding relativistic equation (such Dirac equation etc) and elaboration an

e�ective numerical procedures for determination of the decay probability, col-

lision cross-sections etc. Let us remind (see, e.g., [2]�[9]) that upon collisions

of heavy atomic ions (nuclei) the electron�positron pair production (EPPP) is

allowed for the collision energy E > 1 MeV . That's why the energy region

close to the Coulomb barrier (it corresponds to the energy of several MeV per

nucleon) is of a great interest. Naturally the cross-section σ(ε, E) of this pro-

cess depends on the collision energy E and the positron energy ε. Presently

such collisions are under extensive theoretical and experimental study (see, for

example, [4]�[9] and references therein). Especial attention attract the narrow

peaks in the di�erential cross-section dσ(ε, E)/dε. The nature of these peaks

has not yet any acceptable reasonable interpretation. Generally speaking [1]�[9],

the positron spectrum structure can be related with the resonances phenom-

ena of di�erent nature (resonances in the residual electron shell of colliding ions

or resonances of the compound nucleus which is created by the colliding nu-

clei or resonances of new non-identi�ed particles etc.). In general it should be

noted [14] that the modern physics of the heavy atoms inner shells deals with

the processes which energy and time scales are comparable with those of the

low-energy nuclear processes. As the result, the interaction of the inner nuclear

and electronic degrees of freedom open new reaction channels in both subsys-

tems or leads to appreciable corrections to observable. The correct description

of these processes requires an using the consistent quantum�mechanical the-

ory of the complicated compound-like system taking into account the quantum-

electrodynamical (QED) properties of the electron subsystem. Besides, to get

the adequate results concerning the collision process one must perform the ac-

curate modelling of inner-nuclear dynamics. Moreover, even a little variation of

parameters of the inter-nuclear potential within the reasonable limits can lead

to qualitative changing of positron spectra. In refs. [5]�[9] the heavy ion collision

process has been theoretically studied on the basis of the operator perturbation

theory and QED treating the electronic subsystem with using the Dirac-Fock

equation. The nuclear subsystem and electron subsystem have been considered

on the equal foot as two parts of the complicated system interacting one with an-

other through the model potential. According to [5]�[9], the solution of the total

electron-nuclear system quantum�mechanical equation is based on the formally

exact perturbation theory with the zeroth order Hamiltonian H of the total sys-

tem being determined by its energy spectrum and the set of the eigenfunctions
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without specifying analytic form of zero order potential. More details concerning

the general formulation of the operator perturbation theory in non-relativistic

and relativistic versions can be found in Refs, [9]�[12]. All the spontaneous de-

cay or the new particle (particles) production processes are excluded in the zero

order. The approach treats the widely known distorted waves approximation as

the zeroth order approximation in the formally exact quantum�mechanical per-

turbation theory allowing for successive re�nement of calculations. In this paper,

which goes on our investigations [8], [13]�[15] we will propose an advanced ap-

proach to quantization of the quasi-stationary states of the Dirac-Kohn-Shan

equation (the electronic subsystem) in the heavy ion collision problem within

an advanced operator perturbation theory and gauge-invariant QED description

and develop an e�ective numerical procedure for determination of the EPPP

cross-section. The illustrative results for the di�erential cross-sections of the U�

U (total nuclear system charge being Z = 184) collision energies E1 (E1 =162.0

keV � the third s-resonance and E1 =247.6 keV � the fourth s-resonance) are

listed and are in a reasonable agreement with the one-pocket nuclear potential

results by Ivanov et al and two-pocket potential results by Glushkov et al [5]�[8].

2 Energy approach to calculation of the EPPP cross section

The formulae of EPPP' cross-section can be obtained on the basis of the energy

approach [5]�[9]. As in refs. [5]�[8], a one-center model is chosen as a zero-order

approximation. The energy approach allows using the well developed stationary-

state methods to the collisional problem with variable number of particles. More-

over, an approach to quantization of the quasi-stationary states for any corre-

sponding relativistic equation can be naturally reformulated. Below we at �rst

use the Dirac-Kohn-Shan equation to treat the electronic subsystem dynamics.

in principle the similar equations with the corresponding interaction potential

can be used in treating the nuclear subsystem. Then within formulated scheme

the determination of the EPPP cross-section can be reduced to the solution of

the ordinary di�erential equation system [9]. The latter includes: (i) equations

for the potentials V (R), U(r) (internuclear potential and electric potential of the

compound nucleus), (ii) relativistic quantum�mechanical equations for nuclear

system� and electron system�state functions, equations for all matrix elements

of perturbation theory. The non-stationary feature of our problem manifests it-

self in the way of the normalization of the nuclear system initial state function

and in the principle of the electron system bound state quantization when this

state dives into the lower continuum. The motion of nuclear system is described
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Table 1 Energies E and width Γ of s-resonances of the compound U�U nucleus, generated
by the potential V

E, keV 25.9 85.8 162.0 247.6 225.2
Γ , eV 0.20× 10−3 0.12× 10−1 0.86 0.42× 102 0.16× 104

by the Dirac-Kohn-Sham equation whose radial part is represented by

F ′ = −F (κ+ |κ|)/T −G(E + 2Mα̃−2 − V )α̃,

G′ = G(κ− |κ|)/T + F (E − V )α̃, (1)

where κ is the Dirac angular quantum number, E is the state energy, F , G

being the large and small radial components correspondingly. The two-pocket

nuclear potential V (R) is in further used. It is de�ned by the following di�erential

equation [10]:

dV (R) = z × (RB/2−R)× (3RB/4−R)× (RB −R)×R3(VB + 8R8). (2)

This potential has the same asymptotics at R→ 0, R→∞ as the one-pocket

potential used in calculation [5]�[7]. Further, as usually, the model parameters

are found from the physical conditions: potential generates �ve S-resonances,

the di�erence V (RB)−V (∞) coincide with the experimental energy of the near-

barrier collision. It is supposed that RB = RU ≈ 6 fm (radius of compound

nucleus charge distribution). It corresponds to the internuclear distance 2RB ≈
12 fm. The potential generates the under-barrier s-resonances, whose positions

and level widths are listed in the Table 1 (from Refs.[5]�[7]). The widths of the

nuclear subsystem states, related to the purely nuclear process, were calculated

by the same method as the width of the quasi-stationary state of the electron-

positron vacuum with a dived atomic level.

The correct procedure has been proposed by Ivanov- et al [5]�[7], [9] and is in

the following. In zeroth order of perturbation theory it is used the Hamiltonian

generating the same energy spectrum as the potential V (R) but possessing only

stationary states. Further note that contrary to the case of the stationary states

we use the alternative principle of quantization of the quasi-stationary stales,

however as we use the another type of relativistic equation , its realization has

some speci�cities in comparison with similar methodics [5]�[7]. The �nal scheme

includes the following steps. At the �rst step we suppose that the trial nuclear

subsystem state energy to be E and preset the function norm by the condition

F (T = 0) = 1. Secondly, we will integrate the system (1) under this conditions

up to asymptotically large T with the simultaneous evaluation of the norm of
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the state function for the asymptotically free motion:

X(E) = lim
T→x

T 2|x|((E + 2Mα̃2 − V )G2 + (E − V )F 2). (3)

Thirdly, we realize the minimization procedure of the value X as a function

of state energy E. We suppose that the stationary points of E correspond to the

resonances of the system. The quantization principle for the electron slate dived

into continuum is described in Refs. [4]�[7] . In fact the principle is equivalent

to the principle of the quantization in the case of potential V (R) with a barrier.

The main di�erence is that the role of the potential plays here another function:

Ueff = (εs+ 2α̃2 − U)(εs− U). (4)

The e�ective potential has two turning points T1, T2, dividing the whole

integration region into three parts, where U < εs (T < T1), εs < U < εs + 2α̃2

(T1 < T < T2), and U > εs+ 2α̃2 (T > T2).

The quasi-stationary state function must decrease in the second region and

oscillate in the third one. The quantization principle implies the minimization

of the following function of the trial electron system energy

lim
T→∞

T 2|x|((εs+ 2Mα̃−2 − U)G2 + (εs− U)F 2). (5)

When having found state energy ε(1s) one must de�ne all the ES' state functions

for the zero-order potential U0. All the level positions in the potential U0 coincide

with those in the potential of the compound nucleus electric �eld U . Functions

of all states above the lower continuum are preserved too, the restructuring

concerns only the 1s-state and the lower continuum states.

According to the energy approach, the cross-section of the EPPP is directly

determined by the imaginary part of energy of the system. In the lowest pertur-

bation theory order the second-order diagram describing the polarization of the

electron-positron vacuum is determined as follows ([5]�[9]):

ImE = −Γ/2 = ImΣ(M1s,1,F,εs)
2/(EF + ε(ns)− E1 − εs). (6)

The di�erential cross-section is as follows:

dσ(ε, E)/dε = π(M1s,1,F,εs)
2(dPF /dEF ),

where P and E are the momentum and energy of the nuclear system �nal state.

The details of numeric procedure are described in refs. ([8]�[15])
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Fig. 1 The di�erential cross-section dσ(εs, E1)/dεs plotted against ε(1s)− εs (in B/MeV) for
the nuclear subsystem collision energies: (a) E1 = 162.0 keV; (b) E1 = 247.6 keV.

3 Results and conclusion

In Ref. [8] we have presented the results of calculation of the di�erential cross-

section for the nuclear subsystem collision energy E1 = 352.2 keV (�fth up-

per s-resonance). Here we consider calculation results for the di�erential cross-

section dσ(εs, E1)/dεs (plotted against ε(1s) − εs, in B/MeV) for the nuclear

subsystem collision energies E1: (a) E1 = 162.0 keV (the third s-resonance) and

(b) E1 = 247.6 keV (the fourth s-resonance). The main di�erence of present

calculation from analogous calculations [5]�[8] is provided by the following mo-

ments. Firstly, we have used the Dirac-Kohn-Sham equations in order to describe

the electron subsystem dynamics. Besides, we have used the two-pocket nuclear

potential and more correct procedure for account of the perturbation theory

higher-order diagrams, describing the additional attraction in the �nal state of

the nuclear subsystem due to the bound electrons. The calculation results for

dσ(ε, E1)/dε at two di�erent collisional energies E1 < VB are presented in Fig. 1.

The analysis of our data and comparison with the similar results of Refs. [5]�[8]

shows that in a whole the cross-sections details of the both calculations are co-

incide with besides appearance of some additional peaks. from other side, using

the Dirac-Kohn-Sham equations to the electronic and possibly nuclear subsys-

tem has a great advantage under studying the heavy multi-electron ions collision,

which is surrounding by the EPPP. In the calculational aspect this equation is

signi�cantly more simple in comparison with other relativistic equations.
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useful discussion and critical comments.
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An advanced approach to quantization of the qua-
sistationary states of Dirac-Slater equation

Yu.G.Chernyakova, Yu.V. Dubrovskaya, T.A. Florko, A.V.

Romanova, L.A.Vitavetskaya

Abstract An advanced procedure for quantization of the quasi-stationary

states of the relativistic Dirac-Fock equation with a local potential is developed

within a gauge-invariant relativistic many-body perturbation theory ([1], [2]).

New numerical local Dirac-Fock approach to calculating spectra of the quantum

(atomic) systems with an account of relativistic and exchange-correlation

corrections is presented. Numerical test results are presented.

Keywords Dirac-Slater equation · Quasi-stationary states · Eigen functions and
eigen values of energy

Mathematics Subject Classi�cation (2000) 55R05 · 53B05

1 Introduction

As it is known ([1]�[7]), the problems of calculating the eigen values and eigen

functions of the the di�erent quantum operators is relating to a number of the

most important and actual problems of the modern quantum geometry and quan-

tum theory of the many-body systems. In this paper we present an advanced

procedure for quantization of the quasi-stationary states of the relativistic Dirac-

Fock equation with introduced local Dirac-Fock potential. All consideration, as

usually, is performed within gauge-invariant relativistic many-body perturba-

tion theory ([2], [3],[7]-[10]). In our previous papers [7]-[12] the same task has

been considered for a few classes of the relativistic di�erential equations (Dirac,

Dirac-Kohn-Sham, Dirac-Slater etc). The developed approaches have been tested
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on calculating a set of the energy and spectral parameters for di�erent multi-

electron systems.Here we consider the Dirac-Fock equation with a local poten-

tial. The main di�erence of these equations of the standard Dirac-Fock ones is

that the standard equation contain non-local potential and correspondingly the

calculational scheme of their solving is very complicated because of the cited non-

locality (the exchange interaction term). The more details about the modern art

of state concerning calculating the eigen values of energies and eigen functions for

di�erent operators (Hamiltonians) of the �nite quantum (atomic) systems can

be found in a number of recent books (see, for example,[1]�[7] and references

therein)). we can remind such atomic multi-con�guration Dirac-Fock codes as

the Desclaux program, Dirac package etc (see for example, [1]�[10]). The main

idea of our approach is in using the local Dirac-Fock equations, i.e. using su�-

ciently simpli�ed procedure for an account of relativistic, exchange-correlation

e�ects. The general potential in these equations includes the self-consistent local

mean �eld potential, the electric of a nucleus (within the Fermi model). New

element of the approach is connected with using ab initio consistent quantum

electrodynamics approach to construction of the optimal one-quasiparticle rep-

resentation in the local Dirac-Fock approach.

2 Local Dirac-Fock equation: quantization of the quasistationary

states

In this section we describe the key moments of our approach to quantization of

the quasistationary (stationary) states of the relativistic local Dirac-Fock equa-

tion which is indeed very similar to schemes of Refs.[7]-[10]), however contains

other potentials.

One-particle wave functions are found from solution of the relativistic local

Dirac-Fock equation, which can be written in the central �eld in a two-component

form (see, for example,([1], [5]):

∂F

∂r
+ (1 + χ)

F

r
− (ε+m− Vloc(b, r))G = 0,

∂G

∂r
+ (1− χ)G

r
− (ε−m− Vloc(b, r))F = 0. (1)

where all notations are standard, b is the special gauge-invariant parameter

(look below).Here we put the �ne structure constant α = 1. The moment number

χ =

{
−(1 + 1), j > 1

1, J < 1
(2)
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The general potential Vloc(b, r) includes the self-consistent local Dirac-Fock

potential (see, for example,([5], [11])). Further, as usually, (see [2],[7]), at large

χ the radial functions F and G vary rapidly at the origin of co-ordinates:

F (r), G(r) ≈ rγ−1, (3)

γ =
√
χ2 − α2Z2.

This involves di�culties in numerical integration of the equations in the region

r → 0. To prevent the integration step becoming too small it is convenient

to turn to new functions isolating the main power dependence: f = Fr1−|χ|,

g = Gr1−|χ|. The Dirac equation for F and G components are transformed as

(in the Coulomb units):

f ′ = −(χ+ |χ|)f
r
− αZVloc(b, r)g −

(
αZEnχ +

2

αZ

)
g,

g′ = (χ− |χ|)g
r
− αZVloc(b, r)f + αZEnχf. (4)

Naturally, the system of Eq. (4) has two fundamental, solutions. As usually,

we are interested in the solution regular at r → 0. The boundary values of the

correct solution are found by the �rst term s of the expansion into the Taylor

series (see [2]):

g =
(Vloc(0)− Enχ)rαZ

2χ+ 1
; f = 1 at χ < 0,

f =

(
Vloc(0)− Enχ −

2

α2Z2

)
αZ; g = 1 at χ > 0. (5)

The condition f, g → 0 at r → ∞ determines the quanti�ed energies of the

state Enχ. At correctly determined energy Enχ of the asymptotic f and g at

r →∞ are:

f, g ∼ exp (−r/n∗) , (6)

where n∗ =
√

1
2|En=χ| is the e�ective main quantum number. The Eq.(4) was

solved by the Runge-Kutt method (see details in ([1], [5]).

Regarding the nuclear potential of the local Dirac-Fock equation, as in

Refs.( [2], [7]) we use the Gauss model for the charge distribution in the nu-

cleus ρ(r). According to [2] one could write:

ρ(r|R) = 4γ3/2√
π

exp(−γr2);∫ ∞
0

drr2ρ(r|R) = 1; (7)∫ ∞
0

drr3ρ(r|R) = R,
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where γ = frac4πR2, R is the e�ective nucleus radius. The following simple

dependence of R on Z assumed:

R = 1.60 · 10−13Z1/3 (cm). (8)

The Coulomb potential for the spherically symmetric density ρ(r|R) is:

Vnucl(r|R) = −
1

r

∫ r

0

dr′r′2ρ(r′|R) +
∫ ∞
r

dr′r′2ρ(r′|R). (9)

It is determined by the following system of di�erential equations ( [1], [5]):

Vnucl(r,R) =
1

r2

∫ r

0

dr′r′2ρ(r′, R) ≡ 1

r2
y(r,R);

y′(r,R) = r2ρ(r,R); (10)

ρ′(r,R) = −8γ5/2 r√
π
exp(−γr2) = −2γrρ(r,R) = − 8r

πr2
ρ(r,R)

with the boundary conditions:

Vnucl(r, 0) = −
4

πr
;

y(0, R) = 0; (11)

ρ(0, R) =
4γ3/2√
π

=
32

R3
.

The above written equations and a whole scheme determine a procedure for

quantization of the quasi-stationary states of the relativistic Dirac-Fock equation

with introduced local Dirac-Fock potential. The key question of any approach

is performance of the gauge-invariance condition, by checking, for example, the

Yord equalities.Naturallu it requires a construction of the corresponding Green's

function of thew Dirac-Fock equations. More e�cient and simultaneously simpli-

�ed recept is connected with calculating the radiation transition probabilities (os-

cillator strengths)in two di�erent transition operator (length and velocity) forms

using the basis of the relativistic Dirac-Fock wave functions, in our case the local

Dirac-Fock scheme. Earlier it was shown ( [2], [3]) that an adequate description

of the atomic characteristics requires using the optimized basis of wave functions.

In Ref. [3] a new ab initio optimization procedure for construction of the opti-

mized basis is proposed. It is reduced to minimization of the gauge dependent

multielectron contribution Im∆ Eninv of the lowest quantum-electrodynamical

perturbation theory corrections to the radiation widths of atomic levels. In the

fourth order of quantum-electrodynamical perturbation theory(the second order

of the atomic perturbation theory) there appear the diagrams, whose contribu-

tion to the Im∆ Eninv accounts for the correlation (polarization) e�ects (see,
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e.g., [2]). This contribution describes the collective e�ects and it is dependent

upon the electromagnetic potentials gauge (the gauge non-invariant contribu-

tion). All the gauge non-invariant terms are multielectron by their nature (the

particular case of the gauge non-invariance manifestation is a non-coincidence

of the oscillator strengths values, obtained in the approximate calculations with

the "length" and "velocity" transition operator forms). The corresponding ex-

pression for the imaginary part of the electron energy has been determined in

Ref. [3]. We have performed the simpli�ed numerical test in order to check the

optimality properties of the wave functions by means the minimization of the

value Im∆ Eninv(b) with the parameter b. Our test has been carried out for the

radiative 3s-3p transitions in spectra of the sodium-like ions SV I and ClV II.

The empirical values of the oscillator strengths for these ions are : 0.66 ± 0.01

and 0.604 ± 0.015. The calculation results within the local Dirac-Fock scheme

(without account of the correlation e�ects) are 0.69 and 0.64 correspondingly

(here the gauge non-invariant contribution is 10 percents). The calculation re-

sult within the local Dirac-Fock scheme (with account of the correlation e�ects

by means of the method [3]) are 0.663 and 0.608 correspondingly. In the last

case, the gauge non-invariant contribution is 0.1 percents. This numerical result

has shown that our approach (without an accounting the correlation e�ects) can

hardly provide a high (spectroscopic) accuracy, however, an implementation of

the correct multi-body correlation potentials into the local Dirac-Fock equations

and using the formalism of the relativistic perturbation theory with the local

Dirac-Fock potential will provide a su�ciently high accuracy of calculating the

energy and spectral characteristics of the multi-electron atomic systems.

3 Conclusions

In conclusion let us underline that we have proposed a new procedure for quanti-

zation of the stationary and quasistationary states of the relativistic Dirac-Fock

equation with a local potential within a gauge-invariant relativistic many-body

perturbation theory ([2], [3]). Further we presented a numerical local Dirac-Fock

approach to calculating spectra of the quantum (atomic) systems with an ac-

count of relativistic and exchange corrections. Within a propose scheme we have

carried out the test calculation of the oscillator strengths for the radiative 3s-3p

transitions in spectra of the sodium-like ions SV I and ClV II, which shown that

the local Dirac-Fock approach without an accounting of the correlation e�ects

can hardly provide a high accuracy of calculating the energy and spectral char-

acteristics (oscillator strengths)of the multi-electron atomic systems. However,
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an implementation of the correct multi-body correlation potentials into it and

using the formalism of the relativistic perturbation many-body theory with the

local Dirac-Fock potential can provide a spectroscopic accuracy.
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for useful discussion and critical comments.
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Æåñòêîñòü çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ

Àíàòîëèé Äìèòðèåâè÷ Ìèëêà

Àííîòàöèÿ Ðàññìàòðèâàåòñÿ Òåîðåìà Ëåæàíäðà è Êîøè î æåñòêîñòè

çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ, îïðåäåëèâøàÿ ñîâðåìåííîå íàó÷íîå

íàïðàâëåíèå "Ãåîìåòðèÿ â öåëîì". Îïðîâåðãàåòñÿ ïîïóëÿðíàÿ â ïðîøëîì

ñòîëåòèè âåðñèÿ Øòåéíèöà îá îøèáêå, äîïóùåííîé àâòîðàìè â åå äîêàçà-

òåëüñòâå. Ñïèñîê åâêëèäîâñêèõ "Íà÷àë" , â àêñèîìàòè÷åñêèõ Îïðåäåëåíèÿõ

êîòîðûõ Ëåæàíäð óâèäåë ýòó Òåîðåìó, îòëè÷àåòñÿ îò âîññòàíîâëåííîãî

Ãåéáåðãîì Îðèãèíàëà "Íà÷àë". Ñïèñîê âêëþ÷àåò íåïîëíûé è èñïðàâëåí-

íûé Âàðèàíò ñîäåðæàùåéñÿ â Îðèãèíàëå ïðåäåëüíî îáùåé Òåîðåìû î

æåñòêîñòè ïîëèýäðîâ, îòêðûòîé ïðîôåññèîíàëüíûìè ìàòåìàòèêàìè çàäîë-

ãî äî âðåìåíè Àëåêñàíäðèè è Àôèí. Â ñòàòüå äîêàçûâàåòñÿ ýòà Îáùàÿ

Òåîðåìà, íàçâàííàÿ Òåîðåìîé Åâêëèäà, è íàõîäÿòñÿ åå åñòåñòâåííûå àíà-

ëîãè â ñôåðè÷åñêîì, ãèïåðáîëè÷åñêîì è äå Ñèòòåðà ïðîñòðàíñòâàõ. Ñòàòüÿ

ïðîäîëæàåò ðàáîòû àâòîðà: ×òî òàêîå ãåîìåòðèÿ "â öåëîì"? � Ìîñêâà:

Çíàíèå, 12, 1986, 32 ñ.; Íåîïîçíàííàÿ åãèïåòñêàÿ ãåîìåòðèÿ // Proc. Int.

Geom. Center, 2008, ò.1, â.1-2, ñ.97-115; Èñòîêè è ñîäåðæàíèå àêñèîìàòèêè

"Íà÷àë" // Proc. Int. Geom. Center, 2009, ò.2, â.3, ñ.41-54; Unidenti�ed

Egyptian Geometry // Europ. J. of Combin., 2010, v.31, p.1065-1071.

Êëþ÷åâûå ñëîâà Èçãèáàíèÿ, æåñòêîñòü ïîëèýäðîâ, òåîðåìà Ëåæàíäðà è

Êîøè, òåîðåìà Åâêëèäà, òåîðåìû Àëåêñàíäðîâà è Ìèíêîâñêîãî.



36 À. Ä. Ìèëêà

ÓÄÊ 514

Âäîõíîâåíèå

Íóæíî â ïîýçèè

Êàê è â ãåîìåòðèè

À.Ñ. Ïóøêèí

Ïàìÿòè Âåíèàìèíà Ôåäîðîâè÷à ÊÀÃÀÍÀ

1. Êîä Ëåæàíäðà è Êîøè

Â òåîðèè Ëåæàíäðà è Êîøè î æåñòêîñòè çàìêíóòûõ âûïóêëûõ ïîëèýä-

ðîâ åñòü äâà êëþ÷åâûõ Ïðåäëîæåíèÿ îá èçãèáàíèÿõ ïëîñêèõ è ñôåðè÷åñêèõ

ïîëèãîíîâ [1, 1794; 2, 1812]. Ïî÷òè ñòîëåòèå ãåîìåòðû óäåëÿëè ýòèì Ïðåä-

ëîæåíèÿì îñîáîå âíèìàíèå. Èçëîæèì ïåðâîå Ïðåäëîæåíèå âìåñòå ñ äîêàçà-

òåëüñòâîì, êîòîðûìè îòêðûâàåòñÿ çíàìåíèòûé ìåìóàð Êîøè:

"Ëåììà 1.1. Åñëè â òðåóãîëüíèêå ABC, ïëîñêîì èëè ñôåðè÷åñêîì, ñîõ-

ðàíÿÿ äëèíû ñòîðîí AB è BC, óâåëè÷èòü óãîë B, çàêëþ÷åííûé ìåæäó ýòè-

ìè ñòîðîíàìè, òî ïðîòèâîïîëîæíàÿ ñòîðîíà òðåóãîëüíèêà AC óâåëè÷èòñÿ.

Òåîðåìà 1.1. Åñëè â âûïóêëîì ïîëèãîíå ABCDEFG, ïëîñêîì èëè ñôå-

ðè÷åñêîì, ñîõðàíÿÿ äëèíû ñòîðîí AB, BC, ... FG, óâåëè÷èòü îäíîâðåìåííî

óãëû B, C,... F , çàêëþ÷åííûå ìåæäó ýòèìè ñòîðîíàìè, òî çàìûêàþùàÿ õîð-

äà ïîëèãîíà AG óâåëè÷èòñÿ.

Äîêàçàòåëüñòâî. Ïóñòü óâåëè÷èòñÿ îäèí óãîë B; òîãäà óâåëè÷èòñÿ óãîë

ABG; çíà÷èò, óâåëè÷èòñÿ õîðäà AG. Àíàëîãè÷íî ìîæíî óâèäåòü, ÷òî ïðè

ïîñëåäîâàòåëüíîì óâåëè÷åíèè óãëîâ C, D, ... F õîðäà AG âñåãäà óâåëè÷è-

âàåòñÿ. Îäíîâðåìåííîå óâåëè÷åíèå âñåõ óãëîâ äàåò òîò æå ýôôåêò, ÷òî è èõ

ïîñëåäîâàòåëüíîå óâåëè÷åíèå, ðàññìàòðèâàåìàÿ õîðäà AG òîëüêî âîçðàñòà-

åò".

Äîêàçàòåëüñòâî íå ñîïðîâîæäàåòñÿ íàäëåæàùèì ðèñóíêîì, è â ñîðîêî-

âûå ãîäû íåìåöêèé ìàòåìàòèê Øòåéíèö íàøåë ó Ëåæàíäðà è Êîøè îøèá-

êó [3, 1934]. Èçîãíóòûé ïîëèãîí ìîæåò îêàçàòüñÿ íåâûïóêëûì, ìîíîòîííîå

âîçðàñòàíèå çàìûêàþùèõ õîðä èçîãíóòûõ ïîëèãîíîâ áóäåò íàðóøåíî, äîêà-

çàòåëüñòâî ïîòåðÿåò ñèëó. Ýòà âåðñèÿ, íà÷èíàÿ ñ Àäàìàðà, äî ïîñëåäíåãî

âðåìåíè ïîääåðæèâàëàñü âåäóùèìè ãåîìåòðàìè [4, 2004]. Èíòóèòèâíî ïîëà-

ãàëîñü, ÷òî àâòîðû íåïîñðåäñòâåííî ïðèìåíÿþò öèòèðîâàííóþ Ëåììó. Íî

âòîðîå è òðåòüå ïðåäëîæåíèÿ äîêàçàòåëüñòâà Òåîðåìû, äà è åå ôîðìóëèðîâ-

êà, ñòàâøèå äëÿ Øòåéíèöà çàêðûòûì Êîäîì, ñâèäåòåëüñòâóþò îá îáðàòíîì.

Ëåæàíäð è Êîøè, ãëóáæå âíèêàÿ â ïðîáëåìó, ïðèìåíÿþò Ëåììó îïîñðåä-

ñòâîâàííî, óäîáíî ïðåäñòàâëÿÿ ëèøü ïåðâûé øàã äîêàçàòåëüñòâà. Îíè ïðÿ-
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ìî ñðàâíèâàþò çàìûêàþùóþ õîðäó êàæäîãî èçîãíóòîãî ïîëèãîíà ñ õîðäîé

AG, õàðàêòåð âîçðàñòàíèÿ õîðä è âûïóêëîñòü èçîãíóòûõ ïîëèãîíîâ èõ íå

èíòåðåñóþò. Èç ïåðâîãî ïðåäëîæåíèÿ òîëüêî ñëåäóåò, ÷òî èçãèáàíèå ïîëè-

ãîíà îñóùåñòâëÿåòñÿ â ïëîñêîñòè è ïðè ñîõðàíåíèè ëîêàëüíîé âûïóêëîñòè;

ïîëèãîí íàçûâàåòñÿ ëîêàëüíî âûïóêëûì, åñëè âñå åãî óãëû îáðàùåíû îòíî-

ñèòåëüíî ïîëèãîíà â îäíó è òó æå ñòîðîíó.

Ðèñ. 1à

Íà Ðèñ. 1à ïîêàçàíû èñõîäíûé âûïóêëûé è èçîãíóòûå ëîêàëüíî âûïóê-

ëûå ïîëèãîíû ñ îáùåé ôèêñèðîâàííîé âåðøèíîé D, íàèâûñøåé èç âåðøèí

ïîëèãîíîâ íàä ïðÿìîé AG. Î÷åâèäíî, ïðîåêöèÿ íà ïðÿìóþ AG çàìûêàþ-

ùåé õîðäû êàæäîãî èçîãíóòîãî ïîëèãîíà ñ èçáûòêîì ïîêðûâàåò õîðäó AG.

Òàê ÷òî äåéñòâèòåëüíî "õîðäà AG òîëüêî âîçðàñòàåò". Îáðàçíî ãîâîðÿ, â

ðàññìàòðèâàåìîé êîíôèãóðàöèè êîíöû èçîãíóòûõ ïîëèãîíîâ ðàñïîëàãàþò-

ñÿ áëèæå ê "áåñêîíå÷íîñòè" ó ïðÿìîé AG, ÷åì êîíöû õîðäû AG. Ýòèì

ïðîñòûì ýôôåêòíûì ïðèåìîì è äîêàçûâàåòñÿ Òåîðåìà.

Âåðñèÿ Øòåéíèöà íå âåðíà, äîêàçàòåëüñòâî Ëåæàíäðà è Êîøè áåçóïðå÷-

íî. Èëëþñòðàòèâíûé Ðèñ. 1à òî÷íî ñîîòâåòñòâóåò àâòîðñêîìó òåêñòó. Àâòîð-

ñêîìó òåêñòó ñîîòâåòñòâóåò è ïðèâåäåííîå íèæå äîêàçàòåëüñòâî äëÿ ñôåðè-

÷åñêèõ ïîëèãîíîâ; íàïîìíèì, ÷òî èìåííî âàðèàíò ñôåðû òðåáóåòñÿ â ðåøå-

íèè ïðîáëåìû î æåñòêîñòè ïîëèýäðîâ, êîòîðàÿ èíòåðåñîâàëà Ëåæàíäðà è

Êîøè.

Ðèñ. 1b Ðèñ. 1c

Äîêàçàòåëüñòâî Òåîðåìû äëÿ èçãèáàíèé ïîëèãîíîâ íà ñôåðå ADEFG

→ A ′D ′E ′F ′G ′, ãäå Ëåììà ïðèìåíÿåòñÿ ê âíåøíèì óãëàì ïîëèãîíîâ, èç-

ëîæåíî â áðîøþðå àâòîðà [5, 1986]; åãî èíòåðïðåòèðóþò Ðèñ. 1b è Ðèñ. 1ñ.
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Ðîëü "áåñêîíå÷íîñòè" ó "ïðÿìûõ" ëèíèé íà ñôåðå AG è A ′G ′ äëÿ òî÷åê

A è A ′ èãðàþò äèàìåòðàëüíûå ê íèì òî÷êè A1 è A′
1; äóãè AA1 = A ′A′

1,

DD1 = D ′D′
1, EE1 = E ′E ′

1. Çàìûêàþùèå õîðäû èñõîäíîãî è èçîãíóòîãî

ïîëèãîíîâ AG < A ′G ′, òàê êàê èç íåðàâåíñòâà òðåóãîëüíèêà è ïî Ëåììå

G ′A′
1 ≤ G ′E ′

1 + E ′
1D

′
1 +D′

1A
′
1 < GE1 + E1D1 +D1A1 = GA1.

Òåîðåìà ñïðàâåäëèâà è äëÿ ãèïåðáîëè÷åñêèõ ïîëèãîíîâ, äîñòàòî÷íî

àäåêâàòíî ïîâòîðèòü äîêàçàòåëüñòâî, èçëîæåííîå äëÿ ïëîñêîñòè. Àíàëîã

ýòîé Òåîðåìû äëÿ îáùèõ âûïóêëûõ êðèâûõ ïðèâîäèòñÿ â ðàáîòå [6, 1970].

Çàìå÷àíèå. Êàê ïîêàçàíî â ðàáîòàõ [4, 5], âîïðîñ îá èçãèáàíèÿõ ïîëèãî-

íîâ ñ ñîõðàíåíèåì âûïóêëîñòè ïðåäñòàâëÿåò ñàìîñòîÿòåëüíûé èíòåðåñ.

Äîñòîèíñòâîì ôîðìóëèðîâêè Òåîðåìû Ëåæàíäðà è Êîøè ÿâëÿåòñÿ åå

÷ðåçâû÷àéíàÿ îáùíîñòü. Ïðèíàäëåæíîñòü ïëîñêîñòè èëè ñôåðå èçîãíóòûõ

ïîëèãîíîâ, èõ ëîêàëüíàÿ âûïóêëîñòü, óâåëè÷åíèå âñåõ óãëîâ ïîëèãîíîâ ñóòü

òîëüêî òåõíè÷åñêèå óïðîùåíèÿ. Òåîðåìà ñïðàâåäëèâà è ïðè èçãèáàíèè ïî-

ëèãîíà ñ ïîòåðåé ëîêàëüíîé âûïóêëîñòè, äàæå åñëè èçîãíóòûé ïîëèãîí ïðè-

íèìàåò ïðîñòðàíñòâåííóþ ôîðìó. Ýòî õîðîøî âèäíî íà ñôåðè÷åñêèõ ïîëè-

ãîíàõ.

Òåîðåìà 1.2. Åñëè â âûïóêëîì ïëîñêîì, ñôåðè÷åñêîì èëè ãèïåðáîëè÷å-

ñêîì ïîëèãîíå P ≡ A...D...G, ñîõðàíÿÿ äëèíû ñòîðîí, èçìåíèòü îäíîâðåìåí-

íî, íå óìåíüøàÿ, óãëû ìåæäó ñòîðîíàìè, åñëè ïðè ýòîì ïîëèãîí ïîòåðÿåò

ëîêàëüíóþ âûïóêëîñòü ëèáî ëîêàëüíàÿ âûïóêëîñòü ñîõðàíèòñÿ, íî õîòÿ áû

îäèí èç óãëîâ óâåëè÷èòñÿ, òî çàìûêàþùàÿ õîðäà ïîëèãîíà AG óâåëè÷èòñÿ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì èçãèáàíèå ïîëèãîíà P â íåêîòîðûé ïîëè-

ãîí P ′ ñ ïîòåðåé ëîêàëüíîé âûïóêëîñòè â åâêëèäîâîì è ãèïåðáîëè÷åñêîì

ïðîñòðàíñòâàõ.

Äîïóñòèì, ÷òî íåêîòîðûå óãëû ïîëèãîíà P óâåëè÷èëèñü. Òîãäà âûïîë-

íèì ñëåäóþùóþ Ïåðâóþ îïåðàöèþ. Èçãèáàåì ïîëèãîí P ñ ñîõðàíåíèåì ëî-

êàëüíîé âûïóêëîñòè, ÷òîáû âñå óãëû ïîëèãîíà óðàâíÿëèñü ñ ñîîòâåòñòâóþ-

ùèìè óãëàìè ïîëèãîíà P ′. Ïðè ýòîì îñòàâëÿåì ôèêñèðîâàííîé ñïåöèàëüíî

âûáðàííóþ âåðøèíó D (Ðèñ. 1à).

Ñîãëàñíî óñëîâèÿì Òåîðåìû, íà ïîëèãîíå P ′ åñòü íåêîòîðûé ó÷àñòîê èç

òðåõ ïîñëåäîâàòåëüíûõ çâåíüåâ, íå ÿâëÿþùèéñÿ ëîêàëüíî âûïóêëûì ïîëè-

ãîíîì. Ïóñòü R ′S ′T ′K ′ è RSTK � òàêîé ó÷àñòîê íà P ′ è ñîîòâåòñòâóþùèé

åìó ó÷àñòîê íà P . Òîãäà âûïîëíèì ñëåäóþùóþ Âòîðóþ îïåðàöèþ â îäíîì èç

âàðèàíòîâ: åñëè S ′ 6= D ′, òî çàìåíÿåì â ïîëèãîíàõ P ′ è P ó÷àñòêè R ′S ′T ′ è

RST íîâûìè çâåíüÿìè R ′T ′ è RT ; åñëè T ′ 6= D ′, òî çàìåíÿåì â ïîëèãîíàõ



Æåñòêîñòü çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ 39

P ′ è P ó÷àñòêè S ′T ′K ′ è STK íîâûìè çâåíüÿìè S ′K ′ è SK. Â ïåðâîì âà-

ðèàíòå óãîë ïðè âåðøèíå T ′ ïîëèãîíà P ′ ñòàíåò áîëüøèì óãëà ïðè âåðøèíå

T ïîëèãîíà P , âî âòîðîì âàðèàíòå óãîë ïðè âåðøèíå S ′ ïîëèãîíà P ′ ñòàíåò

áîëüøèì óãëà ïðè âåðøèíå S ïîëèãîíà P . Ýòî óâåëè÷åíèå óãëîâ ïîÿñíÿåòñÿ

ðàâåíñòâîì ñîîòâåòñòâóþùèõ óãëîâ èñõîäíûõ ïîëèãîíîâ P ′ è P è ïðèìåíå-

íèåì â âåðøèíàõ T ′ è T , S ′ è S íåðàâåíñòâà òðåóãîëüíèêà äëÿ óãëîâ ìåæäó

çâåíüÿìè.

Ïîäâåðãàÿ ïîñëåäîâàòåëüíî ïîëèãîíû P è P ′ Ïåðâîé è Âòîðîé îïåðà-

öèÿì, ïðèõîäèì ê êîíãðóýíòíûì ïîëèãîíàì. Íà íà÷àëüíîì ýòàïå ïðîåêöèÿ

çàìûêàþùåé õîðäû èçîãíóòîãî ïîëèãîíà P íà èñõîäíóþ ïðÿìóþ AG ñòàëà

áîëüøåé õîðäû AG. Â ïîñëåäóþùåì ýòà ïðîåêöèÿ òîëüêî óâåëè÷èâàëàñü.

Âåðøèíû æå A ′ è G ′ ïîëèãîíà P ′ îñòàâàëèñü íåïîäâèæíûìè. Ýòè ïîëîæå-

íèÿ è óòâåðæäàþò Òåîðåìó.

2. Äåôîðìàöèè çàìêíóòûõ ïîëèãîíîâ

Âòîðîå êëþ÷åâîå, è âåäóùåå, Ïðåäëîæåíèå Ëåæàíäðà è Êîøè (Òåîðåìà

2.1, åâêëèäîâû è ñôåðè÷åñêèå ïîëèãîíû) îòíîñèòñÿ ê èçãèáàíèÿì çàìêíó-

òûõ ïîëèãîíîâ. Îíî óñòàíàâëèâàåòñÿ àâòîðàìè íà áàçå Òåîðåìû 1.1; ìû ïðè-

âîäèì èíîå, íåçàâèñèìîå è îïòèìàëüíîå äîêàçàòåëüñòâî. Ðàññìàòðèâàþòñÿ

åâêëèäîâû, ñôåðè÷åñêèå è ãèïåðáîëè÷åñêèå ïîëèãîíû.

Ëåììà 2.1. Åñëè â âûïóêëîì ÷åòûðåõóãîëüíèêå ABCD, ñîõðàíÿÿ äëè-

íû ñòîðîí AB, BC, CD è âûïóêëîñòü, óâåëè÷èòü óãëû B è C, çàêëþ÷åííûå

ìåæäó ýòèìè ñòîðîíàìè, òî ñòîðîíà ÷åòûðåõóãîëüíèêà AD óâåëè÷èòñÿ.

Ëåììà äîêàçûâàåòñÿ ýëåìåíòàðíî, òàê æå, êàê è Ëåììà 1.1.

Ðèñ. 2à

Òåîðåìà 2.1. Ïóñòü P è P ′ � íåêîíãðóýíòíûå çàìêíóòûå âûïóêëûå

ïîëèãîíû ñ ñîîòâåòñòâåííî ðàâíûìè ñòîðîíàìè. Îòìåòèì óãëû ïîëèãîíîâ

çíàêàìè "+" èëè "− åñëè êîíêðåòíûé óãîë îäíîãî ïîëèãîíà áîëüøå èëè
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ìåíüøå ñîîòâåòñòâóþùåãî óãëà äðóãîãî ïîëèãîíà. Òîãäà ïðè îáõîäå êàæäîãî

ïîëèãîíà áóäåò íå ìåíåå ÷åòûðåõ ïåðåìåí çíàêîâ.

Äîêàçàòåëüñòâî. ×èñëî îòìå÷åííûõ âåðøèí íà êàæäîì èç ïîëèãîíîâ � íå

ìåíüøå ÷åòûðåõ. Åñëè ýòî ÷èñëî áîëüøå ÷åòûðåõ, òî íà îäíîì èç ïîëèãîíîâ,

ïóñòü íà P , íàéäóòñÿ ÷åòûðå îòìå÷åííûå âåðøèíû, òðè èç êîòîðûõ èìåþò

çíàêè "−". Ïóñòü òàêèìè âåðøèíàìè áóäóò B, D, F è H, êàê ïîêàçàíî íà

Ðèñ. 2à.

Áóäåì íåïðåðûâíî èçãèáàòü ïîëèãîí P , èçìåíÿÿ óãëû â ýòèõ âåðøèíàõ,

óìåíüøàÿ óãëû D, H. Ïî Ëåììå 2.1 óãëû B, F ÷åòûðåõóãîëüíèêà BDFH

óâåëè÷èâàþòñÿ. Íàñòóïèò ìîìåíò, êîãäà îäèí èç óãëîâ B, F , H ïîëèãîíà

P ñòàíåò ðàâíûì ñîîòâåòñòâóþùåìó óãëó ïîëèãîíà P ′. ×èñëî îòìå÷åííûõ

âåðøèí íà ïîëèãîíàõ óìåíüøèòñÿ, ÷èñëî ïåðåìåí çíàêîâ íå óâåëè÷èòñÿ, ïðè

ýòîì åùå îñòàíóòñÿ îòìå÷åííûå âåðøèíû, òàê êàê óãîë D ñ èçãèáàíèåì

ïîëèãîíà P óìåíüøàëñÿ.

Ïîñëåäîâàòåëüíî ïðèìåíÿÿ ê ðàññìàòðèâàåìûì ïîëèãîíàì îïèñàííóþ

îïåðàöèþ, ïðèäåì ê ïîëèãîíàì P è P ′, èìåþùèì òî÷íî ïî ÷åòûðå îòìå-

÷åííûå âåðøèíû. Ñíîâà ó÷èòûâàÿ Ëåììó 2.1, íàõîäèì, ÷òî ÷èñëî ïåðåìåí

çíàêîâ ðàâíî ÷åòûðåì. Çíà÷èò, íà èñõîäíûõ ïîëèãîíàõ áûëî íå ìåíüøå, ÷åì

ïî ÷åòûðå ïåðåìåíû çíàêà.

Ïðèâåäåííîå äîêàçàòåëüñòâî Òåîðåìû èçëîæåíî â áðîøþðå àâòîðà [5,

1986]; â äèôôåðåíöèàëüíîé ãåîìåòðèè ýòîé Òåîðåìå ñîîòâåòñòâóåò èçâåñòíàÿ

Òåîðåìà î ÷åòûðåõ âåðøèíàõ îâàëà [7, 1935].

Òåîðåìà 2.2. Ïóñòü P è P ′ � íåêîíãðóýíòíûå çàìêíóòûå âûïóêëûå

ïîëèãîíû ñ ñîîòâåòñòâåííî ðàâíûìè óãëàìè, ïðè÷åì åâêëèäîâû ïîëèãîíû

îãðàíè÷èâàþò ðàâíûå ïëîùàäè. Îòìåòèì ñòîðîíû ïîëèãîíîâ çíàêàìè "+"

èëè "− åñëè êîíêðåòíàÿ ñòîðîíà îäíîãî ïîëèãîíà áîëüøå èëè ìåíüøå ñîîò-

âåòñòâóþùåé ñòîðîíû äðóãîãî ïîëèãîíà. Òîãäà ïðè îáõîäå êàæäîãî ïîëèãî-

íà áóäåò íå ìåíåå ÷åòûðåõ ïåðåìåí çíàêîâ.

Ýòà Òåîðåìà äâîéñòâåííà Òåîðåìå 2.1 [5; 8, 1996]. Â ñëó÷àå ñôåðè÷åñêèõ

ïîëèãîíîâ îíà âûòåêàåò èç Òåîðåìû 2.1; ñòîèò ëèøü ïåðåéòè íà ñôåðå îò

ðàññìàòðèâàåìûõ ïîëèãîíîâ ê ïîëÿðíûì ê íèì ïîëèãîíàì. Äëÿ äîêàçàòåëü-

ñòâà Òåîðåìû â ñëó÷àå åâêëèäîâûõ è ãèïåðáîëè÷åñêèõ ïîëèãîíîâ íóæíû äî-

ïîëíèòåëüíûå ñâåäåíèÿ. Ââåäåì Îïðåäåëåíèÿ. Ïîëîñîé â ãèïåðáîëè÷åñêîé

(åâêëèäîâîé) ïëîñêîñòè íàçûâàåòñÿ îáëàñòü ìåæäó ðàñõîäÿùèìèñÿ (ïàðàë-

ëåëüíûìè) ïðÿìûìè r è s, ñòîðîíàìè ïîëîñû; äëèíà îáùåãî ïåðïåíäèêóëÿðà

h(r, s) ê ñòîðîíàì ïîëîñû íàçûâàåòñÿ øèðèíîé ïîëîñû.
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Ðèñ. 2b Ðèñ. 2c

Ëåììà 2.2. Ïóñòü P = A...BC...D è P ′ = A′...B′C ′...D′ � ãèïåðáîëè÷å-

ñêèå èëè åâêëèäîâû íåêîíãðóýíòíûå âûïóêëûå ïîëèãîíû ñ ðàâíûìè ñîîò-

âåòñòâóþùèìè óãëàìè, âïèñàííûå â ïîëîñû H è H ′ ïîä ðàâíûìè íåíóëåâû-

ìè íàêëîíàìè ê ñòîðîíàì ïîëîñ a è a′, d è d′ â âåðøèíàõ A è A′, D è D′

ñîîòâåòñòâåííî. Ïóñòü çâåíüÿ ïîëèãîíà P � íå ìåíüøèå ñîîòâåòñòâóþùèõ

èì çâåíüåâ ïîëèãîíà P ′. Òîãäà øèðèíà h(a, d) ïîëîñû H áîëüøå øèðèíû

h(a′, d′) ïîëîñû H ′.

Äîêàçàòåëüñòâî. Äëÿ åâêëèäîâûõ ïîëèãîíîâ Ëåììà î÷åâèäíà. Îãðàíè-

÷èìñÿ òðåõçâåííûìè ãèïåðáîëè÷åñêèìè ïîëèãîíàìè ABCD è A′B′C ′D′.

Ïóñòü A′
1D

′
1 � îáùèé ïåðïåíäèêóëÿð ê ñòîðîíàì ïîëîñû H ′, ãäå A′

! ∈ a′,

D′
1 ∈ d′. Ïóñòü b′, c′ � ïðÿìûå ëèíèè, ïðîõîäÿùèå ÷åðåç âåðøèíû B′, C ′ ïî-

ëèãîíà P ′ ïåðïåíäèêóëÿðíî ïðÿìîé A′
1D

′
1 â òî÷êàõ B

′
1 ∈ A′

1D
′
1, C

′
1 ∈ A′

1D
′
1.

Ëèíèè b′, c′ äåëÿò ïîëîñó H ′ íà òðè ìåíüøèå ïîëîñû.

Íà Ðèñ. 2b ïîêàçàíû ýëåìåíòû ïîëîñû H, ñîîòâåòñòâóþùèå ýëåìåíòàì

ïîëîñû H ′: A1D1 � îáùèé ïåðïåíäèêóëÿð ê ñòîðîíàì a è d ïîëîñû; b è c

� ïðÿìûå ëèíèè, ïðîõîäÿùèå ÷åðåç âåðøèíû B è C ïîä òåìè æå óãëàìè ê

çâåíüÿì ïîëèãîíà P , ïîä êàêèìè ñîîòâåòñòâóþùèå ëèíèè b′ è c′ íàêëîíåíû

ê çâåíüÿì ïîëèãîíà P ′; B1 è C1 � òî÷êè ïåðåñå÷åíèÿ ëèíèé b è c ñ ïåð-

ïåíäèêóëÿðîì A1D1. Ëèíèè b è c äåëÿò ïîëîñó H íà òðè ìåíüøèå ïîëîñû,

ñîîòâåòñòâóþùèå ìåíüøèì ïîëîñàì â ïîëîñå H ′; íà Ðèñ. 2b ïîêàçàíû îáùèå

ïåðïåíäèêóëÿðû ê ñòîðîíàì ìåíüøèõ ïîëîñ.

Î÷åâèäíî,

A1B1 ≥ h(a, b), B1C1 ≥ h(b, c), C1D1 ≥ h(c, d).

Èç óñëîâèé Ëåììû ñëåäóåò, ÷òî

h(a, b) ≥ h(a′, b′), n(b, c) ≥ h(b′, c′), h(c, d) ≥ h(c′, d′),
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è õîòÿ áû îäíî èç ýòèõ íåðàâåíñòâ ñòðîãîå, ïîñêîëüêó ïîëèãîíû P è P ′ �

íåêîíãðóýíòíûå. Ýòèìè ïîëîæåíèÿìè è óòâåðæäàåòñÿ Ëåììà:

h(a, d) = A1B1 +B1C1 + C1D1 > h(a′, b′) + h(b′, c′) + h(c′, d′).

Ëåììà 2.3. Ïóñòü P = AB...CD...E è P ′ = A′B′...C ′D′...E′ � ãèïåð-

áîëè÷åñêèå èëè åâêëèäîâû íåêîíãðóýíòíûå âûïóêëûå ïîëèãîíû ñ ðàâíûìè

ñîîòâåòñòâóþùèìè óãëàìè, âïèñàííûå îäèíàêîâûìè ñòîðîíàìè â óãëû AOE

è A′O′E′ ïîä ðàâíûìè íåíóëåâûìè íaêëîíàìè ê ëó÷àì OA è O′A′, OE è

O′E′ â âåðøèíàõ A è A′, E è E′ ñîîòâåòñòâåííî. Ïóñòü çâåíüÿ ïîëèãîíà P �

íå áîëüøèå ñîîòâåòñòâóþùèõ èì çâåíüåâ ïîëèãîíà P ′. Òîãäà ïëîùàäü σ(W )

îáëàñòè W , îòñåêàåìîé ïîëèãîíîì P îò óãëà AOE, ìåíüøå ïëîùàäè σ(W ′)

îáëàñòè W ′, îòñåêàåìîé ïîëèãîíîì P ′ îò óãëà A′O′E′.

Äîêàçàòåëüñòâî. Òðèàíãóëèðóåì îáëàñòüW ′ õîðäàìèB′O′, ..., C ′O′,D′O′

... . Íàïðàâèì â îáëàñòüW èç âåðøèí B, ..., C,D ... ëó÷è b, ..., c, d ... ïîä òåìè

æå óãëàìè ê çâåíüÿì ïîëèãîíà P , ïîä êàêèìè ñîîòâåòñòâóþùèå õîðäû íà-

êëîíåíû ê çâåíüÿì ïîëèãîíà P ′. Ïðè÷èñëèì ê íàáîðó ëó÷åé òàêæå ëó÷è AO

è EO. Â óñëîâèÿõ Ëåììû ó êîíêðåòíîãî çâåíà XY ëó÷è x, y ïåðåñåêàþòñÿ â

íåêîòîðîé òî÷êå Z, îïðåäåëÿÿ íàä çâåíîì XY òðåóãîëüíèê XY Z. Ïëîùàäü

ýòîãî òðåóãîëüíèêà íå ïðåâîñõîäèò ïëîùàäè ñîîòâåòñòâóþùåãî òðåóãîëüíè-

êà X ′Y ′O′ òðèàíãóëÿöèè W ′. Ââåäåì ïîëèãîí P̃ (B), ñîñòàâëåííûé èç ïîëè-

ãîíà P (B) = B...CD...E è ëó÷åé b, EO; ââåäåì ïîëèãîí P̃ ′(B′),ñîñòàâëåííûé

èç ïîëèãîíà P ′(B′) = B′...C ′D′...E′ è ëó÷åé B′O′, E′O′.

Ïóñòü ïîëèãîíû P è P ′ îáðàùåíû ê âåðøèíàì óãëîâ O è O′ âûïóêëû-

ìè ñòîðîíàìè. È ïóñòü ëó÷ b ïåðåñåêàåò ñòîðîíó AO âî âíóòðåííåé òî÷êå

N . Òîãäà ëó÷ b òàêæå ïåðåñåêàåò â íåêîòîðîé òî÷êå K ëó÷ EO âíå ñòîðî-

íû EO; äîêàæåì ýòî Ïðåäëîæåíèå; â åâêëèäîâîì ñëó÷àå Ïðåäëîæåíèå î÷å-

âèäíî. Äåôîðìèðóåì ïîëèãîí P̃ ′(B′), ñîõðàíÿÿ åãî óãëû è ïîñëåäîâàòåëüíî

óðàâíèâàÿ (â óñëîâèÿõ Ëåììû � íå óâåëè÷èâàÿ) çâåíüÿ ïîëèãîíà P ′(B′) ñ

ñîîòâåòñòâóþùèìè çâåíüÿìè ïîëèíîìà P (B). Â ïðîöåññå äåôîðìàöèè ôàêò

ïåðåñå÷åíèÿ ëó÷åé B′O′ è E′O′ ñîõðàíÿåòñÿ, ïî çàâåðøåíèè äåôîðìàöèè

ïîëèãîí P̃ ′(B′) ñòàíåò êîíãðóýíòíûì ïîëèãîíó P̃ (B). Çíà÷èò ëó÷è b è EO

äåéñòâèòåëüíî ïåðåñåêàþòñÿ. Îáëàñòü W ïîêðûâàåòñÿ òðåóãîëüíèêîì ABN

è íîâîé îáëàñòüþ W (B), îòñåêàåìîé ïîëèãîíîì P (B) îò óãëà BKE. Àíà-

ëîãè÷íàÿ ñèòóàöèÿ ñ ïîêðûòèåì îáëàñòè W âîçíèêàåò â ñëó÷àÿõ, êîãäà ëó÷

b ïðîõîäèò ÷åðåç âåðøèíó O èëè êîãäà ëó÷ b ïðîõîäèò ÷åðåç âíóòðåííþþ

òî÷êóM ñòîðîíû EO è ïåðåñåêàåò â íåêîòîðîé òî÷êå T ëó÷ AO âíå ñòîðîíû

AO.
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Ïóñòü ïîëèãîíû P è P ′ îáðàùåíû ê âåðøèíàì óãëîâ O è O′ âîãíóòûìè

ñòîðîíàìè (Ðèñ. 2ñ). È ïóñòü ëó÷ b ïåðåñåêàåò ñòîðîíó AO âî âíóòðåííåé

òî÷êå N . Òîãäà ëó÷ b òàêæå ïåðåñåêàåò â íåêîòîðîé òî÷êå K ëó÷ EO âíå

ñòîðîíû EO; äîêàæåì ýòî Ïðåäëîæåíèå; â åâêëèäîâîì ñëó÷àå Ïðåäëîæåíèå

î÷åâèäíî. Ïîëîæèì, ÷òî ëó÷è b è EO íå ïåðåñåêàþòñÿ. Äåôîðìèðóåì âû-

ïóêëûé ïîëèãîí P̃ (B), ñîõðàíÿÿ åãî óãëû è ïîñëåäîâàòåëüíî óðàâíèâàÿ (â

óñëîâèÿõ Ëåììû � íå óìåíüøàÿ) çâåíüÿ ïîëèãîíà P (B) ñ ñîîòâåòñòâóþùè-

ìè çâåíüÿìè ïîëèíîìà P ′(B′). Â ïðîöåññå äåôîðìàöèè ôàêò íåïåðåñå÷åíèÿ

ëó÷åé b è EO ñîõðàíÿåòñÿ, ïî çàâåðøåíèè äåôîðìàöèè ïîëèãîí P̃ (B) ñòàíåò

êîíãðóýíòíûì ïîëèãîíó P̃ ′(B′). Íî ëó÷è B′O′ è E′O′ ïåðåñåêàþòñÿ � ïðîòè-

âîðå÷èå; çíà÷èò, ëó÷è b è EO òàêæå ïåðåñåêàþòñÿ. Òàêèì îáðàçîì, åñëè ëó÷ b

ïåðåñåêàåò â íåêîòîðîé âíóòðåííåé òî÷êå ïîëèãîí AOE, òî õàðàêòåð ïîêðû-

òèÿ îáëàñòèW â ïðèíöèïå ïîâòîðÿåò óæå ðàññìîòðåííûå ñëó÷àè ïîêðûòèÿ,

êîãäà ïîëèãîíû P (B) è P ′(B′) îáðàùåíû ê âåðøèíàì O è O′ âûïóêëûìè

ñòîðîíàìè. Ïðàâäà, çäåñü âîçíèêàåò åùå îñîáûé âàðèàíò ïîêðûòèÿ, êîãäà

ëó÷ b ïåðåñåêàåò â íåêîòîðîé òî÷êå L ïîëèãîí P (B).

Ïóñòü L � âíóòðåííÿÿ òî÷êà íåêîòîðîé ñòîðîíû CD, L′ � òî÷êà ñòîðîíû

C ′D′, äåëÿùàÿ ýòó ñòîðîíó â òîì æå îòíîøåíèè, â êàêîì òî÷êà L äåëèò

ñòîðîíó CD. Äîáàâèì â îáëàñòè W ′ õîðäó L′O′. Íàïðàâèì â îáëàñòü W ëó÷

LR ïîä òåìè æå óãëàìè ê çâåíüÿì ñòîðîíû CD, ïîä êàêèìè õîðäà L′O′

íàêëîíåíà ê çâåíüÿì ñòîðîíû C ′D′, è ââåäåì ëó÷ LF , ïðîòèâîïîëîæíûé

ëó÷ó LR. Ëó÷ LR ïðîõîäèò âíå óãëà BLC. Èíà÷å óñòàíàâëèâàåòñÿ íåâîç-

ìîæíîå � ÷òî ëó÷è L′O′ è E′O′ íå ïåðåñåêàþòñÿ; ïîäîáíûé ñëó÷àé óæå

ðàññìàòðèâàëñÿ. Ïóñòü S � òî÷êà ïåðåñå÷åíèÿ ëó÷åé b è AO âíå ñòîðîíû

AO. ÎáëàñòüW ïîêðûâàåòñÿ òðåóãîëüíèêîì ABS è íîâîé îáëàñòüþW1(B),

îòñåêàåìîé ïîëèãîíîì P1(B) = B...CL îò óãëà BLF . Òðåóãîëüíèêó ABS îò-

âå÷àåò òðåóãîëüíèê A′B′O′, îáëàñòèW1(B) � îáëàñòüW ′
1(B′), îòñåêàåìàÿ îò

óãëà B′O′L′ ïîëèãîíîì P ′
1(B′) = B′...C ′L′. Ïîäîáíî îïðåäåëÿåòñÿ è ñëó÷àé

ïîêðûòèÿ, êîãäà ëó÷ b ïðîõîäèò ÷åðåç âåðøèíó E.

Ïî èçëîæåííûì ñõåìàì îñóùåñòâëÿåòñÿ ïîêðûòèå îáëàñòè W ëèáî ïîë-

íîé ñèñòåìîé òðåóãîëüíèêîâ âèäà XY Z, ïîñòðîåííûõ íà ñòîðîíàõ XY ïî-

ëèãîíà P , ëèáî íåïîëíîé ñèñòåìîé òàêèõ òðåóãîëüíèêîâ. Â ñëó÷àå ïîëíîé

ñèñòåìû òðåóãîëüíèêîâ ïëîùàäü ïîêðûòèÿ îáëàñòè W íå ïðåâîñõîäèò ïëî-

ùàäè σ(W ′); ýòà ïëîùàäü ïîêðûòèÿ ìåíüøå ïëîùàäè σ(W ′), òàê êàê ïîëè-

ãîíû P è P ′ íåêîíãðóýíòíûå. Íåïîëíàÿ ñèñòåìà òðåóãîëüíèêîâ ïîêðûòèÿ

ìîæåò âîçíèêíóòü ëèøü â ñëó÷àå, êîãäà ïîëèãîíû P è P ′ îáðàùåíû ê âåð-

øèíàì óãëîâ O è O′ âîãíóòûìè ñòîðîíàìè. Ïëîùàäü òàêîãî ïîêðûòèÿ íå
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ïðåâîñõîäèò ïëîùàäè ÷àñòè îáëàñòèW ′, ýòà ïëîùàäü ïîêðûòèÿ òàêæå ìåíü-

øå ïëîùàäè σ(W ′). Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî Òåîðåìû 2.2.

Â óñëîâèÿõ Òåîðåìû ïðè îáõîäàõ ïîëèãîíîâ P è P ′ îáÿçàòåëüíî áóäóò

ïåðåìåíû çíàêîâ. Ýòî åñòü ñëåäñòâèå Ëåììû 2.3. Îñòàåòñÿ ïîêàçàòü, ÷òî ïðè

îáõîäàõ ïîëèãîíîâ P è P ′ íå ìîæåò áûòü äâóõ ïåðåìåí çíàêîâ.

Ïóñòü ïîëèãîíû P è P ′ ðàçäåëÿþòñÿ âåðøèíàìè A, C è A′, C ′ íà

ïîëèãîíû P (B) = A...B...C, P (D) = A...D...C è P ′(B′) = A′...B′...C ′,

P ′(D′) = A′...D′...C ′ ñî çíàêàìè ó ñòîðîí "+" , "−" è "−" , "+" ñîîò-

âåòñòâåííî. Ïðîâåäåì ê ïîëèãîíàì P è P ′ ÷åðåç âåðøèíû A, C è A′, C ′

îïîðíûå ïðÿìûå ëèíèè a, c è a′, c′ ïîä ñîîòâåòñòâåííî ðàâíûìè íàêëîíà-

ìè ê ñòîðîíàì ýòèõ ïîëèãîíîâ. Â óñëîâèÿõ Òåîðåìû îïîðíûå ëèíèè ìîæíî

ïîäîáðàòü â äâóõ ñëåäóþùèõ âàðèàíòàõ. Ïåðâûé âàðèàíò: ëèíèè a, c è a′,

c′ ñóòü ðàñõîäÿùèåñÿ ïðÿìûå ëèíèè äëÿ ãèïåðáîëè÷åñêèõ è ïàðàëëåëüíûå

ïðÿìûå ëèíèè äëÿ åâêëèäîâûõ ïîëèãîíîâ P è P ′. Âòîðîé âàðèàíò: ëèíèè a,

c è a′, c′ ïåðåñåêàþòñÿ â íåêîòîðûõ òî÷êàõ O è O′, ïðè÷åì ïîëèãîíû P è P ′

îáðàùåíû ê òî÷êàì O è O′ âûïóêëûìè ñòîðîíàìè.

Ïåðâûé âàðèàíò. Ñðàâíèâàÿ ïîëèãîíû P (B) è P ′(B′), ïî Ëåììå 2.2 íà-

õîäèì, ÷òî øèðèíû ñîîòâåòñòâóþùèõ ïîëîñ ñâÿçàíû íåðàâåíñòâîì h(a, c) >

h(a′, c′). Ñðàâíèâàÿ ïîëèãîíû P (D) è P ′(D′), ïî Ëåììå 2.2 íàõîäèì, ÷òî

h(a, c) < h(a′, c′). Ïðîòèâîðå÷èå.

Âòîðîé âàðèàíò. Îáîçíà÷èì Σ ïëîùàäè ïîëèãîíîâ P è P ′, à σ, σ′ è σ+Σ,

σ′ + Σ � ñîîòâåòñòâåííî ïëîùàäè, îòñåêàåìûå ïîëèãîíàìè P (B), P ′(B′) è

P (D), P ′(D′) îò óãëîâ ABC, A′B′C ′. Ïî Ëåììå 2.3 íàõîäèì, ÷òî σ > σ′ è

σ +Σ < σ′ +Σ. Ïðîòèâîðå÷èå.

Ïîëó÷åííûå ïðîòèâîðå÷èÿ óòâåðæäàþò Òåîðåìó � ïðè îáõîäàõ ïîëèãî-

íîâ P è P ′ áóäåò íå ìåíåå ÷åòûðåõ ïåðåìåí çíàêîâ.

3. Æåñòêîñòü âûïóêëûõ ïîëèýäðîâ

Ðàññìîòðèì òðåõìåðíîå ïñåâäîåâêëèäîâî ïðîñòðàíñòâî E3
1 ñ ìåòðè÷å-

ñêîé ôîðìîé z2 = z21 + z22 − z23 . Ñôåðû åäèíè÷íîãî è ìíèìîåäèíè÷íîãî

ðàäèóñîâ â ýòîì ïðîñòðàíñòâå ïðåäñòàâëÿþò ñîáîé ïëîñêîñòü äå Ñèòòåðà

è ãèïåðáîëè÷åñêóþ ïëîñêîñòü. Ïîëíûé, íå èìåþùèé ãðàíèöû, ïîëèýäðàëü-

íûé êîíóñ â E3
1 íàçûâàåòñÿ ïîëèýäðàëüíûì óãëîì. Ñòðîãî âûïóêëûå ïîëè-

ýäðàëüíûå óãëû ñ îáùåé âåðøèíîé â íà÷àëå êîîðäèíàò � ïðîñòðàíñòâåííî-

ïîäîáíûé óãîë P è âðåìåíè-ïîäîáíûé óãîë Q íàçûâàþòñÿ ïîëÿðíûìè óãëà-

ìè, åñëè êàæäîå ðåáðî îäíîãî óãëà âíåøíå îðòîãîíàëüíî íåêîòîðîé ãðàíè

äðóãîãî óãëà è êàæäîé ãðàíè îäíîãî óãëà âíåøíå îðòîãîíàëüíî íåêîòîðîå
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ðåáðî äðóãîãî óãëà. Ïîëèãîí Q̄, ïåðåñå÷åíèå óãëà Q ñ ãèïåðáîëè÷åñêîé ñôå-

ðîé, íàçûâàåòñÿ ïîëèãîíîì, ïîëÿðíûì ê óãëó P . Ïóñòü α � ïðîèçâîëüíàÿ

ãðàíü óãëà P , A � âåðøèíà ïîëèãîíà Q̄, îïðåäåëÿåìàÿ ðåáðîì óãëà Q, îð-

òîãîíàëüíûì ê ãðàíè α. Î÷åâèäíî, âíåøíèé óãîë ïîëèãîíà Q̄ â âåðøèíå

A ðàâåí ïëîñêîìó óãëó ãðàíè α. Ïóñòü a � ïðîèçâîëüíîå ðåáðî óãëà P , ā

� ñòîðîíà ïîëèãîíà Q̄, îïðåäåëÿåìàÿ ãðàíüþ óãëà Q, îðòîãîíàëüíîé ðåáðó

a. Î÷åâèäíî, ñòîðîíà ā ðàâíà âíåøíåìó äâóãðàííîìó óãëó ïîëèýäðà P ïðè

ðåáðå a. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî êðèâèçíà óãëà P � îòðèöàòåëü-

íàÿ � ñóììà ïëîñêèõ óãëîâ ïðîñòðàíñòâåííî-ïîäîáíîãî ñòðîãî âûïóêëîãî

ïîëèýäðàëüíîãî óãëà ïðåâîñõîäèò 2π, äëÿ ïðîâåðêè íàäî ëèøü ïåðåéòè ê ïî-

ëÿðíîìó ïîëèãîíó Q̄; âåñüìà ïîëåçíàÿ ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ýòîãî

ôàêòà.

Ëåììà 3. Ïóñòü P è P ′ � íåêîíãðóýíòíûå ïðîñòðàíñòâåííî-ïîäîáíûå

ñòðîãî âûïóêëûå ïîëèýäðàëüíûå óãëû ñ ñîîòâåòñòâåííî ðàâíûìè ïëîñêèìè

óãëàìè. Îòìåòèì âíåøíèå äâóãðàííûå óãëû ïîëèãîíîâ çíàêàìè "+" èëè

"−" , åñëè êîíêðåòíûé äâóãðàííûé óãîë îäíîãî ïîëèýäðàëüíîãî óãëà áîëü-

øå èëè ìåíüøå ñîîòâåòñòâóþùåãî äâóãðàííîãî óãëà äðóãîãî ïîëèýäðàëüíîãî

óãëà. Òîãäà ïðè îáõîäå âîêðóã âåðøèíû êàæäîãî ïîëèýäðàëüíîãî óãëà áóäåò

íå ìåíüøå ÷åòûðåõ ïåðåìåí çíàêîâ.

Ëåììà âûòåêàåò èç Òåîðåìû 2.2; íàäî ëèøü ïåðåéòè ê ïîëÿðíûì ïîëè-

ãîíàì Q̄ è Q̄′, ñîîòâåòñòâóþùèì ïîëèýäðàëüíûì óãëàì P è P ′.

Òåîðåìà 3. Îäèíàêîâî ñîñòàâëåííûå çàìêíóòûå ñòðîãî âûïóêëûå ïîëè-

ýäðû â åâêëèäîâîì ïðîñòðàíñòâå, ó êîòîðûõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû

ðàâíû, à ñîîòâåòñòâóþùèå ãðàíè èìåþò ðàâíûå ïëîùàäè, ïîëèýäðû â ñôå-

ðè÷åñêîì è ãèïåðáîëè÷åñêîì ïðîñòðàíñòâàõ, ó êîòîðûõ ñîîòâåòñòâóþùèå

ïëîñêèå óãëû ðàâíû, è ïðîñòðàíñòâåííî-ïîäîáíûå ïîëèýäðû â ïðîñòðàíñòâå

äå Ñèòòåðà, ó êîòîðûõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû ðàâíû, êîíãðóåíòíû.

Ðàññìîòðèì ÷åòûðåõìåðíîå ïñåâäîåâêëèäîâî ïðîñòðàíñòâî E4
1 ñ ìåòðè-

÷åñêîé ôîðìîé z2 = z21 +z22 +z23−z24 . Ñôåðû åäèíè÷íîãî è ìíèìîåäèíè÷íîãî

ðàäèóñîâ â ýòîì ïðîñòðàíñòâå ïðåäñòàâëÿþò ñîáîé ïðîñòðàíñòâî äå Ñèòòåðà

è ãèïåðáîëè÷åñêîå ïðîñòðàíñòâî. Ñòðîãî âûïóêëûå ïîëèýäðàëüíûå óãëû ñ

îáùåé âåðøèíîé â íà÷àëå êîîðäèíàò � ïðîñòðàíñòâåííî-ïîäîáíûé óãîë P

è âðåìåíè-ïîäîáíûé óãîë Q � íàçûâàþòñÿ ïîëÿðíûìè óãëàìè, åñëè êàæ-

äîå ðåáðî îäíîãî óãëà âíåøíå îðòîãîíàëüíî íåêîòîðîé ãðàíè äðóãîãî óãëà

è êàæäîé ãðàíè îäíîãî óãëà âíåøíå îðòîãîíàëüíî íåêîòîðîå ðåáðî äðóãîãî

óãëà. Ñòðîãî âûïóêëûå ïîëèýäðû P̄ è Q̄, ïåðåñå÷åíèÿ óãëîâ P è Q ñî ñôå-

ðîé äå Ñèòòåðà è ãèïåðáîëè÷åñêîé ñôåðîé, íàçûâàþòñÿ ïðîñòðàíñòâåííî-
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ïîäîáíûì è âðåìåíè-ïîäîáíûì ïîëÿðíûìè ïîëèýäðàìè; ãðàíÿìè ýòèõ ïî-

ëèýäðîâ ñîîòâåòñòâåííî ÿâëÿþòñÿ ñòàíäàðòíûå ñôåðè÷åñêèå è ãèïåðáîëè÷å-

ñêèå ïîëèãîíû. Êàæäûì âåðøèíå, ðåáðó, ãðàíè îäíîãî èç ïîëèýäðîâ P̄ è Q̄

ñîîòâåòñòâóþò ïîëÿðíûå ãðàíü, ðåáðî, âåðøèíà äðóãîãî ïîëèýäðà; êàæäîå

ðåáðî îäíîãî èç ïîëèýäðîâ P̄ è Q̄ ðàâíî âíåøíåìó äâóãðàííîìó óãëó ïðè

ïîëÿðíîì ðåáðå äðóãîãî ïîëèýäðà.

Äîêàçàòåëüñòâî Òåîðåìû 3 ïðîâîäèòñÿ èçâåñòíûìè ìåòîäàìè Êîøè-

Ëåæàíäðà [1, 2] è Àëåêñàíäðîâà [9, 1950]. Ñíà÷àëà, ïî Ëåæàíäðó è Êîøè,

óñòàíàâëèâàåòñÿ ðàâåíñòâî ñîîòâåòñòâóþùèõ äâóãðàííûõ óãëîâ ðàññìàòðè-

âàåìûõ ïîëèýäðîâ; ïðè ýòîì ïðèìåíÿåòñÿ êîìáèíàòîðèêà Êîøè, îñíîâàí-

íàÿ íà Òåîðåìå Ýéëåðà. Çàòåì, ïî Àëåêñàíäðîâó, ñ ïîìîùüþ Òåîðåìû 2.2

óñòàíàâëèâàåòñÿ ðàâåíñòâî ñîîòâåòñòâóþùèõ ðåáåð ìíîãîãðàííèêîâ; ïðèìå-

íÿåòñÿ ìåòîä, äâîéñòâåííûé ìåòîäó Êîøè-Ëåæàíäðà. Ýòèì è äîêàçûâàåòñÿ

Òåîðåìà 3. Î÷åâèäíî, íåò íåîáõîäèìîñòè ïðèâîäèòü ïîäðîáíîå åå äîêàçà-

òåëüñòâî.

Àëåêñàíäðîâ êà÷åñòâåííî óïðîñòèë äîêàçàòåëüñòâî Êîøè-Ëåæàíäðà,

ïðèìåíÿÿ âìåñòî êîìáèíàòîðèêè Êîøè è Òåîðåìû Ýéëåðà Òåîðåìó Æîðäà-

íà äëÿ ñôåðû; âåäü Òåîðåìà Ýéëåðà òîæå îñíîâûâàåòñÿ íà Òåîðåìå Æîðäà-

íà. Äîáàâèì, ÷òî äëÿ ñëó÷àåâ ñôåðè÷åñêîãî, ãèïåðáîëè÷åñêîãî è äå Ñèòòåðà

ïðîñòðàíñòâ âòîðîé ýòàï äîêàçàòåëüñòâà Òåîðåìû ìîæåò áûòü ñîêðàùåí. Ñ

ýòîé öåëüþ, íàðÿäó ñ ðàññìàòðèâàåìûìè ïîëèýäðàìè ââîäÿòñÿ ïîëÿðíûå ê

íèì ïîëèýäðû, êîòîðûå îêàçûâàþòñÿ òîæå ñ ðàâíûìè ñîîòâåòñòâóþùèìè

ïëîñêèìè óãëàìè. Íà ïåðâîì ýòàïå óñòàíàâëèâàåòñÿ ðàâåíñòâî ñîîòâåòñòâó-

þùèõ äâóãðàííûõ óãëîâ êàê ó èñõîäíûõ, òàê è ó ïîëÿðíûõ ïîëèýäðîâ. Íà

âòîðîì ýòàïå, ïî èçëîæåííîìó ðàíåå ãåîìåòðè÷åñêîìó ïðèçíàêó ïîëÿðíûõ

ðåáåð, èç ðàâåíñòâà ñîîòâåòñòâóþùèõ äâóãðàííûõ óãëîâ ïîëèýäðîâ èçâëåêà-

åòñÿ íåîáõîäèìîå ðàâåíñòâî èõ ñîîòâåòñòâóþùèõ ðåáåð � Òåîðåìà î êîíãðó-

åíòíîñòè ïîëèýäðîâ äîêàçàíà.

Åâêëèäîâ âàðèàíò Òåîðåìû 3 ñîäåðæèòñÿ â Îïðåäåëåíèè 10 êíèãè XI

"Íà÷àë" èçäàíèÿ Ãåéáåðãà [10, 1948-1950]; èçäàíèå îñíîâàíî íà ñðàâíèòåëü-

íîì àíàëèçå ðàçëè÷íûõ ñïèñêîâ "Íà÷àë" è ïðèçíàíî èñòîðèêàìè êàê áëè-

æàéøåå ê Îðèãèíàëó. Ýòî âàðèàíò ïðåäñòàâëÿåò ïðåäåëüíî îáùèé ðåçóëüòàò

î æåñòêîñòè çàìêíóòûõ âûïóêëûõ ïîëèýëðîâ, îòêðûòûé ïðîôåññèîíàëüíû-

ìè ìàòåìàòèêàìè çàäîëãî äî âðåìåíè Àëåêñàíäðèè è Àôèí [11, 2008]. Îïðå-

äåëåíèå 9 åñòü âñïîìàãàòåëüíîå Ïðåäëîæåíèå ê Îïðåäåëåíèþ 10.

Îïðåäåëåíèå 9. Ïîäîáíûìè òåëåñíûìè ôèãóðàìè áóäóò çàêëþ÷åííûå

ìåæäó ðàâíûìè ïî êîëè÷åñòâó ïîäîáíûìè ïëîñêîñòÿìè.
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Îïðåäåëåíèå 10. Ðàâíûå æå è ïîäîáíûå òåëåñíûå ôèãóðû áóäóò çà-

êëþ÷åííûå ìåæäó ðàâíûìè ïî êîëè÷åñòâó è ïî âåëè÷èíå ïîäîáíûìè ïëîñ-

êîñòÿìè.

Çäåñü "òåëåñíûå ôèãóðû" è "ïëîñêîñòè" � ïîëèýäðû è ïîëèãîíû, ãðà-

íè ïîëèýäðîâ; "òåëåñíûå ôèãóðû, çàêëþ÷åííûå ìåæäó ðàâíûìè ïî êîëè-

÷åñòâó ïîäîáíûìè ïëîñêîñòÿìè" � îäèíàêîâî ñîñòàâëåííûå (êîìáèíàòîðíî

ýêâèâàëåíòíûå) ïîëèýäðû ñ ðàâíûìè ñîîòâåòñòâóþùèìè ïëîñêèìè óãëàìè;

"ðàâíûå òåëåñíûå ôèãóðû" è "ðàâíûå ïî âåëè÷èíå ïëîñêîñòè" � ïîëèýäðû

ñ ðàâíûìè ïî äëèíå ñîîòâåòñòâóþùèìè ðåáðàìè è ñîîòâåòñòâóþùèå ïîëè-

ãîíû ñ ðàâíûìè ïëîùàäÿìè.

Â "Íà÷àëàõ" ðàññìàòðèâàþòñÿ áåç êàêèõ-ëèáî îïðåäåëåíèé òîëüêî âû-

ïóêëûå ïîëèãîíû è ïîëèýäðû. Åñëè íåîáõîäèìûå îïðåäåëåíèÿ è áûëè â

Îðèãèíàëå, òî îíè óñòðàíåíû "èñïðàâëåíèÿìè" ïåðåïèñ÷èêîâ. Íàïðèìåð,

ýòî ïîäòâåðæäàåòñÿ Ïðåäëîæåíèåì 21 èç êíèãè XI: "Âñÿêèé òåëåñíûé óãîë

çàêëþ÷àåòñÿ ìåæäó ïëîñêèìè óãëàìè, ìåíüøèìè [÷åì] ÷åòûðå ïðÿìûõ <óã-

ëà>"; Ïðåäëîæåíèå âåðíî òîëüêî äëÿ âûïóêëûõ "òåëåñíûõ óãëîâ".

Ä.Ä. Ìîðäóõàé-Áîëòîâñêîé ïðèâîäèò ñëåäóþùèé Êîììåíòàðèé 6 (Ïîäî-

áèå òåë) ê êíèãå XI "Íà÷àë" [10]: "Â Îïðåäåëåíèè 9 âûñòóïàåò äèñãàðìîíèÿ

ñ îïðåäåëåíèåì ïîäîáèÿ ïëîñêèõ ôèãóð â øåñòîé êíèãå "Íà÷àë" (Îïðåäå-

ëåíèå 1). Òàì ïîäîáíûå ôèãóðû îïðåäåëÿþòñÿ êàê òàêèå, êîòîðûå èìåþò

ñîîòâåòñòâåííî ðàâíûå óãëû, è ñòîðîíû, çàêëþ÷àþùèå ýòè óãëû, ïðîïîð-

öèîíàëüíû." Ïî òåêñòó "Íà÷àë" ýòîò ïðèçíàê "ïîäîáèå" îòíîñèòñÿ ëèøü

ê "ïðÿìîëèíåéíûì ôèãóðàì" � ê ïîëèãîíàì. Òàêîå îïðåäåëåíèå ïîäîáèÿ

íå ïðèìåíèìî ê "òåëåñíûì ôèãóðàì è íå òîëüêî èç-çà äèñãàðìîíèè ñ Îïðå-

äåëåíèåì 9. Òðåáîâàíèå Îïðåäåëåíèÿ 1 "ñòîðîíû ïðîïîðöèîíàëüíû" ïðî-

òèâîðå÷èò òðåáîâàíèþ Îïðåäåëåíèÿ 10 "ðàâíûå ïî âåëè÷èíå ïëîñêîñòè" �

îíî ïåðåãðóæàåò Îïðåäåëåíèå 10. Ïîýòîìó â Îïðåäåëåíèÿõ 9 è 10 è äëÿ

"ïëîñêîñòåé è äëÿ "òåëåñíûõ ôèãóð" ïðèçíàê "ïîäîáíû" îçíà÷àåò "ñîîò-

âåòñòâóþùèå ïëîñêèå óãëû ðàâíû"; ó "òåëåñíûõ ôèãóð" äâóãðàííûé óãîë

õàðàêòåðèçóåòñÿ "ïëîñêèì óãëîì" � ëèíåéíûì óãëîì â ñîâðåìåííîé òåðìè-

íîëîãèè. Â ïîäòâåðæäåíèå ýòîãî âûâîäà äîñòàòî÷íî ñðàâíèòü Îïðåäåëåíèå

8 (Ïëîñêèé óãîë) è Îïðåäåëåíèå 6 (Íàêëîí ïëîñêîñòè ê ïëîñêîñòè) èç êíèã

I è XI "Íà÷àë"; óãëû ôèãóð çäåñü îïðåäåëÿþòñÿ îáùåé òåðìèíîëîãèåé. Ïî

ñâèäåòåëüñòâàì Àðèñòîòåëÿ è Ïðîêëà, òàê êâàëèôèöèðîâàëîñü ïîäîáèå ôè-

ãóð Ïèôàãîðîì � êàê ðàâåíñòâî ñîîòâåòñòâóþùèõ ïëîñêèõ óãëîâ; ýòî âïîëíå

ãàðìîíèðóåò ñ íàãëÿäíûìè, îïûòíûìè ïðåäñòàâëåíèÿìè.
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Â ñâÿçè ñ èçëîæåííûì, âñïîìîãàòåëüíîå Îïðåäåëåíèå 9 ÷èòàåòñÿ êàê

Òåîðåìà: Êîìáèíàòîðíî ýêâèâàëåíòíûå çàìêíóòûå âûïóêëûå ïîëèýäðû, ó

ãðàíåé êîòîðûõ ñîîòâåòñòâóþùèå óãëû ðàâíû, èìåþò ðàâíûå ñîîòâåòñòâó-

þùèå äâóãðàííûå óãëû.

Îïðåäåëåíèÿ 9 è 10 â "Íà÷àëàõ" ÿâëÿþòñÿ àêñèîìàìè, íåîáõîäèìûìè

äëÿ ïîñòðîåíèÿ Òåîðèè îáúåìîâ è îòíîñÿùèìèñÿ ê òðåóãîëüíûì ïèðàìè-

äàì è ïðèçìàì. Ñëåäîâàòåëüíî, ñàìè Îïðåäåëåíèÿ â êà÷åñòâå Òåîðåì äëÿ

ïðîèçâîëüíûõ âûïóêëûõ ïîëèýäðîâ áûëè èçâåñòíûì ìíîãî ðàíåå ðàçðàáîò-

êè ñîäåðæàòåëüíîãî Ó÷åíèÿ î ãåîìåòðèè, êàêèìè ÿâëÿþòñÿ "Íà÷àëà" [12,

2010]. Îòäàâàÿ äîëæíîå âûñîêîìó íàó÷íîìó è àêñèîìàòè÷åñêîìó óðîâíþ

ýòîãî Ó÷åíèÿ, à òàêæå íåïðåâçîéäåííîé Øêîëå åãî Ñîçäàòåëåé, ìû íàçû-

âàåì åâêëèäîâ âàðèàíò Òåîðåìû 3 (Îïðåäåëåíèÿ 10) Òåîðåìîé Åâêëèäà [11,

12]. Ó÷åíèåì íàçûâàë "Íà÷àëà" Ä. Ãèëüáåðò, èõ âûñîêî öåíèë è Ê.Ô. Ãàóññ.

Òåîðåìà Åâêëèäà. Çàìêíóòûå îäèíàêîâî ñîñòàâëåííûå âûïóêëûå ïî-

ëèýäðû êîíãðóåíòíû, åñëè ó íèõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû ðàâíû è

ïëîùàäè ñîîòâåòñòâóþùèõ ãðàíåé ðàâíû.

Â çàêëþ÷åíèå íàïîìíèì Òåîðåìû î æåñòêîñòè âûïóêëûõ ïîëèýäðîâ, çà-

ëîæèâøèå îñíîâû âàæíîãî íàïðàâëåíèÿ ñîâðåìåííîé Ãåîìåòðèè "â öåëîì"

� âíóòðåííåé è âíåøíåé Ãåîìåòðèè îáùèõ âûïóêëûõ ïîâåðõíîñòåé.

Òåîðåìà 3.1. (Ëåæàíäð è Êîøè) Çàìêíóòûå âûïóêëûå ïîëèýäðû, îäè-

íàêîâî ñîñòàâëåííûå èç êîíãðóåíòíûõ ãðàíåé, êîíãðóýíòíû.

Òåîðåìà ñëåäóåò èç Òåîðåìû - Îïðåäåëåíèÿ 9. Êàê îòìå÷àåò Êîøè, Ëå-

æàíäð óâèäåë ýòó Òåîðåìó [òàêæå] â Îïðåäåëåíèè 9 êíèãè XI "Íà÷àë" ; ê

ñîæàëåíèþ, ó Ëåæàíäðà áûë ñïèñîê "Íà÷àë" , ÿâíî èñïîð÷åííûé ïåðåïèñ-

÷èêàìè. Â ïîäòâåðæäåíèå ïðèâîäèì îðèãèíàëüíûå ôîðìóëèðîâêè èç [2]:

"Ñëåäñòâèå 1. Èç ïðåäûäóùåé Òåîðåìû ñëåäóåò, ÷òî âûïóêëûå ïîëèýäðû,

îäèíàêîâî ñîñòàâëåííûå èç êîíãðóýíòíûõ ãðàíåé, êîíãðóýíòíû. Ýòî åñòü òî,

÷òî ñîñòàâëÿåò Òåîðåìó, çàêëþ÷àþùóþñÿ â Îïðåäåëåíèè 9 êíèãè XI Åâêëè-

äà.

Ñëåäñòâèå 2. Èç ïðåäûäóùåé Òåîðåìû ñëåäóåò, ÷òî âûïóêëûå ïîëèýä-

ðû, îäèíàêîâî ñîñòàâëåííûå èç ïîäîáíûõ ãðàíåé, ïîäîáíû. Ýòî åñòü òî, ÷òî

ñîñòàâëÿåò Òåîðåìó, çàêëþ÷àþùóþñÿ â Îïðåäåëåíèè 10 öèòèðîâàííîé êíè-

ãè."

Òåîðåìà 3.2. (Ìèíêîâñêèé) Åñëè ó äâóõ çàìêíóòûõ âûïóêëûõ ïîëèýä-

ðîâ ãðàíè ñîîòâåòñòâåííî ïàðàëëåëüíû è èìåþò ðàâíûå ïëîùàäè, òî ïîëè-

ýäðû êîíãðóýíòíû è ïàðàëëåëüíî ðàñïîëîæåíû.
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Òåîðåìà ñëåäóåò èç Òåîðåìû-Îïåðåäåëåíèÿ 10 [9]. Ìèíêîâñêèé ïîëó÷èë

ýòó òåîðåìó, ðàññìàòðèâàÿ çàäà÷ó î çàïîëíåíèè ïðîñòðàíñòâà ðàâíûìè è

ïàðàëëåëüíî ðàñïîëîæåííûìè âûïóêëûìè ïîëèýäðàìè � ïàðàëëåëîýäðàìè.

Çàäà÷à âîçíèêëà ïðè èññëåäîâàíèè ïðîáëåì ãåîìåòðè÷åñêîé Òåîðèè ÷èñåë

è Êðèñòàëëîãðàôèè Ôåäîðîâûì.

Òåîðåìà 3.3. (Àëåêñàíäðîâ) Åñëè ó äâóõ çàìêíóòûõ âûïóêëûõ ïîëè-

ýäðîâ ãðàíè ñîîòâåòñòâåííî ïàðàëëåëüíû è åñëè ñîîòâåòñòâóþùèå ãðàíè íå

ìîãóò áûòü ïàðàëëåëüíûì ïåðåíîñîì ïîìåùåíû îäíà â äðóãîé, òî ïîëèýäðû

êîíãðóýíòíû è ïàðàëëåëüíî ðàñïîëîæåíû.

Òåîðåìà øèðîêî îáîáùàåò Òåîðåìó 3.2 [9].

4. Ïðîáëåìû

Ïðåäñòàâëÿåì àêòóàëüíóþ ïðîáëåìàòèêó, ñâÿçàííóþ ñ Òåîðåìîé.

Æåñòêîñòü ïîëèýäðîâ ïðè ìèíèìàëüíûõ äàííûõ.

Ïðîáëåìà 1. Äîêàçàòü, ÷òî êîìáèíàòîðíî ýêâèâàëåíòíûå çàìêíóòûå

âûïóêëûå ïîëèýäðû â Rn êîíãðóýíòíû, åñëè (a) ïëîùàäè ñôåðè÷åñêèõ èçîá-

ðàæåíèé èõ ñîîòâåòñòâóþùèõ âåðøèí ðàâíû, (b) ñðåäíèå êðèâèçíû èõ ñîîò-

âåòñòâóþùèõ ðåáåð âñåõ ðàçìåðíîñòåé ðàâíû, (c) ïëîùàäè èõ ñîîòâåòñòâó-

þùèõ ãèïåðãðàíåé ðàâíû.

Ýòà ïðîáëåìà ôîðìóëèðîâàëàñü àâòîðîì â the workshop "Rigidity and

Flexibility Vienna, Austria, 2006 [13, Problem section].

Àíàëîã ïðîáëåìû Ñòîêåðà (J.J. Stoker, 1968).

Ïðîáëåìà 2. Äîêàçàòü, ÷òî êîìáèíàòîðíî ýêâèâàëåíòíûå íååâêëèäî-

âû çàìêíóòûå âûïóêëûå ïîëèýäðû êîíãðóýíòíû, åñëè èõ ñîîòâåòñòâóþùèå

ðåáðà èëè èõ ñîîòâåòñòâóþùèå äâóãðàííûå óãëû ðàâíû.

Â.À. Àëåêñàíäðîâûì äîêàçàíî, ÷òî ñóùåñòâóþò ñôåðè÷åñêèå è ãèïåðáî-

ëè÷åñêèå çàìêíóòûå íåâûïóêëûå ïîëèýäðû áåç ñàìîïåðåñå÷åíèé, äîïóñêà-

þùèå íåòðèâèàëüíûå íåïðåðûâíûå äåôîðìàöèè ñ ñîõðàíåíèåì äâóãðàííûõ

óãëîâ [14].

Àíàëîã ïðîáëåìû Áðèêàðà (R. Bricard, 1897).

Ïðîáëåìà 3. Äîêàçàòü, ÷òî ñóùåñòâóþò åâêëèäîâû, ñôåðè÷åñêèå, ãè-

ïåðáîëè÷åñêèå, ïðîñòðàíñòâåííî-ïîäîáíûå äåñèòòåðîâû çàìêíóòûå íåâû-

ïóêëûå ïîëèýäðû áåç ñàìîïåðåñå÷åíèé, êîòîðûå äîïóñêàþò íåòðèâèàëüíûå

íåïðåðûâíûå äåôîðìàöèè ñ ñîõðàíåíèåì óãëîâ ãðàíåé è, â åâêëèäîâîì ñëó-

÷àå, ñ ñîõðàíåíèåì ïëîùàäåé ãðàíåé.

Íåïðåðûâíî èçãèáàåìûå ïî Êîøè çàìêíóòûå íåâûïóêëûå ïîëèýäðû-

ôëåêñîðû áåç ñàìîïåðåñå÷åíèé â R3 îòêðûòû Ð. Êîííåëè [15]; èíâàðèàíò-

íîñòü îáúåìîâ ïîëèýäðîâ ïðè èçãèáàíèÿõ äîêàçàíà È.Õ. Ñàáèòîâûì. Ðå-
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øåíèå ýòîé ïðîáëåìû âàæíî äëÿ òåîðèè îáîëî÷åê. Êàê ïîä÷åðêèâàåò È.È.

Âîðîâè÷ â Ïîñëåñëîâèè ê èçâåñòíîé ìîíîãðàôèè À.Â. Ïîãîðåëîâà [16], íåîá-

õîäèìî èññëåäîâàòü óñòîé÷èâîñòü îáîëî÷åê, "èìåþùèõ íóëåâóþ æåñòêîñòü

íà èçãèá è êîíå÷íóþ æåñòêîñòü íà ðàñòÿæåíèå" , ó êîòîðûõ "ýíåðãèÿ, íà-

êîïëåííàÿ ïðè ðàñòÿæåíèè, ïðîïîðöèîíàëüíà èçìåíåíèþ ïëîùàäè". Òàêîå

èññëåäîâàíèå ìîæåò ðàñøèðèòü êëàññ ìîäåëüíûõ ôëåêñîðîâ, îòêðûòûõ àâ-

òîðîì [17].

Àíàëîã ïðîáëåìû Ìèíäèíãà (E.F.A. Minding, 1836).

Ïðîáëåìà 4. Äîêàçàòü, ÷òî ïðîñòðàíñòâåííî-ïîäîáíûå äåñèòòåðîâû çà-

ìêíóòûå âûïóêëûå èçîìåòðè÷íûå ïîâåðõíîñòè êîíãðóýíòíû.

Ýòà ïðîáëåìà â åâêëèäîâîì è ñôåðè÷åñêîì ïðîñòðàíñòâàõ ðåøåíà

À.Â. Ïîãîðåëîâûì [18], à â ãèïåðáîëè÷åñêîì - À.Ä. Ìèëêîé [19].
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Rigidity of closed convex polyhedra

We discuss Theorem of Legendre and Cauchy concerning the rigidity of closed

convex polyhedra, which determined the actual scienti�c direction of "Geometry

in large". We deny the version of Steinitz, which was popular in the last century,

about a mistake admitted in the proof by Legendre and Cauchy. A version of

Euclid's "Elements" , in which axiomatic De�nitions Legendre has seen this

Theorem, di�ers from the Original version of "Elements"restored by Heiberg.

This version of "Elements"includes an incomplete and corrected Variant of an

extremely general Theorem, contained in the Original, concerning the rigidity of

polyhedra, which had been opened by professional mathematicians long before

the time of Alexandria and Athens. In our paper we prove this General Theorem,

named Theorem of Euclid, and �nd its natural analogues in spherical, hyperbolic

and de Sitter spaces. Article continues the previous paper of the author: What

is the geometry "in large" ? � Moscow: Znanie, 12, 1986, 32 p.; Unidenti�ed

Egyptian Geometry // Proc. Int. Geom. Center, 2008, v.1, n.1-2, p.97-115;

Sources and contents of the axiomatic of "Elements" // Proc. Int. Geom. Center,

2009, v.2, n.3, p.41-54; Unidenti�ed Egyptian Geometry // Europ. J. of Combin.,

2010, v.31, p.1065-1071.
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Î òðè-òêàíÿõ ñ ýëàñòè÷íûìè êîîðäèíàòíûìè
ëóïàìè

Ê.Ð. Äæóêàøåâ

Àííîòàöèÿ Íàéäåíû âñå ñîîòíîøåíèÿ íà òåíçîðû êðó÷åíèÿ è êðèâèçíû

ýëàñòè÷íîé òðè-òêàíè äî ïÿòîé äèôôåðåíöèàëüíîé îêðåñòíîñòè âêëþ÷è-

òåëüíî.

Êëþ÷åâûå ñëîâà Òðè-òêàíü Áîëà, ýëàñòè÷íàÿ ëóïà, ýëàñòè÷íàÿ òêàíü

ÓÄÊ 514.763.7

Ââåäåíèå. Ìíîãîìåðíàÿ òðè-òêàíü W îáðàçîâàíà òðåìÿ ñëîåíèÿìè λα,

α = 1, 2, 3 ðàçìåðíîñòè r íà 2r-ìåðíîì ìíîãîîáðàçèè X.

Êàê èçâåñòíî [1], ñ êàæäîé òî÷êîé ìíîãîîáðàçèÿ X, íåñóùåãî òðè-òêàíü

W , ñâÿçàíà êîîðäèíàòíàÿ ëóïà ýòîé òêàíè. Ýëàñòè÷íîé òðè-òêàíüþ èëè òêà-

íüþ E íàçûâàåòñÿ òðè-òêàíü, â êîîðäèíàòíûõ ëóïàõ êîòîðîé âûïîëíÿåòñÿ

òîæäåñòâî ýëàñòè÷íîñòè:

(xy)x = x(yx), (1)

ãäå xy - îïåðàöèÿ â êîîðäèíàòíîé ëóïå òêàíè [1].

Íà òðè-òêàíè E çàìûêàþòñÿ ôèãóðû E (ðèñ. 1), îáðàçîâàííûå ñëîåíèÿìè

ýòîé òêàíè, ñîîòâåòñòâóþùèå òîæäåñòâó ýëàñòè÷íîñòè, ñì. [2].

Â îòëè÷èå îò äðóãèõ êëàññîâ ìíîãîìåðíûõ òðè-òêàíåé, òêàíè E èçó÷à-

ëèñü îòíîñèòåëüíî ìàëî. Cèñòåìàòè÷åñêîå èçó÷åíèå òêàíåé E íà÷àòî â [2],

ãäå äîêàçàíî, ÷òî ýòè òêàíè îáðàçóþò ïîäêëàññ ñðåäíèõ òêàíåé Áîëà è èõ îñ-

íîâíûå òåíçîðû ñâÿçàíû ñîîòíîøåíèåì b(x, y, [xy]) = 0. Äî ýòîãî â [3] áûëî
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Ðèñ. 1 Ôèãóðà Å

äîêàçàíî, ÷òî â êîîðäèíàòíûõ ëóïàõ òêàíåé E âûïîëíÿåòñÿ áîëåå ñèëüíîå

òîæäåñòâî (xmy)xn = xm(yxn) äëÿ ëþáûõ öåëûõ m è n.

Â ðàáîòå [4] ïðîâåäåíà êëàññèôèêàöèÿ òêàíåé E ìèíèìàëüíîé ðàçìåð-

íîñòè è ïîêàçàíî, ÷òî ñóùåñòâóåò âñåãî äâå øåñòèìåðíûå òêàíè E (E1 è

E2).

Â ðàáîòå [5] íà÷àòî èññëåäîâàíèå ïÿòîé äèôôåðåíöèàëüíîé îêðåñòíîñòè

òêàíåé E. Â íàñòîÿùåé ðàáîòå ìû äåòàëèçèðóåì íåêîòîðûå ðåçóëüòàòû èç

[5] è äàåì ïîäðîáíîå äîêàçàòåëüñòâî àíîíñèðîâàííûõ òàì óòâåðæäåíèé.

1. Ñîãëàñíî [1], çàäàäèì ñëîåíèÿ λα, α = 1, 2, 3, âïîëíå èíòåãðèðóåìûìè

ñèñòåìàìè ôîðì Ïôàôôà ω
1

i = 0, ω
2

i = 0 è ω
1

i+ω
2

i = 0, i = 1, ..., r, ãäå ôîðìû

ω
1

i è ω
2

i îáðàçóþò êîáàçèñ íà ìíîãîîáðàçèè X.

Ñòðóêòóðíûå óðàâíåíèÿ òðè-òêàíè èìåþò âèä [1]:

dω
1

i = ω
1

j ∧ ωij + aijkω
1

j ∧ ω
1

k, (2)

dω
2

i = ω
2

j ∧ ωij − aijkω
2

j ∧ ω
2

k, (3)

dωij = ωkj ∧ ωik + bijklω
1

k ∧ ω
2

l. (4)

Âíåøíåå äèôôåðåíöèðîâàíèå ñòðóêòóðíûõ óðàâíåíèé ïðèâîäèò â äèôôå-

ðåíöèàëüíûì óðàâíåíèÿì íà òåíçîðû a è b:

5aijk = bi[j|l|k]ω1
l + bi[jk]lω2

l, (5)

5bijkl = c
1

i
jklmω

1

m + c
2

i
jklmω

2

m, (6)

5c
1

i
jklm = c

11

i
jklmnω

1

n + c
12

i
jklmnω

2

n, (7)

5c
2

i
jklm = c

21

i
jklmnω

1

n + c
22

i
jklmnω

2

n, (8)

ïðè÷åì òåíçîðû a, b, c
1
è ò.ä. ñâÿçàíû íåêîòîðûìè ñîîòíîøåíèÿìè, à 5 -

äèôôåðåíöèàëüíûé îïåðàòîð, îïðåäåëÿåìûé ôîðìóëîé [1]:

5aijk
def
= daijk + amjkω

i
m − aimkωmj − aijmωmk .
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Òàê êàê òêàíè E ÿâëÿþòñÿ ñðåäíèìè òêàíÿìè Áîëà, òî èõ òåíçîðû ñâÿ-

çàíû ñëåäóþùèìè ñîîòíîøåíèÿìè [1]:

b(x, y, z) = −b(x, z, y), (9)

b(x, y, z) + b(y, z, x) + b(z, x, y) = 2([[xy]z] + [[yz]x] + [[zx]y]), (10)

b(x, y, [zt])− b(y, x, [zt]) + b([xy], z, t) = [xb(y, z, t)]− [yb(x, z, t)], (11)

c
1
(x, y, z, t) = −c

2
(x, y, z, t) = −b(x, [zt], y) + b(x, [yz], t) + b(x, [yt], z). (12)

Äëÿ òêàíåé Áîëà óðàâíåíèÿ (5) è (6) ïðèìóò ñëåäóþùèé âèä [1]:

5aijk = −bi[jk]l(ω1
l − ω

2

l), (13)

5bijkl = cijklm(ω
1

m − ω
2

m), (14)

ãäå îáîçíà÷åíî c
1
= −c

2
≡ c. Êàê áûëî ñêàçàííî âûøå, äëÿ òêàíåé E ñïðàâåä-

ëèâî åù¼ îäíî ñîîòíîøåíèå:

b(x, y, [xy]) = 0. (15)

Ëèíåàðèçèðóÿ ýòî ñîîòíîøåíèå, ïîëó÷èì ðàâåíñòâî

b(x, y, [zt]) + b(x, t, [zy]) + b(z, y, [xt]) + b(z, t, [xy]) = 0. (16)

Èç (9) ïîëó÷àåì ðàâåíñòâî, êîòîðîå ïðèãîäèòñÿ íàì â äàëüíåéøåì:

b(x, y, y) = 0. (17)

2. Âîñïîëüçóåìñÿ ðàçëîæåíèåì â ðÿä Òåéëîðà â îêðåñòíîñòè åäèíèöû

e(0, 0, . . . , 0) ôóíêöèè xy, çàäàþùåé îïåðàöèþ â êîîðäèíàòíîé ëóïå òêàíè

[1]:

xy = x+ y + Λ(x, y) +
1

2
Λ
21
(x, x, y) +

1

2
Λ
12
(x, y, y) +

1

6
Λ
31
(x, x, x, y)+

+
1

4
Λ
22
(x, x, y, y) +

1

6
Λ
13
(x, y, y, y) +

1

24
Λ
41
(x, x, x, x, y) +

1

12
Λ
32
(x, x, x, y, y)+

+
1

12
Λ
23
(x, x, y, y, y) +

1

24
Λ
14
(x, y, y, y, y) + {6},

(18)

ãäå Λ(x, y) - êîñîñèììåòðè÷íàÿ ôîðìà, Λ
uv
(x, .., x, y, ..y) - îäíîðîäíûé ìíîãî-

÷ëåí, ñèììåòðè÷íûé ïî ïåðâûì u è ïîñëåäíèì v êîìïîíåíòàì.

Ñ ïîìîùüþ ýòîãî ðÿäà ìû âû÷èñëÿåì ïðàâóþ è ëåâóþ ÷àñòè ðàâåíñòâà

(1), çàòåì ïðèðàâíèâàåì ìíîãî÷ëåíû îäíîãî ïîðÿäêà ñ îäèíàêîâûì íàáîðîì

ïåðåìåííûõ è ïîëó÷àåì ñîîòíîøåíèÿ íà êîýôôèöèåíòû ðÿäà (18). Äàëåå
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ïîëüçóåìñÿ ñîîòíîøåíèÿìè, ñâÿçûâàþùèìè êîýôôèöèåíòû ðÿäà è îñíîâíûå

òåíçîðû òêàíè, íàéäåííûìè â [1] è [6]:

Λ(x, y) = −a(x, y) = −[xy], (19)

b(x, y, z) = Λ
12
(y, x, z)− Λ

21
(y, x, z) + [y[xz]]− [[yx]z], (20)

c
1
(x, y, z, u) = Λ

22
(y, u, x, z)− Λ

31
(y, u, x, z) + [ub(x, y, z)] + [yb(x, u, z)]−

−b(x, [uy], z) + [Λ
21
(y, u, x)z]− Λ

21
([xy], u, z)− Λ

21
(y, [xu], z)− Λ

21
(y, u, [xz]),

(21)

c
2
(x, y, z, u) = Λ

13
(y, x, z, u)− Λ

22
(y, x, z, u) + [b(x, y, z)u] + [b(x, y, u)z]−

−b(x, y, [zu])− [yΛ
12
(x, z, u)] + Λ

12
([yx], z, u) + Λ

12
(y, [zx], u) + Λ

12
(y, z, [ux]),

(22)

c
11
(x, y, z, u, v) = Λ

32
(y, u, v, x, z)− Λ

41
(y, u, v, x, z) + [yc

1
(x, v, z, u)]+

+[uc
1
(x, y, z, v)] + [vc

1
(x, y, z, u)]− c

1
(x, [uy], z, v)− c

1
(x, [vy], z, u)−

−c
1
(x, y, z, [vu]) + [Λ

31
(v, y, u, x)z] + Λ

31
([vx], y, u, z)− Λ

31
(v, y, u, [xz])−

−Λ
31
(v, [xy], u, z)− Λ

31
(v, y, [xu], z) + [yb(x, [uv], z)] + [ub(x, [vy], z)]+

+[vb(x, [uy], z)]− b(x, [v[uy]], z)− b(x, [u[vy]], z) + b(x, Λ
21
(u, v, y), z)−

−Λ
21
(y, u, b(x, v, z))− Λ

21
(y, v, b(x, u, z))− Λ

21
(u, v, b(x, y, z))−

−Λ
21
(Λ
21
(u, v, x), y, z)− Λ

21
(Λ
21
(y, u, x), v, z)− Λ

21
(Λ
21
(y, v, x), u, z),

(23)

c
12
(x, y, z, u, v) = Λ

23
(y, u, x, z, v)− Λ

32
(y, u, x, z, v) + [c

1
(x, y, v, u)z]+

+[c
1
(x, y, z, u, )v]− c

1
(x, y, [zv], u) + [yc

2
(x, u, z, v)] + [uc

2
(x, y, z, v)]−

−c
2
(x, [uy], z, v)− Λ

22
(y, u, [xv], z)− Λ

22
(y, u, [xz], v) + Λ

22
([yx], u, z, v)+

+Λ
22
(y, [ux], z, v) + Λ

21
(y, u, Λ

12
(x, z, v))− Λ

12
(Λ
21
(y, u, x), z, v)+

+b(x, b(y, u, v), z)− Λ
12
(y, b(x, u, z), v)− Λ

12
(u, b(x, y, z), v)−

−Λ
21
(b(x, y, v), u, z)− Λ

21
(b(x, u, v), y, z)− [y[b(x, u, z)v]] + [yb(x, u, [zv])]−

−[[ub(x, y, v)]z]− [[yb(x, u, v)]z]− [u[b(x, y, z)v]] + [yb(x, y, [zv])]+

+[b(x, [uy], z)v] + [b(x, [uy], v)z]− b(x, [uy], [zv]),

(24)
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c
21
(x, y, z, u, v) = Λ

23
(y, v, x, z, u)− Λ

32
(y, x, v, z, u) + [c

1
(x, y, z, v)u]+

+[c
1
(x, y, u, v)z]− c

1
(x, y, [zu], v) + [yc

2
(x, v, z, u)] + [vc

2
(x, y, z, u)]−

−c
2
(x, [vy], z, u)− Λ

22
(y, v, [xz], u)− Λ

22
([xy], v, z, u)− Λ

22
(y, v, [xu], z)−

−Λ
22
(y, [xv], z, u) + Λ

21
(y, v, Λ

21
(x, z, u))− Λ

12
(Λ
21
(y, v, x), z, u)−

−b(x, y, b(z, u, v))− Λ
12
(b(x, y, z), v, u)− Λ

21
(b(x, y, u), v, z)−

−Λ
12
(y, b(x, v, z), u)− Λ

13
(y, b(x, v, u), z)− [[vb(x, u, z)]u]+

+[vb(x, y, [zu])] + [b(x, [vy], z)u]− b(x, [vy], [zu])− [y[b(x, v, z)u]]−

−[y[b(x, v, u)z]] + [yb(x, v, [zu]] + [b(x, [vy], u)z]− [[vb(x, y, u)]z,

(25)

c
22
(x, y, z, u, v) = Λ

14
(y, x, z, u, v)− Λ

23
(y, x, z, u, v) + [c

2
(x, y, z, v)u]+

+[c
2
(x, y, z, u)v] + [c

2
(x, y, u, v)z]− c

2
(x, y, [zu], v)− c

2
(x, y, [zv], u)−

−c
2
(x, y, z, [uv]) + Λ

12
(y, Λ

12
(x, z, u), v) + Λ

12
(y, Λ

12
(x, z, v), u)+

+Λ
12
(y, Λ

12
(x, u, v), z)− Λ

12
(b(x, y, z), u, v) + b(x, y, Λ

12
(z, u, v))−

−Λ
12
(b(x, y, v), z, u)− Λ

12
(b(x, y, u), z, v)− b(x, y, [[zv]u]) + [b(x, y, [zv])u]+

+[b(x, y, [zu])v]− b(x, y, [[zu]v]) + [b(x, y, [uv])z] + [Λ
13
(x, z, u, v)y]−

−Λ
13
([xy], z, u, v)− Λ

13
(y, [xz], u, v)− Λ

13
(y, z, [xu], v)− Λ

13
(y, z, u, [xv]).

(26)

Ñ ïîìîùüþ ýòèõ ñîîòíîøåíèé çàìåíÿåì â ïîëó÷åííûõ ðàâåíñòâàõ êîýôôè-

öèåíòû ðÿäà íà òåíçîðû è ïîëó÷àåì òåíçîðíûå ñîîòíîøåíèÿ, õàðàêòåðèçó-

þùèå ýëàñòè÷íûå òêàíè.

3. Äëÿ íà÷àëà ðàññìîòðèì îêðåñòíîñòè äî òðåòüåãî ïîðÿäêà âêëþ÷èòåëü-

íî.

Ëåììà 1 Â îêðåñòíîñòè âòîðîãî ïîðÿäêà òîæäåñòâî (1) íå äàåò ñîîò-

íîøåíèé íà îñíîâíûå òåíçîðû òêàíè.

Äîêàçàòåëüñòâî Èñïîëüçóÿ (18) ðàñïèøåì ïðàâóþ è ëåâóþ ÷àñòü âûðàæå-

íèÿ (1) äî ÷ëåíîâ âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî:

x(yx) = x+ yx+ Λ(x, yx) + {3} = 2x+ y + Λ(y, x) + Λ(x, x) + Λ(x, y) + {3};

(xy)x = xy + x+ Λ(xy, x) + {3} = 2x+ y + Λ(x, y) + Λ(x, x) + Λ(y, x) + {3}.

Êàê âèäíî, ÷ëåíû ïåðâîãî è âòîðîãî ïîðÿäêà â ýòèõ ðàçëîæåíèÿõ îäèíàêî-

âû.
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Ëåììà 2 Ïðè ðàññìîòðåíèè òðåòüåé îêðåñòíîñòè òîæäåñòâà (1) ïîëó-

÷àåì ñîîòíîøåíèå íà òåíçîð êðèâèçíû:

b(x, y, z) = −b(x, z, y).

Äîêàçàòåëüñòâî Èñïîëüçóÿ (18), ðàñïèøåì ïðàâóþ è ëåâóþ ÷àñòü âûðàæå-

íèÿ (1). Âûïèøåì òîëüêî ÷ëåíû òðåòüåãî ïîðÿäêà:

Λ
3
(x(yx)) = Λ(x,Λ(y, x)) +

1

2
Λ
12
(x, y, y) + Λ

12
(x, x, y) +

1

2
Λ
12
(x, x, x)+

+
1

2
Λ
21
(x, x, x) +

1

2
Λ
21
(x, x, y) +

1

2
Λ
12
(y, x, x) +

1

2
Λ
21
(y, y, x),

(27)

Λ
3
((xy)x) =

1

2
Λ
12
(x, y, y) +

1

2
Λ
21
(x, x, y) + Λ(Λ(x, y), x) +

1

2
Λ
12
(x, x, x)+

+
1

2
Λ
12
(y, x, x) +

1

2
Λ
21
(x, x, x) + Λ

21
(x, y, x) +

1

2
Λ
21
(y, y, x).

(28)

Ïðèðàâíèâàåì ïðàâûå ÷àñòè ðàâåíñòâ (27) è (28), ïðèâîäèì ïîäîáíûå:

Λ(x,Λ(y, x)) + Λ
12
(x, x, y) = Λ(Λ(x, y), x) + Λ

21
(x, y, x),

Λ
12
(x, y, x)− Λ

21
(x, y, x) + Λ(x,Λ(y, x))− Λ(Λ(x, y), x) = 0.

Â ñèëó ñîîòíîøåíèé (19) ýòè ðàâåíñòâà çàïèøåì â âèäå:

Λ
12
(x, y, x)− Λ

21
(x, y, x) + [x[yx]]− [[xy]x] = 0.

Ñðàâíèâàÿ ñ ñîîòíîøåíèåì (20), ïîëó÷èì ðàâåíñòâî (17). Ëèíåàðèçóåì åãî:

b(x, u+ v, u+ v) = 0,

b(x, u, u) + b(x, u, v) + b(x, v, u) + b(x, v, v) = 0.

Â ñèëó ñîîòíîøåíèé (17) îòñþäà ïîëó÷àåì ñîîòíîøåíèå (9).

Êàê èçâåñòíî, ñîîòíîøåíèå (9) íåîáõîäèìî è äîñòàòî÷íî äëÿ òîãî, ÷òîáû

òðè-òêàíü áûëà ñðåäíåé òêàíüþ Áîëà [1]. Òàêèì îáðàçîì, ýëàñòè÷íàÿ òêàíü

ÿâëÿåòñÿ ñðåäíåé òêàíüþ Áîëà Bm è äëÿ íåå ñïðàâåäëèâû íàïèñàííûå âûøå

ñîîòíîøåíèÿ (9)-(12).

Ëåììà 3 Êîýôôèöèåíòû òðåòüåãî ïîðÿäêà ðÿäà Òåéëîðà (18) ýëàñòè÷íîé

òêàíè ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèåì:

Λ
12
(x, y, z) = Λ

21
(z, y, x). (29)
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Äîêàçàòåëüñòâî Äëÿ äîêàçàòåëüñòâà ýòîãî ôàêòà âîñïîëüçóåìñÿ òîæäå-

ñòâîì (10), êîòîðîå ñ ó÷åòîì (9) ïåðåïèøåì â ñëåäóþùåì âèäå:

b(x, y, z)− b(y, x, z) + b(z, x, y) = 2([[xy]z] + [[yz]x] + [[zx]y]).

Èñïîëüçóÿ ñîîòíîøåíèå (20), âûðàçèì òåíçîð êðèâèçíû b ÷åðåç êîýôôèöè-

åíòû ðÿäà Òåéëîðà è ïîäñòàâèì åãî â ïðåäûäóùåå ñîîòíîøåíèå. Ïîëó÷èì:

Λ
12
(y, x, z)− Λ

21
(y, x, z) + [y[xz]]− [[yx]z]−

−Λ
12
(x, y, z) + Λ

21
(x, y, z)− [x[yz]] + [[xy]z]+

+Λ
12
(x, z, y)− Λ

21
(x, z, y) + [x[zy]]− [[xz]y] =

= 2([[xy]z] + [[yz]x] + [[zx]y]).

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ñëàãàåìûõ ïîëó÷èì (29).

4. Ðàññìîòðèì ÷åòâåðòóþ îêðåñòíîñòü ðàâåíñòâà (1).

Ëåììà 4 Ïðè ðàññìîòðåíèè ÷åòâåðòîé îêðåñòíîñòè òîæäåñòâà (1) ïî-

ëó÷èì ñëåäóþùåå ñîîòíîøåíèå íà îñíîâíûå òåíçîðû òêàíè E:

b(x, y, a(x, y)) = 0. (30)

Äîêàçàòåëüñòâî 1. Èñïîëüçóÿ (18), ðàñïèøåì ïðàâóþ è ëåâóþ ÷àñòü ðàâåí-

ñòâà (1). Âûïèøåì òîëüêî ÷ëåíû ÷åòâåðòîãî ïîðÿäêà:

Λ
4
((xy)x) =

1

6
Λ
13
(x, y, y, y) +

1

4
Λ
22
(x, x, y, y) +

1

6
Λ
31
(x, x, x, y)+

+
1

2
Λ(Λ

12
(x, y, y), x) +

1

2
Λ(Λ

21
(x, x, y), x) +

1

2
Λ
12
(Λ(x, y), x, x)+

+Λ
21
(x,Λ(x, y), x) + Λ

21
(Λ(x, y), y, x) +

1

6
Λ
13
(x, x, x, x) +

1

6
Λ
13
(y, x, x, x)+

+
1

4
Λ
22
(x, x, x, x) +

1

2
Λ
22
(y, x, x, x) +

1

4
Λ
22
(y, y, x, x) +

1

6
Λ
31
(x, x, x, x)+

+
1

2
Λ
31
(y, x, x, x) +

1

2
Λ
31
(y, y, x, x) +

1

6
Λ
31
(y, y, y, x);

(31)

Λ
4
(x(yx)) =

1

2
Λ(x, Λ

12
(y, x, x)) +

1

2
Λ(x, Λ

21
(y, y, x)) +

1

2
Λ
21
(x, x, Λ(y, x))+

+Λ
12
(x, x, Λ(y, x)) + Λ

12
(x, y, Λ(y, x)) +

1

6
Λ
13
(x, y, y, y) +

1

2
Λ
13
(x, x, y, y)+

+
1

2
Λ
13
(x, x, x, y) +

1

6
Λ
13
(x, x, x, x) +

1

4
Λ
22
(x, x, x, x) +

1

2
Λ
22
(x, x, x, y)+

+
1

4
Λ
22
(x, x, y, y) +

1

6
Λ
31
(x, x, x, x) +

1

6
Λ
31
(x, x, x, y) +

1

6
Λ
13
(y, x, x, x)+

+
1

4
Λ
22
(y, y, x, x) +

1

6
Λ
31
(y, y, y, x).

(32)
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Ïðèðàâíèâàÿ â ïðàâûõ ÷àñòÿõ ýòèõ ðàâåíñòâ êîýôôèöèåíòû ïðè îäèíàêî-

âûõ íàáîðàõ ïåðåìåííûõ, ïîëó÷èì ðàâåíñòâà:

1

6
Λ
31
(x, x, x, y) +

1

2
Λ
12
(Λ(x, y), x, x) +

1

2
Λ(Λ

21
(x, x, y), x) + Λ

21
(x,Λ(x, y), x)+

+
1

6
Λ
13
(y, x, x, x) +

1

2
Λ
22
(y, x, x, x) +

1

2
Λ
31
(y, x, x, x) =

1

2
Λ(x, Λ

12
(y, x, x))+

+
1

2
Λ
21
(x, x, Λ(y, x)) +

1

2
Λ
13
(x, x, x, y) +

1

2
Λ(x, Λ

21
(y, x, x) +

1

2
Λ
22
(x, x, x, y)+

+
1

6
Λ
31
(x, x, x, y) +

1

6
Λ
13
(y, x, x, x),

(33)

1

4
Λ
22
(x, x, y, y) +

1

2
Λ(Λ

12
(x, y, y), x) + Λ

21
(Λ(x, y), y, x) +

1

4
Λ
22
(y, y, x, x)+

+
1

2
Λ
31
(y, y, x, x) =

1

2
Λ(x, Λ

21
(y, y, x)) + Λ

12
(x, y, Λ(y, x)) +

1

2
Λ
13
(x, x, y, y)+

+
1

4
Λ
22
(x, x, y, y) +

1

4
Λ
22
(y, y, x, x).

(34)

2. Ðàññìîòðèì ðàâåíñòâî (33). Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ïðèäåì ê ðà-

âåíñòâó

Λ
12
(Λ(x, y), x, x) + Λ(Λ

21
(x, x, y), x) + 2Λ

21
(x,Λ(x, y), x) + Λ

22
(y, x, x, x)+

+Λ
31
(y, x, x, x)− Λ(x, Λ

12
(y, x, x))− Λ

21
(x, x, Λ(y, x))− Λ

13
(x, x, x, y)−

−2Λ(x, Λ
21
(y, x, x)− Λ

22
(x, x, x, y) = 0.

Ïåðåïèøåì ýòî ðàâåíñòâî, âîñïîëüçîâàâøèñü ôîðìóëîé (19):

Λ
12
([yx], x, x) + [xΛ

21
(x, x, y)] + 2Λ

21
([yx], x, x) + Λ

22
(y, x, x, x)+

+Λ
31
(y, x, x, x)− [Λ

12
(y, x, x), x]− 2Λ

12
(x, x, [xy])− Λ

13
(x, x, x, y)−

−[Λ
21
(y, x, x), x]− Λ

22
(x, x, x, y) = 0.

(35)

Â äàííîì ðàâåíñòâå ñîäåðæàòñÿ ðàçíîñòè Λ
31
(y, x, x, x) − Λ

22
(x, x, x, y) è

Λ
22
(y, x, x, x) − Λ

13
(x, x, x, y). Íàéä¼ì èõ ñ ïîìîùüþ ôîðìóë (21) è (22), èç

êîòîðûõ ïîëó÷àåì:

c
1
(y, x, x, x) = Λ

22
(x, x, y, x)− Λ

31
(x, x, y, x) + [xb(y, x, x)] + [xb(y, x, x)]−

−b(y, [xx], x) + [Λ
21
(x, x, y)x]− Λ

21
([yx], x, x)− Λ

21
(x, [yx], x)− Λ

21
(x, x, [yx]),

c
2
(y, x, x, x) = Λ

13
(x, y, x, x)− Λ

22
(x, y, x, x) + [b(y, x, x)x] + [b(y, x, x)x]−

−b(y, x, [xx])− [xΛ
12
(y, x, x)] + Λ

12
([xy], x, x) + Λ

12
(x, [xy], x) + Λ

12
(x, x, [xy]).
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Òàê êàê òåíçîðû c
1
, c
2
, b êîñîñèììåòðè÷íû ïî âòîðîìó è òðåòüåìó àðãóìåíòó,

à îïåðàöèÿ [ ] òàêæå êîñîñèììåòðè÷íà, òî îòñþäà èìååì:

0 = Λ
22
(x, x, y, x)− Λ

31
(x, x, y, x) + [Λ

21
(x, x, y)x]−

−Λ
21
([yx], x, x)− Λ

21
(x, [yx], x)− Λ

21
(x, x, [yx]),

0 = Λ
13
(x, y, x, x)− Λ

22
(x, y, x, x)− [xΛ

12
(y, x, x)]+

+Λ
12
([xy], x, x) + Λ

12
(x, [xy], x) + Λ

12
(x, x, [xy]).

Âûðàçèì ðàçíîñòè Λ
31
(y, x, x, x)−Λ

22
(x, x, x, y) è Λ

22
(y, x, x, x)−Λ

13
(x, x, x, y). Òàê

êàê Λ
31
- ñèììåòðè÷íà ïî ïåðâûì òð¼ì, Λ

22
- ïî ïåðâûì äâóì è ïîñëåäíèì äâóì,

Λ
13
- ïî ïîñëåäíèì òð¼ì àðãóìåíòàì, òî ïîëó÷àåì:

Λ
31
(x, x, y, x)− Λ

22
(x, x, y, x) = [Λ

21
(x, x, y)x]−

−Λ
21
([yx], x, x)− Λ

21
(x, [yx], x)− Λ

21
(x, x, [yx]),

Λ
22
(x, y, x, x)− Λ

13
(x, y, x, x) = −[xΛ

12
(y, x, x)]+

+Λ
12
([xy], x, x) + Λ

12
(x, [xy], x) + Λ

12
(x, x, [xy]).

Ïîäñòàâèâ ýòè ðàçíîñòè â (35), ïîëó÷èì ðàâåíñòâî:

Λ
12
([yx], x, x) + [xΛ

21
(x, x, y)] + 2Λ

21
([yx], x, x)− [Λ

12
(y, x, x), x]− 2Λ

12
(x, x, [xy])−

−[Λ
21
(y, x, x), x] + [Λ

21
(x, x, y)x]− Λ

21
([yx], x, x)− Λ

21
(x, [yx], x)− Λ

21
(x, x, [yx])−

−[xΛ
12
(y, x, x)] + Λ

12
([xy], x, x) + Λ

12
(x, [xy], x) + Λ

12
(x, x, [xy]) = 0,

êîòîðîå óäîâëåòâîðÿåòñÿ òîæäåñòâåííî. Òàêèì îáðàçîì, ðàâåíñòâî (33) íå

äàåò íîâûõ ñîîòíîøåíèé íà òåíçîðû ýëàñòè÷íîé òðè-òêàíè.

3. Ðàññìîòðèì ðàâåíñòâî (34). Ïåðåïèøåì åãî â ñëåäóþùåé ôîðìå, ïåðå-

íåñÿ âñå ñëàãàåìûå â îäíó ñòîðîíó è ïðèâåäÿ ïîäîáíûå:

1

2
Λ(Λ

12
(x, y, y), x) + Λ

21
(Λ(x, y), y, x) +

1

2
Λ
31
(y, y, x, x)−

−1

2
Λ(x, Λ

21
(y, y, x))− Λ

12
(x, y, Λ(y, x))− 1

2
Λ
13
(x, x, y, y) = 0.

Äàëåå óìíîæèì ðàâåíñòâî íà 2 è çàìåíèì Λ ïî ôîðìóëå (19):

[xΛ
12
(x, y, y)] + 2Λ

21
([yx], y, x) + Λ

31
(y, y, x, x)−

−[Λ
21
(y, y, x)x]− 2Λ

12
(x, y, [xy])− Λ

13
(x, x, y, y) = 0.

(36)
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Ðàâåíñòâî ñîäåðæèò ðàçíîñòü Λ
31
(y, y, x, x) − Λ

13
(x, x, y, y). Âûðàçèì åå ÷åðåç

òåíçîðû è ìíîãî÷ëåíû áîëåå íèçêîãî ïîðÿäêà. Äëÿ ýòîãî âîñïîëüçóåìñÿ

ôîðìóëàìè (21) è (22), èç êîòîðûõ íàõîäèì:

c
1
(y, x, x, y) = Λ

22
(x, y, y, x)− Λ

31
(x, y, y, x) + [yb(y, x, x)] + [xb(y, y, x)]−

−b(y, [yx], x) + [Λ
21
(x, y, y)x]− Λ

21
([yx], y, x)− Λ

21
(x, [yy], x)− Λ

21
(x, y, [yx]),

c
2
(y, x, x, y) = Λ

13
(x, y, x, y)− Λ

22
(x, y, x, y) + [b(y, x, x)y] + [b(y, x, y)x]−

−b(y, x, [xy])− [xΛ
12
(y, x, y)] + Λ

12
([xy], x, y) + Λ

12
(x, [xy], y) + Λ

12
(x, x, [yy]).

Èñïîëüçóÿ êîñîñèìåòðè÷íîñòü òåíçîðîâ c
1
, c
2
, b è ñèììåòðè÷íîñòü ìíîãî÷ëå-

íîâ ðÿäà Òåéëîðà, ïîëó÷èì:

0 = Λ
22
(x, y, y, x)− Λ

31
(x, y, y, x) + [xb(y, y, x)]−

−b(y, [yx], x) + [Λ
21
(x, y, y)x]− Λ

21
([yx], y, x)− Λ

21
(x, y, [yx]),

0 = Λ
13
(x, y, y, x)− Λ

22
(x, y, y, x) + [b(y, x, y)x]−

−b(y, x, [xy])− [xΛ
12
(y, x, y)] + Λ

12
([xy], x, y) + Λ

12
(x, [xy], y).

Ñêëàäûâàÿ, íàõîäèì ðàçíîñòü Λ
31
(x, y, y, x)− Λ

13
(x, y, y, x):

Λ
31
(x, y, y, x)− Λ

13
(x, y, y, x) = 2[xb(y, y, x)] + [Λ

21
(x, y, y)x]− Λ

21
([yx], y, x)−

−Λ
21
(x, y, [yx]) + 2b(y, x, [yx])− [xΛ

12
(y, x, y)] + Λ

12
([xy], x, y) + Λ

12
(x, [xy], y).

Ïîäñòàâëÿåì íàéäåííóþ ðàçíîñòü â èñõîäíîå òîæäåñòâî (36):

2[xb(y, y, x)] + [Λ
21
(x, y, y)x]− Λ

21
([yx], y, x)− Λ

21
(x, y, [yx]) + 2b(y, x, [yx])−

−[xΛ
12
(y, x, y)] + Λ

12
([xy], x, y) + Λ

12
(x, [xy], y) + [xΛ

12
(x, y, y)] + 2Λ

21
([yx], y, x)−

−[Λ
21
(y, y, x)x]− 2Λ

12
(x, y, [xy]) = 0.

Èñïîëüçóÿ êîñîñèììåòðè÷íîñòü êîììóòàòîðà è ñèììåòðè÷íîñòü ìíîãî÷ëå-

íîâ ðÿäà Òåéëîðà, ïåðåïèøåì ýòî ñîîòíîøåíèå â ñëåäóþùåé ôîðìå:

[xb(y, y, x)]− [xΛ
21
(x, y, y)]− [xΛ

12
(y, y, x)] + [xΛ

12
(x, y, y)] + [xΛ

21
(y, y, x)]+

+2b(y, x, [yx]) + Λ
21
([xy], y, x) + Λ

21
(x, y, [xy]) + Λ

12
([xy], x, y) + Λ

12
(x, y, [xy])−

−2Λ
21
([xy], y, x)− 2Λ

12
(x, y, [xy]) = 0.
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Ïðèâåä¼ì ïîäîáíûå:

[x, 2b(y, y, x) + Λ
12
(x, y, y)− Λ

21
(x, y, y) + Λ

21
(y, y, x)− Λ

12
(y, y, x)]+

+2b(y, x, [yx]) + Λ
12
([xy], y, x)− Λ

21
([xy], y, x) + Λ

21
(x, y, [xy])− Λ

12
(x, y, [xy]) = 0.

(37)

Âîñïîëüçóåìñÿ ôîðìóëîé (20), çàïèñàííîé â ñëåäóþùåé ôîðìå:

Λ
12
(y, x, z)− Λ

21
(y, x, z) = b(x, y, z)− [y[xz]] + [[yx]z].

Îòñþäà, ó÷èòûâàÿ êîñîñèììåòðè÷íîñòü êîììóòàòîðà, ïîëó÷àåì ñëåäóþùèå

òîæäåñòâà:

Λ
12
(x, y, y)− Λ

21
(x, y, y) = b(y, x, y) + [[xy]y],

Λ
12
(y, y, x)− Λ

21
(y, y, x) = b(y, y, x)− [y[yx]],

Λ
12
([xy], y, x)− Λ

21
([xy], y, x) = b(y, [xy], x) + [[[xy]y]x],

Λ
12
(x, y, [xy])− Λ

21
(x, y, [xy]) = b(y, x, [xy])− [x[y[xy]]].

Ïîäñòàâëÿÿ ïîëó÷åííûå ðàâåíñòâà â (37), ïîëó÷àåì:

[x, 2b(y, y, x) + b(y, x, y) + [[xy]y]− b(y, y, x) + [y[yx]]]+

+2b(y, x, [yx]) + b(y, [xy], x) + [[[xy]y]x]− b(y, x, [xy]) + [x[y[xy]]] = 0.

Ïðèâîäèì ïîäîáíûå, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ, è ïðèõîäèì

ê òîæäåñòâó (30):

b(y, x, [yx]) = 0.

5. Èñïîëüçóÿ ðàíåå äîêàçàííûå ðàâåíñòâà, ìîæíî íàéòè íîâûå ñîîòíîøåíèÿ

â ÷åòâåðòîé îêðåñòíîñòè è îêðåñòíîñòÿõ áîëåå âûñîêîãî ïîðÿäêà.

Ëåììà 5 Îñíîâíûå òåíçîðû òêàíè E ñâÿçàíû ñëåäóþùèìè ñîîòíîøåíè-

ÿìè:

b(x, y, [x[xy]]) = 0, (38)

b(x, x, [xy]) = 0, (39)

b(x, y, [y[xy]]) = 0, (40)

b([xy], y, [xy]) = 0, (41)

b(x, x, [y[xy]]) = 0. (42)
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Äîêàçàòåëüñòâî 1. Ëèíåàðèçóåì ñîîòíîøåíèå (30) ïî âòîðîìó è ÷åòâåðòîìó

àðãóìåíòó:

b(x, u, [xv]) + b(x, v, [xu]) = 0. (43)

Ïîëàãàÿ â (43) u = y è v = [xy], ïîëó÷èì

b(x, y, [x[xy]]) + b(x, [xy], [xy]) = 0.

Â ñèëó êîñîñèììåòðè÷íîñòè òåíçîðà b ïî äâóì ïîñëåäíèì àðãóìåíòàì, îò-

ñþäà ïîëó÷àåì ñîîòíîøåíèå (38).

Ïîëàãàÿ â (43) u = x è v = y, ïîëó÷àåì:

b(x, x, [xy]) + b(x, y, [xx]) = 0,

èç êîòîðîãî ñëåäóåò ñîîòíîøåíèå (39).

2. Ëèíåàðèçóåì ñîîòíîøåíèå (30) ïî ïåðâîìó è òðåòüåìó àðãóìåíòó:

b(u, y, [vy]) + b(v, y, [uy]) = 0. (44)

Ïîëàãàÿ â (44) u = x è v = [xy], ïîëó÷èì:

b(x, y, [[xy]y]) + b([xy], y, [xy]) = 0. (45)

Âîñïîëüçóåìñÿ ñîîòíîøåíèåì (11). Ïîëîæèì â í¼ì z = y è t = [xy]:

b(x, y, [y[xy]])− b(y, x, [y[xy]]) + b([xy], y, [xy]) = [xb(y, y, [xy])]− [yb(x, y, [xy])],

è âîñïîëüçóåìñÿ ñîîòíîøåíèåì (30), à òàêæå óæå äîêàçàííûìè (38) è (39).

Â ðåçóëüòàòå ïðèäåì ê ðàâåíñòâó

b(x, y, [y[xy]]) + b([xy], y, [xy]) = 0. (46)

Äàëåå ðåøàÿ ñèñòåìó, ñîñòîÿùóþ èç (46) è (45), ïîëó÷àåì ñîîòíîøåíèÿ (40)

è (41).

3. Ëèíåàðèçóåì ñîîòíîøåíèå (30):

b(x, y, [uv]) + b(u, y, [xv]) + b(x, v, [uy]) + b(u, v, [xy]) = 0.

Ïîëàãàÿ x = y è v = [xu], ïîëó÷àåì:

b(x, x, [u[xu]]) + b(u, x, [x[xu]]) + b(x, [xu], [ux]) + b(u, [xu], [xx]) = 0.

Îòñþäà, ñ ó÷¼òîì ðàíåå äîêàçàííîãî òîæäåñòâà (40) è êîññîñèììåòðè÷íîñòè

òåíçîðîâ a è b, ïîëó÷àåì (42).
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Ïðîäèôôåðåíöèðóåì ïîëó÷åííîå ñîîòíîøåíèå (30), èñïîëüçóÿ êîâàðè-

àíòíîå äèôôåðåíöèðîâàíèå 5. Äëÿ ýòîãî ïåðåïèøåì (30) â êîîðäèíàòíîé

ôîðìå:

Sym
j,l

Sym
k,m

bijkpa
p
lm = 0,

ãäå Sym
j,l

� îïåðàòîð ñèììåòðèðîâàíèÿ ïî èíäåêñàì j è l. Äèôôåðåíöèðóåì

äàííîå ñîîòíîøåíèå, â ñèëó ñâîéñòâ îïåðàòîðà äèôôåðåíöèðîâàíèÿ íàõî-

äèì:

Sym
j,l

Sym
k,m

(5bijkpa
p
lm + bijkp 5 aplm) = 0. (47)

Èñïîëüçóÿ (13) è (14), ïîëó÷èì:

Sym
j,l

Sym
k,m

(cijkpqa
p
lm − b

i
jkpb

p
[lm]q) = 0,

Sym
j,l

Sym
k,m

(bijsqa
s
kpa

p
lm − b

i
jska

s
pqa

p
lm − b

i
jspa

s
qka

p
lm −

1

2
bijkpb

p
lmq +

1

2
bijkpb

p
mlq) = 0.

Çàïèøåì ýòè ðàâåíñòâà â âåêòîðíîé ôîðìå è çàòåì îòîæäåñòâèì ïåðåìåí-

íûå, ïî êîòîðûì âåäåòñÿ ñèììåòðèðîâàíèå. Ïîëó÷èì:

b(x, [y[xy]], z)−b(x, [[xy]z], y)−b(x, [zy], [xy])−1

2
b(x, y, b(x, y, z))+

1

2
b(x, y, b(y, x, z)) = 0.

Ïîëàãàÿ çäåñü z = x èëè z = y, ïîëó÷àåì:

b(x, [y[xy]], x)−b(x, [[xy]x], y)−b(x, [xy], [xy])−1

2
b(x, y, b(x, y, x))+

1

2
b(x, y, b(y, x, x)) = 0,

b(x, [y[xy]], y)−b(x, [[xy], y]y)−b(x, [yy], [xy])−1

2
b(x, y, b(x, y, y))+

1

2
b(x, y, b(y, x, y)) = 0.

Äàëåå, ïîëüçóÿñü êîñîñèììåòðè÷íîñòüþ òåíçîðà b è ðàíåå äîêàçàííûìè ñî-

îòíîøåíèÿìè (38)�(42), ïîëó÷èì íîâûå ñîîòíîøåíèÿ íà òåíçîðû êðèâèçíû:

b(x, y, b(x, x, y)) = 0, (48)

b(x, y, b(y, y, x)) = 0. (49)

6. Ðàññìîòðèì ïÿòóþ îêðåñòíîñòü ñîîòíîøåíèÿ (1). Ðàñïèøåì ïðàâóþ è

ëåâóþ ÷àñòü, èñïîëüçóÿ ðÿä Òåéëîðà è âûïèøåì òîëüêî ìíîãî÷ëåíû ïÿòîãî
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ïîðÿäêà:

Λ
5
((xy)x) =

1

24
Λ
41
(x, x, x, x, y) +

1

12
Λ
32
(x, x, x, y, y) +

1

12
Λ
23
(x, x, y, y, y)+

+
1

24
Λ
14
(x, y, y, y, y) +

1

6
Λ(Λ

31
(x, x, x, y), x) +

1

4
Λ(Λ

22
(x, x, y, y), x)+

+
1

6
Λ(Λ

13
(x, y, y, y), x) +

1

2
Λ
21
(Λ
21
(x, x, y), x, x) +

1

2
Λ
21
(Λ
12
(x, y, y), x, x)+

+
1

2
Λ
21
(Λ
21
(x, x, y), y, x) +

1

2
Λ
21
(Λ
12
(x, y, y), y, x) +

1

2
Λ
21
(Λ(x, y), Λ(x, y), x)+

+
1

4
Λ
12
(Λ
21
(x, x, y), x, x) +

1

4
Λ
12
(Λ
12
(x, y, y), x, x) +

1

2
Λ
31
(Λ(x, y), x, x, x)+

+Λ
31
(Λ(x, y), x, y, x) +

1

2
Λ
31
(Λ(x, y), y, y, x) +

1

2
Λ
22
(Λ(x, y), x, x, x)+

+
1

2
Λ
22
(Λ(x, y), y, x, x) +

1

6
Λ
13
(Λ(x, y), x, x, x) +

1

6
Λ
41
(x, x, x, y, x)+

+
1

4
Λ
41
(x, x, y, y, x) +

1

6
Λ
41
(x, y, y, y, x) +

1

24
Λ
41
(y, y, y, y, x)+

+
1

4
Λ
32
(x, x, y, x, x) +

1

4
Λ
32
(x, y, y, x, x) +

1

12
Λ
32
(y, y, y, x, x)+

+
1

6
Λ
23
(x, y, x, x, x) +

1

12
Λ
23
(y, y, x, x, x) +

1

24
Λ
14
(y, x, x, x, x),

(50)

Λ
5
(x(yx)) =

1

24
Λ
41
(y, y, y, y, x) +

1

12
Λ
32
(y, y, y, x, x) +

1

12
Λ
23
(y, y, x, x, x)+

+
1

24
Λ
14
(y, x, x, x, x) + Λ(x,

1

6
Λ
31
(y, y, y, x)) + Λ(x,

1

4
Λ
22
(y, y, x, x))+

+Λ(x,
1

6
Λ
13
(y, x, x, x)) +

1

2
Λ
21
(x, x,

1

2
Λ
21
(y, y, x)) +

1

2
Λ
21
(x, x,

1

2
Λ
12
(y, x, x))+

+Λ
12
(x, x,

1

2
Λ
21
(y, y, x)) + Λ

12
(x, x,

1

2
Λ
12
(y, x, x)) + Λ

12
(x, y,

1

2
Λ
21
(y, y, x))+

+Λ
12
(x, y,

1

2
Λ
12
(y, x, x)) +

1

2
Λ
12
(x,Λ(y, x), Λ(y, x)) +

1

6
Λ
31
(x, x, x, Λ(y, x))+

+
1

2
Λ
22
(x, x, Λ(y, x), x) +

1

2
Λ
22
(x, x, Λ(y, x), y) +

1

2
Λ
13
(x, x, x, Λ(y, x))+

+Λ
13
(x, x, y, Λ(y, x)) +

1

2
Λ
13
(x,Λ(y, x), y, y) +

1

24
Λ
41
(x, x, x, x, y)+

+
1

6
Λ
32
(x, x, x, x, y) +

1

12
Λ
32
(x, x, x, y, y) +

1

4
Λ
23
(x, x, x, x, y)+

+
1

4
Λ
23
(x, x, x, y, y) +

1

12
Λ
23
(x, x, y, y, y) +

1

6
Λ
14
(x, x, x, x, y)+

+
1

4
Λ
14
(x, x, x, y, y) +

1

6
Λ
14
(x, x, y, y, y) +

1

24
Λ
14
(x, y, y, y, y).

(51)
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Äàëåå ïðèðàâíèâàåì ïðàâûå ÷àñòè (50) è (51). Ïðèðàâíèâàÿ êîìïîíåíòû

ñ îäèíàêîâûì íàáîðîì ïåðåìåííûõ ïîëó÷èì òðè ðàâåíñòâà:

1

6
Λ(Λ

13
(y, x, x, x), x) +

1

6
Λ(Λ

31
(x, x, x, y), x) +

1

2
Λ
21
(Λ
21
(x, x, y), x, x)−

−1

4
Λ
21
(x, x, Λ

12
(y, x, x)) +

1

4
Λ
12
(Λ
21
(x, x, y), x, x)− 1

2
Λ
12
(x, x, Λ

12
(y, x, x))+

+
1

2
Λ
31
(Λ(x, y), x, x, x)− 1

6
Λ
31
(x, x, x, Λ(y, x)) +

1

2
Λ
22
(Λ(x, y), x, x, x)−

−1

2
Λ
22
(x, x, Λ(y, x), x) +

1

6
Λ
13
(Λ(x, y), x, x, x)− 1

2
Λ
13
(x, x, x, Λ(y, x))+

+
1

4
Λ
32
(x, x, y, x, x)− 1

6
Λ
32
(x, x, x, x, y) +

1

6
Λ
41
(x, x, x, y, x)−

−1

4
Λ
23
(x, x, x, x, y) +

1

6
Λ
23
(x, y, x, x, x)− 1

6
Λ
14
(x, x, x, x, y) = 0,

(52)

1

4
Λ(Λ

22
(x, x, y, y), x) +

1

2
Λ
21
(Λ
12
(x, y, y), x, x) +

1

2
Λ
21
(Λ
21
(x, x, y), y, x)+

+
1

2
Λ
21
(Λ(x, y), Λ(x, y), x) +

1

4
Λ
12
(Λ
12
(x, y, y), x, x) + Λ

31
(Λ(x, y), x, y, x)+

+
1

2
Λ
22
(Λ(x, y), y, x, x) +

1

4
Λ
41
(x, x, y, y, x) +

1

4
Λ
32
(x, y, y, x, x)−

−1

4
Λ(x, Λ

22
(y, y, x, x))− 1

4
Λ
21
(x, x, Λ

21
(y, y, x))− 1

2
Λ
12
(x, x, Λ

21
(y, y, x))−

−1

2
Λ
12
(x, y, Λ

12
(y, x, x))− 1

2
Λ
12
(x,Λ(y, x), Λ(y, x))− 1

2
Λ
22
(x, x, Λ(y, x), y)−

−Λ
13
(x, x, y, Λ(y, x))− 1

4
Λ
23
(x, x, x, y, y)− 1

4
Λ
14
(x, x, x, y, y) = 0,

(53)

1

6
Λ(Λ

13
(x, y, y, y), x) +

1

2
Λ
21
(Λ
12
(x, y, y), y, x) +

1

2
Λ
31
(Λ(x, y), y, y, x)+

+
1

6
Λ
41
(x, y, y, y, x)− Λ(x, 1

6
Λ
31
(y, y, y, x))− 1

2
Λ
12
(x, y, Λ

21
(y, y, x))−

−1

2
Λ
13
(x,Λ(y, x), y, y)− 1

6
Λ
14
(x, x, y, y, y) = 0.

(54)

Ëåììà 6 Ðàâåíñòâî (52) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî.
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Äîêàçàòåëüñòâî 1. Ñíà÷àëà ñ ïîìîùüþ ôîðìóëû (19) èñêëþ÷èì â (52) ìíî-

ãî÷ëåíû Λ:

1

6
[xΛ

13
(y, x, x, x)] +

1

6
[xΛ

31
(x, x, x, y)] +

1

2
Λ
21
(Λ
21
(x, x, y), x, x)−

−1

4
Λ
21
(x, x, Λ

12
(y, x, x)) +

1

4
Λ
12
(Λ
21
(x, x, y), x, x)− 1

2
Λ
12
(x, x, Λ

12
(y, x, x))+

+
1

2
Λ
31
([yx], x, x, x)− 1

6
Λ
31
(x, x, x, [xy]) +

1

2
Λ
22
([yx], x, x, x)−

−1

2
Λ
22
(x, x, [xy], x) +

1

6
Λ
13
([yx], x, x, x)− 1

2
Λ
13
(x, x, x, [xy])+

+
1

4
Λ
32
(x, x, y, x, x)− 1

6
Λ
32
(x, x, x, x, y) +

1

6
Λ
41
(x, x, x, y, x)−

−1

4
Λ
23
(x, x, x, x, y) +

1

6
Λ
23
(x, y, x, x, x)− 1

6
Λ
14
(x, x, x, x, y) = 0.

(55)

2. Ðàâåíñòâî (55) ñîäåðæèò ðàçíîñòè: Λ
41
(x, x, x, y, x) − Λ

32
(x, x, x, y, x),

Λ
23
(x, y, x, x, x) − Λ

14
(x, x, x, x, y) è Λ

32
(x, x, y, x, x) − Λ

23
(x, x, y, x, x). Âûðàçèì èõ

÷åðåç ìíîãî÷ëåíû áîëåå íèçêîãî ïîðÿäêà è òåíçîðû òðè-òêàíè ñ ïîìîùüþ

ôîðìóë (23)-(26):

c
11
(y, x, x, x, x) = Λ

32
(x, x, x, y, x)− Λ

41
(x, x, x, y, x) + [xc

1
(y, x, x, x)]+

+[xc
1
(y, x, x, x)] + [xc

1
(y, x, x, x)]− c

1
(y, [xx], x, x)− c

1
(y, [xx], x, x)−

−c
1
(y, x, x, [xx]) + [Λ

31
(x, x, x, y)x] + Λ

31
([xy], x, x, x)− Λ

31
(x, x, x, [yx])−

−Λ
31
(x, [yx], x, x)− Λ

31
(x, x, [yx], x) + [xb(y, [xx], x)] + [xb(y, [xx], x)]+

+[xb(y, [xx], x)]− b(y, [x[xx]], x)− b(y, [x[xx]], x) + b(y, Λ
21
(x, x, x), x)−

−Λ
21
(x, x, b(y, x, x))− Λ

21
(x, x, b(y, x, x))− Λ

21
(x, x, b(y, x, x))−

−Λ
21
(Λ
21
(x, x, y), x, x)− Λ

21
(Λ
21
(x, x, y), x, x)− Λ

21
(Λ
21
(x, x, y), x, x),

c
22
(y, x, x, x, x) = Λ

14
(x, y, x, x, x)− Λ

23
(x, y, x, x, x) + [c

2
(y, x, x, x)x]+

+[c
2
(y, x, x, x)x] + [c

2
(y, x, x, x)x]− c

2
(y, x, [xx], x)− c

2
(y, x, [xx], x)−

−c
2
(y, x, x, [xx]) + Λ

12
(x, Λ

12
(y, x, x), x) + Λ

12
(x, Λ

12
(y, x, x), x)+

+Λ
12
(x, Λ

12
(y, x, x), x)− Λ

12
(b(y, x, x), x, x) + b(y, x, Λ

12
(x, x, x))−

−Λ
12
(b(y, x, x), x, x)− Λ

12
(b(y, x, x), x, x)− b(y, x, [[xx]x]) + [b(y, x, [xx])x]+

+[b(y, x, [xx])x]− b(y, x, [[xx]x]) + [b(y, x, [xx])x] + [Λ
13
(y, x, x, x)x]−

−Λ
13
([yx], x, x, x)− Λ

13
(x, [yx], x, x)− Λ

13
(x, x, [yx], x)− Λ

13
(x, x, x, [yx]),
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c
12
(y, x, x, x, x) = Λ

23
(x, x, y, x, x)− Λ

32
(x, x, y, x, x) + [c

1
(y, x, x, x)x]+

+[c
1
(y, x, x, x, )x]− c

1
(y, x, [xx], x) + [xc

2
(y, x, x, x)] + [xc

2
(y, x, x, x)]−

−c
2
(y, [xx], x, x)− Λ

22
(x, x, [yx], x)− Λ

22
(x, x, [yx], x) + Λ

22
([xy], x, x, x)+

+Λ
22
(x, [xy], x, x) + Λ

21
(x, x, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, x, y), x, x)+

+b(y, b(x, x, x), x)− Λ
12
(x, b(y, x, x), x)− Λ

12
(x, b(y, x, x), x)−

−Λ
21
(b(y, x, x), x, x)− Λ

21
(b(y, x, x), x, x)− [x[b(y, x, x)x]] + [xb(y, x, [xx])]−

−[[xb(y, x, x)]x]− [[xb(y, x, x)]x]− [x[b(y, x, x)x]] + [xb(y, x, [xx])]+

+[b(y, [xx], x)x] + [b(y, [xx], x)x]− b(y, [xx], [xx]).

Ïåðåïèøåì ýòè ñîòíîøåíèÿ, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ c
11
, c
12
,

c
22
, c
1
, c
2
è òåíçîðà b ïî âòîðîìó è òðåòüåìó àðãóìåíòàì, à òàêæå êîñîñèììåò-

ðè÷íîñòü îïåðàòîðà [ ]:

0 = Λ
32
(x, x, x, y, x)− Λ

41
(x, x, x, y, x) + [Λ

31
(x, x, x, y)x] + Λ

31
([xy], x, x, x)−

−Λ
31
(x, x, x, [yx])− Λ

31
(x, [yx], x, x)− Λ

31
(x, x, [yx], x) + b(y, Λ

21
(x, x, x), x)−

−Λ
21
(Λ
21
(x, x, y), x, x)− Λ

21
(Λ
21
(x, x, y), x, x)− Λ

21
(Λ
21
(x, x, y), x, x),

0 = Λ
14
(x, y, x, x, x)− Λ

23
(x, y, x, x, x) + Λ

12
(x, Λ

12
(y, x, x), x) + Λ

12
(x, Λ

12
(y, x, x), x)+

+Λ
12
(x, Λ

12
(y, x, x), x) + b(y, x, Λ

12
(x, x, x)) + [Λ

13
(y, x, x, x)x]− Λ

13
([yx], x, x, x)−

−Λ
13
(x, [yx], x, x)− Λ

13
(x, x, [yx], x)− Λ

13
(x, x, x, [yx]),

0 = Λ
23
(x, x, y, x, x)− Λ

32
(x, x, y, x, x)− Λ

22
(x, x, [yx], x)− Λ

22
(x, x, [yx], x)+

+Λ
22
([xy], x, x, x) + Λ

22
(x, [xy], x, x) + Λ

21
(x, x, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, x, y), x, x).

Äàëåå ïðèâîäèì ïîäîáíûå è âûðàæàåì èñêîìûå ðàçíîñòè:

Λ
41
(x, x, x, y, x)− Λ

32
(x, x, x, y, x) = [Λ

31
(x, x, x, y)x] + 3Λ

31
([xy], x, x, x)+

+Λ
31
(x, x, x, [xy]) + b(y, Λ

21
(x, x, x), x)− 3Λ

21
(Λ
21
(x, x, y), x, x),

Λ
23
(x, y, x, x, x)− Λ

14
(x, y, x, x, x) = 3Λ

12
(x, Λ

12
(y, x, x), x) + b(y, x, Λ

12
(x, x, x))+

+[Λ
13
(y, x, x, x)x] + Λ

13
([xy], x, x, x) + 3Λ

13
(x, [xy], x, x),
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Λ
32
(x, x, y, x, x)− Λ

23
(x, x, y, x, x) = 2Λ

22
(x, x, [xy], x) + 2Λ

22
([xy], x, x, x)+

+Λ
21
(x, x, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, x, y), x, x).

3. Ïîäñòàâëÿåì íàéäåííûå ðàçíîñòè â (55):

1

6
[xΛ

13
(y, x, x, x)] +

1

6
[xΛ

31
(x, x, x, y)] +

1

2
Λ
21
(Λ
21
(x, x, y), x, x)−

−1

4
Λ
21
(x, x, Λ

12
(y, x, x)) +

1

4
Λ
12
(Λ
21
(x, x, y), x, x)− 1

2
Λ
12
(x, x, Λ

12
(y, x, x))+

+
1

2
Λ
31
([yx], x, x, x)− 1

6
Λ
31
(x, x, x, [xy]) +

1

2
Λ
22
([yx], x, x, x)−

−1

2
Λ
22
(x, x, [xy], x) +

1

6
Λ
13
([yx], x, x, x)− 1

2
Λ
13
(x, x, x, [xy])+

+
1

2
Λ
22
(x, x, [xy], x) +

1

2
Λ
22
([xy], x, x, x) +

1

4
Λ
21
(x, x, Λ

12
(y, x, x))−

−1

4
Λ
12
(Λ
21
(x, x, y), x, x) +

1

6
[Λ
31
(x, x, x, y)x] +

1

2
Λ
31
([xy], x, x, x)+

+
1

6
Λ
31
(x, x, x, [xy]) +

1

6
b(y, Λ

21
(x, x, x), x)− 1

2
Λ
21
(Λ
21
(x, x, y), x, x)+

+
1

2
Λ
12
(x, Λ

12
(y, x, x), x) +

1

6
b(y, x, Λ

12
(x, x, x)) +

1

6
[Λ
13
(y, x, x, x)x]+

+
1

6
Λ
13
([xy], x, x, x) +

1

2
Λ
13
(x, [xy], x, x) = 0.

Ïðèâîäèì ïîäîáíûå, èñïîëüçóÿ ëåììó 3, è ïîëó÷àåì, ÷òî äàííîå ðàâåíñòâî

óäîâëåòâîðÿåòñÿ òîæäåñòâåííî.

Ëåììà 7 Ðàâåíñòâî (53) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî.

Äîêàçàòåëüñòâî 1. Äëÿ íà÷àëà çàìåíèì â (53) ìíîãî÷ëåíû Λ, èñïîëüçóÿ

(19):

1

4
[xΛ

22
(x, x, y, y)] +

1

2
Λ
21
(Λ
12
(x, y, y), x, x) +

1

2
Λ
21
(Λ
21
(x, x, y), y, x)+

+
1

2
Λ
21
(Λ(x, y), Λ(x, y), x) +

1

4
Λ
12
(Λ
12
(x, y, y), x, x) + Λ

31
(Λ(x, y), x, y, x)+

+
1

2
Λ
22
([yx], y, x, x) +

1

4
Λ
41
(x, x, y, y, x) +

1

4
Λ
32
(x, y, y, x, x)−

−1

4
[Λ
22
(y, y, x, x)x]− 1

4
Λ
21
(x, x, Λ

21
(y, y, x))− 1

2
Λ
12
(x, x, Λ

21
(y, y, x))−

−1

2
Λ
12
(x, y, Λ

12
(y, x, x))− 1

2
Λ
12
(x,Λ(y, x), Λ(y, x))− 1

2
Λ
22
(x, x, [xy], y)−

−Λ
13
(x, x, y, [xy])− 1

4
Λ
23
(x, x, x, y, y)− 1

4
Λ
14
(x, x, x, y, y) = 0.

(56)
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Äàííîå ðàâåíñòâî ñîäåðæèò ðàçíîñòè Λ
41
(x, y, x, y, x) − Λ

14
(x, y, x, y, x) è

Λ
32
(x, y, y, x, x)− Λ

23
(x, x, y, y, x). Âûðàçèì èõ ÷åðåç ìíîãî÷ëåíû áîëåå íèçêîãî

ïîðÿäêà è òåíçîðû òðè-òêàíè.

2. Ðàññìîòðèì ïåðâóþ ðàçíîñòü. Èñïîëüçóÿ ôîðìóëû (23)-(26), íàõîäèì:

c
11
(y, x, x, y, x) = Λ

32
(x, y, x, y, x)− Λ

41
(x, y, x, y, x) + [xc

1
(y, x, x, y)]+

+[yc
1
(y, x, x, x)] + [xc

1
(y, x, x, y)]− c

1
(y, [yx], x, x)− c

1
(y, [xx], x, y)−

−c
1
(y, x, x, [xy]) + [Λ

31
(x, x, y, y)x] + Λ

31
([xy], x, y, x)− Λ

31
(x, x, y, [yx])−

−Λ
31
(x, [yx], y, x)− Λ

31
(x, x, [yy], x) + [xb(y, [yx], x)] + [yb(y, [xx], x)]+

+[xb(y, [yx], x)]− b(y, [x[yx]], x)− b(y, [y[xx]], x) + b(y, Λ
21
(y, x, x), x)−

−Λ
21
(x, y, b(y, x, x))− Λ

21
(x, x, b(y, y, x))− Λ

21
(y, x, b(y, x, x))−

−Λ
21
(Λ
21
(y, x, y), x, x)− Λ

21
(Λ
21
(x, y, y), x, x)− Λ

21
(Λ
21
(x, x, y), y, x),

c
12
(x, y, y, x, x) = Λ

23
(y, x, x, y, x)− Λ

32
(y, x, x, y, x) + [c

1
(x, y, x, x)y]+

+[c
1
(x, y, y, x)x]− c

1
(x, y, [yx], x) + [yc

2
(x, x, y, x)] + [xc

2
(x, y, y, x)]−

−c
2
(x, [xy], y, x)− Λ

22
(y, x, [xx], y)− Λ

22
(y, x, [xy], x) + Λ

22
([yx], x, y, x)+

+Λ
22
(y, [xx], y, x) + Λ

21
(y, x, Λ

12
(x, y, x))− Λ

12
(Λ
21
(y, x, x), y, x)+

+b(x, b(y, x, x), y)− Λ
12
(y, b(x, x, y), x)− Λ

12
(x, b(x, y, y), x)−

−Λ
21
(b(x, y, x), x, y)− Λ

21
(b(x, x, x), y, y)− [y[b(x, x, y)x]] + [yb(x, x, [yx])]−

−[[xb(x, y, x)]y]− [[yb(x, x, x)]y]− [x[b(x, y, y)x]] + [yb(x, y, [yx])]+

+[b(x, [xy], y)x] + [b(x, [xy], x)y]− b(x, [xy], [yx]),

c
22
(y, x, x, y, x) = Λ

14
(x, y, x, y, x)− Λ

23
(x, y, x, y, x) + [c

2
(y, x, x, x)y]+

+[c
2
(y, x, x, y)x] + [c

2
(y, x, y, x)x]− c

2
(y, x, [xy], x)− c

2
(y, x, [xx], y)−

−c
2
(y, x, x, [yx]) + Λ

12
(x, Λ

12
(y, x, y), x) + Λ

12
(x, Λ

12
(y, x, x), y)+

+Λ
12
(x, Λ

12
(y, y, x), x)− Λ

12
(b(y, x, x), y, x) + b(y, x, Λ

12
(x, y, x))−

−Λ
12
(b(y, x, x), x, y)− Λ

12
(b(y, x, y), x, x)− b(y, x, [[xx]y]) + [b(y, x, [xx])y]+

+[b(y, x, [xy])x]− b(y, x, [[xy]x]) + [b(y, x, [yx])x] + [Λ
13
(y, x, y, x)x]−

−Λ
13
([yx], x, y, x)− Λ

13
(x, [yx], y, x)− Λ

13
(x, x, [yy], x)− Λ

13
(x, x, y, [yx]).



Î òðè-òêàíÿõ ñ ýëàñòè÷íûìè êîîðäèíàòíûìè ëóïàìè 71

Óïðîùàåì, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ è ñîîòíîøåíèÿ (12),

(30), (38)-(42) :

0 = Λ
32
(x, y, x, y, x)− Λ

41
(x, y, x, y, x) + [Λ

31
(x, x, y, y)x]+

+2Λ
31
([xy], x, y, x)− Λ

31
(x, x, y, [yx]) + b(y, Λ

21
(y, x, x), x)−

−Λ
21
(x, x, b(y, y, x))− 2Λ

21
(Λ
21
(x, y, y), x, x)− Λ

21
(Λ
21
(x, x, y), y, x),

0 = Λ
23
(y, x, x, y, x)− Λ

32
(y, x, x, y, x)− Λ

22
(y, x, [xy], x) + Λ

22
([yx], x, y, x)+

+Λ
21
(y, x, Λ

12
(x, y, x))− Λ

12
(Λ
21
(y, x, x), y, x)− Λ

12
(y, b(x, x, y), x)−

−Λ
21
(b(x, y, x), x, y)− [y[b(x, x, y)x]]− [[xb(x, y, x)]y],

0 = Λ
14
(x, y, x, y, x)− Λ

23
(x, y, x, y, x) + Λ

12
(x, Λ

12
(y, x, x), y)+

+2Λ
12
(x, Λ

12
(y, y, x), x) + b(y, x, Λ

12
(x, y, x))− Λ

12
(b(y, x, y), x, x)+

+[Λ
13
(y, x, y, x)x]− Λ

13
([yx], x, y, x)− 2Λ

13
(x, [yx], y, x).

Ñëîæèì ýòè òðè ðàâåíñòâà è âûðàçèì ðàçíîñòü Λ
41
(x, y, x, y, x) −

Λ
14
(x, y, x, y, x):

Λ
41
(x, y, x, y, x)− Λ

14
(x, y, x, y, x) = [Λ

31
(x, x, y, y)x] + 2Λ

31
([xy], x, y, x)−

−Λ
31
(x, x, y, [yx]) + b(y, Λ

21
(y, x, x), x)− Λ

21
(x, x, b(y, y, x))− 2Λ

21
(Λ
21
(x, y, y), x, x)−

−Λ
21
(Λ
21
(x, x, y), y, x) + Λ

12
(x, Λ

12
(y, x, x), y)− Λ

22
(y, x, [xy], x) + Λ

22
([yx], x, y, x)+

+Λ
21
(y, x, Λ

12
(x, y, x))− Λ

12
(Λ
21
(y, x, x), y, x)− Λ

12
(y, b(x, x, y), x)− Λ

21
(b(x, y, x), x, y)−

−[y[b(x, x, y)x]]− [[xb(x, y, x)]y] + 2Λ
12
(x, Λ

12
(y, y, x), x) + b(y, x, Λ

12
(x, y, x))−

−Λ
12
(b(y, x, y), x, x) + [Λ

13
(y, x, y, x)x]− Λ

13
([yx], x, y, x)− 2Λ

13
(x, [yx], y, x).

Ïðèâåä¼ì ïîäîáíûå, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðà b è îïåðàòîðà

[ ], à òàêæå ñèììåòðè÷íîñòü ìíîãî÷ëåíîâ è ôîðìóëó (29):

Λ
41
(x, y, x, y, x)− Λ

14
(x, y, x, y, x) = [Λ

31
(x, x, y, y)x] + [Λ

13
(y, x, y, x)x]+

+2Λ
31
([xy], x, y, x)− Λ

31
(x, x, y, [yx])− Λ

22
(y, x, [xy], x)+

+Λ
22
([yx], x, y, x)− Λ

13
([yx], x, y, x)− 2Λ

13
(x, [yx], y, x).

(57)



72 Ê.Ð. Äæóêàøåâ

3. Òåïåðü íàéä¼ì ðàçíîñòü Λ
32
(x, y, y, x, x)− Λ

23
(x, x, y, y, x). Äëÿ ýòîãî èñïîëü-

çóåì ôîðìóëó (24). Èç íåå íàõîäèì:

c
12
(y, x, x, y, x) = Λ

23
(x, y, y, x, x)− Λ

32
(x, y, y, x, x) + [c

1
(y, x, x, y)x]+

+[c
1
(y, x, x, y)x]− c

1
(y, x, [xx], y) + [xc

2
(y, y, x, x)] + [yc

2
(y, x, x, x)]−

−c
2
(y, [yx], x, x)− Λ

22
(x, y, [yx], x)− Λ

22
(x, y, [yx], x) + Λ

22
([xy], y, x, x)+

+Λ
22
(x, [yy], x, x) + Λ

21
(x, y, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, y, y), x, x)+

+b(y, b(x, y, x), x)− Λ
12
(x, b(y, y, x), x)− Λ

12
(y, b(y, x, x), x)−

−Λ
21
(b(y, x, x), y, x)− Λ

21
(b(y, y, x), x, x)− [x[b(y, y, x)x]] + [xb(y, y, [xx])]−

−[[yb(y, x, x)]x]− [[xb(y, y, x)]x]− [y[b(y, x, x)x]] + [xb(y, x, [xx])]+

+[b(y, [yx], x)x] + [b(y, [yx], x)x]− b(y, [yx], [xx]),

c
12
(x, x, x, y, y) = Λ

23
(x, y, x, x, y)− Λ

32
(x, y, x, x, y) + [c

1
(x, x, y, y)x]+

+[c
1
(x, x, x, y)y]− c

1
(x, x, [xy], y) + [xc

2
(x, y, x, y)] + [yc

2
(x, x, x, y)]−

−c
2
(x, [yx], x, y)− Λ

22
(x, y, [xy], x)− Λ

22
(x, y, [xx], y) + Λ

22
([xx], y, x, y)+

+Λ
22
(x, [yx], x, y) + Λ

21
(x, y, Λ

12
(x, x, y))− Λ

12
(Λ
21
(x, y, x), x, y)+

+b(x, b(x, y, y), x)− Λ
12
(x, b(x, y, x), y)− Λ

12
(y, b(x, x, x), y)−

−Λ
21
(b(x, x, y), y, x)− Λ

21
(b(x, y, y), x, x)− [x[b(x, y, x)y]] + [xb(x, y, [xy])]−

−[[yb(x, x, y)]x]− [[xb(x, y, y)]x]− [y[b(x, x, x)y]] + [xb(x, x, [xy])]+

+[b(x, [yx], x)y] + [b(x, [yx], y)x]− b(x, [yx], [xy]),

c
12
(y, x, x, x, y) = Λ

23
(x, x, y, x, y)− Λ

32
(x, x, y, x, y) + [c

1
(y, x, y, x)x]+

+[c
1
(y, x, x, x)y]− c

1
(y, x, [xy], x) + [xc

2
(y, x, x, y)] + [xc

2
(y, x, x, y)]−

−c
2
(y, [xx], x, y)− Λ

22
(x, x, [yy], x)− Λ

22
(x, x, [yx], y) + Λ

22
([xy], x, x, y)+

+Λ
22
(x, [xy], x, y) + Λ

21
(x, x, Λ

12
(y, x, y))− Λ

12
(Λ
21
(x, x, y), x, y)+

+b(y, b(x, x, y), x)− Λ
12
(x, b(y, x, x), y)− Λ

12
(x, b(y, x, x), y)−

−Λ
21
(b(y, x, y), x, x)− Λ

21
(b(y, x, y), x, x)− [x[b(y, x, x)y]] + [xb(y, x, [xy])]−

−[[xb(y, x, y)]x]− [[xb(y, x, y)]x]− [x[b(y, x, x)y]] + [xb(y, x, [xy])]+

+[b(y, [xx], x)y] + [b(y, [xx], y)x]− b(y, [xx], [xy]).
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Èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ è ôîðìóëû (12), (30), (38) � (42),

óïðîñòèì ýòè âûðàæåíèÿ:

0 = Λ
23
(x, y, y, x, x)− Λ

32
(x, y, y, x, x)− 2Λ

22
(x, y, [yx], x)+

+Λ
22
([xy], y, x, x) + Λ

21
(x, y, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, y, y), x, x) + b(y, b(x, y, x), x)−

−Λ
12
(x, b(y, y, x), x)− Λ

21
(b(y, y, x), x, x)− 2[x[b(y, y, x)x]],

0 = Λ
23
(x, y, x, x, y)− Λ

32
(x, y, x, x, y)− Λ

22
(x, y, [xy], x) + Λ

22
(x, [yx], x, y)+

+Λ
21
(x, y, Λ

12
(x, x, y))− Λ

12
(Λ
21
(x, y, x), x, y)− Λ

12
(x, b(x, y, x), y)− Λ

21
(b(x, x, y), y, x),

0 = Λ
23
(x, x, y, x, y)− Λ

32
(x, x, y, x, y)− Λ

22
(x, x, [yx], y) + 2Λ

22
([xy], x, x, y)+

+Λ
21
(x, x, Λ

12
(y, x, y))− Λ

12
(Λ
21
(x, x, y), x, y) + b(y, b(x, x, y), x)−

−Λ
21
(b(y, x, y), x, x)− Λ

21
(b(y, x, y), x, x)− 2[[xb(y, x, y)]x].

Âû÷òåì âòîðîå ðàâåíñòâî èç ñóììû ïåðâîãî è òðåòüåãî. Ïîñëå íåêîòîðûõ

ïðåîáðàçîâàíèé ïîëó÷èì:

Λ
32
(x, y, y, x, x)− Λ

23
(x, x, y, y, x) = −2Λ

22
(x, y, [yx], x) + Λ

22
([xy], y, x, x)+

+Λ
21
(x, y, Λ

12
(y, x, x))− Λ

12
(Λ
21
(x, y, y), x, x) + b(y, b(x, y, x), x)− Λ

12
(x, b(y, y, x), x)−

−Λ
21
(b(y, y, x), x, x)− 2[x[b(y, y, x)x]] + Λ

22
(x, y, [xy], x)− Λ

22
(x, [yx], x, y)−

−Λ
21
(x, y, Λ

12
(x, x, y)) + Λ

12
(Λ
21
(x, y, x), x, y) + Λ

12
(x, b(x, y, x), y) + Λ

21
(b(x, x, y), y, x)+

−Λ
22
(x, x, [yx], y) + 2Λ

22
([xy], x, x, y) + Λ

21
(x, x, Λ

12
(y, x, y))− Λ

12
(Λ
21
(x, x, y), x, y)+

+b(y, b(x, x, y), x)− Λ
21
(b(y, x, y), x, x)− Λ

21
(b(y, x, y), x, x)− 2[[xb(y, x, y)]x].

Ïðèâåä¼ì ïîäîáíûå, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðà b è êîììóòà-

òîðà [ ], à òàêæå ñîîòíîøåíèå (29). Ïîëó÷èì:

Λ
32
(x, y, y, x, x)− Λ

23
(x, x, y, y, x) = −3Λ

22
(x, y, [yx], x)+

+Λ
22
([xy], y, x, x)− Λ

22
(x, x, [yx], y) + 3Λ

22
([xy], x, x, y).

(58)
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4. Íàéäåííûå íàìè ðàçíîñòè (57) è (58) ïîäñòàâèì â èñõîäíîå òîæäå-

ñòâî (56):

1

4
[xΛ

22
(x, x, y, y)] +

1

2
Λ
21
(Λ
12
(x, y, y), x, x) +

1

2
Λ
21
(Λ
21
(x, x, y), y, x)+

+
1

2
Λ
21
([xy], [xy], x) +

1

4
Λ
12
(Λ
12
(x, y, y), x, x) + Λ

31
([yx], x, y, x)+

+
1

2
Λ
22
([yx], y, x, x)− 1

4
[Λ
22
(y, y, x, x)x]− 1

4
Λ
21
(x, x, Λ

21
(y, y, x))−

−1

2
Λ
12
(x, x, Λ

21
(y, y, x))− 1

2
Λ
12
(x, y, Λ

12
(y, x, x))− 1

2
Λ
12
(x, [xy], [xy])−

−1

2
Λ
22
(x, x, [xy], y)− Λ

13
(x, x, y, [xy]) +

1

4
[Λ
31
(x, x, y, y)x]+

+
1

4
[Λ
13
(y, x, y, x)x] +

1

2
Λ
31
([xy], x, y, x)− 1

4
Λ
31
(x, x, y, [yx])−

−1

4
Λ
13
([yx], x, y, x)− 1

2
Λ
13
(x, [yx], y, x)− 1

2
Λ
22
(x, y, [yx], x)+

+
1

4
Λ
22
([xy], y, x, x)− 1

4
Λ
22
(x, x, [yx], y) +

1

2
Λ
22
([xy], x, x, y) = 0

Ïðèâåä¼ì ïîäîáíûå, ïîëüçóÿñü êîñîñèììåòðè÷íîñòüþ êîììóòàòîðà è ñîîò-

íîøåíèåì (29). Ïîëó÷èì:

1

4
[x, Λ

22
(x, x, y, y)− Λ

31
(x, x, y, y) + Λ

22
(y, y, x, x)− Λ

13
(y, x, y, x)]+

+
1

4
Λ
22
([yx], y, x, x)− 1

4
Λ
13
([yx], y, x, x) +

1

4
Λ
22
(x, x, y, [yx])− 1

4
Λ
31
(x, x, y, [yx])+

+
1

2
Λ
22
([xy], x, y, x)− 1

2
Λ
31
([xy], x, y, x) +

1

2
Λ
22
(x, y, x, [xy])− 1

2
Λ
13
(x, y, x, [xy]) = 0.

(59)

5. Êàê âèäèì, â (59) âñòðå÷àåòñÿ îäíà è òà æå ñóììà: Λ
22
(x, y, z, u) −

Λ
31
(x, y, z, u) + Λ

22
(u, z, y, x) − Λ

13
(u, z, y, x). Íàéä¼ì å¼ ñ ïîìîùüþ ôîðìóë (21)

� (22), èç êîòîðûõ ñëåäóåò:

c
1
(x, y, z, u) = Λ

22
(y, u, x, z)− Λ

31
(y, u, x, z) + [ub(x, y, z)] + [yb(x, u, z)]−

−b(x, [uy], z) + [Λ
21
(y, u, x)z]− Λ

21
([xy], u, z)− Λ

21
(y, [xu], z)− Λ

21
(y, u, [xz]),

c
2
(x, z, y, u) = Λ

13
(z, x, y, u)− Λ

22
(z, x, y, u) + [b(x, z, y)u] + [b(x, z, u)y]−

−b(x, z, [yu])− [zΛ
12
(x, y, u)] + Λ

12
([zx], y, u) + Λ

12
(z, [yx], u) + Λ

12
(z, y, [ux]).
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Âû÷òåì èç ïåðâîãî óðàâíåíèÿ âòîðîå. Ñ ó÷¼òîì (12) ïîëó÷èì:

2c(x, y, z, u) = Λ
22
(y, u, x, z)− Λ

31
(y, u, x, z) + [ub(x, y, z)] + [yb(x, u, z)]−

−b(x, [uy], z) + [Λ
21
(y, u, x)z]− Λ

21
([xy], u, z)− Λ

21
(y, [xu], z)− Λ

21
(y, u, [xz])−

−Λ
13
(z, x, y, u) + Λ

22
(z, x, y, u)− [b(x, z, y)u]− [b(x, z, u)y]+

+b(x, z, [yu]) + [zΛ
12
(x, y, u)]− Λ

12
([zx], y, u)− Λ

12
(z, [yx], u)− Λ

12
(z, y, [ux]).

Ïðèâåä¼ì ïîäîáíûå, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ è ñîîòíîøå-

íèå (29). Ïîëó÷èì:

2c(x, y, z, u)− 2b(x, z, [uy]) = Λ
22
(y, u, x, z)− Λ

31
(y, u, x, z)−

−Λ
13
(z, x, u, y) + Λ

22
(z, x, u, y).

(60)

6. Ïîäñòàâëÿÿ ñîîòíîøåíèå (60) â (59), ïðèäåì ê ðàâåíñòâó

1

4
[x, 2c

1
(y, x, y, x)− 2b(y, y, [xx])] +

1

4
(2c(x, [yx], x, y)− 2b(x, x, [y[yx]]))+

+
1

2
(2c(y, [xy], x, x)− 2b(y, x, [x[xy]])) = 0.

Ýòî ðàâåíñòâî óäîâëåòâîðÿåòñÿ òîæäåñòâåííî â ñèëó (12) è ëåììû 5.

Ëåììà 8 Ðàâåíñòâî (54) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî.

Äîêàçàòåëüñòâî 1. Ñíà÷àëà ïåðåïèøåì ðàâåíñòâî (54), èñïîëüçóÿ ôîðìóëû

(19) è (29):

1

6
[xΛ

13
(x, y, y, y)] +

1

2
Λ
31
([yx], y, y, x) +

1

6
Λ
41
(x, y, y, y, x)−

−1

6
[Λ
31
(y, y, y, x)x]− 1

2
Λ
13
(x, [xy], y, y)− 1

6
Λ
14
(x, x, y, y, y) = 0.

(61)

2. Êàê âèäèì, â äàííîì ðàâåíñòâå ïðèñóòñòâóåò ðàçíîñòü Λ
41
(x, y, y, y, x) −

Λ
14
(x, y, y, y, x). Íàéä¼ì å¼, âîñïîëüçîâàâøèñü ôîðìóëàìè (23) � (26), èç êî-

òîðûõ íàõîäèì:

c
11
(y, x, x, y, y) = Λ

32
(x, y, y, y, x)− Λ

41
(x, y, y, y, x) + [xc

1
(y, y, x, y)]+

+[yc
1
(y, x, x, y)] + [yc

1
(y, x, x, y)]− c

1
(y, [yx], x, y)− c

1
(y, [yx], x, y)−

−c
1
(y, x, x, [yy]) + [Λ

31
(y, x, y, y)x] + Λ

31
([yy], x, y, x)− Λ

31
(y, x, y, [yx])−

−Λ
31
(y, [yx], y, x)− Λ

31
(y, x, [yy], x) + [xb(y, [yy], x)] + [yb(y, [yx], x)]+

+[yb(y, [yx], x)]− b(y, [y[yx]], x)− b(y, [y[yx]], x) + b(y, Λ
21
(y, y, x), x)−

−Λ
21
(x, y, b(y, y, x))− Λ

21
(x, y, b(y, y, x))− Λ

21
(y, y, b(y, x, x))−

−Λ
21
(Λ
21
(y, y, y), x, x)− Λ

21
(Λ
21
(x, y, y), y, x)− Λ

21
(Λ
21
(x, y, y), y, x),



76 Ê.Ð. Äæóêàøåâ

c
12
(y, x, y, y, x) = Λ

23
(x, y, y, y, x)− Λ

32
(x, y, y, y, x) + [c

1
(y, x, x, y)y]+

+[c
1
(y, x, y, y, )x]− c

1
(y, x, [yx], y) + [xc

2
(y, y, y, x)] + [yc

2
(y, x, y, x)]−

−c
2
(y, [yx], y, x)− Λ

22
(x, y, [yx], y)− Λ

22
(x, y, [yy], x) + Λ

22
([xy], y, y, x)+

+Λ
22
(x, [yy], y, x) + Λ

21
(x, y, Λ

12
(y, y, x))− Λ

12
(Λ
21
(x, y, y), y, x)+

+b(y, b(x, y, x), y)− Λ
12
(x, b(y, y, y), x)− Λ

12
(y, b(y, x, y), x)−

−Λ
21
(b(y, x, x), y, y)− Λ

21
(b(y, y, x), x, y)− [x[b(y, y, y)x]] + [xb(y, y, [yx])]−

−[[yb(y, x, x)]y]− [[xb(y, y, x)]y]− [y[b(y, x, y)x]] + [xb(y, x, [yx])]+

+[b(y, [yx], y)x] + [b(y, [yx], x)y]− b(y, [yx], [yx]),

c
22
(y, x, y, y, x) = Λ

14
(x, y, y, y, x)− Λ

23
(x, y, y, y, x) + [c

2
(y, x, y, x)y]+

+[c
2
(y, x, y, y)x] + [c

2
(y, x, y, x)y]− c

2
(y, x, [yy], x)− c

2
(y, x, [yx], y)−

−c
2
(y, x, y, [yx]) + Λ

12
(x, Λ

12
(y, y, y), x) + Λ

12
(x, Λ

12
(y, y, x), y)+

+Λ
12
(x, Λ

12
(y, y, x), y)− Λ

12
(b(y, x, y), y, x) + b(y, x, Λ

12
(y, y, x))−

−Λ
12
(b(y, x, x), y, y)− Λ

12
(b(y, x, y), y, x)− b(y, x, [[yx]y]) + [b(y, x, [yx])y]+

+[b(y, x, [yy])x]− b(y, x, [[yy]x]) + [b(y, x, [yx])y] + [Λ
13
(y, y, y, x)x]−

−Λ
13
([yx], y, y, x)− Λ

13
(x, [yy], y, x)− Λ

13
(x, y, [yy], x)− Λ

13
(x, y, y, [yx]).

Ïðèâåä¼ì ïîäîáíûå, èñïîëüçóÿ êîñîñèììåòðè÷íîñòü òåíçîðîâ, òàêæå ëåììû

5 è 3, ôîðìóëó (12). Ïîëó÷èì:

0 = Λ
32
(x, y, y, y, x)− Λ

41
(x, y, y, y, x) + [Λ

31
(y, x, y, y)x]− Λ

31
(y, x, y, [yx])−

−Λ
31
(y, [yx], y, x) + b(y, Λ

21
(y, y, x), x)− 2Λ

21
(x, y, b(y, y, x))−

−Λ
21
(Λ
21
(y, y, y), x, x)− 2Λ

21
(Λ
21
(x, y, y), y, x),

c
12
(y, x, y, y, x) = Λ

23
(x, y, y, y, x)− Λ

32
(x, y, y, y, x)− Λ

22
(x, y, [yx], y) + Λ

22
([xy], y, y, x)

c
22
(y, x, y, y, x) = Λ

14
(x, y, y, y, x)− Λ

23
(x, y, y, y, x) + Λ

12
(x, Λ

12
(y, y, y), x)+

+2Λ
12
(x, Λ

12
(y, y, x), y)− 2Λ

12
(b(y, x, y), y, x) + b(y, x, Λ

12
(y, y, x))+

+[Λ
13
(y, y, y, x)x]− Λ

13
([yx], y, y, x)− Λ

13
(x, y, y, [yx]).
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Ñêëàäûâàÿ ýòè ðàâåíñòâà, íàõîäèì:

0 = Λ
32
(x, y, y, y, x)− Λ

41
(x, y, y, y, x) + [Λ

31
(y, x, y, y)x]− Λ

31
(y, x, y, [yx])−

−Λ
31
(y, [yx], y, x) + b(y, Λ

21
(y, y, x), x)− 2Λ

21
(x, y, b(y, y, x))− Λ

21
(Λ
21
(y, y, y), x, x)−

−2Λ
21
(Λ
21
(x, y, y), y, x) + Λ

23
(x, y, y, y, x)− Λ

32
(x, y, y, y, x)− Λ

22
(x, y, [yx], y)+

+Λ
22
([xy], y, y, x) + Λ

14
(x, y, y, y, x)− Λ

23
(x, y, y, y, x) + Λ

12
(x, Λ

12
(y, y, y), x)+

+2Λ
12
(x, Λ

12
(y, y, x), y)− 2Λ

12
(b(y, x, y), y, x) + b(y, x, Λ

12
(y, y, x))+

+[Λ
13
(y, y, y, x)x]− Λ

13
([yx], y, y, x)− Λ

13
(x, y, y, [yx]).

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ âûðàçèì ðàçíîñòü Λ
41
(x, y, y, y, x)−Λ

14
(x, y, y, y, x):

Λ
41
(x, y, y, y, x)− Λ

14
(x, y, y, y, x) = [Λ

31
(y, x, y, y) + Λ

13
(y, y, y, x), x]− Λ

31
(y, x, y, [yx])−

−Λ
31
(y, [yx], y, x)− Λ

22
(x, y, [yx], y) + Λ

22
([xy], y, y, x) + b(y, x, Λ

12
(y, y, x))−

−b(y, x, Λ
21
(y, y, x))− Λ

13
([yx], y, y, x)− Λ

13
(x, y, y, [yx]).

3. Ïîäñòàâèì íàéäåííóþ ðàçíîñòü â (61):

1

6
[xΛ

13
(x, y, y, y)] +

1

2
Λ
31
([yx], y, y, x)− 1

6
[Λ
31
(y, y, y, x)x]− 1

2
Λ
13
(x, [xy], y, y)+

+
1

6
[Λ
31
(y, x, y, y) + Λ

13
(y, y, y, x), x]− 1

6
Λ
31
(y, x, y, [yx])− 1

6
Λ
31
(y, [yx], y, x)−

−1

6
Λ
22
(x, y, [yx], y) +

1

6
Λ
22
([xy], y, y, x) +

1

6
b(y, x, Λ

12
(y, y, x))−

−1

6
b(y, x, Λ

21
(y, y, x))− 1

6
Λ
13
([yx], y, y, x)− 1

6
Λ
13
(x, y, y, [yx]) = 0.

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ïîëó÷èì:

1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)]+

+
1

3
Λ
31
([yx], y, y, x)− 1

3
Λ
13
(x, [xy], y, y) +

1

6
Λ
31
(y, x, y, [xy])−

+
1

6
Λ
22
(x, y, [xy], y) +

1

6
Λ
22
([xy], y, y, x) +

1

6
Λ
13
([xy], y, y, x)

+
1

6
b(y, x, Λ

12
(y, y, x)− Λ

21
(y, y, x)) = 0,

èëè
1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)]−

−1

3
(Λ
31
([xy], y, y, x)− Λ

22
([xy], y, y, x) + Λ

13
(x, y, y, [xy])− Λ

22
(x, y, y, [xy]))+

+
1

6
(Λ
31
(x, y, y, [xy])− Λ

22
(x, y, y, [xy]) + Λ

13
([xy], y, y, x)− Λ

22
([xy], y, y, x))+

+
1

6
b(y, x, Λ

12
(y, y, x)− Λ

21
(y, y, x)) = 0.
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Äàëåå âîñïîëüçóåìñÿ ôîðìóëîé (60), ñ ó÷¼òîì êîòîðîé ïîñëåäíåå ðàâåíñòâî

ïðèìåò âèä:

1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)]−

−1

3
(−2c(y, [xy], x, y) + 2b(y, x, [y[xy]]) +

1

6
(−2c(y, x, [xy], y) + 2b(y, [xy], [yx]))+

+
1

6
b(y, x, Λ

12
(y, y, x)− Λ

21
(y, y, x)) = 0.

Â ñèëó (12) è ëåììû 5 ýòî ñîîòíîøåíèå ïåðåïèøåòñÿ â âèäå:

1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)]−

+
1

6
b(y, x, Λ

12
(y, y, x)− Λ

21
(y, y, x)) = 0.

Â ñèëó (20) èìååì:

1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)]+

+
1

6
b(y, x, b(y, y, x))− 1

6
b(y, x, [y[yx]]) +

1

6
b(y, x, [[yy]x]) = 0.

Ñ ïîìîùüþ ôîðìóë (48) è (38) ïðèâåä¼ì ðàññìàòðèâàåìîå ñîîòíîøåíèå ê

âèäó:

1

6
[x, Λ

13
(x, y, y, y) + Λ

31
(y, y, y, x)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x)] = 0. (62)

4. Ïîêàæåì, ÷òî (62) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî. Èç (21) è (22) ïîëó÷à-

åì:

c
1
(y, y, y, x) = Λ

22
(y, x, y, y)− Λ

31
(y, x, y, y) + [xb(y, y, y)] + [yb(y, x, y)]−

−b(y, [xy], y) + [Λ
21
(y, x, y)y]− Λ

21
([yy], x, y)− Λ

21
(y, [yx], y)− Λ

21
(y, x, [yy]),

c
2
(y, x, y, y) = Λ

13
(x, y, y, y)− Λ

22
(x, y, y, y) + [b(y, x, y)y] + [b(y, x, y)y]−

−b(y, x, [yy])− [xΛ
12
(y, y, y)] + Λ

12
([xy], y, y) + Λ

12
(x, [yy], y) + Λ

12
(x, y, [yy]),

c
1
(y, y, x, y) = Λ

22
(y, y, y, x)− Λ

31
(y, y, y, x) + [yb(y, y, x)] + [yb(y, y, x)]−

−b(y, [yy], x) + [Λ
21
(y, y, y)x]− Λ

21
([yy], y, x)− Λ

21
(y, [yy], x)− Λ

21
(y, y, [yx]),

c
2
(y, y, y, x) = Λ

13
(y, y, y, x)− Λ

22
(y, y, y, x) + [b(y, y, y)x] + [b(y, y, x)y]−

−b(y, y, [yx])− [yΛ
12
(y, y, x)] + Λ

12
([yy], y, x) + Λ

12
(y, [yy], x) + Λ

12
(y, y, [xy]).
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Ëåâûå ÷àñòè â ñèëó êîñîñèììåòðè÷íîñòè ðàâíû íóëþ, ïîýòîìó ïîñëå ïðèâå-

äåíèÿ ïîäîáíûõ ïîëó÷èì ðàâåíñòâà:

0 = Λ
22
(y, x, y, y)− Λ

31
(y, x, y, y) + [yb(y, x, y)] + [Λ

21
(y, x, y)y]− Λ

21
(y, [yx], y),

0 = Λ
13
(x, y, y, y)− Λ

22
(x, y, y, y) + 2[b(y, x, y)y]− [xΛ

12
(y, y, y)] + Λ

12
([xy], y, y),

0 = Λ
22
(y, y, y, x)− Λ

31
(y, y, y, x) + 2[yb(y, y, x)] + [Λ

21
(y, y, y)x]− Λ

21
(y, y, [yx]),

0 = Λ
13
(y, y, y, x)− Λ

22
(y, y, y, x) + [b(y, y, x)y]− [yΛ

12
(y, y, x)] + Λ

12
(y, y, [xy]).

Ñëîæèì ïåðâîå ðàâåíñòâî ñî âòîðîì, òðåòüå � ñ ÷åòâåðòûì:

0 = Λ
13
(x, y, y, y)− Λ

31
(x, y, y, y) + [Λ

21
(y, x, y)y]− Λ

21
(y, [yx], y) + [b(y, x, y)y]−

−[xΛ
12
(y, y, y)] + Λ

12
([xy], y, y),

0 = Λ
13
(y, y, y, x)− Λ

31
(y, y, y, x) + [yb(y, y, x)] + [Λ

21
(y, y, y)x]− Λ

21
(y, y, [yx])

−[yΛ
12
(y, y, x)] + Λ

12
(y, y, [xy]).

Âû÷èòàÿ ïåðâîå óðàâíåíèÿ èç âòîðîãî, ñ ó÷åòîì ëåììû 5 ïîëó÷àåì òîæäå-

ñòâî:

0 = Λ
13
(x, y, y, y)− Λ

31
(x, y, y, y)− Λ

13
(y, y, y, x) + Λ

31
(y, y, y, x).

Â ñèëó ýòîãî ðàâåíñòâî (62) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî, à, ñëåäîâàòåëü-

íî, (54) íå äàåò íîâûõ ñîîòíîøåíèé íà òåíçîðû òðè-òêàíè.

Òàêèì îáðàçîì, âåðíà:

Òåîðåìà 1 [5] Ïÿòàÿ îêðåñòíîñòü ñîîòíîøåíèÿ (1) íå äàåò íîâûõ ñîîò-

íîøåíèé íà òåíçîðû êðó÷åíèÿ è êðèâèçíû òêàíè E.

Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû ìû èñïîëüçîâàëè òîëüêî

ñîîòíîøåíèÿ òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà, ïîëó÷åííûå èç (1), è ñîîòíî-

øåíèÿ, ïîëó÷åííûå ïðè èõ äèôôåðåíöèðîâàíèè.
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About three-webs with �exible coordinate loops

All relations between torsion and curvature tensors of an elastic three-web in

the �fth order di�erential neighborhood are found.
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