ISSN 2072-9812

PROCEEDINGS

of the

INTERNATIONAL GEOMETRY
CENTER

Volume 6, No. 2, 2013



ISSN 2072-9812
Baarogiiinuii ¢poHa HAYKOBUX TOCJIII>KEHDb

"Hayka"

OpgechbKa HaIlOHAJBHA aKaJdeMis Xap4YoBUX
TEeXHOJIOTI

ITPAIII MI2ZKHAPOJJIHOI'O

I'’EOMETPVYHOI'O HEHTPY

Towm. 6, No. 2, 2013

TPYIbl ME2KJITYHAPO/IHOT'O

I'EOMETPUYECKOI'O TEHTPA

Tom. 6, No. 2, 2013

PROCEEDINGS OF THE
INTERNATIONAL

GEOMETRY CENTER

Vol. 6, No. 2, 2013

Bunaerncsa 3 2008 poky
BUXO/IMTH 4 pa3u Ha PiK

Oneca

" Npykapcbkmit dim"
2013



3aCHOBHUKMU:
Brarogiiiauii bong HaykoBux mgocaimkens "Hayka'
OsechKa HAIIOHAJIbHA aKaAeMis XapuOBUX TEXHOJIOTIH

PexkomeHn 1oBaHo 10 JPYKY BUEHOIO Pa/I0I0
OnechKoi HAITIOHAIBHOT aKaeMil Xap40oBUX TEXHOJIOTIi
(Ne 10 Bim 09.04.2013p)

TosioBuuit pegakrop: Bosmogumup IMlapko

3acTyIIHEKHA TOJOBHOTO penakTopa: AHarodait Minka, Irop Mukutiok,
Ouaekcauap Ileaexos

Bignosizannhi penakropu: Hagis Konosenko, Bikrop Ky3akonb

Bignosinanbhi cexkperapi: Onekciit Moiiceenok, FOnia PenueHko

Penaxmiitna koserisa:

AnekceeBckmnii . Kupnmaos B. Casuenko O.
Baxan B. Kpacunabmuk 1. Cepreena O.
Banax T. Makcumenko C. Tosictuxina A.
I'nymxos O. Mamikos O. ®enpocos C.
HickaaT B. Mikemr 1. domenko A.
3amopoxkHuuii B. Mopwmya II. ®omenko B.
3apiunnii M. IHpumaak O. IITseus B.
Kar I. Paxyna M. MTypuriu B.
Kupudenko B. Py6moB B.

(©bunaroziitauit bonn HaykoBux mocaimkensb "Hayxka', 2013



[naBubrit pegaktop: Baaaumup 1llapko

3aMecTuTeN M TJIABHOTO pepakTopa: AHaroamit Muaka, rops Mukutiok,

Anekcanap IllenexoB

OtBercTBennbie pegakTopsl: Hanexkmga Kounosenko, Buktop Kys3akonb

OrsercrBennnie cekperapu: Anekceii Moiiceenok, FOiina PeaueHKo

Penaknmonnasa kKoJuierns:

AnekceeBckmii /I. Kupumanos B. CaBuenko O.
Banan B. Kpacuabmuk . Cepreena A.
Banax T. Makcumenko C. Toncruxuua I.
I'nymkos A. Maimkos O. ®eqocos C.
uckaut B. Muxkem . domenko A.
3amopoxkHsbrit B. Mopwmya II. ®omenko B.
Sapuunsbiii M. Ilpumasak A. e B.

Kam 1. Paxymna M. IlIypeirua B.
Kupuuenko B. Pyo6mos B.

(©BbaarorBopuTtenbublii hona HaydHBIX Hccaegoanuii "Hayka", 2013



Editor-in-Chief: Vladimir Sharko

Deputies Editor-in-Chief: Anatoliy Milka, Igor Mikityuk,
Alexandr Shelekhov

Managing Editors: Nadiia Konovenko, Viktor Kuzakon

Executive Secretary: Alexei Moysyeyenok, Juliya Fedchenko

Editorial Board:

Alekseevsky D. Kats I. Rahula M.
Balan V. Kirillov V. Roubtsov V.
Banah T. Kirichenko V. Savchenko O.
Diskant V. Krasilshchik I. Sergeeva A.
Glushkov A. Maksimenko S. Shvets V.
Fedosov S. Mashkov O. Shurygin V.
Fomenko A. Mikes J. Tolstikhina G.
Fomenko V. Mormul P. Zadorozhnyi W.
Prishlyak A. Zarichnyi M.

(©Charity Fund for Scientific Research "Science", 2013



3micT

A.V.Glushkov, V.V. Buyadzhi, V.B. Ternovsky
Geometry of Chaos: Consistent combined approach to treating of
chaotic self-oscillations in backward-wave tube 6

JI. €. BazuneBuud, M. M. 3apiunnii, O. I'. CaBuenko
Metpwu3zoBni dyukTOopr i K-yabTrpaMeTpUKH 13

0O.Yu. Khetselius
Quantum Geometry: Quantization of quasistationary states of the
Dirac-Kohn-Sham equation in heavy ion collision problem 22

Yu.G. Chernyakova, Yu.V. Dubrovskaya, T.A. Florko, A.V.
Romanova, L.A. Vitavetskaya
An advanced approach to quantization of the quasistationary states

of Dirac-Slater equation 29
A. 1. Munaka
2KecTKOCTh 3aMKHYTBIX BBITTYKJIBIX TTOJTU3IPOB 35

K.P. /I>xykaiesn
O TpU-TKAHAX C SJACTHIHBIMEU KOOPMHATHBIMHE JTY TAME 52



Proc. Intern. Geom. Center 2013 6(2) 6-12 dw

Geometry of Chaos: Consistent combined ap-
proach to treating of chaotic self-oscillations in
backward-wave tube

A.V.Glushkov, V.V. Buyadzhi, V.B. Ternovsky

Abstract It is presented an numerical application of a consistent chaos-
geometrical combined approach to non-linear analysis and treating of chaotic of
chaotic self-oscillations in backward-wave tube. It combines together application
of the wavelet analysis, multi-fractal formalism, mutual information approach,
correlation integral analysis, false nearest neighbour algorithm, Lyapunov

exponent’s analysis, surrogate data method etc.

Keywords geometry of chaos, backward-wave tube, non-linear analysis, chaotic
self-oscillations

Mathematics Subject Classification: (2000) 55R01-55B13

1. Introduction

In this paper we present an numerical application of a consistent chaos-
geometrical combined approach [1-10] to to non-linear analysis and treating of
chaotic of chaotic self-oscillations in backward-wave tube. It combines together
application of the wavelet analysis, multi-fractal formalism, mutual informa-
tion approach, correlation integral analysis, false nearest neighbour algorithm,
Lyapunov exponent’s analysis, surrogate data method etc. As it is indicated
earlier [1-4], time series can be considered as random realization, when the ran-
domness is caused by a complicated motion with many independent degrees
of freedom. Chaos is alternative of randomness and occurs in very simple de-
terministic systems. Although chaos theory places fundamental limitations for

long-rage prediction, it can be used for short-range prediction since ex facte
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random data can contain simple deterministic relationships with only a few de-
grees of freedom. During the last two decades, many studies in various fields
of science have appeared, in which chaos theory was applied to a great number
of dynamical systems, including those are originated from nature (e.g. [1-19]).
Now it is well known that in the modern electronics etc there are many phys-
ical systems (the backward-wave tubes, multielement semiconductors and gas
lasers, different radiotechnical devices etc), which can manifest the elements of
chaos and hyperchaos in their dynamics (e.g. [8-10]). The key aspect of study-
ing the dynamics of these systems is analysis of the dynamical characteristics.
Chaos theory establishes that apparently complex irregular behaviour could be
the outcome of a simple deterministic system with a few dominant nonlinear
interdependent variables. The outcomes of such studies are very encouraging, as
they not only revealed that the dynamics of the apparently irregular phenomena
could be understood from a chaotic deterministic point of view but also reported

very good predictions using such an approach for different systems.

2. Combined chaos-geometrical approach to to treating of chaotic self-

oscillations in backward-wave tube

The backward-wave tube is an electronic device for generating electromagnetic
vibrations of the superhigh frequencies range. In ref.[9] there have been presented
the temporal dependences of the output signal amplitude, phase portraits, sta-
tistical quantifiers for a weak chaos arising via period-doubling cascade of self-
modulation and for developed chaos at large values of the dimensionless length
parameter. The authors of [9] have solved the equations of nonstationary non-
linear theory for the O type backward-wave tubes without account of the spatial
charge, relativistic effects, energy losses etc. It has been shown that the finite-
dimension strange attractor is responsible for chaotic regimes in the backward-
wave tube. In our work in order to study the chaotic self-oscillations regimes in
the backward-wave tube we have used earlier developed and adapted techniques
of the non-linear analysis, such as the multi-fractal formalism, methods of cor-
relation integral, false nearest neighbour, Lyapunov exponent’s, surrogate data
(code “Geomath”). As the key ideas of our technique for nonlinear analysis of
chaotic systems have been in details presented in refs. [1-8], here we are limited

only by brief representation..

Since processes resulting in the chaotic behaviour are fundamentally multivari-
ate, it is necessary to reconstruct phase space using as well as possible infor-
mation contained in the dynamical parameter s(n), where n the number of the

measurements. Such a reconstruction results in a certain set of d-dimensional
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vectors y(n) replacing the scalar measurements. Packard et al. [12] introduced
the method of using time-delay coordinates to reconstruct the phase space of an
observed dynamical system. The direct use of the lagged variables s(n + 7),
where 7 is some integer to be determined, results in a coordinate system in which
the structure of orbits in phase space can be captured. Then using a collection

of time lags to create a vector in d dimensions,

y(n)=s(n),s(n + 7),s(n + 27),...,8(n + (d—1)7), (1)

the required coordinates are provided. In a nonlinear system, the s(n + j7) are
some unknown

nonlinear combination of the actual physical variables that comprise the source
of the measurements. The dimension d is called the embedding dimension, d .
According to Mane [16] and Takens [15], any time lag will be acceptable is not
terribly useful for extracting physics from data. If 7 is chosen too small, then
the coordinates s(n + j7) and s(n + (j + 1)7) are so close to each other in
numerical value that they cannot be distinguished from each other. Similarly, if
7 is too large, then s(n + j7) and s(n + (j + 1)7) are completely independent
of each other in a statistical sense. Also, if 7 is too small or too large, then the
correlation dimension of attractor can be under- or overestimated respectively
[3]. The autocorrelation function and average mutual information can be applied

here. The first approach is to compute the linear autocorrelation function:

1 N — = N
0y(9) = Mot ST B i S5 )
N 2om=1[5(m) — 3] m=1

and to look for that time lag where C'1(9) first passes through zero (see [18]).

This gives a good hint of choice for 7 at that s(n + j7) and s(n + (j + 1)7) are

linearly independent. a time series under consideration have an n-dimensional

Gaussian distribution, these statistics are theoretically equivalent (see, e.g., [1-

3]). The general redundancies detect all dependences in the time series, while

the linear redundancies are sensitive only to linear structures. Further, a possible

nonlinear nature of process resulting in the vibrations amplitude level variations
can be concluded.

The goal of the embedding dimension determination is to reconstruct a Euclidean

space R? large enough so that the set of points d 4 can be unfolded without am-

biguity. In accordance with the embedding theorem, the embedding dimension,

d g, must be greater, or at least equal, than a dimension of attractor, itd4, i.e.

dg > da. In other words, we can choose a fortiori large dimension dg, e.g.
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10 or 15, since the previous analysis provides us prospects that the dynamics
of our system is probably chaotic. However, two problems arise with working in
dimensions larger than really required by the data and time-delay embedding [1-
4,13-17]. First, many of computations for extracting interesting properties from
the data require searches and other operations in R¢ whose computational cost
rises exponentially with d. Second, but more significant from the physical point
of view, in the presence of noise or other high dimensional contamination of the
observations, the extra dimensions are not populated by dynamics, already cap-
tured by a smaller dimension, but entirely by the contaminating signal. In too
large an embedding space one is unnecessarily spending time working around
aspects of a bad representation of the observations which are solely filled with
noise. It is therefore necessary to determine the dimension d 4.

There are several standard approaches to reconstruct the attractor dimension
(see, e.g., [1-18]). The correlation integral analysis is one of the widely used
techniques to investigate the signatures of chaos in a time series. The analysis
uses the correlation integral, C'(r), to distinguish between chaotic and stochas-
tic systems. To compute the correlation integral, the algorithm of Grassberger
and Procaccia [13] is the most commonly used approach. If the time series is

characterized by an attractor, then the integral C(r) is related to the radius r

given by
1
d= lim M7 (3)
log r
r—0
N — o0

where d is correlation exponent that can be determined as the slop of line in
the coordinates log C(r) versus log r by a least-squares fit of a straight line
over a certain range of r, called the scaling region. If the correlation exponent
attains saturation with an increase in the embedding dimension, the system
is generally considered to exhibit chaotic dynamics. The saturation value of
correlation exponent is defined as the correlation dimension (d2) of attractor.

Lyapunov exponents are the dynamical invariants of the nonlinear system. In a
general case, the orbits of chaotic attractors are unpredictable, but there is the
limited predictability of chaotic physical system, which is defined by the global
and local Lyapunov exponents. A negative exponent indicates a local average
rate of contraction while a positive value indicates a local average rate of expan-
sion. In the chaos theory, the spectrum of Lyapunov exponents is considered a
measure of the effect of perturbing the initial conditions of a dynamical system.
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Since the Lyapunov exponents are defined as asymptotic average rates, they are
independent of the initial conditions, and therefore they do comprise an invari-
ant measure of attractor. In fact, if one manages to derive the whole spectrum of
Lyapunov exponents, other invariants of the system, i.e. Kolmogorov entropy and
attractor’s dimension can be found. The Kolmogorov entropy, K, measures the
average rate at which information about the state is lost with time. An estimate
of this measure is the sum of the positive Lyapunov exponents. The inverse of
the Kolmogorov entropy is equal to the average predictability. There are several
approaches to computing the Lyapunov exponents (see, e.g., [1-5,10,17]). One
of them [1,17] is in computing the whole spectrum and based on the Jacobin

matrix of the system function.
3. Numerical results and conclusions

In table 1 we present the data on the Lyapunov exponents’ for two self-
oscillations regimes in the backward-wave tube: i). the weak chaos (normalized
length: L=4.24); ii) developed chaos (L=6.1). The correlations dimensions are
respectively as 2.9 and 6.2.

Table 1. numerical parameters of the chaotic self-oscillations in the backward-
wave tube: A\ — \g are the Lyapunov exponents in descending order, K is the

Kolmogorov entropy

Regime A1 Ao A3 Aq A5 A6 K
Weak 0.261 | - —0.0004 | —0.528 | — — 0.261
chaos 0.0001

L=4.24

Hyperchaog 0.514 | 0.228 | 0.0000 —0.0002 —0.084 | —0.396 | 0.742
L=6.1

Our analysis is in very good agreement with the similar data [9] and confirms a
conclusion about realization of the chaotic features in dynamics of the backward-
wave tube. Thus, we have considered a problem of a chaotic oscillations in dy-
namics of the backward-wave tube within earlier formulated formally theoretical
basis’s of a consistent chaos-geometrical approach to treating of chaotic dynami-
cal systems. This approach combines together the non-linear analysis methods to
dynamics, such as the wavelet analysis, multi-fractal formalism, mutual informa-
tion approach, correlation integral analysis, false nearest neighbour algorithm,
the LE analysis, surrogate data method etc. We have investigated a chaotic ele-
ments for two self-oscillations regimes in the backward-wave tube and proved an
existence of the low-dimensional chaos in the corresponding time series (dynam-
ics). The presented example has shown high perspectives of a combined chaos-
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geometrical approach methods to treating chaotic dynamics of very complicated

quantum-electronics, radio-technical systems, devices etc.
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Metpu3oBHi ¢pyHKTOpH i K-yJIbTpaMeTpuKu

JI. €. Bazunesuuy M. M. 3apiununii  O. I'. CaBuenko

Anoranis [lonsarrs K-yIpTpaMeTpuIHOrO MPOCTOPY € MPOMIYKHUM MiK TIOHSIT-
TAM METPUYHOIO TPOCTOPY 1 yIBTPAMETPUYHOrO (HEapXiMemoBOr0) IPOCTOPY.
Mu omnmcyemo 3arajbHy KOHCTPYKIO K-yabTrpamMerpu3ariii jisi MeTPU30BHHUX

dyukTOpiB ¥y cenci B.B. ®enopuyka.

KirouoBi ciaoBa YiabTpaMerpudHuil mpocTip, Merpu3oBHuil GyHKTOD

1 Beryn

Tousitrsa ynprpamerpuku (HeapxiMea0BOI METPUKM) 3HAXOAUTH YUCIEHHI 3aCTO-
CyBaHHs He JIWIIE Yy PI3HUX PO3/ILIaX MaTeMaTHKH, a f Jajieko 3a 11 MexKaMmu
(y indopmarumi, bizuni, 6iodisuni). Haramaemo, 1Mo yIbTpaMeTpuKkol0 Ha3u-
BAlOTh METPHUKY d, sika 3aJ0BOJILHSE CUIbHY HepiBHICTH TpUKyTHUKA d(x,y) <
max{d(z, z),d(z,y)}. Hemonasuo oxun 3 aBropis wi€i 3aMiTKu PO3IIIAHYB O/HE
y3arajbHEHHsl NOHATTS YJIbTPAMETPHUKHU, a came, MOHATTA K-yabTpamMerpuku
(muB. [9]). OzmHa 3 MOTHBAIN 3aMPOBAXKEHHST OHATTS K -yIbTPAMETPUKH Jie-
2KUTb Yy T€Opil TaK 3BAHUX PO3MUTUX METPUUYHHUX IIPOCTOPIB.

Hns K-yapTpaMeTpudHUX POCcTopiB y craTTi [9] m0BeneHo CTpYyKTYpHY Teo-
pemy. Kpim toro, y 1iit ke crarTi po3ryisgHyTO pidHi (PyHKTOpiaIbHI KOHCTPYKILIT
y Kareropil (piBomipuux) K-yabrpaMeTpudHuX IPOCTOPIB Ta Tak 3BaHux K-
HEPO3TATYIOYUX BiOOpaKEHb.

VY crarri [10] 3aBBaxKkeHO, MO MOXKHA DPO3MIAAATU (DYHKTOD iJEMIIOTEHT-
Hux Mip Ha kareropii (piBHOMipHuX) K-yJabTpaMeTpudHuX MIpOCTOpiB Ta K-

HEPO3TATYIOUNX BimoOparkenb. Haramaemo, 1o moHATTS i1eMITOTeHTHOT Mipu BU-
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HWKJIO B KOHTEKCTI Tak 3BaHOI imemMmorTeHTHOI Maremarnku (mwB. [1,6,7,3] Ta
in.)

InemmoTenTHI MipH € 9aCTKOBUM MPHUKJIAJIOM TaK 3BAHUX HEAIUTUBHUX Mip
(emHOCTEIT). EMHOCT] Ha YIBTPAMETPHYHUX TPOCTOPAX BUBYaAJNCA B [2]. Bununkae
MPUPOIHA 330394 TONTHPEHHS OIEP’KAHNX PE3YJIBTATIB HA, (DYHKTOP EMHOCTEH Ha,
kareropil K-yapTpaMeTpUIHIX MPOCTOPIB.

VY it 3aMITIIi ME PO3IVIALAEMO 3aTajIbHy CUTYAIiIo 1 IPOMOHYEMO KOHCTPYK-
ITif0, KA MOYKE 3aCTOCOBYBATHCS 0 KOXKHOTO METPU30BHOTO (hyHKTOPA B CEHCI

B.B. ®enopuyka.

2 IlinkoM mMeTpu30BHI (PyHKTOPH

Hexait F' — maiixke nopmasnbauit y cenci €. [llemina dbyrkTop y kareropii Comp
KOMIIAKTHUX raycaopdoBux npocropis (aus., nanpukias, [11]). Tyr mu koporko
HaraJaeMo, IO yMOBA HOPMAJTHHOCTI O3HAYAE HEMEePEepPBHICTH, MOHOMOP(MHICTS,
emiMopdHicTh, 30eperKeHHsT Baru, MEPETUHIB, MPOOOPa3iB, TOYKH i TOPOKHBOI
MHOKMHH. ZKINO OmycTuTy yMOBY 30€peKEHHs Baru, TO OJEPKYEMO O3HAYEHHS
MajizKe HOPMAJIBHOTO PYHKTOPA.

ITonsitTst Merpu3oBHOCTI hyHKTOpa Brepiie o3nadns B.B. ®@emopuyk [12],
y3arajJbHIOI0YHN BJIACTUBOCTI KOHKpeTHUX (GyHKTOPiB v Kareropii Comp. Kaxe-
Mo, 1m0 pyHKTOp F MEeTpm30BHUI, SKIMO KOXKHIA merpuri dx Ha mpocropi X

Bignosinae merpuka dp(X) wa npocropi F(X), npudomMy BUKOHAHO yMOBH:

1. 36epirarorbcs i30MeTpUYH] BKIIA/IEHHS;
2. npupoane Bkiagentus X — F(X) e i3omerpuunumM BKJIAJIECHHIM;
3. diam(X) = diam(F(X)).
Hexaii (X,d) — ynprpamerpuunuii upocrip. Hus koxuoro K > 0 uepes
~ g TIO3HAYAEMO BiJTHOIIIEHHS €KBiBAJEHTHOCTI Ha X, O3HAYEHE YMOBOKO: T ~ U
rozi i simmme Toxi, komu d(x,y) < K. Hexail uepe3 qx: X — X/ ~k NO3HAYEHO
dakropsinobpaxenns, a qis koxkaux K > L > 0, uepe3 qrx: X/ ~p— X/ ~k
— mpuponne Bimobpazkenns. Tomi, oueBuano, X = @(X/ ~KS ALK )-
Osnaunmo Bimobpaxkenus d: F(X) x F(X) — R dopwmymoro

d(a,b) = inf{K > 0| F(qx)(a) = F(qx)(b)}, a,b € F(X).
Heckmaano mokasarwu, mo GyHKITisS de YABTPAMETPUKOIO Ha MHOXKHHI F(X).
Y nosemenHi My BUKOpucTOByeMO TOi dakr, mo F(X) = l&n(F(X/ ~K
), F(qrK)) — ue BulMBaE 3 BJaCTUBOCTI HenepepHoOCcTi dyHnkTOpa F'.
3aBBaxkumo, 1m0 Tomosoria Ha F(X), iHAyKOBaHA yIbTPAMETPUKOIO CZ, B3a-

raji Kaxkyun, BiamMinHa Big Buxigroi Tomosorii Ha F(X).
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Hexait X — muoxkuHa i K € [0, 00]. Merpuky d Ha MuoxuHI X Gynemo Ha-
suaru K -yavmpamempuroro, akuio d(z,y) < max{d(z, z),d(z,y)} ana KoxKHUX
x,y, 2 € X rakux, mwo min{d(z, z),d(z,y)} < K.

ayBaxkumo, mo KoxkHa 0-yabTpaMeTpuKa HACIPAB/Ii € METPUKOIO | KOXKHA 00~
YABTPAMETPHKA € yIbTPAMETPUKOI. 3ayBazkUMO TAKOXK, IO KOXKeH K-yabTpa-
MeTpuuHUi pocTip € K'-ymbrpamerpuaanM npocropom, akmo K’ < K.

Hazsemo K-ymbrpaverpudnuili mpocTip piBHOMIpHO K-yabTpamMeTpudaHuM,
KO icuye € > 0 Take, 110 BUKOHAHO yMOBY: akmo &,y € X id(z,y) < K + ¢,
to d(z,y) < K.

Hawa 3azasa — nobyaysaru K-ynbrpamerpuxky na upocropi F(X) mis
KOKHOTO piBHOMIpHO K-yabrpamerpudaroro mpoctopy X. Hacammepen 3aBBa-
JKUMO, IO JIJIst TaKoro nmpocropy X maemo: X = @(X/ ~R,qrs, (0, K)). dxmio
wv € F(X) i F(gr) () = F(qr)(v), To npritvemo

d(p,v) = inf{S € (K,0) | F(gs)(n) = Flgs)(v)}-

[Ipuitmemo:

d(p,v), AKIIO
Flax) () = Far)(v),

dx (/’6’ V) =
maX{dF(QK(X)) (F(QK)(M)v F(QK)(V))a K + 5}7 Yy TPOTHUJIEZKHOMY

BUIIAJIKY.

Ak baunmo, o3navenus QYHKINI dx 3a7€KUTH BiJ TOrO, AKy Crasy € BuOu-
paemo y ozHadeHHi piBHoMipHOi K-ynbrpamerpuku. lle sBHO He Bim3Hadamocs
y TIOMEepeHIX CTATTAX, IO CTOCYIOThCS PIiBHOMIpHO K-yIbTpaMeTPUIHUX TPO-

CTODIB.

Teopema 1 Pynxuisa dx: F(X) x F(X) — R e pisnomipnoro K-

yavmpamempurorw na muoscuni F(X).

Jlosederns Bizbmemo & > 0 3 o3HaAUEHHS PIBHOMIPHOT yabTpaMerpuku. [lokaxke-
MO cnodarky, mo dg (p,v) > 0, axuo g # v. dkmo F(gk)(p) = Flqk)(v), 10
di (pu,v) = d(p,v) > 0. Y nporunexuomy Bunaixy dg (p,v) > ¢ > 0.
OueBuno, Mo dyHKiidg dg CUMETPUIHA.
Hosenemo s dynkuii di nepiBaicTh TpukyTHEKa. Hexail u,v,7 € F(X)

— monapHo pisui exementn mpocropy F(X). ko

F(qr)(p) = Flqr)(v) = Fqr)(1),
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TO HEPIBHICTH TPUKYTHUKA BUILIUBAE 3 (CHJIBHOI) HEPIBHOCTI TPUKYTHWKA IJIsi

serpuiat d. $Txuo F(gi) (1) = Flax)(v) # Flgx)(7), 1o

dr(p,v) < K < K +¢ <max{dk(y,7),dx(v,7)}.

Stxio Flaxc) (1) # Flan)(v) = Flax)(r), 10 ma{dic(u,7),dic (v, )} =
dx (p, 7). Ipu upomy, axmo dg (u,v) = K + €, To HepiBHicTb noBemeno. Tomy
npumyckaemo, mo di (i, V) = dp(q.(x)) (F(ax) (1), F(qr)(v)). Ane Toni Takox
dr(p, 7) = dp g (x)) (F(qr ) (1), F(qx ) (7)) i nepiBuicts TpukyTHHKA Mae Micue.

Awnanoriuni MipKyBaHHS 3aCTOCOBYEMO A7 BUIAJKY, KOJIH
F(gx) (1), F(qr)(v), F(qx)(7) — nmonapuo pisui exementn npocropy F(X).

Tenep nepeBipuMo yMOBY 3 o3HadeHHsi K-ynbrpamverpuku. Hanmani nexait
w, v, T € F(X) — nonapHo pi3ui enementn mpocropy F(X).

He smeniyroun saraibHOCTi, IPUITYCKAEMO, MO dp(q, (x)) (1, V) < K. dxmo
TAKOK dp (g ( X))(y, 7) < K, T0 3 CHJIbHOI HEPIBHOCTI TPUKYTHUKA /i METPUKH

d BUILINBAE, 110

dp(grx)) (1 V) < max{dp(q,(x)) (1, T), dp(qr (x)) (T, )}

Tenep axmo dpgx) (7)) < K i dpgex) v, 1) > K + ¢, 10 Takox i
dF(QK(X))(NaT) > K +¢, a orxke

dr (g (x)) (1, T) =dK (F(qr ) (1), Fqr)(7)) = die (Fg ) (v), F(qr ) (7)) = d(v, T)
=max{d(p,v),d(v,7)}.

IIepeBipumo, mo ¢yHKIig di € piBHOMIpHOIO K-ymbrpamerpukoro. Hexaii
w,v € F(X) 1dg(p,v) < K +¢e. 3 o3nauenns GyHKUT dx BUIUIMBAE, IO TOL
Flqx)(p) = Far)(v), a romy dg(p,v) < K.

3ayBaxKuMo, M0 I KOHCTPYKIlisi MOXKe OyTHu 3/ificHeHA TAKOXK 1 y BHIAJ-
Ky HEeKOMIaKTHHX mpocropiB. Crpap/i, icHye npomoBxkenHs 3a Uurorinze [13]
dyukropa F Ha Kareropiio THXOHOBCHKUX TPOCTOPIB (MU 36epiraeMo i mboro
UPOJIOBXKeHHsL Ty 2k camy airepy F'). Matouu a,b € F(X), po3rusnemo 3By-
JKEHHsI METPUKH HA KOMIAKTHY MHOXKUHY supp(a) Usupp(b) i auis uiel merpuku
O03HAYMMO BiJCTaHb MiXK a i b gK BHIIE.

Oznaunmo kareropito UUMET . Ii 06’ekramu € K-ynprpamerpudni mpo-
cropu, a mopdizmamu npocropy (X, d) y npocrip (Y, 9) — K-ueposraryoudi Bigo-
GpaxkeHHst, TOOTO HernepepBHi Bimobpaxkenus f: X — Y raxi, mo o(f(z), f(y)) <

d(z,y) nnsa xkoxuux z,y € X Ttakux, mo d(z,y) < K.
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Teopema 2 Hasedena suwe KOHCMPYKYIA 6USHAYAE GYHKMOP HA KAME20Pii
pisnomiprux K -yavmpamempuyrnur npocmopie ma K -nepozmsazyrouur 6idobpa-

HCEHD.

Jlosedenna SAxkmo p,v € F(X) i dg(p,v) < K, 1o dg(p,v) = d(p,v). Ilo-
3HAIUMO depe3 ¢s: Y — Y/ ~g mua S € (0, K]. 3 ymoBu K-Hepo3TAryBaHOCTI
BUILIMBAE, 10 it KoxkHOro S € (0, K| icuye Bimobpaxkenns fs: X/ ~s— Y/ ~g
Take, mo ¢sf = fsqs. 3Biacu F(¢s)F(f) = F(fs)F(qs), a Tomy

ox(F(f)(1), F(f)(v)) = o(F(f)(u), F(f))) < d(p,v) = dx (. v).

3 Ilpukaaan

TyT Mu OgAEMO IeAKi MPUKJIAIN METPU30BHUX (PYHKTOPIB.

[Tounemo 3 dbynkTopa HamiBHEmEpPEepPBHUX 3ropu emuocTeit. Yepes exp X mo-
3HAYaE€MO MHOYKUHY BCiX HEMOPOKHIX KOMIAKTHUX MAMHOXKWH MTPOCTOPY X, Ha-
aiseny merpukoo Laycmopda. €muicrio Ha komnakri X HaszuBaioTh (QyHKIHO

c: exp X U {0} — [0, 1], mo 3amoBONILHSAE yMOBH:

1. ¢(0) =0, ¢(X)=1;
2. axmo F' C G, 10 ¢(F) < ¢(G) (MoHOTOHHICTB);
3. akmo ¢(F) < a, 1o icuye okin U muoxkunu F rakwii, mo ¢(G) < a mis

KOXKHOI 3aMKHEHOI MHOKUHU G C U (HamiBHENnepepBHICTH 3ropH).

s KOYKHOI €MHOCTI 14 1 KOyKHOT HerepepBHOI (bYHKIII ¢ 331a€ThCA IHTErpaJ
IToxe

() = /X pdp = /0ij plp > t)dt — /0 (1 —p(p > t))dt.

—0o0

Yepes n — LIP = n — LIP(X, d) nosnauaemo MHOXKWHY BCix ginmmnesnx GyHK-
uiii 3 sinmmnesoo KoucranTow < n 3 muoxuuu C(X).

Koxna merpuka d Ha X Temep HmOPOIKYE METPHUKY d na muoxuui M (X)

BCiX HaIliBHEIEpPEpPBHUX 3rOPU €MHOCTEi Ha X:

d(p,v) = sup{|p(p) —v(p)| | ¢ € 1 — LIP}

(muB. [8]).

s menmepepBHOro BimobOpakemuss f: X — Y BimobparkemHmst
M(f): M(X) — M(Y) zamaemo dopmymoio: M(f)(c)(F) = c(f~H(F)),
Juist KoskHOrO ¢ € M (X) 1 3amxuenol migMuoxnun F C Y.

Bimomo, mo dyHKTOp HamiBHENEpepBHUX 3ropu €MmHOCTeH M Maiike HOD-

MaJILHUIA.
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Teopema 3 Bidobpasicenns wocia supp = suppy: M(X) — expX e K-

HEPOZMALYIOYUM.

JoBenennst 15010 (haKTy MOBTOPIOE BiMOBiIHE MOBemeHHs A1 (BYHKTOPA HMO-
Bipuicuux wmip, 3anpononosane 8 [9]. Heckiaiuo nepesipuru, mo kuac Bigobpa-
2KeHb SUPPy CKJIaJa€ HpupojHe 1nepersopents dynkropa M B GpyHKTOD exp.

3acTOCOBYIOUM KOHCTDPYKINIO IONEpenIHboro mnaparpada, oaepxkyemo K-
YIBTPAMETPHU3AINI0 TPOCTOPY HAIiBHENMEPEPBHUX 3TOpU  €MHOCTeH Ha K-
YJIBTPAMETPUYHOMY IIPOCTOPI.

®Dyukrop igemnorenTHux Mip posrusinyTo y crarri [10]. Hexail ¢x o3navae
GbYHKIIO HA TOMOJOTI9HOMY TPOCTOPi X, TOTOXKHBO PIBHY €. 3a TPAIUIISIMU
iIeMImOTeHTHOT MaTEMATHKU 4Yepe3 ¢ O  Mmo3HadaeMo GyHKIN cx + . Yepes

@ @ 1) no3HagaeMo MakcuMyM YHKIINR ¢ 1 1.

Osnavenns 1 Hexati X — xomnaxmuud 2aycdopdosuti npocmip. Pynkuionas

w: C(X) — R nasusaemvces imeMnoTeHTHOIO Mipowo (miporo Maciosa,), axugo

plex) =
(®<P)*c@u(s0)
e @ Y) = pulp) © p(y).

Bizomo, o goBinbHA imeMmoTenTHA Mipa € HemepepBHUM (pyHKITIOHATIOM Ha HOP-
moBaroMmy mpocropi C(X).

3acTocoByloun TepeTBOpeHHs t +— e, olepKyeMo aJbTepHATUBHUI ONuC
inemuorentaux Mmip. Hepes CL(X) no3HauaeMo MHOKUHY BCIX HEBiI'€MHHUX
HernepepBunx QyHKIH Ha X. BBaxkaemo, mo izemmorenTHa mipa HA X — 1€

dyuxmionan p: Cy(X) — R, 1m0 3a70BOJIBHSIE YMOBH:

1 ouex) =
2. pu(ep) = cpu(p) ang koxuoro ¢ > 0;

3. ple @) = ulp) ® pu(y).

Hexait I(X) mHOXKMHA BCixX igemmorenTHux Mip Ha X . Hanginnvo I(X) ciab-

ko10* Tomosorier0. Basy 1miel TOMONOTIT CKIAZAI0THE MHOKWHI

O(p; 01, -+ pni€) = {v € I(X) | |u(pi) —v(pi)| <e, i=1,...,n}.

B [6] noBeneno, mo I(X) € kommakTHUM raycaopdhOBUM [IPOCTOPOM.
Pozrngaemo mnpuknaazn imemmorenTHoi wMipm Ha mpoctopi X. Hexait
X1y.eoyTn € X 1Aq,..., Ay € R — Habip uncen takux, mo max{Ai,..., A\, } = 1.

Osuauumo p: C(X) — R HacTynmHAM 9uHOM:

u(p) =max{\;, ©o(z;) |i=1,...,n}.
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Hns noeimpaoro © € X depes d, o3Haummo dyukiionan Ha C'(X) HacTymHUM
quHOM: 05() = @(z), ¢ € C(X). Toni MmoxHa 3anucary, mwo = GF_ A © Oy, .

s 3a1aH0r0 HenepepBHOro Binobpazkenns f: X — Y, 3ajamo BijgodpazkeH-
g I(f): I(X) — I(Y) macrynamm wunom. Hexait ¢ € C(Y), Toni, nnsa manol
1 € O(X), zanamo I(f)(1)(p) = plp o f).

Mu orpumanu xkoBapianTuuit pyrkrop I Ha Kareropii Comp.

3 [6] Bimomo, o I 36epirae kiac BKuaJeHb. SIK HACHIIOK, /Ui KOXKHOL 3a-
MKHEHOI TAMHOXKUHU A KOMIAKTHOrO raycaopdosoro npocropy X, MHOXKUHI
I(A) moxemo mocrasuTy y Bianosiguicrs migMuaokuHy I(2)(A) muOoX)MHEN 1(X),
ge t: A — X nosnadae BriajeHts. Le nae 3Mory o3HadnTy HOCIT 11€MIIOTEH THUX
Mip, aHasiorigao 10 #imosipuicaux Mmip. Hociit izemmorenTHOl Mipu (4 mo3nagaemo
gepe3 supp(u).

Haramaemo, 1o gximo d — gesdka MeTpuKa Ha mpocTopi X, TO Ha MHOXKHHI
I(X) inemmorenTHuX Mip Ha X 3 KOMIAKTHUMHI HOCISIMM METDHKY MOXKHA O3Ha-
YUTH TAKOIO KOHCTPYKI€o (mus. [1]).

Badikcyemo n € N. [Inst xoxkuux p, v € I(X) nexait

dp(1,v) = sup{|u(¢) — v(¢)| | ¢ € n — LIP}.

VY crarrti [1] mokazano, o GyHKIsA d,, € TICeBIOMETPHKOIO Ha MHOKHHI | (X).

Toni dynkuis d: I(X) x I(X) — R, o3nadena $hopMyIo0

i cZn
i=1
€ MeTpukor Ha MHOXKHUHI [(X).

Yepes dpz MO3HAYAEMO METPUWKY HA MHOXKHUHI iT€MIOTEHTHUX Mip 3 KOM-
MaKTHUMY HOCISIMHU HA YIBTPAMETPUYHUX MPOCTOPax, O3HaueHy y crarti [3]. Bo-
Ha piBHA METPHUIll, O3HAYEHIIl 3araJibHOI0 KOHCTPYKIEIO Y TOIEPEHbOMY [1apa-
rpadi. Takum 9uHOM, 0IEPKYEMO KOHCTPYKIIiO K -yIbTpaMeTpu3aliil mpocTopy
imemmoTeHTHHX MIp 3 KOMIAKTHUMH Hocismu (muB. [10]).

BaxmmBumu mpuwKIagaMu piBHOMIpHO K-yabTpaMeTpUIHUX MPOCTOPIB €
(K + &)-auckpeTHi mpocTopH, TOOTO METPUYHI MPOCTODH, IO 3a/I0BOJIHHSIIOTH
ymosy: d(z,y) > K + & musa koxuux z,y € X, ¢ # y. Merpuka na I(X)
mis (K + e€)-puckpernoro npocropy (X, d) 3amaerbes dopmysoo: di(p,v) =
max{dgz(u,v), K + e}, akmo p # v. OTpuManuii METPUYHUI TPOCTIP 3HOBY €
(K + €)-IuCKpeTHNM.

Haragaemo, 1o depe3 P mo3nadaeTbesd GyHKTOP WMOBIpHICHUX Mip HA KaTe-
ropiit UUMET g (ams. [9]).
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Teopema 4 Qyuxmopu I ma P na xamezopii UUMET g ne isomopgdi.
JHosedenns Mu mopudikyemo npukiaz 3 crarri [6]. Hexaii

Brazkaemo, 110 BifcTaHi MiXK MOMapHO PI3HUMHU TOYKaMHu y mpoctopax X,Y,Z
pieui 1. Hexait p1: Z — X ta po: Z — Y — oOMeKeHHsT IPOEKTYBAHHA Ha, IIEP-
it i gpyruii cniBmuokuuK Bignosinuo. Toxi napa simo6paxenb P(p1), P(p2)
posziise roukn y MHokuHI P(Z). Bogunouac, ne He Tak mias napu I(p1),I(pz2).

Crpasni, Hexait
=000, @ (1) Oda,a) OOy, it =000q,c)D(—2) ©(a,q) POOEp,q)-
Toni

I(p1)(p) = 1(p1)(v) =008, BO® &y, I(p2)(p) = 1(p2)(v) =00 6. ® 0O .

4 3ayBakeHHS

Y acumnroruysiil TOmosoril BioMi TBEp/KEHHS PO Te, HI0 KOXKEH MEeTPHY-
Huii npocTip ekiBaseHTHH, ik y cenci kareropil A (acuMnToTuuHOI Kareropil
HpanimankoBa), Tak i B ceHci Tak 3BaHOI rpy6oi Kareropii Poy [4] auckperHO-
My MeTpudIHOMY TTpocTopoBi. Ile macTh 3MOry 3acTocyBaTH PE3yabTaTH MOTEPET-
HBOTO maparpada 10 BuUBIYeHHS (PyHKTOPIaTbHUX KOHCTPYKIH ¥ ACHMIITOTHIHIH
TOTIOJIOTI.

Icaye merpusamis IIpoxopoBa dbyHKTOpa HMOBIPHICHEX Mip, & TAKOXK aHAJIO-
riuna 10 nei merpusauis dynkropa HanisHenepepsHux 3ropu emuocreii [8]. LIi
MeTpu3ailiil mopomKyoTh K-yabrpamerpu3sariii pyHKTOPiB iMOBIpHICHHX Mip Ta

HaliBHENEPEPBHUX 3rOPU €MHOCTEN BiIITOBLIHO.
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Quantum Geometry: Quantization of quasistation-
ary states of the Dirac-Kohn-Sham equation in
heavy ion collision problem

0O.Yu. Khetselius

Abstract An advanced approach to quantization of the quasi-stationary states
of the Dirac-Kohn-Shan equation in the heavy ion collision problem is proposed
and based on the consistent unified quantum mechanical operator perturbation
theory and gauge-invariant quantum-electrodynamical description. An effective
numerical procedure for determination of the electron-positron pair production
cross-section during the ions collision is presented. The illustrative results for for
cross-sections of the U-U collision with using the two-pocket nuclear potential

are listed and compared with other data.

Keywords Quantum geometry - Dirac-Kohn-Sham equation - collision problem

- Quantization of quasi-stationary states

Mathematics Subject Classification (2000) 55R05 - 53B05

1 Introduction

A development of the consistent methods of calculating a spectra of energy eigen
values, sets of the eigen functions, different spectral and dynamical parameters
(collision cross-section, decay probabilities etc) for relativistic Hamiltonian of the
heavy relativistic many-body systems with direct, consistent account of the rel-
ativistic and nuclear effects is still actual and fundamentally important problem
of the modern quantum geometry and relativistic quantum theory of the many-
fermion systems (see, for example, [1]-[15]). Especial interest attracts solving
this problem in theory of relativistic many-body systems collision, such as col-
lision of heavy ions (nuclei). Here it is very important a development of the
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consistent procedures for quantization of the quasi-stationary states of the cor-
responding relativistic equation (such Dirac equation etc) and elaboration an
effective numerical procedures for determination of the decay probability, col-
lision cross-sections etc. Let us remind (see, e.g., [2]-[9]) that upon collisions
of heavy atomic ions (nuclei) the electron—positron pair production (EPPP) is
allowed for the collision energy £ > 1 MeV . That’s why the energy region
close to the Coulomb barrier (it corresponds to the energy of several MeV per
nucleon) is of a great interest. Naturally the cross-section o(e, E) of this pro-
cess depends on the collision energy E and the positron energy e. Presently
such collisions are under extensive theoretical and experimental study (see, for
example, [4]-{9] and references therein). Especial attention attract the narrow
peaks in the differential cross-section do(e, E)/de. The nature of these peaks
has not yet any acceptable reasonable interpretation. Generally speaking [1]-9],
the positron spectrum structure can be related with the resonances phenom-
ena of different nature (resonances in the residual electron shell of colliding ions
or resonances of the compound nucleus which is created by the colliding nu-
clei or resonances of new non-identified particles etc.). In general it should be
noted [14] that the modern physics of the heavy atoms inner shells deals with
the processes which energy and time scales are comparable with those of the
low-energy nuclear processes. As the result, the interaction of the inner nuclear
and electronic degrees of freedom open new reaction channels in both subsys-
tems or leads to appreciable corrections to observable. The correct description
of these processes requires an using the consistent quantum-mechanical the-
ory of the complicated compound-like system taking into account the quantum-
electrodynamical (QED) properties of the electron subsystem. Besides, to get
the adequate results concerning the collision process one must perform the ac-
curate modelling of inner-nuclear dynamics. Moreover, even a little variation of
parameters of the inter-nuclear potential within the reasonable limits can lead
to qualitative changing of positron spectra. In refs. [5]-[9] the heavy ion collision
process has been theoretically studied on the basis of the operator perturbation
theory and QED treating the electronic subsystem with using the Dirac-Fock
equation. The nuclear subsystem and electron subsystem have been considered
on the equal foot as two parts of the complicated system interacting one with an-
other through the model potential. According to [5]-[9], the solution of the total
electron-nuclear system quantum—mechanical equation is based on the formally
exact perturbation theory with the zeroth order Hamiltonian H of the total sys-

tem being determined by its energy spectrum and the set of the eigenfunctions
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without specifying analytic form of zero order potential. More details concerning
the general formulation of the operator perturbation theory in non-relativistic
and relativistic versions can be found in Refs, [9]-[12]. All the spontaneous de-
cay or the new particle (particles) production processes are excluded in the zero
order. The approach treats the widely known distorted waves approximation as
the zeroth order approximation in the formally exact quantum—mechanical per-
turbation theory allowing for successive refinement of calculations. In this paper,
which goes on our investigations [8], [13]-[15] we will propose an advanced ap-
proach to quantization of the quasi-stationary states of the Dirac-Kohn-Shan
equation (the electronic subsystem) in the heavy ion collision problem within
an advanced operator perturbation theory and gauge-invariant QED description
and develop an effective numerical procedure for determination of the EPPP
cross-section. The illustrative results for the differential cross-sections of the U-
U (total nuclear system charge being Z = 184) collision energies Ey (F; =162.0
keV — the third s-resonance and F; =247.6 keV — the fourth s-resonance) are
listed and are in a reasonable agreement with the one-pocket nuclear potential
results by Ivanov et al and two-pocket potential results by Glushkov et al [5]-[8].

2 Energy approach to calculation of the EPPP cross section

The formulae of EPPP’ cross-section can be obtained on the basis of the energy
approach [5]-[9]. As in refs. [5]-[8], a one-center model is chosen as a zero-order
approximation. The energy approach allows using the well developed stationary-
state methods to the collisional problem with variable number of particles. More-
over, an approach to quantization of the quasi-stationary states for any corre-
sponding relativistic equation can be naturally reformulated. Below we at first
use the Dirac-Kohn-Shan equation to treat the electronic subsystem dynamics.
in principle the similar equations with the corresponding interaction potential
can be used in treating the nuclear subsystem. Then within formulated scheme
the determination of the EPPP cross-section can be reduced to the solution of
the ordinary differential equation system [9]. The latter includes: (i) equations
for the potentials V(R), U(r) (internuclear potential and electric potential of the
compound nucleus), (ii) relativistic quantum-mechanical equations for nuclear
system— and electron system—state functions, equations for all matrix elements
of perturbation theory. The non-stationary feature of our problem manifests it-
self in the way of the normalization of the nuclear system initial state function
and in the principle of the electron system bound state quantization when this
state dives into the lower continuum. The motion of nuclear system is described
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Table 1 Energies E and width I" of s-resonances of the compound U-U nucleus, generated
by the potential V'

E,keV 259 85.8 162.0 247.6 225.2
I,eV 0.20 x 1073 0.12x 10! 0.86 0.42 x 102 0.16 x 10*

by the Dirac-Kohn-Sham equation whose radial part is represented by

F'=—F(k+|x|)/T - G(E +2Ma"? - V)a,
G' =Gk —|k|)/T+ F(E-V)a, (1)

where k is the Dirac angular quantum number, E is the state energy, F, G
being the large and small radial components correspondingly. The two-pocket
nuclear potential V(R) is in further used. It is defined by the following differential
equation [10]:

dV(R) =2z x (Rp/2 — R) x (3Rp/4— R) x (Rp — R) x R*(Vp + 8R®). (2)

This potential has the same asymptotics at R — 0, R — oo as the one-pocket
potential used in calculation [5]-[7]. Further, as usually, the model parameters
are found from the physical conditions: potential generates five S-resonances,
the difference V(Rp) —V (c0) coincide with the experimental energy of the near-
barrier collision. It is supposed that Rg = Ry ~ 6 fm (radius of compound
nucleus charge distribution). It corresponds to the internuclear distance 2Rp ~
12 fm. The potential generates the under-barrier s-resonances, whose positions
and level widths are listed in the Table 1 (from Refs.[5]-[7]). The widths of the
nuclear subsystem states, related to the purely nuclear process, were calculated
by the same method as the width of the quasi-stationary state of the electron-
positron vacuum with a dived atomic level.

The correct procedure has been proposed by Ivanov- et al [5]-[7], [9] and is in
the following. In zeroth order of perturbation theory it is used the Hamiltonian
generating the same energy spectrum as the potential V(R) but possessing only
stationary states. Further note that contrary to the case of the stationary states
we use the alternative principle of quantization of the quasi-stationary stales,
however as we use the another type of relativistic equation , its realization has
some specificities in comparison with similar methodics [5]-[7]. The final scheme
includes the following steps. At the first step we suppose that the trial nuclear
subsystem state energy to be E and preset the function norm by the condition
F(T = 0) = 1. Secondly, we will integrate the system (1) under this conditions
up to asymptotically large T" with the simultaneous evaluation of the norm of
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the state function for the asymptotically free motion:

X(E) = %ianTm‘”‘((E +2M&* - V)G? 4 (E - V)F?). (3)

Thirdly, we realize the minimization procedure of the value X as a function

of state energy E. We suppose that the stationary points of E correspond to the
resonances of the system. The quantization principle for the electron slate dived
into continuum is described in Refs. [4]-[7] . In fact the principle is equivalent
to the principle of the quantization in the case of potential V' (R) with a barrier.

The main difference is that the role of the potential plays here another function:
Uepp = (es + 2% — U)(es — U). (4)

The effective potential has two turning points T, T5, dividing the whole
integration region into three parts, where U < es (T < T}), es < U < es + 2&>
(Th < T < Ty),and U > es + 2&% (T > Tz).

The quasi-stationary state function must decrease in the second region and
oscillate in the third one. The quantization principle implies the minimization
of the following function of the trial electron system energy

lim T2%((es + 2Ma~2 = U)G? + (es — U)F?). (5)

T—o0

When having found state energy €(1s) one must define all the ES’ state functions
for the zero-order potential Uy. All the level positions in the potential Uy coincide
with those in the potential of the compound nucleus electric field U. Functions
of all states above the lower continuum are preserved too, the restructuring
concerns only the 1s-state and the lower continuum states.

According to the energy approach, the cross-section of the EPPP is directly
determined by the imaginary part of energy of the system. In the lowest pertur-
bation theory order the second-order diagram describing the polarization of the

electron-positron vacuum is determined as follows ([5]-[9]):
ImE = —I'/2 = ImX (M1, 5es)?/(EFp + £(ns) — By — es). (6)
The differential cross-section is as follows:
do(e, E)/de = n1(Mis 1 res)*(dPrp/dEF),

where P and E are the momentum and energy of the nuclear system final state.
The details of numeric procedure are described in refs. ([8]-{15])
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Fig. 1 The differential cross-section do(es, E1)/des plotted against e(1s) —es (in B/MeV) for
the nuclear subsystem collision energies: (a) E1 = 162.0 keV; (b) Eq = 247.6 keV.

3 Results and conclusion

In Ref. [8] we have presented the results of calculation of the differential cross-
section for the nuclear subsystem collision energy E; = 352.2 keV (fifth up-
per s-resonance). Here we consider calculation results for the differential cross-
section do(es, Eq)/des (plotted against e(1s) — s, in B/MeV) for the nuclear
subsystem collision energies E;: (a) E; = 162.0 keV (the third s-resonance) and
(b) E1 = 247.6 keV (the fourth s-resonance). The main difference of present
calculation from analogous calculations [5]-[8] is provided by the following mo-
ments. Firstly, we have used the Dirac-Kohn-Sham equations in order to describe
the electron subsystem dynamics. Besides, we have used the two-pocket nuclear
potential and more correct procedure for account of the perturbation theory
higher-order diagrams, describing the additional attraction in the final state of
the nuclear subsystem due to the bound electrons. The calculation results for
do(e, By)/de at two different collisional energies E; < Vg are presented in Fig. 1.
The analysis of our data and comparison with the similar results of Refs. [5]-[8]
shows that in a whole the cross-sections details of the both calculations are co-
incide with besides appearance of some additional peaks. from other side, using
the Dirac-Kohn-Sham equations to the electronic and possibly nuclear subsys-
tem has a great advantage under studying the heavy multi-electron ions collision,
which is surrounding by the EPPP. In the calculational aspect this equation is
significantly more simple in comparison with other relativistic equations.
Acknowledgement. The author would like to thank Prof. A.Glushkov for

useful discussion and critical comments.
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An advanced approach to quantization of the qua-
sistationary states of Dirac-Slater equation
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Abstract An advanced procedure for quantization of the quasi-stationary
states of the relativistic Dirac-Fock equation with a local potential is developed
within a gauge-invariant relativistic many-body perturbation theory ([1], [2]).
New numerical local Dirac-Fock approach to calculating spectra of the quantum
(atomic) systems with an account of relativistic and exchange-correlation

corrections is presented. Numerical test results are presented.
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1 Introduction

As it is known ([1]-[7]), the problems of calculating the eigen values and eigen
functions of the the different quantum operators is relating to a number of the
most important and actual problems of the modern quantum geometry and quan-
tum theory of the many-body systems. In this paper we present an advanced
procedure for quantization of the quasi-stationary states of the relativistic Dirac-
Fock equation with introduced local Dirac-Fock potential. All consideration, as
usually, is performed within gauge-invariant relativistic many-body perturba-
tion theory ([2], [3],[7]-[10]). In our previous papers [7]-[12] the same task has
been considered for a few classes of the relativistic differential equations (Dirac,
Dirac-Kohn-Sham, Dirac-Slater etc). The developed approaches have been tested
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on calculating a set of the energy and spectral parameters for different multi-
electron systems.Here we consider the Dirac-Fock equation with a local poten-
tial. The main difference of these equations of the standard Dirac-Fock ones is
that the standard equation contain non-local potential and correspondingly the
calculational scheme of their solving is very complicated because of the cited non-
locality (the exchange interaction term). The more details about the modern art
of state concerning calculating the eigen values of energies and eigen functions for
different operators (Hamiltonians) of the finite quantum (atomic) systems can
be found in a number of recent books (see, for example,[1]-[7] and references
therein)). we can remind such atomic multi-configuration Dirac-Fock codes as
the Desclaux program, Dirac package etc (see for example, [1]-[10]). The main
idea of our approach is in using the local Dirac-Fock equations, i.e. using suffi-
ciently simplified procedure for an account of relativistic, exchange-correlation
effects. The general potential in these equations includes the self-consistent local
mean field potential, the electric of a nucleus (within the Fermi model). New
element of the approach is connected with using ab initio consistent quantum
electrodynamics approach to construction of the optimal one-quasiparticle rep-

resentation in the local Dirac-Fock approach.

2 Local Dirac-Fock equation: quantization of the quasistationary

states

In this section we describe the key moments of our approach to quantization of
the quasistationary (stationary) states of the relativistic local Dirac-Fock equa-
tion which is indeed very similar to schemes of Refs.[7]-[10]), however contains
other potentials.

One-particle wave functions are found from solution of the relativistic local
Dirac-Fock equation, which can be written in the central field in a two-component

form (see, for example,([1], [5]):

OF F

5 + (1 +X)? — (E‘i’m* Vloc(bvr))G - 0’

oG G

EJr(le)?—(e—m—VlOC(b,r))FfO. (1)

where all notations are standard, b is the special gauge-invariant parameter
(look below).Here we put the fine structure constant o = 1. The moment number

X:{—Q+UJ>1 @

1, J<1
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The general potential Vj,.(b,r) includes the self-consistent local Dirac-Fock
potential (see, for example,([5], [11])). Further, as usually, (see [2],[7]), at large

x the radial functions F' and G vary rapidly at the origin of co-ordinates:
F(r),G(r) =, (3)
v =1/x2 - a2Z2.
This involves difficulties in numerical integration of the equations in the region
r — 0. To prevent the integration step becoming too small it is convenient
to turn to new functions isolating the main power dependence: f = Fri=Ixl,

g = Gr'~IxI. The Dirac equation for F and G components are transformed as

(in the Coulomb units):

4
g = (= DY — aZViec(b,1)f + 0ZEunf. )

Naturally, the system of Eq. (4) has two fundamental, solutions. As usually,

2
f/ = _(X + |XD£ - aZWOC(b,r)g - (aZEnX + ) g,

we are interested in the solution regular at » — 0. The boundary values of the
correct solution are found by the first term s of the expansion into the Taylor
series (see [2]):
(Vioe(0) — Epy)raZ
; =1 at 0
o1 ;o f at x <0,
2
f= (VZOC(O) — Eny — aQZ2> aZ; g=1 at x>0. (5)

The condition f,g — 0 at » — oo determines the quantified energies of the

state E,,. At correctly determined energy E,, of the asymptotic f and g at
r — 00 are:
frg ~exp(=r/n®), (6)
where n* = ,/m is the effective main quantum number. The Eq.(4) was
solved by the Runge-Kutt method (see details in ([1], [5]).
Regarding the nuclear potential of the local Dirac-Fock equation, as in
Refs.( [2], [7]) we use the Gauss model for the charge distribution in the nu-

cleus p(r). According to [2] one could write:

4 3/2
prIR) = = — exp(=7?);

/OO drr?p(r|R) = 1; (7)
0

o0
/ drrp(r|R) = R,
0
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where v = fracdwR2, R is the effective nucleus radius. The following simple

dependence of R on Z assumed:
R=1.60-10"23 (cm). (8)

The Coulomb potential for the spherically symmetric density p(r|R) is:

1 s o
Vaual (1| R) = —;/0 dr’r’Qp(r'|R)+/ dr'r"?p(r'|R). (9)

T

It is determined by the following system of differential equations ( [1], [5]):

1 r 1
Vel (1, R) = 72/0 dr'r?p(r’,R) = T—2y(r, R);

y'(r, R) = r’p(r, R); (10)

§(1. ) = 89"/ exp(—9r%) = ~2yr0(r. ) = ~—Lop(r )
with the boundary conditions:
4

Vaue ,0) = ——;
1(r,0) r

y(0, R) = 0; (11)
4932 32

p(0, R) = =

wE

The above written equations and a whole scheme determine a procedure for
quantization of the quasi-stationary states of the relativistic Dirac-Fock equation
with introduced local Dirac-Fock potential. The key question of any approach
is performance of the gauge-invariance condition, by checking, for example, the
Yord equalities.Naturallu it requires a construction of the corresponding Green’s
function of thew Dirac-Fock equations. More efficient and simultaneously simpli-
fied recept is connected with calculating the radiation transition probabilities (os-
cillator strengths)in two different transition operator (length and velocity) forms
using the basis of the relativistic Dirac-Fock wave functions, in our case the local
Dirac-Fock scheme. Earlier it was shown ( [2], [3]) that an adequate description
of the atomic characteristics requires using the optimized basis of wave functions.
In Ref. [3] a new ab initio optimization procedure for construction of the opti-
mized basis is proposed. It is reduced to minimization of the gauge dependent
multielectron contribution ImA E,,;,, of the lowest quantum-electrodynamical
perturbation theory corrections to the radiation widths of atomic levels. In the
fourth order of quantum-electrodynamical perturbation theory(the second order
of the atomic perturbation theory) there appear the diagrams, whose contribu-
tion to the ImA E,;,, accounts for the correlation (polarization) effects (see,
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e.g., [2]). This contribution describes the collective effects and it is dependent
upon the electromagnetic potentials gauge (the gauge non-invariant contribu-
tion). All the gauge non-invariant terms are multielectron by their nature (the
particular case of the gauge non-invariance manifestation is a non-coincidence
of the oscillator strengths values, obtained in the approximate calculations with
the "length" and "velocity" transition operator forms). The corresponding ex-
pression for the imaginary part of the electron energy has been determined in
Ref. [3]. We have performed the simplified numerical test in order to check the
optimality properties of the wave functions by means the minimization of the
value ImA E,;n,(b) with the parameter b. Our test has been carried out for the
radiative 3s-3p transitions in spectra of the sodium-like ions SV I and CIVII.
The empirical values of the oscillator strengths for these ions are : 0.66 + 0.01
and 0.604 £ 0.015. The calculation results within the local Dirac-Fock scheme
(without account of the correlation effects) are 0.69 and 0.64 correspondingly
(here the gauge non-invariant contribution is 10 percents). The calculation re-
sult within the local Dirac-Fock scheme (with account of the correlation effects
by means of the method [3]) are 0.663 and 0.608 correspondingly. In the last
case, the gauge non-invariant contribution is 0.1 percents. This numerical result
has shown that our approach (without an accounting the correlation effects) can
hardly provide a high (spectroscopic) accuracy, however, an implementation of
the correct multi-body correlation potentials into the local Dirac-Fock equations
and using the formalism of the relativistic perturbation theory with the local
Dirac-Fock potential will provide a sufficiently high accuracy of calculating the

energy and spectral characteristics of the multi-electron atomic systems.

3 Conclusions

In conclusion let us underline that we have proposed a new procedure for quanti-
zation of the stationary and quasistationary states of the relativistic Dirac-Fock
equation with a local potential within a gauge-invariant relativistic many-body
perturbation theory ([2], [3]). Further we presented a numerical local Dirac-Fock
approach to calculating spectra of the quantum (atomic) systems with an ac-
count, of relativistic and exchange corrections. Within a propose scheme we have
carried out the test calculation of the oscillator strengths for the radiative 3s-3p
transitions in spectra of the sodium-like ions SV I and CIVII, which shown that
the local Dirac-Fock approach without an accounting of the correlation effects
can hardly provide a high accuracy of calculating the energy and spectral char-
acteristics (oscillator strengths)of the multi-electron atomic systems. However,
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an implementation of the correct multi-body correlation potentials into it and

using the formalism of the relativistic perturbation many-body theory with the

local Dirac-Fock potential can provide a spectroscopic accuracy.
Acknowledgement. The authors are very thankful to Prof. A.V.Glushkov
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2KecTkocThb 3aMKHYTBIX BbIITYKJIBIX ITIOJIX3APOB

Awnaronuit Imurpuesunya Muika

Annoramus PaccmarpuBaercs Teopema Jlexxanapa u Komm o kecrkoctu
3aMKHYTBIX BBIMYKJIBIX TIOJUIAPOB, OIPEIEIUBINIAsS COBPEMEHHOE HAyJIHOE
unanpasyienne "Teomerpus B mesom". OmpoBepraercs MOMyJIsIipHAS B MPOIILIOM
crosierun Bepcus Ilreitauna o6 omubKe, JOMYyIEHHOW aBTOpAMU B €e JT0Ka3a-
renbere. Cnucok eprimnosckux "Hagan" | B akcnomarnaeckux OnpejereHusx
KoTOpbIX Jlexxauap yeuzesa 3Ty Teopemy, OT/IMYaeTcs OT BOCCTAHOBJIEHHOT'O
Teiibeprom Opurunana "Hawan". Crnucok BKIIIOYAET HEMOJHBIA W UCTPABJIEH-
ubiit Bapuanr conepxkareiics B Opurunane npeznesnbro obimieir Teopembl o
JKECTKOCTH MOJIU3IPOB, OTKPBITON TPOGECCHOHATHLHBIME MATEMATHKAMHI 33071
ro 1o eBpemenn Ajyekcanapunm u Adwun. B crarbe mokaseiBaercs sra OOmast
Teopema, nazpannas Teopemoit EBkiinga, u HAXOAATCS €€ €CTECTBEHHBIE aHA-
qoru B cepudeckoM, rurmepbonmgeckom u e Currepa mpocrpancrBax. Crarbst
MpOAOJIZKaeT paboThl aBropa: Uro Takoe reomerpus "B memom"? — MockBas:
3uanme, 12, 1986, 32 c.; Heonosnanunasi erumerckasi reomerpnsi // Proc. Int.
Geom. Center, 2008, 1.1, 8.1-2, ¢.97-115; Ucroku u conepkanue aKCHOMATHKI
"Hagan" // Proc. Int. Geom. Center, 2009, 1.2, 8.3, c.41-54; Unidentified
Egyptian Geometry // Europ. J. of Combin., 2010, v.31, p.1065-1071.

KuaroueBbie cioBa M3rnbanns, KeCTKOCTh TOJIUIAPOB, TeopeMa, Jlexkanapa n

Ko, reopema Esknuna, reopembr Astekcanaposa 1 MEHKOBCKOIO.
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BraoxHoBeHHe
Hy>xH0 B mos3un
Kak u B reomerpun
A.C. Ilymkun

MMamarn Bennamuna ®@enoposuua KATAHA

1. Kox Jlexxanapa u Koim

B teopuu Jlexxannpa u Koru 0 KeCTKOCTH 3aMKHYTHIX BBIMYKJIBIX TOJII/I-
POB €CThb JBa KII0UYeBbIX IIpeaiokenns 006 n3rudaHusX MIOCKUX U CHEPUIECKUX
nosmuronos [1, 1794; 2, 1812]. Ilouru croserue reomerpst yuessiau srum [Ipes-
JnoxkeHussM ocoboe BanManue. 3noxxum mepsoe Ilpeaioxkenne BmecTe ¢ moKa3a-
TEJIbCTBOM, KOTOPBIMHU OTKPBIBAETCS 3HAMEHUTHII Memyap Kormu:

"JIemma 1.1. Ecin B Tpeyrogsanke ABC, mI0CKOM HIH C(HEePHIECKOM, COX-
passist gunabl cropod AB u BC, yBesmdaurpb yros B, 3aKk/gIr09eHHBII MEXK Iy ITH-
MH CTOPOHAMH, TO MPOTHBOIOJIOXKHASI CTOPOHA TpeyroabHuka AC yBeHanTcs.

Teopema 1.1. Ecin B Boiykiaom nosurone ABCDEF G, miaockom win cge-
pudeckoM, coxpassis aanabl ctopoH AB, BC, ... FG, yBeJH4nTh OJHOBPEMEHHO
yribl B, C,... F, 3aK/I109€HHbIE MEXK Ty THMH CTOPOHAMH, TO 3aMBIKAIOLIAS XOP-~
Ja momrona AG yBemanTcst.

JlokazareapctBo. IlycTs yBemuauTCst oauH yroj B; TOrma yBeJIwdIuTCs yroJl
ABG; 3uauur, yenuuntcs xopaa AG. AHAIOrMYHO MOYKHO yBUIETh, U4TO MPHU
nocienoBarenbaom ysenuaenuu yrios C, D, ... F xopma AG Bcerja yBenndu-
Baercs. OIHOBpEMEHHOE YBEJIMYEHNE BCEX YIVIOB JAET TOT ke 3PdEKT, 9TO U ux
rocjieIoBaTeIbHOe yBeJIndeHne, paccMaTpuBaemas xopaa AG TOIBKO BO3pacTa-
er'.

JlokazareabCcTBO HE CONPOBOXKIAETCS HAJJIEXKAIIAM PUCYHKOM, U B COPOKO-
BbIe TOAbI HeMenkuii Mmaremaruk reitaun namen y Jlexxanapa u Ko ormub-
Ky [3, 1934]. VI30rHyTHIl MOJUTOH MOMKET OKA3aThCsl HEBBIMYKJIBIM, MOHOTOHHOE
BO3pACTAHME 3aMbIKAIOIIUX XOP/I, H30I'HY ThIX IIOJUTOHOB OyJeT HAPYIIEHO, JOKa-
3aTEbCTBO TOTEPSIeT CHUIIYy. DTa BepCHus, HaduHas ¢ Ajamapa, 0 MOCIeIHEro
BPEMEHH TO/IEPKIBAIACH BeAyIMu reomerpamu [4, 2004]. IHTynTrBHO mosa-
rajioCh, 9TO aBTOPHI HEMOCPEICTBEHHO MPUMEHSIOT NUTHPOBaHHYIO Jlemmy. Ho
BTOPOE U TPETHE MPE/JIOKEHUs JOKA3aTeIbCTBA Teopembr, 1a u ee (POPMyIHPOB-
Ka, crapiue a7 I reitanma 3akpoirbiMm KogoM, cBraeTeIbcTBYIOT 00 0OpaTHOM.
Jlexanap u Ko, rnyOxke BHMKAs B mpobJieMy, TPUMEHSIOT JleMMy omocpes-

CTBOBAHHO, yIO0HO TIPEICTABIISS JININB MEPBBIN mmar Jokasareabcrsa. OHu mpsi-
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MO CPaBHUBAIOT 3aMBIKAIONIYIO XOPAY KazKJO0TO U30THYTOI'O MOJIUTOHA C XOPAOH
AG, xapakrep BO3pACTaHUS XOPJ, U BBIMTYKJIOCTh M30THYTHIX MMOJUIOHOB UX HE
uHTepecyior. VI3 mepBOro mpeioKeHus TOJIBKO CJIELyeT, 9TO W3rnOaHue MoJIv-
TOHA, OCYIIECTBJIAETCA B IIJIOCKOCTH U TIPU COXPAHEHUN JIOKAJIBHOM BBIMYKJIOCTH;
MTOJTUTOH HA3BIBAETCS JIOKAJIBHO BBITTYKJIBIM, €CJIM BCE €r0 yTJIbl OOPAIIeHbI OTHO-

CUTEJIbHO IIOJIUT'OHA B OJHY U TY 2Ke CTODOHY.

Puc. 1la

Ha Puc. 1a noka3anbl MCXO/HBII BBILYKJIbI U U30IHYTHIE JIOKAJIBHO BbIITYK-
JIbIe TIOJIUTOHBI ¢ 00Ie#t (pUKCHpOBAHHOI BepimwHOi [, HAMBBICIIEH U3 BEPIIMH
MOJIMTOHOB HaJl mpsaMoii AG. OdeBumaHO, TpoeKIusa Ha MpsaMyio AG 3aMbIKai0-
et XOPAbI KazKI0r0 W30THYTOTO MOJIMTOHA ¢ W3OBITKOM MOKPBIBaeT xopay AG.
Tak uro geiicrBuresnpao "xopga AG Tosbko Bo3pacraer". O6pa3HO roBopsi, B
paccMarpuBaeMoil KOH(DUTYPAITUH KOHIIBI H30THYTHIX MOJUTOHOB PACIOJIATAI0T-
csa Omke K "OeckoHeunoctu" y mpsamoit AG, dem KoOHIBI Xopabl AG. dTum
npocThiM 3B HEKTHBIM TPUEMOM U J0Ka3biBaeTcs Teopema.

Bepcus I reiinuia e Bepua, qokasareabcrso Jlexxkanapa u Ko 6e3ynped-
uo. VmocrparuBusiit Puc. 1a TOYHO COOTBETCTBYET aBTOPCKOMY TEKCTY. ABTOD-
CKOMY TEKCTY COOTBETCTBYET U MPUBEIEHHOE HUXKE TOKA3ATETbCTBO it chepu-
YECKUX I[MOJIMTOHOB; HAIIOMHHMM, 9TO MMEHHO BapuaHT cdepbl Tpedyercs B pere-
HUU NPOOJEMBL O KECTKOCTH TOJUIIPOB, KOTOPas WHTEpecoBasia Jlexanapa u

Kormmn.

Puc. 1b Puc. 1c

HokazarensctBo Teopembr s w3rubanuit mosuronos #a chepe ADEFG
— A’D'E'F’'G’, rme JlemMMa TIpUMEHSIETCS K BHENTHAM yTJIaM TIOJMTOHOB, W3-

JIoXeHo B Gpormope aBTopa [5, 1986]; ero nurepnperupyior Puc. 1b n Puc. 1c.
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Ponn "6eckoreanocrn" y "mpameix" mmanit wa chepe AG m A'G’ mis Touex
A m A’ wrpator mmamerpanbable K HUM Touku A1 m Aj; nyrm AA; = A'A],
DD, = D'D}, EE, = E’'E{. 3ambikaioniye XOpJbl UCXOAHOIO U U30THYTOrO

nomuronos AG < A'G’, Tak Kax W3 HEPABEHCTBA TPEYTOJILHUKA | TIO Jlemme
G'A} <G'E{+ E/D}+ D|A} < GE; + E1Dy + D1 A; = GA;.

Teopema crnpaBeiiuBa u Ui TUMEPOOIUYECKHUX [OJMTIOHOB, JIOCTATOYHO
AJIEKBATHO MOBTOPUTH JOKA3ATENbCTBO, M3MOKEHHOE Ui IIOCKOCTH. AHamor
970i Teopembl Jjisi OBIIMX BBIMTYKJIBIX KPUBBIX MPUBOAUTCS B padore [6, 1970].

3amevanue. Kak nokazano B paborax [4, 5], Bonpoc 00 u3rubaHusx moiuro-
HOB C COXPAHEHUEM BBIMYKJIOCTH MPEICTABISET CAMOCTOATEIHbHBIN WHTEPEC.

HocrouucrBom dopmymupoku Teopewmsbr Jlexkanapa u Ko sBiasercsa ee
Ype3BbIUaiiHas OOIHOCTD. [IpUHAIEKHOCTD MJIOCKOCTH WIH C(epe M30THYTHIX
TTOJTUTOHOB, WX JIOKAJIbHAS BHIMTYKJIOCTD, YBEJIMUEHNE BCEX YIJIOB MOJUTOHOB CYTh
TOJIBKO TEXHUYECKHE ynporieHus. Teopema CripaBe/jinBa U NP U3rubaHuU IMo-
JINTOHA, C TIOTepeil JIOKAJIHHO BBITYKJIOCTH, JAXKE €CJIM U30THYTHIN TOJIUTOH TTPH-
HAMAaET TMPOCTPAHCTBEHHYIO (pOpMy. DTO XOPOIIO BUIHO HA CHEPUIECKUX MOJIH-
OHAX.

Teopema 1.2. Ecjii B BBIITYKJIOM TLIOCKOM, C(hePUIECKOM HJIH THIEPOO/IHIe-
ckom nosiurone P = A...D...G, coxpaHsisi JyIMHbI CTOPOH, H3MEHHTH OJIHOBPEMEH-
HO, HE yMEHbBIIAsI, YIJIbI MEXK/Ty CTOPOHAMH, €CJIH MPH 3TOM MOJHIOH HOTEPSET
JIOKAJIBHYIO BBIITYKJIOCTH JIHOO JIOKAJIbHAST BBIILYKJIOCTH COXPAHUTCS, HO XOTS OBI
OIMH U3 yTJIOB YBEJUYIUTCS, TO 3aMbBIKAoIIas xopaa moaurona AG yBemrmdnrcs.

JlokazarenpcTBo. PaccMoTpuM m3rnbanme mOJUroHa P B HEKOTOPBIA MOJIH-
ron P’ ¢ morepeii JTOKAILHON BBIMYKJIOCTH B €BKJINIOBOM W TUIEPOOIUIECKOM
IIPOCTPAHCTBAX.

JomycTuM, 9T0 HEKOTOpBIE yIUIbl mojaurona P ysenwawanchk. Torma BHIMOJ-
auM caemyiorryio Ilepsyto omeparuio. M3rubaem mosmron P ¢ coxpaHeHuEeM Jio-
KAJIbHON BBIMYKJIOCTH, YTOOBI BCE YIJIbI TIOJIUTOHA YPABHSIUCH C COOTBETCTBYIO-
muMu yraamu nojmrona P’. Tlpn 9Tom octapinsgem pUKCHPOBAHHON CIIEIMAIBHO
BeIOpanHuyo Bepimuy D (Puc. 1a).

Cornacro ycaosusim Teopembr, Ha mosmrore P’ ecTh HEKOTOPHIH yIaCTOK U3
TPeX TOCIeIOBATEILHBIX 3BEHBER, HE SBJISIONINNCS JIOKAIHHO BBIMYKJIBIM MOJIH-
roaoM. ITycre R'S'T'K' u RSTK — Takoii ygacrok Ha P’ u cooTBeTcTBYyOMmit
emy yaactok Ha P. Torma BeimosinuM ciaemayomnyo Bropyio onepanuio B 0HOM U3
BapmanToB: ecim S’ # D', o 3amenstem B mommronax P’ m P ygactkn R'S'T' n

RST wnosbivu 3senbsavu R'T' v RT; ecnmu T # D', To 3aMensieM B MOJUTOHAX
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P’ u P yuactku S'T'K’ u STK unosbimu 3senbavu S’ K’ u SK. B nepsom Ba-
puanTe yroJ upu sepiuse T/ nosmrona P’ craner GObIIKMM YIJIa IPU BEPIITHE
T monurona P, BoO BTOpoM BapuaHTe yros npu sepmmae S’ nomurona P’ cramer
OOJILINIMM YTJIa TIPU BepInuHe S momrona P. DTo yBeJMdeHne yriloB MOsSCHIIETCS
PABEHCTBOM COOTBETCTBYIONINX YTJIOB WCXOIHBIX TOMATOHOB P/ n P m mpnmene-
aueMm B BepmuHax T/ u T, S’ u S HepaBeHCTBa TPEYTOJIbHUKA JJIS YIJIOB MEXKILY
3BEHbSIMU.

IMonseprasa mocnenosareabuo mojguronsl P u P’ Ilepsoit m Bropoit omepa-
UM, [IPUXOJUM K KOHIPYIHTHBIM HOJUrOHaM. Ha HAYAIbHOM dTare HpOeKIus
3aMBIKAOIIEH XOP/bl U30rHYTOrO mosurona P Ha ucxonnyto npamyio AG crana
OosbInielt xopanl AG. B mociemayomeM 3Ta MPOeKIHsl TOJbKO yBeJIMIUBaJIACh.
Beprmmnnr e A’ m G’ nomwrona P’ octaBannch HEMOABUKHBIMEA. DTH TTOJIOKE-

HUA U yTBEpKIaioT Teopemy.

2. Tedopmanum 3aMKHYTBIX [IOJIUTOHOB

Bropoe kmouesoe, u seaymiee, [pennoxkenue Jlexanapa u Komu (Teopema
2.1, eBkIMIOBBL U CHEPUYUECKHE IIOJIUIOHBI) OTHOCUTCH K U3MMOAHUAM 3aMKHY-
ThIxX mosmmronos. OHO ycraHaBiuBaeTcs aBropamu Ha 6aze Teopembr 1.1; Mbr ipu-
BOIUM WHOE, HE3aBUCHUMOE W ONTHUMAJILHOE [T0KA3aTehCTBO. PaccMarpuBatoTcs
€BKJINJIOBBI, C(DEPUIYECKNE U TUTTEPOOTUIECKIE TOJTUTOHBI.

Jlemma 2.1. Eciu B Bpuryksom dersipexyroabauke ABC D, coxpansist -
ol cropor AB, BC, C'D u BbIIyKJIOCTH, yBeIHauTh yriabl B u C, 3aK/II09eHHbIE
MEXKJIy 3THMH CTOPOHAMH, TO CTOPOHA YETHIPEXYTOJbHUKA AD yBeamanTcs.

JlemMma OKa3bIBAETCS JIEMEHTAPHO, TaK 2Ke, Kak u Jlemma 1.1.

Puc. 2a

Teopema 2.1. Ilyctb P mw P’ — HEKOHIDYSHTHBIE 3aMKHYTBHIE BBIIYK/IbIE

IIOJTUT'OHBI C COOTBETCTBEHHO PaBHBIMH CTODOHAaMH. Ormernm YyrJibl 1ITOJINTOHOB

n

saakavu "+" pam "— ecan KOHKDETHBII yroa OZHOTO TOJHTOHA OOJIbINE I
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MEeHBIIIe COOTBETCTBYIOIIIETrO yTrjia APYTrOoro MOJINTOHA. Tomza npn O6X0,ﬂe KazKJI0ro

nosrona OyJer He MeHee 4eThIPeX IIePEMEH 3HAKOB.

ﬂOK&SaTeJTbCTBO. LII/ICJIO OTME4YEHHDbIX BEPIIWH Ha KazK/I0M U3 IIOJIUI'OHOB — HE
MeHbIIe JeThbIpex. Kcm 310 1ncio 60bine 9eThipex, TO Ha OJHOM U3 MOJIUTOHOB,
nycTh Ha P, HafiyTCcs YeThIpe OTMEeYUEeHHbIE BEPITUHBI, TPU U3 KOTOPHIX UMEIOT
3Haku "

Puc. 2a.

— . CTh TAaKUMU BEPIITUHAMHU T " KaK IMIOKa3aHO Ha
" Iy p oynyr B, D, F'n H,

Bynem menpepniBHO m3rubarh HOJHUIOH P, m3MeHss yIJibl B 9THX BEPIIUHAX,
ymenbmas yriaet D, H. Ilo Jlemme 2.1 yroer B, F' gersipexyronsanka BDFH
yBenmuuBaioTcsa. HacTynur mMoMmeHnT, Korja ofauH u3 yrioB B, F, H momurona
P cramer paBHBIM COOTBETCTBYIONIEMY yTIy mojurona P’. Yucio orMeueHHbIx
BEPIIUH HA [TOJMIOHAX yMEHBIIUTCSH, YHCJI0 [IePEMEH 3HAKOB He YBEeJIUIUTCH, [IPU
9TOM eIlle OCTAHYTCS OTMEYEHHbIE BEPIIWHBI, TAK KAk yros D ¢ um3rubanuem

nonurona P ymensimascd.

[locnemoBaTenbHO TpUMeEHAS K PACCMATPUBAEMBIM MOJUTOHAM OINHUCAHHYIO
OTIEPAINNIO, TTPUAEM K MoJuroHam P w P’, AMeIomuM TOYHO TI0 YeThIpe OTMe-
uyennble Bepinuibl. CHOBa yuurbiBasg Jlemmy 2.1, HAXOAMM, 9TO YUCJIO [IEPEMEH
3HAKOB PABHO YeThIpEM. SHAYUT, HA UCXOHBIX MOJUTOHAX ObLIO HE MEHBIIE, 9eM

II0 Y€ThIpE IIEPEMEHbI 3HaKa.

[Tpusenennoe pokasarenbcrBo TeopeMbl M3JI0KEHO B Opoliope aBropa |5,
1986]; B nuddepenpanbHoil reomerpun 3roit Teopeme cOOTBETCTBYET U3BECTHAS

Teopema 0 werbipex Bepiuunax osaJa [7, 1935].

Teopema 2.2. Ilyctb P u P’ — HEKOHIDYIHTHbBIC 3aMKHYTBIC BBIIYKJIbIE
IIOJIUI'OHBI C COOTBETCTBEHHO DABHBIMH YIVIAMH, IIPHY€M €BKJIH/[OBbI HOJIHI'OHbI
OrpaHHYuBarOT paBHble miomaga. OTMeTHM CTOPOHBI MOJTHTOHOB 3HakaMu "+

i "

— ec/in KOHKPETHAsT CTOPOHA OJHOTO ITOJHIOHa OOJIBINE UJIH MEHBIIE COOT-
BETCTBYIOIIIEH CTOPOHBI JPYTOro MoJHroHa. Torga mpu 0bXoae KaskJoro moJTHIO-

Ha Oyzer HEe MEeHee YeThIPEX INEPEMEH 3HAKOB.

Ora Teopema upoiicreenna Teopeme 2.1 [5; 8, 1996]. B cayuae cdepuueckux
IIOJIATOHOB OHA BBITEKaeT m3 Teopemsl 2.1; crouT nmmb mepeitTu Ha cdepe oT
PACCMATPUBAEMBIX IIOJTATOHOB K IIOJIAPHBIM K HUM IIOJUTOHAM. JIJIg TOKA3aTelIb-
cTBa Teopemb B Cllydae eBKINIOBLIX W TANEPOOIAYECKAX TTOTUTOHOB HYKHBI J0-
nosiHUTENbHBIE cBeneHus. Beenem Oupenenenus. ITosocoii B runep0oJindecKoi
(eBKJIMZIOBOIT) ILIOCKOCTH HA3BIBAETCH 00JIACTH MEXKY PACXOIAIIUMUCH (Iapa-
JIETbHBIME ) TIPSAMBIMH 7" M S, CTOPOHAMH TIOJIOCHI; JJIMHA, O0IIEro MePIeHIUKYIIpa

h(r, s) K cTOpOHAM TIOJIOCHI HA3BIBAETCS IMHPHHOI TIOJIOCH.
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Puc. 2b Puc. 2¢

Jlemma 2.2. ITycts P = A...BC...D u P' = A'...B’C"...D’ — runep6ounde-
CKHE HJIH €BKJIHJOBbI HEKOHI'DYIHTHBIE BBIILYKJIbIE ITOJUIOHBI C PABHBIMH COOT-
BETCTBYIOIIAMH YTJIAMH, BIIHCAHHBIE B 11010¢bl H m H' 1101 paBHBIMH HEHYIEBBI-
MH HaKJOHaMH K cropoHaMm mojoc a u a', d mw d' B Bepmmaax A mw A, D m D’
coorBercTBeHHO. IlycTh 3BeHbs mogmrona P — He MEHBIHEe COOTBETCTBYIOIHX
nm 3Benbes nosmrona P'. Torna mmpura h(a,d) momocer H 60sbme mmpHHBT
h(a',d") momocer H'.

JlokazarenbcTBo. i €BKIUIOBBIX TONUTOHOB Jlemma odeBumna. Orpanu-
YUMCA TPEX3BeHHbIME IunepboamdeckuMu noauronamu ABCD u A’B'C'D'.
IIycts A}D) — obumit mepneHIuKyIsap K cTropoHam momocel H', rme A] € o,
Dj e d. Ilycre V', ¢ — nupsimble jiuuum, npoxoginue yepe3 sepiuabl B, C’ mo-
srona P’ mepnienankyssipro mpsiMoit A} D] B Toukax Bj € A| D}, C] € A\ Dj.
Junauu b, ¢ nenar nonocy H' Ha Tpu MeHbIIUE IIOJIOCHL.

Ha Puc. 2b moxasanbl 37eMeHThI TTO0CH H, COOTBETCTBYIOIIHE DTEMEHTAM
nonockr H': A1 Dy — obmuii nepnenauKynasp K CTOpOHaM a W d TIOJIOCHI; b u ¢
— IpsIMbIE JIMHUH, NPOXOJsiue yepe3 sepmunbl B u C' 1noj reMu xKe yriamu K
3BEHbSAM I[OJIUTOHA P, 1M0J KAKMMH COOTBETCTBYIOImme Juann b’ u ¢’ HaKJIOHEHBI
K 3BeHbsM mosurona P’; By m () — TOYKHM TiepeceveHuss JWHUN b U ¢ ¢ mep-
neHaukyasipoMm A;Dq. Jluaww b u ¢ menst monocy H Ha TPU MEHBIHE MOJIOCHI,
COOTBETCTBYIOIIME MEHbIIUM I10JiocaM B nojoce H'; na Puc. 2b nokasaubt obiue
NEPIEHIUKYIAPBI K CTOPOHAM MEHBIIUX TIOJIOC.

OueBumHoO,
A1B1 > h(a,b), Bi1Ci > h(b,c), Ci1D; > h(c,d).
13 ycnosmit JIeMMbl cemyer, 1TO

h(a,b) > h(a',b"), n(b,c) > h(¥' ), hle,d)>h(c,d),
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M XOTst OBl OZHO W3 3TUX HEPABEHCTB CTPOTOE, TTOCKOJIBKY MOauronst P u P/ —

HEKOHIDYIHTHBIE. DTUMU TOJOKEHUAME U yTBepxKaaercs Jlemma:
ha,d) = A1By + B1Cy + C1Dy > h(d',b') + (b, ) + h(c,d).

JIemma 2.3. ITycts P = AB..CD..E n P’ = A'B'...C'D'...E’ — runep-
60IMYeCKAe HIH eBKJIHI0BBI HEKOHIDYSHTHBIE BBIITYKJIBIE TIOJTHTOHBI C PABHBIMH
COOTBETCTBYIOIIUMH YTJIaMU, BIIHCAHHBIE OJHHAKOBHIMU cTOpoHaMu B yriibl AOE
u A'O'E’ nox pasupimu Henysesbimu Haxsiaonamu K jgydam OA u O'A’, OF u
O'E’ B Bepmmaax A u A', E u E' coorsercrsenno. Ilycrs 38eHbs mosmrona P —
He 6oJIbIIIe COOTBETCTBYIOMNX uM 3BeHbeB nojmmrona P'. Torna mmomans o (W)
obnacrn W, orcekaemoii noamnronom P or yrma AOE, menbnie miommaan o(W')
obmactu W', orcekaemori nosuronom P’ or yrna A'O'E’.

Jlokazarenpctso. Tpuanrynmupyem obnacres W’ xopmamu B'O’, ..., C'O’, D'O’
... . Hampasuwm B obmacte W u3 Bepmivn B, ..., C, D ... iyun b, ..., ¢, d ... mox TemMu
JKe YIJIaMu K 3BEHLSIM TIOJINTOHA P, TOI KAKUMU COOTBETCTBYIOIINE XOPIbI Ha-
KJIOHEHBI K 3BeHbAM nosmrona P’. Tlpuancium K Habopy sydeii Takxke ayun AO
u FO. B ycioBusx JleMMbl y KOHKPETHOTO 3BeHa, X Y JIydud T, Y IEPECEKAIOTCS B
HEKOTOPOI ToUKe 7, ompeienss Haa 3seHoM XY Tpeyroabank XY 7. [lnomans
9TOr0 TPEYrOJbHUKA HE IIPEBOCXO/UT ILJIONIA/M COOTBETCTBYIOIIErO TPEYTOJIbHU-
ka X'Y'O' rpuanrynsmun W’ . Beegem nomuron P(B), coCTaBIeHHbIH U3 TOIH-
roua P(B) = B...CD...E u nyueii b, EO; Beesem nosuron P’ (B'),cocraBieHHbrii
u3 nomurona P'(B') = B'..C'D'...E' u nyueit B'O’, E'O’.

ITycrs momuronsr P u P’ obpamensbl K BepumiaM yriaos O u O’ BbITYKJIbI-
mu croporamu. U mycrs jgyu b mepecekaer cropony AQO BO BHyTpEHHeH TOUYKe
N. Torga snyd b Takxke mepecekaeT B HEKOTOpoi Touke K siya FO BHE CTOPO-
bl FO; nokaxkem s1o Ilpemioxkenue; B eBrimnoBom ciydae [pejoxenune oge-
suao. dedbopmupyem nomuron P'(B'), coXpamsisi ero yriibl i IOCIeI0BATETHHO
ypaBHuBas (B ycloBHsX JIeMMbl — He yBennduBasi) 3BeHbs moaurona P'(B’) ¢
COOTBETCTBYIOIINMH 3BeHbsiMu TTosmHOMa P(B). B npornecce nedopmanun dbakr
nepecedenud Jjydeir B'O’ u E'O’ coxpansercs, no 3apepiuenun jaedbopMaiyn
nonuron P'(B’) cramer kourpysuTabiM nommrony P(B). Smauur myuun b u EO
neiicTBuTebHO nepecekaiorcsa. Obmacts W nokpeiBaercs Tpeyroasaukom ABN
u HOBO# obmacrbio W (B), orcekaemoii nosmuronoMm P(B) or yrma BKE. Ana-
JIOTMYHASA CUTYalus C MOKPbITHEM o0sactu W BO3HMKAET B CIydasiX, KOIJIa JIyd
b mpoxomuT 4depe3 Bepuimay O wian KOTAa Jayd b IPOXOAWT 4Yepe3 BHYTPEHHIOIO

touKky M cropousl EO u nepecekaer B HeKOTOpOi Touke T jiya AO BHE CTOPOHBI

AO.
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IMycts mommronsr P w P/ obpamenst k BeprmmaaM yriios O u O’ BOTHYTHIME
croponamu (Puc. 2¢). U nycrs syu b nepecekaer cropony AO BO BHyTpeHHeil
touke N. Torma syu b Takke mepecekaer B HeKOTOpoi# Touke K nyd FO BHe
cropoubr FO; mokaxkem 310 Ilpemtoxkenne; B eBknmoBoM ciyuae [Ipemioxenne
ouepuaHo. Ilosoxkum, uro ayun b u FO ue mepecekaiorcs. ledopmupyem Bbi-
IyKJBIA DOJUTOH P(B), COXpaHsisl ero yIJibl U II0CJIE0BATEIbHO ypaBHuBas (B
ycnoBusix JIeMMbI — He yMeHbIIIasi) 3BeHbsi nonnrona P(B) ¢ cooTBeTCTBYIONH-
MU 3BeHbsiMu mosimHOMa P’(B’). B mpouecce nedopmanun hakT HemepecedeHust
syveit b u EO coxpaHsercs, 110 3aBepiieHnn e OpMalyy [OJIUIOH IB(B) CTaHeT
KoHrpysurHbM nosurony P'(B'). Ho nyuu B'O’ u E'O’ nepecexarorcs — npoTu-
BOpeune; 3Ha4uT, ay4n b u FO Takxke nepecekarorcs. Takum oOpa3om, ecyn jayd b
nepecekaeT B HeKOTOPOl BHyTpenuet Touke noaurod AOE, 10 xapakTep MOKpPhI-
Tus obnactu W B IpUHIKIE MOBTOPSET y2K€ PACCMOTPEHHBIE CJIy9au IOKPbITHUS,
korza nonurousl P(B) u P/(B’) obpamenst kK BepimaaM O u O’ BbINYKJIBIMA
croponamu. IlpaBma, 37eCh BO3HHUKAET €Ie OCOOBIt BAPHAHT TMOKPBITHS, KOTIA

Jy4 b mepecekaeT B HEKOTOPOit Touke L monuron P(B).

IMycts L — BHYTpEHHSAS TOYKA HEKOTOPOit cToporbl C'D, L' — TOYKa CTOPOHBI
C'D’, nengdmias 3Ty CTOPOHY B TOM K€ OTHOIICHUH, B KAKOM TOYKa L JeuT
cropony CD. To6asum B obmactn W’ xopay L'O’. Hanpasam B obnacts W oryd
LR monm Temm ke yriaamu K 3BeHbsaM cTOpoHbl C'D, mon xakumu xopga L'O’
HAKJIOHEeHa K 3BeHbsaM cropousl C'D’) m Beemem myd LF, TpOTHBOMOIOKHBIH
ayay LR. Jlya LR npoxomut Bae yria BLC. UHade ycraHaBIMBAaeTCS HEBO3-
moxuOe — uto ayun L'O’ m E'O’ me mepecekaiorcs; momoOHBIN Caydail yzxke
paccmarpuBadica. Ilycts S — Touka mepecedenust jgy4deir b u AO BHE CTOPOHBI
AO. Obnacre W nokpseiBaercsa tpeyronpaukoM ABS u Hopoit obracteio Wi (B),
orcekaemoii nosuronom Py (B) = B...C'L or yrna BLF. Tpeyrosabauky ABS or-
Beuaer Tpeyroibauk A’ B'O’) obnactu Wi (B) — obanacts W (B'), orcekaemasi oT
yrna B'O’L' nonamronom Pj(B') = B’...C'L'. TlogobHo onpezessiercst U caydait

MTOKPBITHUS, KOTAa JIyd b MpoxoauT depe3 BepmunHy F.

[To uzsio2xkeHHBIM CXeMaM OCymIecTBsieTcs MOKpbiTue obsiactu W iubo mos-
HOI cuCcTeMO# TpeyroabHUKOB BuAa XY 7, MOCTPOEHHBIX Ha cTOpoHax XY Imo-
Jurona P, jub0 HEMOJIHON CHCTEMON TaKWX TPEYTOJIbLHUKOB. B ciaydae mosHOI
CUCTEMBI TPEYTOJIBLHUKOB TLIOMAIb MOKPHITHs 00acTu W He MpeBOCXOIUT IIJI0-
mamm o(W'); sra mromaas nokperTus Menbine miomanu o(W’), tak xkak mosm-
rousl P u P’ mexkonrpysutbe. Hemomnas cucrema TPEyroJbHUKOB MOKPBITUS
MOKET BOZHWKHYTH JIMIIb B CJIydae, KOraa MOauronsl P u P’ obpalneHs K Bep-

mmraM yraos O n O’ BorHyTEIMU cTOpoHamMu. T1I0mAIh TAKOTO MOKPBITAS HE
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OPEBOCXOIUT MJIOMAAM YacTh obnactu W/, ara miomans MOKPBITUS TAKIKE MEHb-
me wromazm o(W'). Jlemma mokazana.

/lokazarenbctBo TeopeMmbr 2.2.

B ycaosuax Teopembr mpm o6xomax mosauronos P m P’ obszarensHo GyayT
HepeMeHbl 3HAKOB. 9TO ecTh cieacrsue Jlemmbr 2.3. Ocraercs HoKa3aTh, 4TO IIpU
obxomax moauronos P u P’ He MOxkeT OBITh IBYX IIE€PEMEH 3HAKOB.

[Tycts momuromsr P w P’ paspensiorcs sepmmuavm A, C u A', C' na
nomuronst P(B) = A..B..C, P(D) = A..D..C n P(B') = A'..B..C’,
P/(D') = A'..D'..C" co smakamm y cropon "+" | "—" g "-" "4 coor-
BercTBeHHO. [IpoBegem k momuromam P u P’ wepes sepmmunt A, C u A, C’
OTIOpHBIE MIPSAMBIE JIMHAA @, ¢ W a’, ¢/ IO COOTBETCTBEHHO PABHBIMH HAKJIOHA-
MU K CTOPOHAM 3THX HOJMIOHOB. B ycioBusax TeopeMbl OLOPHDIE JIMHUU MOXKHO
nomo0paTh B ABYX CIEAYIOIUX BapHaHTax. IlepBblii BADHAHT: JTHHUK a, ¢ U a,
¢ CyTh pacxomsAmmecss MpsMbIE JTUHAN JJIs TANEPOOIAYECKAX W MAPAJIIeIbHbIE
MpSAMBIE JIMHAN JJIS1 €BKJIAI0OBBIX MOJUTOHOEB P n P’. Bropoii BapmaHT: AN a,
cua, ¢ nepecekarorca B HekOTOpbIX Toukax O u O, npuyem nonuronst P u P’
obpamenbl K ToukaMm O n O’ BBIIYKJIBIMU CTOPOHAMMU.

ITepssrit Bapuant. Cpasansas nosuronst P(B) u P/(B'), o Jlemme 2.2 Ha-
XOJIMM, UTO TIUPUHBI COOTBETCTBYIOIINX TOJIOC CBSI3aHbI HepaBeHCcTBOM h(a, ¢) >
h(a',c’). Cpasuusaa nosmuronsr P(D) u P'(D'), mo Jlemme 2.2 Haxoamm, 9TO
h(a,c) < h(a’, ). IlporuBopeune.

Bropoit Bapuant. O6o3na49uM X' momaau noauronos P u P, a o, o' mo+ X,
o’ + X — coorBercTBeHHO MIOMAMM, oTceKkaeMble nosuronamu P(B), P/(B’) n
P(D), P'(D’) or yrnos ABC, A’B'C’. Tlo Jlemme 2.3 naxoamm, 9to ¢ > o’ n
o+ X <o’ + X. llporusopeune.

[Momy4uennbIe MPOTHROPEYHS yTREPKIAIT TeopeMy — mpu 06X0max TOIATO-

nos P u P’ 6yner He MeHee yerbIipex lepeMeH 3HAKOB.

3. 2ZKecTKOCTh BBIILYKJIBIX II0JIA3IPOB

PaccMOTpUM TpexMepHOe TICeBI0eBKINI0BO MpocTpancTBo ES ¢ merpuue-
ckoit opmoit 22 = 27 + 22 — 23. Cdeppl eUAUTHOTO U MHUMOEJIUHUIHOTO
PAIHyCOB B 3TOM MPOCTPAHCTBE MPEACTABISIOT cOO0i mirockocTs ne Currepa
U TUIepOOJIMIeCcKyI0 TI0CKOCTh. [10HBIH, He UMEeONuil TPAHUIIBI, TTOIUIIPATIH-
Heiil Kouyc B B} wasbiBaercs momnsapaabHbiM yraoM. CTPOTo BHITYK/IbIe TIOJH-
9/IpajibHbIE YIJIbI ¢ OOIEl BEPIIUHON B HAYAJIE KOOPIUHAT — MPOCTPAHCTBEHHO-
mo00HBIH yro1 P u BpeMeHu-moqo0HbI yros () HA3BIBAIOTCS TOJSPHBIMA YTJIa-
MU, €CJIM KaxK/10e pebpo OIHOTO yTIjia BHEITHEe OPTOTOHAJIBHO HEKOTOPOW IpaH!

JPYTOTO YTJIa W KaXKJOH TPAHW OJHOTO YTJIa BHEITHE OPTOTOHAJIHLHO HEKOTOPOe
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pebpo apyroro yria. Iosmron @, mepeceuenne yria @ ¢ runepbommaeckoii cde-
POii, Ha3BIBAETCS LOJMIOHOM, HOJAPHBIM K yriy P. Ilycrb a0 — npoussosibHast
rpanb yriaa P, A — Bepmmua mosmurona (, ompenensiemas: pebpoM yria Q, op-
TOTOHAJIBHBIM K T'PAaHM . QUEBHHO, BHENIHMH yroJ IOJMIOHA () B BepIIMHE
A paBeH TIOCKOMY yTriIy TpaHu «. IlycTh ¢ — mpowsBosibHOE pebpo yria P, a
— CTOpOHA HONUroHa (, OIpesesseMas [PAHbIO yIiia, (), OPTOrOHAIBHOM PeOPy
a. QOueBHIHO, CTOPOHA G PAaBHA BHENTHEMY JBYTPAHHOMY YTy mojudapa P mpu
peope a. OTciona, B 9aCTHOCTH, CJIEIYET, 9TO KPUBW3HA, yria P — oTpumaresib-
Has — CyMMa ILJIOCKMX YIVIOB [POCTPAHCTBEHHO-II0A00HOIO CTPOrO BBIILYKJIOIO
HOJIM3/IPAJILHOrO YIJIa IPEBOCXONUT 27, 115 IPOBEPKU HAIO0 JIMIIb IePEHATH K I10-
JIAPHOMY MOJIUTOHY (Q; BECHMA, TI0JI€3HAs TeOMETPHYECKAs HHTEPIIPETAIUS TOTO

daxTa.

Jlemma 3. Ilycts P u P’ — HEKOHTDYSHTHBIE HPOCTPAHCTBEHHO-MOTOOHDIE
CTPOrO BBIIYKJIbIE IOJIH3IPAIBHBIE YIJIBI C COOTBETCTBEHHO DABHBIMH II/IOCKHMHI
yrinamu. OTMeTHM BHENIHHE JBYTIDAaHHbBIE YIJIbl HOJHUIOHOB 3Hakamu "+'" wmim
"_ " ecyim KOHKDPETHBIH ABYTPAHHBIIH yIOJI OQHOTO MOJIUAPAIBHOIO YTy 00T
1I1e HyIH MEHBIIe COOTBETCTBYIOMIErO JBYTPDAHHOIO YIVIa JIPYTOrO IOJIHIPAILHOIO
yrua. Torma npu 06xo1e BOKPYT BEPIIHHBI KasKI0r0 MOJIHIAPAIBHOTO yIaa Oyaer

HE€ MEHbIIIC 9eThIpeX IIePEMEH 3HaKOB.

Jlemma BoITeKaeTr u3 Teopembl 2.2; HaJO JUNTH MEPEHTH K TOJAPHBIM MOJIH-

ronam (Q m (', COOTBETCTBYIOIMIAM TTOJMWSIPATLHBIM yriiaM P n P’.

Teopema 3. OHHAKOBO COCTABJICHHBIE 3AMKHY ThI€ CTPOI'O BBIILYKJIbIE [OJIH-
9/IPBI B €BKJINJIOBOM IIPOCTPAHCTBE, Y KOTOPBIX COOTBETCTBYIOIINE IIJIOCKUE YTJIBI
PAaBHBI, & COOTBETCTBYIOIIHE TPAHI HMEIOT DABHBIE IJIOIAIH, ITOJHIIPBI B Che-
PUYECKOM H THIIEPOOTHYECKOM IPOCTPAHCTBAX, Y KOTOPBIX COOTBETCTBYIOIIHE
IUIOCKHE YTJIbI PABHBI, H IPOCTPAHCTBEHHO-IOJ00HBIE IIOJIU3APHI B IPOCTPAHCTBE

Je Currepa, y KOTOPBIX COOTBETCTBYIOIUE IJIOCKHE YILJIbI PABHBI, KOHI'DYEHTHBI.

PaccMOTpuM deThIpexMepHoe TCeBI0eBKIHI0BO TTpocTpancTso Ef ¢ Merpu-
qeckoit popmoit 22 = 2% + 23 + 23 — 23. Cepbl eIMHNIHOTO 1 MEIMOEINHIIHOTO
PAJLLYCOB B 9TOM IPOCTPAHCTEE IIPEJCTABIAIT 000ii mpocTpancrso ge Currepa
U runepGomaeckoe npoctpancTso. CTPOro BBILYK/IbIE NOIHIIPATBHbIE YIJIBL C
o61eii BepmIMHOf B Havase KOOPAWHAT — IIPOCTPAHCTBEHHO-TIONO0HDIH yron P
¥ BPEMEHW-TIONOOHBIH yToa () — HA3BIBAIOTCSA MOMAPHBIMHA YTJIAMH, €CIH KasK-
/106 pebpo OJIHOTO yIijla BHEILIHE OPTOrOHAJILHO HEKOTOPOM IPaHu JPYIOro yria
¥ KazKJ0if IpaHy OJIHOTO yIjla BHENTHE OPTOrOHATLHO HEKOTOPOE PeGpo Jpyroro
yriaa. CTporo BbIMyKJIble IOMmdAphl P u (), mepecevenns yrios P u Q co cde-

poit me Currepa u runepboInUIecKoil cepoil, Ha3bIBAIOTCS MPOCTPAHCTBEHHO-
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MOMOOHBIM ¥ BPEMEHU-TIOIOOHBIM TOJISIPHBIMU TTOJIUIIPAMU; TPAHIMHU ITUX MO-
JIM3IPOB COOTBETCTBEHHO SBJIAIOTCH CTAHIAPTHBIE chepudecKne u rumepoosnde-
ckue nomuronsl. KaskpiM sepimne, pepy, FPAHI OJHOTO U3 MOJHIAPOB P u Q
COOTBETCTBYIOT TIOJIIPHBbIE TPaHb, PeOPO, BEPINNHA IPYTOr0 MOJIUIIPA; KaXK/I0€e
pe6po OaHOTO M3 TMOMM3APOB P u () paBHO BHEITHEMY JABYTPAHHOMY YTy MDH

MOJIIPHOM Pebpe [IPyroro moImdIpa.

HoxkazarensctBo Teopembr 3 mpoBOmMTCS u3BECTHBIMEH MeTOmamu Komm-
Jleskanzapa [1, 2] n Amekcanznposa [9, 1950]. Crauana, o Jlexaunapy u Ko,
YCTaHABINBAETCSA PABEHCTBO COOTBETCTBYIOIIMX ABYTPAHHBIX YTJIOB PACCMATPH-
BaeMbIX MMOJIM3/POB; P TOM MpUMeHsieTcs Kombunaropuka Ko, ocHOBaH-
nas Ha Teopeme Ditnepa. 3arem, mo AnekcaaapoBy, ¢ nmomornbio Teopembr 2.2
YCTaHABIUBAETCS PABEHCTBO COOTBETCTBYIOININX peOEP MHOIOMPAHHUKOB; TPUME-
HseTcs MeTom, nBoiicTeenubiit Merony Komm-Jlexanapa. 9TuM u JOKA3HIBAETCS
Teopema 3. OueBuaHO, HET HEOOXOAUMOCTH IIPUBOAUTHL IIOAPOOHOE €€ IOKa3a-

TEJIbCTBO.

AJlekcaHIpPOB KaveCTBEHHO YTPOCTHJ JoKas3areahcTBo Koru-Jleskanapa,
npuMensist BMecto kombuunaropuku Ko u Teopemsr Ditnepa Teopemy 2Kopaa-
Ha jist cepsr; Beapb Teopema Ditsiepa Toxke ocHoBbIBaeTcs Ha Teopeme ZKopna-
ua. JTobaBum, 9ro 11 caydaes cdpepudeckoro, runepbonmaeckoro u ne Currepa
MPOCTPAHCTB BTOPOI ITAI JOKA3ATEIHCTBA TeopemMbl MOxKeT ObITh coKparien. C
9TOH IEJIbI0, HAPSAY C PACCMATPUBAEMBIMU TOIUIAPAMU BBOISATCS TIOJSPHBIE K
HUM TIOJIUI/IPbI, KOTOPbIE OKA3BIBAIOTCS TOXKE C PABHBIMU COOTBETCTBYIOIIAMU
IOCKuME yryiamu. Ha mepBowm sTare yCcTaHaB/INBAETCH PABEHCTBO COOTBETCTBY-
IOIUX JABYTPAHHBIX YIJIOB KAK y MCXOMHBIX, TAK W Yy MOJISPHBIX MOJImdapoB. Ha
BTOPOM 3Talle, 10 U3JIOZKEHHOMY PAaHEe I'e€OMETPUYECKOMY HPU3HAKY MOJISIPHBIX
pebep, U3 paBeHCTBA COOTBETCTBYONIUX IBYIPAHHBIX YIJIOB MOJUIIPOB U3BIEKA-
ercs HeoOXOIMMOe PABEHCTBO WX COOTBETCTBYOMNX pebep — Teopema o KOHTPY-

E€HTHOCTH TIOJIN3IPOB JO0KA3aHa.

Erknumor Bapuant Teopembr 3 comepskutcs B Ompenenennn 10 kuurm XI
"Havan" usnanus eitbepra [10, 1948-1950]; uznanue OCHOBAHO Ha CDABHUTE b
HOM aHaJm3e pa3nudHbix cuuckoB "Hagan" w nmpusHano ucropmkamu Kak OJim-
xadiree Kk OpurnHay. TO BADUAHT MPEICTABIISET MPEAEIHLHO OOIIuit pe3yabTraT
0 2KECTKOCTH 3aMKHYTbHIX BBIILYKJIbIX HOJUIIPOB, OTKPHITHIA HTPOPECCHOHATIBHBI-
MU MaTeMaTHKaMu 331010 10 Bpemenu Asekcanapuu u Acun [11, 2008]. Oupe-

nenenne 9 ectb BcomararenabHoe [Ipenmoxkenne k Onpenesnenuio 10.

Omnpenenenne 9. [10700HBIME TeTECHBIMU (PUTYPAMH OYIYT 3aKII0OYE€HHBIE

Me>K 1y PaBHBIMU IO KOJIHYECTBY HO,HO6HbIMI/I IIJIOCKOCTSMMH.
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Onpenenenue 10. Papuble ke n mogo0HbIe TejIeCHbIE (OHTYpPBI OyayT 3a-
KJIFOYEHHBIE MEXKJ[y PABHBIMH HO KOJHYE€CTBY H MO BEJHIHHE MOAOOHBIMH ILTOC-

KOCTsAMH.

3necs "tenecubie Gpurypst" u "mmockocTu" — MOJUIAPHI M TMOJWTOHBI, TPA-
HU TOM3APOB; "resecHbie (DUrypbl, 3aKIIO9EHHBIE MEXK/Iy PABHBIME MO KOJIH-
9eCTBY HOMOOHBIMU MJIOCKOCTAMEU" — OJUHAKOBO COCTABJIEHHbIE (KOMOMHATOPHO
9KBUBAJICHTHBIE) TIOJIUIPHI C PABHBIMY COOTBETCTBYIOIIUMHU TJIOCKUMHU yTJIAMU;
"paphbie TejecHbie Gurypbl”" U "papBHble 10 BEJIMYMHE ILJIOCKOCTH" — [IOJIM3/1PbI
C PABHBIMU TIO JIJIUHE COOTBETCTBYIOIIUME PEOPAMEU M COOTBETCTBYIOIIUE TTOJIH-

TOHBI C PaBHBIMHA IIJIOIITAIAMM.

B "Hauanax" paccmarpusarorcs 6€3 KaKux-in00O OIpee/IeHuii TOJIbKO Bbl-
MyKJIble MOJIMTOHBI W MOJAUAPLI. Eciam HeoOXoauMble Ompesesienus U ObLid B
Opurunasie, T0 oHu ycTpaHenbl "ucnpasienusmu' mnepenumcunkoB. Hampumep,
910 moaTBepxkaaercs Ilpemnaoxennem 21 u3 kuauru X1: "Besakmnii TerecHbril yrox
3aKJIF0YAETCS MKy [IJIOCKUMH YIJIAMH, MEHbUIHMH [4€M] 9eThIpe IPAMbIX <yI-

aa>"; TIpemyiokenne BEPHO TOBKO JIJTs BBIMTYKJIBIX "TelecHbIX yrios'.

J. . Mopnayxaii-Boarosckoit npusoaut cienyiommii Komvenrapuii 6 (Ilomo-
6ue rei) Kk kuure XI "Hagan" [10]: "B Onpexerenun 9 BbicTynaer AHCTAPMOHUS
¢ ompenesieHneM 110406us wiockux ¢uryp B mecroit kuure "Hauan" (Onpene-
gerne 1). Tam 10106HBIE PUTYDBI OHPEACSTIOTC KAK TaKHe, KOTOPbIEe HMEIOT
COOTBETCTBEHHO DABHBIE YTJIBI, U CTOPOHBI, 3aKJIOYAIOIINe STH YIJIbI, MPOIOp-
nuoHauapHbL " Tlo Tekcry "Hauan" sror npusaak "momobue" oTHOCHTCSH JIUIIbL
K "mpsmonmueitabiM durypam" — kK momuronam. Takoe ompesesenue momobust
HE IPUMEHNMO K "TesiecHbIM (burypam u He TOJIBKO u3-3a aucrapmonnn ¢ Ompe-
nenenneM 9. Tpebosanune Oupegnesnenus 1 "cTopoHbI HPONOPHUOHAIBHBL! IPO-
tuBopeunt TpedoBanuio Onpenenenus 10 "paBHbie 10 BeTuuMHE MIOCKOCTH" —
ono meperpyzxkaer Ompenenenne 10. [Tostomy B Omnpenenernusax 9 u 10 u mis
"mjockocreit u gist "renecubix duryp" npmsnak "momobubr" o3Hauaer "coor-
BETCTBYIOLIME ILJIOCKKE yIuibl paBHbl"; y "renecubix ¢puryp" asyrpaHHbLil yroJ
xapakrepusyercd "miockuM yriaoMm" — JuHEeHHBIM yIJIOM B COBPEMEHHOH TepMu-
HOJIOTHHU. B TOATBEP K IEHIE 3TOr0 BBIBOJA JOCTATOYHO cpaBHUTH Ompeneenve
8 (Ilmockwuii yron) u Onpezenenue 6 (HakaoH MIOCKOCTH K MJIOCKOCTH) U3 KHUT
I u XI "Hagan"; yrubl ¢puryp 3zech onpenensrorca obiieil repmunosiorueii. ITo
cBuzieresibcrBaM Apucroresns u [Ipokiia, Tak KBaauduupoBaioch moaobue ¢pu-
ryp Iudaropom — Kaxk paBeHCTBO COOTBETCTBYIONIUX MJIOCKUX YTJIOB; 9TO BIIOJIHE

TapMOHUPYET C HATJIIAOAHBIMU, OTBITHBIMU TTPEACTABJICHUAMMA.
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B cBsa3m ¢ m3moskeHHBIM, BemomorarenabHoe Omnpemenenne 9 dMTaercs Kak
Teopema: KoMOHHATOPHO 5KBHBAJEHTHBIC 3aMKHYTHIE BBIILYKJIBIC ITOJIHIIPEI, ¥
rpaHeii KOTOPBIX COOTBETCTBYIOIIHE YIJIbI PABHBI, HMEIOT PABHBIE COOTBETCTBY-

onine JByrpaHHble YTJIbI.

Onpenenenns 9 u 10 B "Hagamax" gABISIOTCA aKCHOMaMH, HEOOXOIMMBIMU
st mocTpoerusi Teopun 0OBEMOB M OTHOCSAIIUMUCS K TPEYTOJTBHBIM MHPAMU-
mam u npusmam. Craenosaresibao, camu Onpezenenus B kadecrse Teopem jist
MIPOM3BOJIBHBIX BBITYKJIBIX MOIUIAPOB ObLIN M3BECTHBIM MHOTO PaHee pa3paboT-
KW COJIEPIKATEIBHOrO YUeHHsI O reOMeTpHH, Kaknmu spisiorcs "Hauama" [12,
2010]. OraBasi JOJKHOE BLICOKOMY HAyYHOMY M AKCHOMATHYECKOMY YDOBHIO
Toro Yduenus, a Takxke menpepsoiigennoii IlIkose ero Co3naresneil, Mbl HA3bI-
BaeM eBKJIHI0B BapuanT Teopemsr 3 (Onpenenennst 10) Teopemoit Eskimza [11,
12]. Yuenunem HazwBaa "Hawana" JI. T'wisbept, nx Boicoko nennn u K.@. Taycc.

Teopema EBkimpa. 3aMKHyThI€ OQHHAKOBO COCTABJIEHHBIE BBIMTYKJIBIE IMO-
JIN9/IPbl KOHI'DYEHTHbBI, €CJIH Yy HUX COOTBETCTBYIOIIHE IIJIOCKHE YIJIbI DABHbI U

JIONIAAd COOTBETCTBYIOIUX TPAHEH DABHBI.

B 3aknrouenue HamoMauM Teopembl O JKECTKOCTH BBIYKJIBIX MOJHIIPOB, 3a-
JIOXKWBITIE OCHOBBI BaYKHOT'O HAIPABJIEHUsI COBpeMenHoit 'eomerpunu "B memom"

— BHyTpeHHel u BHermHel [eomeTpun OOINX BBIMYKJIBIX MTOBEPXHOCTEN.

Teopema 3.1. (Jlexkauap u Komn) 3aMKHYTbIe BBIIYK/IbIE TTOJHIAPBI, OJH-

HaKOBO COCTaBJICHHbIE U3 KOHI'DYEHTHBIX I'DaHell, KOHI'DY3HTHBI.

Teopema ciaemyer u3 Teopemsr - Onpenenenus 9. Kak ormegaer Komiu, Jle-
kauap ysuzgen sty Teopemy [rakzke] B Onpenenenun 9 kuuru XI "Hauan";
coxkastenuio, y Jlexanapa Obi1 cnimcok "Hagan" | SsBHO MCIIOpYEHHBIN TIEpenwc-

9rKaMu. B MOATBEpIK IeHNe TPUBOANM OpUTHHAILHBIE (DOPMYINPOBKH U3 [2]:

"Craencrsue 1. U3 npeabrayimeit Teopemsr cieayeT, 4TO BBITYKJIbIE TOJTHIPEI,
OIHHAKOBO COCTABJIEHHbIE U3 KOHI'DYHTHbBIX I'DaHElH, KOHIDYSHTHbI. DTO €CTh TO,
qaro cocraisier Teopemy, 3akmoqarontytocs: B Oupenenennu 9 kauru X1 EBkiin-
Ja.

CnencrBue 2. U3 npeasiaymeii Teopemspr ciieayer, 9TO BBITYKJIBIE TIOJIHII-
PBI, OHHAKOBO COCTABJICHHBIE U3 TIOJOOHBIX TpaHeii, TOJOOHBI. DTO €CTh TO, UTO
cocrapiisier Teopemy, zakaroqaromyrocs B Qupenenenun 10 mHTUPOBAHHON KHH-

ro."

Teopema 3.2. (Munkosckuit) Ecin y AByX 3aMKHYTBIX BBIILYKJIBIX TTOJIHI]I-
POB I'DaHH COOTBETCTBEHHO MapAJIJICIbHBI H HMEIOT DABHBIC IJIOM[AIH, TO MOJIH-

SAPBI KOHTPYIHTHBI U TapaJlJIeJIbHO DAaCITOJIO?KEHBI.
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Teopema ciaeayer n3 Teopembr-Onepenenennst 10 [9]. MunKOBCKmMit TOIy M
3Ty TeOpeMy, pacCMaTpUBas 3a/1a4y O 3aIOJHEHUU IPOCTPAHCTBA PABHBIMU U
mapaJiaieIbHO PACIIONTO2KEHHBIMHA BBIITY KJIBIMHU ITIOJTU3APDAMHA — IIaPAJIJIETIO3IPDaMMA.
3aada BO3HUKJIA MMPU UCCIIEIOBAHUE TPODIeM reomerpudeckoil Teopuu wmces
u Kpucrannorpadun @emopoBbiM.

Teopema 3.3. (Anexcanipos) Ecin y AByX 3aMKHYTHIX BBIILYKJIBIX [IOJIH-
IPOB I'PAHH COOTBETCTBEHHO MApAaJIICIbLHbI U €CJIH COOTBETCTBYIOIHE TDAHU HE
MOTyT OBITH MapPAJIICTBHBIM TEPEHOCOM TIOMEIIIEHBI OJHA B APYIOH, TO MOJIUAPHI
KOHTDY3SHTHBI U MIapPaJLIIbHO PACIOJIOXKEHBI.

Teopema mupoko o6o6iaer Teopemy 3.2 [9].

4. IIpobireMbI

[Tpencrapisiem akTyaabHyI0 MPOOIEMATHKY, CBsI3aHHYIO ¢ Teopemoii.

2Kecrkocts mommsapoB mpu MUHEMAJIBHBIX JJAHHBIX.

IIpo6aema 1. Jloka3zaTh, 9T0 KOMOUHATODHO 3KBHBAJECHTHBIE 3aMKHYTHIC
BBIILYKJIbIE TIOJIHAPBI B R™ KOHIDYSHTHBI, €CJIH (&) II0Maan chepuaecKux u306-
DaXKeHUIi uX COOTBETCTBYIOIUX BepUIHH PaBHbl, (D) cpeiaHue KpuBU3HbI HX COOT-
BETCTBYIOIUX pebep Bcex pasMepHOCTel paBHbI, (C) IJIOMAU HX COOTBETCTBY-
FOIUX THIIEPrpaHeli pABHBI.

Ota mpobimema dopmyauposanack aBropom B the workshop "Rigidity and
Flexibility Vienna, Austria, 2006 [13, Problem section].

Aumnagor npobiembr Crokepa (J.J. Stoker, 1968).

IIpo6aema 2. /[okazarh, 4TO KOMOHMHATOPHO 3KBUBAJICHTHBIC HECBKJIHIO-
BbI 3AMKHYThI€ BbILYKJIbIE MOJIHIPbI KOHIDYIHTHBI, €CJIH HX COOTBETCTBYIOIIHE
pebpa win HX COOTBETCTBYIOIHE JIBYTDAHHBIE YTJIbI DABHBL.

B.A. AJlekcaHIPOBBIM JIOKA3aHO, U4TO CYIIECTBYIOT chepudeckue u runepbo-
JINUECKUE 3AMKHYThIE HEBBIMTYKJIBIE MOJMUIAPHI 0e3 CaMOomepeceueHuit, J0mycKa-
OIFe HETPUBHUAJIbLHBIE HEIIPEPBIBHDBIE Je(DOPMAIIAU ¢ COXPAHEHUEM JIBYIDAHHBIX
yrsios [14].

Amnajior npo6iemsr Bpukapa (R. Bricard, 1897).

IIpo6aema 3. /lokazarb, 9TO CyIEeCTBYIOT €BKJIHIOBBI, C(hepHIECKHE, T'H-
nepboImIecKne, MpOCTPAHCTBEHHO-MOJOOHBIE JeCATTEPOBbI 3aMKHYTHIE HEBbI-
IyKJIbIe HOJIU3PhI 03 camMonepecevdeHuii, KOTOPhIe JIOMYCKAIOT HeTPHBHAJILHBIE
HeIpepbIBHBIE JehOpMaIHU ¢ COXPAHEHUEM YTJIOB TpaHeil U, B eBKJIHIOBOM CJIy-
4ae, ¢ COXpaHeHueM ILIOoa/ el rpaHeri.

Henpeposiao m3rmbaembie mo Kol 3aMKHYTBIE HEBBIMYKJIbIE TOTHIIPbI-
dbexcops Ge3 camonepecedenuii 8 R® orkpoite P. Konnenu [15]; unsapuant-

HOCTH OOBEMOB TOJMIAPOB Tpw marmbanusax mgokasana I1.X. CabutossiM. Pe-
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IIeHne 3TON MPOOJIEMbI BaXKHO I Teopun obosouek. Kak momuepkuBaer W.1.
Boposuu B ITocaeciosuu k uzecrnoii monorpacduu A.B. Ioropesosa [16], neo6-
XOAMMO HCCIE0BATH YCTOWYIUBOCTH 000IOUEK, "MMEMONUX HYJIEBYIO YKECTKOCTh
HA M3TH0 W KOHEYHYIO XKECTKOCTh HA PaCTsizkeHwe" |, y KOTOpbIX "sHeprus, Ha-
KOIJIEHHAST TIPYU PACTSIYKEHUW, TTPOTIOPIINOHAIbHA, n3MeHeHuo Tomaau’ . Takoe
HCCJIEIOBAHIE MOYXKET PACIIUPUTH KIACC MOJIETHHBIX (DIEKCOPOB, OTKPBITHIX aB-
Topom [17].

Anasnor npobsempr Mupanara (E.F.A. Minding, 1836).

IIpo6Gaema 4. /[okazaTh, 9TO IPOCTPAHCTBEHHO-TIOIOOHBIE JECHTTEPOBBI 3a-
MKHYTBIE BBILYKJIBIE H30METPUIHbIE [IOBEDXHOCTU KOHI'DYIHTHBI.

Ota mpobsieMa B EBKJIUIOBOM U COHEPUIECKOM ITPOCTPAHCTBAX PEIIEHA

A B. Ioropenossim [18], a B runepboanaeckom - A JI. Muaxoit [19].
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Rigidity of closed convex polyhedra

We discuss Theorem of Legendre and Cauchy concerning the rigidity of closed
convex polyhedra, which determined the actual scientific direction of "Geometry
in large". We deny the version of Steinitz, which was popular in the last century,
about a mistake admitted in the proof by Legendre and Cauchy. A version of
Euclid’s "Elements" , in which axiomatic Definitions Legendre has seen this
Theorem, differs from the Original version of "Elements"restored by Heiberg.
This version of "Elements"includes an incomplete and corrected Variant of an
extremely general Theorem, contained in the Original, concerning the rigidity of
polyhedra, which had been opened by professional mathematicians long before
the time of Alexandria and Athens. In our paper we prove this General Theorem,
named Theorem of Euclid, and find its natural analogues in spherical, hyperbolic
and de Sitter spaces. Article continues the previous paper of the author: What
is the geometry "in large" ? — Moscow: Znanie, 12, 1986, 32 p.; Unidentified
Egyptian Geometry // Proc. Int. Geom. Center, 2008, v.1, n.1-2, p.97-115;
Sources and contents of the axiomatic of "Elements" // Proc. Int. Geom. Center,
2009, v.2, n.3, p.41-54; Unidentified Egyptian Geometry // Europ. J. of Combin.,
2010, v.31, p.1065-1071.
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O Tpu-TKaHAX C 3JACTUIHBIMH KOOPAMHATHBIMU
JIyTIaMu

K.P. xykarmies

Awnnorarmus Haiinenbr Bce COOTHOIEHUS HA TEH30PbI KPYYEeHWs W KPUBUIHDI
9JIACTUYHON TPHU-TKAHU 10 TATON auddepeHnaibHOil OKPECTHOCTH BKJTIOYH-

TEJIHHO.

Kuarouesbie cioBa Tpu-tkanb Bosa, snactuanada myma, s7acTudHad TKaHDb

YIOK 514.763.7

BBenenmne. Muoromepuas tpu-tkanb W obpa3oBana TpeMs CIOCHUSIMA Aq,
o =1,2,3 pazmepHOCTH T Ha 27-MepHOM MHOroobpazuu X .

Kak uzBecrno [1], ¢ Kaxk10ii T04Koii MHOroo6pasust X, HECyIEro Tpu-TKaHb
W, cBs3aHa KOOpAUHATHAS JIYTIa ITON TKAHU. DJIACTUIHON TPU-TKAHBIO HJIA TKa-
HbIO F Ha3BIBAETCS TPU-TKAHB, B KOOPAWHATHBIX JIyITaX KOTOPON BBIMTOJIHSIETCS

TOKJIECTBO JIACTHIHOCTH:
(zy)z = z(yx), (1)

rJe Ty - onepanys B KOOPIMHATHON Jryne TKaHu [1].

Ha rpu-rkanu E 3ambikaiorca urypst F (puc. 1), oOpasoBaHHbIe CJIOEHUAME
9TOI TKaHU, COOTBETCTBYIOIIAE TOXKIECTBY JACTHIHOCTH, CM. [2].

B orimume or Apyrux KJaccoB MHOTOMEDHBIX TpH-TKaHeil, Tkanu F uzyda-
JIUCh OTHOCHTENIbHO Masio. Cucremarnveckoe udydenue Tkaneii F wagaro B [2],
r7e TOKA3aHO, YTO 9TU TKAHU 00Pa3yIOT MOAKIACC CpeaHnX TKanei boja u mx oc-

HOBHBIE TEH30DBI CBA3aHBI coOTHOMeHNeM b(z, y, [xy]) = 0. o sroro B [3] 610
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Yy

Y3

Y2

Y1 1 To xs3 Ty

Puc. 1 Qurypa E

JTOKA3aHO0, 9TO B KOOPAWHATHBIX JIylTaX TKaueil F BHIMONHAETCA 6OIee CHIhHOE
roxaectBo (z™y)x™ = ™ (yx™) Auis JHOOBIX LEJIbIX T U M.

B pabore [4] uposenena kiaccudukanus rkaneil £ MuHuMaibHON pa3mep-
HOCTH W MOKA3aHO, 9TO CYIIECTBYeT BCETO naBe mecTuMepHble Tkanm F (Ep n
Es).

B pabore [5] magaro nccienoBanue nsaToii quddepeHnnaabHO OKPeCTHOCTH
Tranell F. B macrosmeii pabore MBI IETAIM3UPYyEM HEKOTOPHIE PE3YJIbTATHI U3
[5] m maem mompoGHOE MOKABATETHCTBO AHOHCUPOBAHHBIX TaM yTBEPIKICHUI.

1. Cormacwuo [1], 3amamum cioernst Ay, @ = 1,2, 3, BIIOJIHE HHTETPUPYEMBIMU
cucremamu ¢popm Ibadbdda ci)i =0, cé)i =0mu ciji—i—cgi =0,i=1,...,7, rae bopmbl
Lfi u (gl 06pa3yIoT K0b6a3uc Ha MHOroobpazum X.

CrpyKTypHbIE ypaBHeHUsI TPU-TKAHU uMeroT BuJ, [1]:

dfﬂ = ij Awl + aék%zj A cijk, (2)
dgﬂ = (gj Aw! — a;k%}j A cg’ﬂ (3)
dw;. = w;—“ Awh + b;'kl‘fk A oé)l. (4)

Buemnee muddepeniinpoBanne CTpYKTYyPHBIX ypaBHEHHUi npuBoaur B maudde-

peHIIMAJIBHBIM YPDAaBHEHUAM Ha TE€H30PBI a N b:

l

Ve = b’ + V' (5)
Vit = Eiaimt™ + Girim™ (6)
Veikim = Cktmn®” + Cktmnt (7)
VSikim = &kt + Cktmn" (8)

[pUYeM TEH30DbI a, b, ¢ M T.JI. CBA3AHbI HEKOTOPbIMH COOTHOIIEHUSIMU, & VA

nuddepeHuaAIBHBLII onepaTop, onpeaensemblii popMynoii [1]:

i def ; P i
7 7 m 1 K2 m ] m
Vas, = daj, + ajiwn, — G pwi’ — g, Wi
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Tak xkak TKaum F ABIAIOTCA CpeTHUMH TKaHAMU Bojta, To mX TEH30pHI CBS-

SamBI CaeayomuM coorromenuaMu [1]:
b(z,y,z) = =b(z, z,y), (9)

b(z,y,2) +b(y, 2, ) + b(z, x,y) = 2([[zylz] + [lyz]a] + [[z2]y]),  (10)

b(z,y, [2t]) — by, =, [2t]) + b([zy], z,t) = [2b(y, 2, 1)] — [yb(z,2,1)], (11

?(Z, Y, z, t) = 7%(‘% Y, z, t) = 7b(xv [zﬂa y) + b({E, [yz], t) + b(xv [yt]a Z) (12)

Hns rxaneit Bosa ypasuenus (5) u (6) npumyr cienyromuii sug [1]:

i i l 1
Vaj, = _b[jk]l("f Y )s (13)
7 _ m m
Uik = jklm(‘*lf —u )s (14)
rae 0003HATEHO ¢=-—¢c=c Kaxk Ob1710 cKa3aHHO BbIIIE, I TKaHe# F crpase-

JIUBO eITE€ OTHO COOTHOITIEHUE:
b(x,y, [zy]) = 0. (15)
JIureapu3upys 3TO COOTHOIIEHNE, MOIYINM PABEHCTBO
b(x,y, [2t]) + b(x,t, [zy]) + b(z,y, [xt]) + b(z, t, [zy]) = 0. (16)
U3 (9) monydyaeMm paBeHCTBO, KOTOPOE IIPUTOIUTCSA HAM B JAJIbHERIIEM:

b(x,y,y) = 0. (17)

2. Bocmosp3yemcs paziokeHueM B psai Teisiopa B OKPECTHOCTH €IMHUIIHI

€(0,0,...,0) dynkuuu xy, 3amaoei onepanuio B KOOPAUHATHON! JIylie TKaHU

[1]:
1 1 1
ry=x+y+ Az, y) + 52/}(33796,1/) + 5{%(33,9,1/) + gé/ll(w,w,x, y)+

1 1 1 1
- - — — 18
+42/§(fc7x,y,y) + 6i/;)(x,yuu,y) + 24‘{}(%%:6,%,2»/) + 12?{%(567rf,fﬂ,y,y)+ (18)

1 1
+Eé/:1),(x7x’y’ y7y) + ﬂ{}l(x’ y7y7y’y) + {6}7

rue A(z,y) - kococummerpuanas Gopma, A(z, .., 2, y,..y) - OIHOPOIAHbIH MHOIO-
YJIeH, CAMMETPHYHBIA 10 HEPBLIM U 1 HOC?IUG,ZLHI/IM ¥ KOMIIOHEHTAM.

C IOMOIIBIO 3TOTO PsAla MbI BBIYHCISEM TIPABYIO W JIEBYI0 YACTU PABEHCTBA
(1), 3aTemM npUpaBHUBAEM MHOTOUIEHBI OJJHOTO TIOPSIKA C OMUHAKOBBIM HAOOPOM

NEePEeMEeHHBIX U TOJYYaeM COOTHOIeHus Ha Kodddumuents pana (18). Hamee
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TIOJIB3YeMCA COOTHOMEHNAMM, CBA3BIBAIOIINMN KOS(b(bI/ILH/IeHTbI pdaaa 1 OCHOBHBIE

TEH30pbl TKaHU, HaiigeHubMu B [1] u [6]:

Az,y) = —a(z,y) = —[zy], (19)
b(x’:% Z) = {%(:%xv Z) - ﬁ(y’xa Z) + [y[xz]] - [[yx]z], (20)

f(x,y,z,u) = g(y,u,x,z) - ﬁ(y,u,x,z) =+ [ub(x,y,z)] + [yb(xaua Z)]i

71)(58, [uy]VZ) + [é/%(y,u,x)z] - ﬁ([xy], ’U,,Z) - é/%(ya [I’U], Z) - é/%(:%uv [:Z?Z]),

(21)

c(w,y,2,u) = Aly, @, 2,u) = Aly, @, 2,u) + [b(z, y, 2)u] + [b(w, y, u)2] - o)

—b(z,y, [zu]) = [y Az, z,0)] + Allyz], 2,u) + Aly, [22], w) + A(y, 2, [uz]),
@y 2,u0) = Ay, u,v,,2) = Ay, w,0,,2) + [ye(, v, 2,u)] +
Huc(z, y, 2,0)] + [ve(z, y, 2,u)] = e, [uy), z,0) = e(z, [vy], 2, u) =
—¢(@,y, 2, [ou]) + [A(v,y, u, 2)2] + M[val, y, u, 2) = Ao,y u, [w2]) -
=AM, [zylu, 2) = Alv,y, [zu], 2) + [yb(e, [uv], 2)] + [ub(z, [vy], 2)]+ - (23)
Hob(e, [uy], 2)] = b(z, [oluy]], z) = bz, [u[vy]], 2) + b, Alu, v,y), 2)—
— Ay, b0, 2)) = Ay, v,b(x, 1, 2)) = A, v, b(z,y,2)) -

_2/%(2/%(%”7@’%2) - ﬁ(ﬁ(y,u,x),v,z) - 2/}(2/%(3/,’[},$),U;, Z),

162(x,y,z,u,v) = é/:l))(y,u,a:,z,v) - ?{%(y,u,x,z,v) + ¢ [1(1’ Y, v, U)Z]+
+[?(gj,y, 2, U, )U] - f(x?yv [Z’U],’UJ) + [yg(xa U,Z,’U)] + [ug(z Y,z 1))
~ e, [ug), 2,0) — Ay, o], ) — Ay, [22],0) + Allyal, v, 7,0

J=
)
+A, [uel, z,0) + Ay u, Al 2,0) = A(A (Y0, 2), 2,0)
)=
J=
I+

+

+

+b(1‘7 b(yaua ’U), Z) - {%(yv b(:c,u, Z),’U) - 1/%( (’JI Y,z )7'U
7{11(b(x7yav)auvz) - 2/11(b(xvua v),y,z) - [y[b(a:,u,z)v]] + [y ( [ D

—[fub(z, y,v)]2] = [[yb(z, u, v)]2] = [ulb(z,y, 2)]] + [yb(z, y, [2v])
+b(x, [uy], 2)v] + [b(, [uy], v)2] = bz, [uy], [20]),
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zcl(a:,y,z,u,v) = z/;_)(y,v,a:,z,u) - é(y,x,v,z,u) + [i:(a:,y7z,v)u]+

Hela,y, u,0)z] = ez, y, [zu],0) + [yelz, v, 2, 0)] + [oe(, y, 2, )] =
—c(@, [vy], z,u) = Ay, v, [22],w) = Allzy), v, 2,0) = Ay, v, [vu], 2) -
= Ay, [evl, 2, u) + Ay, v, A, z,0)) = A(A(y, v, 2), 2,u) =
—b(x,y,b(z,u,v)) — é(b(w,%z),v,u) 2/1(b(a: Y, u), v, z)—

— Ay b, v,2),u) — Ay, b, v, 1), 2) = [vb(a, u, 2)]ul+

+[Ub($7 Y, [Zu])] + [b(l‘, [’Uy]’ z)”] - b(xa [Uy]a [Zu]) - [y[b(x’ v, z)u]]_
—lylb(x, v, u)z]] + [yb(x, v, [zu]] + [b(z, [vy], u) 2] = [[vb(z,y, u)]z,

262<:I;’ y7 Z7 u’ U) = ]ﬁ(y7 w? Z, u7 U) - 2/:13(y7 w? Z, u7 U) + [g<x7 y7 Z7 v)u]+
—i—[g(m,y, 2 ’U,)U] —+ [g(xa:% u,’U)Z] - g(x,y, [ZU},’U) - g(x Y, [’ZUL )

_g(xvyaz7[uv]) “!‘{%(Q,{%(JJ,Z,U) ) + A(y7 ($ z ’U),’U,)‘f'
A A ,0).2) — Ab(. v 2),u,0) + by, Az u,0) -

—1/12(17(.’1}, Y, U)’ 25 U’) - {%(b(x’ Y, u)v 2y U) - b(l‘, Y, HZU]U]) + [b($7 Y, [ZU])U]+

(26)

+o(e, y, [zu])o] = bz, y, [[zu]v]) + [b(z, y, [uv])z] + [Alz, 2, v, v)y) =
_é([x/yL 25U, U) - é(ya [$Z], U, U) - {%(yv 2, [xu], U) - {%(ZL 25U, [mv])
C TOMOIIIBIO0 3TUX COOTHOIIEHWH 3aMEHsIEM B TIOJyUYEHHBIX PABEHCTBAX KO3 du-
LMEHThI PsA/ia HA TEH30PbL U I10J1y4aeM TE€H30PHbIE COOTHOLUEHHS, XapaKTePU3y-
IOIIUe 3JIaCTUYHbIE TKAaHH.

3. /l1s Hagasia paccMOTPUM OKPECTHOCTH JI0 TPETHErO MOPSIAKA BKIIOUUTEH-

HO.

Jlemma 1 B oxpecmmocmu 6mopozo nopsadka mosicdecmeo (1) ne daem coom-

HOWEHUT, Ha4 OCHOBHDBLE merH30pv, MKAHU.

Joxasamesvecmeo Ucnonn3ys (18) pacmuiiiem npaByio U JEBYIO 4aCTh BbIPazKe-

Hust (1) 70 YJIEHOB BTOPOTO MOPS/IKA BKIIOYHTEIHHO:
w(yr) =z +yr + Alz,yz) + {3} = 22 + y + Ay, 2) + Az, z) + Az, y) + {3};

(zy)r = 2y + = + Alzy,x) + {3} =2z + y + A(z,y) + Az, z) + Ay, z) + {3}.

Kax BUIHO, YJIECHBI IIEPBOTO W BTOPOI'O IMOPAJKA B 3THUX PA3JIOZKEHUAX OJUHAKO-

BbI.
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JIlemma 2 IIpu pacemompenuu mpemsveti oxpecmmuocmu mosicoecmea (1) noay-

UAEM COOMMHOWEHUE HA TMEH30P KPUBU3HDL.
b(l’, Y, Z) = —b(.’t, Z, y)

Joxazamenvemeo Vcnonp3ys (18), pacnuiiem npaByIo U JIEBYIO YaCTh BhIparke-

uug (1). BolouieM T0JIBKO 4/I€HbI TPETHErO HOPSAIKA:

1 1

1 1 1 (27)
+§2/%(£L',£L',.’£) + igll(fvxay) + éé(yaxax) + §£(y’y’x)’
1 1 1
28

1 1
+§1/%(y,x,x) + 5511(1'7‘%3‘%) + é/ll(xayvx) + 5511(11/’3/’@

IMpupasuuBaem mpasbie Yactu paBeHcTs (27) u (28), npuBoguM noM0GHbIE:
A, ALy, ) + Al 2.y) = AA(2.3).2) + Al y.2),

Az, y,2) = Aw,y, ) + Az, Ay, ) — A(A(=, y),z) = 0.

B custy coorHomenuii (19) 5Tu paBeHCTBa 3amuineM B BUIE:
Afay.2) — Aw.y.2) + [elya] — [fa]e] = 0.
CpasnuBas ¢ coorHomenuem (20), monyaum pasercrso (17). Jluneapusyem ero:
bx,u+v,u+v)=0,
b(x,u,u) + b(x,u,v) + b(z,v,u) + b(z,v,v) = 0.
B cuy coorsomtenuit (17) orciona nomydaeM coorsomenue (9).

Kaxk usBecTHo, coornomenue (9) He0OXOAMMO U IOCTATOUHO JJIsi TOTO, YTOOBI
TPU-TKaHb Oblia cpenHeil Tkaubio Boma [1]. TaknM o6pasom, sacTHIHAS TKAHb
SABJISIETCS CpeaHei TKanbio bona B, U 1jis Hee CIpaBeINBbI HAITMCAHHBIE BBIIIE

coorHommenus (9)-(12).

Jlemma 3 Kosdduuyuenmo, mpemvezo nopadra pada Tetaopa (18) aracmuumnot

mraHU C8A30HL MGOfC&y c060T COOMHOULEHUEM:

Alz,y,2) = Mz, y,2). (29)
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Jloxazameavcmeo nsa moxkasareabcTBa 3TOro (haKkTa BOCIOIL3YEMCS TOXKIE-

crBoM (10), koropoe ¢ yuerom (9) nepenuiiem B CJAELYIOLIEM BUJIE:
b(z,y,2) = by, @, 2) + bz, 2,y) = 2([[wy]2] + [[yz]a] + [[z2]y]).

Ucnonb3ys coornomienne (20), BIpa3uM TE€H30P KPUBU3HLL b uepe3 Koadduim-

€HTbI pAIa TeI‘/’mOpa U IIoACTaBHUM €ro B IIpeablaylnee COOTHOLIeHHnE. HOJIy“II/IM:
Aw,2,2) = Ay, 2) + [ple]) — [lyale)-
A5, )+ A,y 2) — laly2] + oo+
A, 2,y) ~ Al z,y) + [alzy)] ~ [[o2ly] =

= 2([[zylz] + [[yz]a] + [[z2]y])-

IMocme mpuBeneHnst MOMOOHBIX CIaraeMbIx TOIydnm (29).

4. Paccmorpum uersepryo okpecrHocrb pasencrsa (1).

JIemma 4 IIpu pacemompenuu wemeepmoti oxpecmuocmu mooicdecmaa (1) no-

AYUUM CALOYOUWLE COOMHOUEHUE HA OCHOBHBLE MEHOPbL MKEAHY E:
b(x,y,a(z,y)) = 0. (30)

Joxasamenvcmeo 1. Ucnonb3ys (18), pacuuineM npaBylo U JIEBYIO 4aCTh DABEH-

crBa (1). Boinuinem TOJBKO YIE€HBI YETBEPTOrO IOPSIIKA:

1 1 1
ﬁl((my)x) = 6{13(3:7y7yay) + Z{%(xvxayay) + é?ﬁ(xax7xvy)+

1 1
+ A(é(xa%y)’x) + 5/1(/1(337x,y),:13) + 51/%(/1(1:73/)7:”7%)—’—

1
5 21
1 1
+2/%(.’E, A(.’E, y)vl') + é/ll(A(xvy)uyer) + ég(xaxa x,x) + 6{}3(:% (E,i&l’)"‘ (31)

1 1 1 1
+12/%(I’,I’,SC,I) + 52/%(3%:635531:) + Z{%(yay,zvx) + éﬁ(I,JI,I,I)‘F

1 1 1
+§£(ya x,x,x) + iﬁ(yayvxax) + éﬁ(yvyv y,ﬂl‘),

Alaye)) = 5AGe, Ay, 7,2)) + 5 A Ay, 9,2)) + 5 A2, Aly, 2)+

1 1
+1‘g(xa CU,A(y7£L')) + {%(l'vya A(y7x)) + 6{%(‘%) y,yvy) + ié(mvxvyay)—’_
1 1 1 1
+§{}))(.T,I’,I,y) =+ 61/113(:1773771‘"%) + Zé%(x7x7$ax) + 52/%(1',$,I,y)+ (32)

1 1 1 1
+Z2/%( ax7y7y) + 63/%(1‘,37,@',.73) + 63/%(95733733#) + éé(yaxax7l‘)+
1

1
+12/%(y7y7$7x) + 6?{%(%%2/755)
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IIpupaBuuBas B MPABBIX YACTIX ITUX PABEHCTB KOIMMUIMEHTHI MPU OIUHAKO-

BBIX HAOOpAX MEPEMEHHBIX, HOJIYINM PABEHCTBA:
L ) 2 A, g),2,) + LA 2,9),7) + Al Az, y), 2)+
631 x7x’$?y 212 x’y)x7x 2 21 'T7x7y7x 21 x7 x’y7m

1 1 1 1
+61/:13(y733a$737) + 52/%(%55737,1‘) + 5*3/11(y7$1$7x) = §A(‘T7 {%(z%xam))—"_

1 1 1 1 (33)

+§é/11(xa x,A(ym)) + ié(wivxvy) + 5/1(‘%,2/%(?47‘%3 (E) + 52/%(1',.%,%, y)+
1 1
+6?{%(1‘7I7x7y) + élAB(yvxaxa‘r)7

LA )+ S A ) 2) + A(A(s ),y 2) + - A )+

4@ 2y, 9) + SAA(2,y,9),2) + A2, y),y,2) + Ay, y, 2,2

1 1 1

- P = 4
5y, y,mw) = S A Aly,y,2)) + Az, y, Ay @) + S A 2, y,9)+ (34)

1 1
+Zé(x,x,y7y) + Zg(yvyaxax)

2. Paccmorpum paserctso (33). Iloce mpuBeenus MOM00HBIX IPUIEM K DPa-

BEHCTBY

Az, y),2,2) + MA@, 2, y),2) + 20(2, Az, y), ) + Ay, 2, 2, 2)+

+3{%(y,1’,1’,$) - A(ZL’7 lg(yax,x)) - {%(m,x,/l(y,x)) - {%(maxaxay)_

—2A(z, 2/%(y,:r,m) — 2/%(:E,x,ac,y) =0.
IMepenuriem 3T0 PaBEHCTBO, BOCIOJIL30BABIIUCH (hopMysioii (19):
Ayl z.2) + (A, 29)] + 20(fyal,2.2) + Ay, 2,2, 2)+

+?{%(y7l’,$,$) - [l/é(y,x,:c),x] - 21‘/%(‘/1:51'7 [iﬂy]) - ]‘-/:1))(‘7‘171'737734)7 (35)

*[ﬁ(y,li,l'),I’] - é(xvxazvy) =0.

B JjanHOM paBeHCIBE COJIEPXKATCA Pa3sHOCTH é/%(yww,x) - 2/%(30735,96,3/) u

Qg(y,x,x,x) - 1/%(ylc,:r,x,y). Haitném ux ¢ nomompio dopmyn (21) u (22), us

KOTOPBIX MOJIydaeM:
f(y,x,x,a?) = 2@(%%%@ - ?{%(%%y’x) + [xb<yax7x)] + [xb(y7xax)]_

_b<yv [mx]’x) + [ﬁ(m,x,y)x] - ﬁ([ym],x,x) - ﬁ(xv [nyx) - 2/%(1’7 €, [yx])a

g(yax7xa I‘) = 1/:13(95’?}; Z, (E) - é(mvyvxax) + [b(ya l‘,(E)I‘] + [b(y7xa l‘)l’]—

—b(y,fL’, [.7;33]) - [xl/%(ya m,:v)] + {%([my]’x7x) + 1/%(1'7 [mny) + 1/%(‘%'7 €, [xy])
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Tak Kax TeH30pbI ¢ ¢ b KOCOCUMMETPUYHBI TIO BTOPOMY W TPETHEMY apTyMEHTY,

a omepanus | | TakKe KOCOCHMMETPHIHA, TO OTCIOA NMEEM:
0= 2/%(1'7 z,Y, IE) - ?{%(xa z,Y, $) + [2/%(30, z, y)‘r]i

~Allyal,,2) = Alw, lyal,2) = A, z, [ya]),

0= {%(z,y,x,x) - 2/%(x,y,a:,x) - [xl/%(y,x,m)]—k

Ayl 2) + Al [yl 2) + A, [wy]),

Bripasum pasnoctu ?ﬁ(y, Z,2,T) —2%(33, T, z,y) U 2/%(3/, T, T,T)— ils(x, x,x,y). Tak
Kak / - cuMMeTpHUYHa, MO MepBLIM TPEM, /A - TI0 NEpBLIM IBYM ¥ TIOCTCTHAM JIBYM,
31 22

i/zl), - IO TIOCTIETHUM TPEM apTyMeHTaM, TO HOJIydaeM:

3{%(%71‘73/737) - 2/12(3?,.1?,:%1}) = [{%(l‘,l‘,y)l‘]—

—{%([yx],x,x) - 2/%(%, [yl‘},.%‘) - 2/%(%‘,.%‘, [yx])a

2/%(%’ Y,x, il?) - 1/:13(!%7 Y,x, LL') = _[:I;l/%(gh z, {L')]+
A 2) + Al o) 2) + A o).
IMoxcrasus 11 pazuocru B (35), LOLy4YUM PABEHCTBO:

{%([yw],x,x) + [mé/}(x,x,y)] + 22/%([”%]71'739) - [{%(y,x,x),x] - 2é(xax, [my])i

(Mo, 2), 2] + (A2 m)e) = Al o, 2) — A, lyal,2) = A,z [ye)) -

oA,z 2)) + Alwg) 2, 2) + A, [og), ) + Az, [wy]) = 0,

KOTODPOE YJOBJIETBOPsETCA TOXKAecTBeHHO. Takum ofpasom, pasencTso (33) ne
JTAET HOBBIX COOTHOINEHUI HA TEH30PHI JJIACTUIHON TPU-TKAHMU.
3. Paccmorpum pasencrso (34). Ilepenuinenm ero s ciaenyroueit popme, uepe-

HeCsI BCE CJIaraeMble B OJIHY CTODOHY U IPUBEIs MOJIO0DHBIE:

1 1
§A(1/%(I,y7y),f£) + é/%(‘/l('ray)vyvx) + i?ﬁ(yﬂ%xam)*
1 1
—§A($, 2/%(31) yvx)) - {%(x7ya A(ya Z‘)) - 51/%('1:’ x7y7y) = 0.
Jajiee yMHOKUM paBeHCTBO HA 2 U 3amenuM A 1o dopmyse (19):

[x{%(x’y7y)] +22/%([y33],y7x)—i—ﬁ(y,y,sc,m)— (36)
_[ﬁ(yay7x)x] - 21/%(55’ Y, [inD - {%(m,%y,y) =0.
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PaBeHCTBO CONEp:KUT Pa3HOCTH ?{%(y,y,x,x) - é(x,m,yy). Bripasum ee uepes
TEH30pbl U MHOTOYJIEHBI O0jiee HU3KOrO Mopsaka. [Ijs 3TOro BOCIOIb3yeMCcs

dopmysnamu (21) u (22), U3 KOTOPBIX HAXOIUM:

f(ywrwray) = 2/%(3372/7%37) - :{%(xa:'%yal') + [yb(ywccam)] + [wb<yayam)]_

—b(y, [ya], x) + (A, y, y)a] = A([yz],y, ) = Az, [yyl, 2) = A2, y, [yz]),

g(yvxvxay) = {%(x,y,w, y) - 2/%(1‘) yvxvy) + [b(ya x,m)y] + [b(y7 x,y)m]—
=b(y . [ey)) = [ Ay, 2, 9)] + Allzy], 2, y) + A, [2y],y) + Ale, 2, [yy]).

Ucnonp3ys KOCOCUMETPUIHOCTH TEH30POB &6 b ¥ cuMMETPUYHOCTH MHOrOYJIE-

HOB psga Teiinopa, moIydnMm:

0= 2/%(%2% y,l‘) - 3{%(1‘7yvya 'T) + [Q?b(y, y,l‘)]—

_b(ya [yx], 17) + [ﬁ(ac,y,y):s] - ﬁ([y:‘c]?y?x) - ﬁ(x,y, [y:z:]),

0= i/zl))(xaya y,l’) - 2/%($7yaya I) + [b(y7l’,y)l’]*
—b(y, . [xyl]) — [ Ay, @, 9)] + Allzy], 2, y) + A=, [zy], ).

CrutasipiBast, HAXO/UM PA3HOCTH ?.’/%(x,y, Y, x) — 1/:13(36,31,3/, x):

Mz y,y,2) = Ay, y,2) = 2[2b(y, y, 2)] + [Az, y, y)a] = A([yal, y, @) -
— A,y [yx]) + 26(y, @, [y2]) — [z Ay, 2, )] + Allzyl, 2, 9) + A=, [zy], y).
TMoxacrasisem HaliJeHHYIO PA3HOCTh B UCXOIHOE TOXKAECTBO (36):
2[2b(y, y, 2)] + [z, y, y)x] = Allyz],y, 2) = A2, y, [ya]) + 2b(y, =, [yz]) -
=[x Ay, = 9)] + Alleyl, 2, y) + Al [eyl ) + [2 A2,y 9)] + 24((ya], y, 2) -

—[A(y.y 2)z] = 24(,y, [zy]) = 0.

I/ICHOHBSyH KOCOCUMMETPUYIHOCTh KOMMYTATOPpa U CUMMETPUYIHOCTH MHOTOYJIE-

OB psna Teitopa, mepemuiemM 310 COOTHOINEHNE B Ceayomeil dpopme:
[2b(y, y, 2)] =[x A2,y 9)] = [2 A, v, 2)] + [ A, 9, 9)] + [ Ay, v, 7)1+
+2b(y, z, [y=]) + Alley], v, 2) + A, v, [wy]) + Allwy], 2,9) + Az, y, [2y]) -

—22/%([£Ey],y, T) — 21/%(.’)3,:% [xy]) =0.
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TIpuBeném momobHbBIE:

[$7 2b(y7y,l‘) + {%(xaya y) - ﬁ(xayvy) + ﬁ(y’ya JJ) - {%(yayvx)}—i_

+2b(y, z, [yz]) + Allzyl, y, @) — A2yl v, 2) + Az, y, [2y]) — A2, y, [2y]) = 0.
(37)

Bocniosnbayemcs dbopmysioii (20), 3anucanuoii B ciemyromeil ¢popme:

{%(ya L, Z) - ﬁ(y’xa Z) = b(x,y, Z) - [y[mz]] + [[yx]z]

Orciofa, yIuThiBas KOCOCHMMETPHYIHOCTH KOMMYTATOPA, HOJYdaeM CJIe/ Ly TOIIne

TOXIECTBA:
Az, y,y) = A,y y) = by, 2, y) + [[zy]y],
Ay, y,x) = Ay, y,2) = by, y, 2) — [ylya]],
Allzylsys x) = Ayl y, 2) = bly, [zy], @) + [[[eylylz],
Az, y, [ey]) = Ale,y, [2y]) = by, 2, [2y]) = [2[y[zy]]]-
Tlo/ICTABAS Oy YEHHbIE PABEHCTBA B (37), Oy qaem:
[,20(y, y, ) + 0(y, 2, y) + [[xyly] — by, y, ) + [yly]l]+
+2b(y, z, [yx]) + b(y, [xy], =) + [[[zylylz] — by, 2, [xy]) + [z[y[zy]] = 0.

IIpuBonum nomobHBIE, UCHOJIB3Ysd KOCOCUMMETPUIHOCTH T€H30POB, U IIPUXOIUM

K ToxzaectBy (30):

b(y, z, [yx]) = 0.

5. Ucnonb3ys panee JoKa3aHHbIE PABEHCTBA, MOXKHO HAUTH HOBBIE COOTHOITICHUST

B YETBEPTOH OKPECTHOCTH U OKPECTHOCTHX 00Jiee BHICOKOI'O MOPAJIKA.

Jlemma 5 Ocnosubie men3opo, meanu E c643aHbl CALOYIOUUMU COOMHOULEHU-

AMUS

bz, y, [z[zy]]) =0, (38)

b(x, z, [zy]) = 0, (39)
bz, y, [y[zy]]) = 0, (40)
b([zyl, y, [zy]) = 0, (41)
bz, z, [y[zy]]) = 0 (42)
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Jokasameavemso 1. JIuneapusyem coornotenne (30) M0 BTOPOMY U 4€TBEPTOMY
apryMeHry:
b(x,u, [xv]) + bz, v, [zu]) = 0. (43)

TMonaras B (43) u =y u v = [zy], noNLyUUM
b(z,y, [x[zy]]) + b(x, [zy], [zy]) = 0.

B cuny kococmMmmerpudHOCTH TEH30pa b MO ABYM MOCTEIHUM apryMeHTaM, OT-
CIOZIa ToJIy9aeM cooTHomieHne (38).

IMonaras B (43) uw = x u v = y, NOIydAEM:
b(l’7x7 [fl?y]) + b(amy, [{E(E]) = 0’

U3 KOTOPOro cJieiyer coorHomnenue (39).

2. Jluneapusyem coorrnomenne (30) MO IEPBOMY W TPETHEMY ApTyMEHTY:
b(u,y, [vy]) + (v, y, [uy]) = 0. (44)
IMonaras B (44) v =z u v = [xy], noayIuM:
b(z,y, [[zyly]) + b([zyl, y, [zy]) = 0. (45)
Bocnosbsyemcs coornomienuem (11). Tonoxkum B uém 2z = y u t = [zy]:

b(z,y, [ylzyl]) — by, =, [y[zy]]) + b([zyl, y, [zy]) = [xb(y,y, [zy])] — [yb(z,y, [zy])],

u Bocnosib3dyeMcs coornoutenreM (30), a Takxke yxe pokasanbivMu (38) u (39).

B pesynbrare nmpugem K paBeHCTBY

b(z,y, [y[zyl]) + b([zyl,y, [zy]) = 0. (46)

Hauiee pernas cucremy, cocrosiyto u3 (46) u (45), nonygaem coorromierus (40)
u (41).
3. JIuneapusyem coorHorenue (30):

b(x,y, [uv]) + b(u, y, [xv]) + bz, v, [uy]) + b(u, v, [zy]) = 0.
TMomnarast x = y u v = [zu], Hony4YaeMm:
bz, z, [ulzu]]) + b(u, z, [z[zu]]) + b(z, [zu], [uz]) + b(u, [zu], [zz]) = 0.

Orcioza, ¢ yaéToM panee JOKAa3aHHOrO TOXKAECTBA (40) U KOCCOCUMMETPUIHOCTHU

TEH30pOB a ¥ b, mosmy4yaem (42).
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IMpomuddepennupyem mosydentoe coorromenue (30), UCIONB3YsA KOBApHU-
anrnoe jguddepenuuposanue 7. dus sroro nepenumiem (30) B KOOpAMHATHOR
dopwme:

Sym Sym by ap, =0,

gl km

re Sym — omepaTop CUMMETpPUpOBaHus 1o wHaekcam j u [. JTuddepernupyem
gil
JIAaHHOe COOTHOINEHWe, B CHJIy CBOICTB omeparopa AuddepeHnnpoBaHus HAXO0-

JUM:

Sym Sym (ngkpalm + b;-kp vap,)=0. (47)

Ucnonssys (13) u (14), nomydum:

X V4 _
Sym Sym ( jkpqa’lm bjkpb[lm]q) - 07
7\l k,m
7 s P 7 s D 7 s P P %
Syzm iym (055q@kp@rm = Y5k @pgGim — Ujsp@arin, — Jkpblmq + b kpbmlq) 0-
s o,

3anwuiemM 3TH PABEHCTBA B BEKTOPHOI (GopMe U 3aTeM OTOXKJIECTBUM ME€PEMEH-

HBIE, MO KOTOPBIM BejeTcd cumMerpupoBanue. [lomyanm:

b(l’, [y[xy]], Z)—b({E, ny]z]v y)_b(xa [Zy]v [:Uy])—%b(m, Y, b(xa Y, Z))"‘%b(l’v Y, b(yv T, 2)) =0.

Ilonaras 37ech 2z = T wiu 2z = Yy, HOJLy4YaeM:

b leal), ) -b( [l )=, ol o) 500, b, 2)) 500, 9, blys ) = 0,

b(z, [y[zyl], y)—b(z, [[zy], yly)—b(=, [yy], [wy])—%b(L Yy, b(, y, y))%b(a«% Y, b(y,z,y)) = 0.

Jlajsiee, MOMB3ysACh KOCOCUMMETPUYHOCTHIO TEH30pa b U paHee JTOKA3aHHBIMHU CO-

orHouenusMu (38)—(42), nosry4uM HOBbIE COOTHOLIEHUS HA T€H30PbI KPUBU3HDL:

b(x,y,b(x,x,y)) =0, (48)

b(x,y,b(y,y,x)) =0. (49)

6. PaccmoTpuM msaTYI0 OKpecTHOCTD coorHomenus (1). Pacnuiem mpasyio u

JIEBYIO YaCTh, NCTIOJIB3Yyd DA TeI‘/’mopa " BBIITUAITIIEM TOJBKO MHOTOYJIEHBI ITATOTO
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TTOPSIKA:

1 1 1
((l‘y)l‘) - ﬂﬁ(x,z,x,x,y) + ﬁ?{%(z,x,x,y,y) + E%

1 1 1
+ﬂ{}l(l‘7y7yayay) + 6/1(?{%(33,33,33,]./),33) + ZA(Q/%(x7xayay)7x)+

o

(z,2,y,y,y)+

1 1 1
+6A(1/%(xvya yvy)ax) + 52/%(2/%(37’-%7 :l/)7.'17,-’15) + §2A1(1A2(.’E,y7y),$7.’17)+

1 1 1
+§2/%(2/%(£C,.’E, y)7y7x) + 52/%(1/%($7y7 y)7y7x) + 52/%(/1(:1771/)7 A(.’IJ, y)7$)+

1 1 1
+Zl/%(2/%(zvx7y)axax) + Zé(é(xayvy)axax) + 53{%(/1(1’,y),17,!17,3’])+

1 1
+3{%(A($,y),$, y7x) + 53/%(‘/1(3:’ y)7y7y’m) + ig(A(xvy)a 33,1‘733)+
1
6

1
+*A(A(.’I,‘,y), y733735) +

1
235 {}))(A(x,y),x,x,x)+6ﬁ(x,x,x,y,x)+

1 1 1
+Zﬁ(x7x7yuyvx) + gﬁ(m‘uyvyayam) + ﬂﬁ(y7y7y7yvx)+

1 1 1
+Z?{%(x;x;y,$7x) + Z?{%(x,yvyaxax) + ﬁé(yvyayvxax)+

1 1 1
+6é/il)’(mvy7x7$ax) + Ez/}))(y7y7xaxaz) + ﬂ{}l(yvxaxaz7$)7

1 1 1
él(x(yx)) = ﬂﬁ(y7y?y7yax) + Eé(yvyayamax> + ﬁg(yayaxamvx)""

1 1 1
+ﬂ{}l(y7x7xaxa ‘T) + A(xv éﬁ(ya yvy7x)) + A(xv 12/%(?%?/7 (E,!I?))+

1 1 1 1
+A($7 *A(y,.’t,x,l')) + 52‘/}(‘%)‘%, 7/1(y,y,.’£)) + 52/%(1’799

1
s 54 Ay, =, z))+

" 212
1 1
) 51/%(:% I‘,l’)) + {%(x7ya iﬁ(ya y,l’))+

1 1 1
Eé(y,-’lf,x)) + 51/%('1‘7/1(:%1‘)7/1(:%‘1‘)) + gﬁ(x,x,x,/l(y,m))—f—

1
+{%($axa §£(y7y7x)) + {%(l‘,$

+A(@,y,
1/1 A 1/1 A 1/1 A
+§22($,1’, (yu l’),l’) + 522(1'; z, (y7$)7i‘/) + 513(1‘,1},.’1}, (y7x))+
1 1
+A, 2y, Ay, 2)) + 5 A, Aly, 2),9,9) + 57 Az, 2,2, 2,9)+

1 1 1
+6?{%($,I,l‘7$,y) + ﬁ?{%(z7x7x7yay) + Z%(I,x,ﬁ,z,y)‘i’

1 1 1
+12/}3($axax7y7y) + ﬁ%(x7x7yvyay) + Eﬁ('xaxaxaxvy)—’—

1 1 1
+Z{}l($7x7mayay) + 6{}1(907$;y,y7y) + ﬂ{}l(mvi%yayay)

(50)

(51)
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Hanee nmpupapumneaem npasbie yactu (50) u (51). IIpupaBHUBas KOMIIOHEHTHI

C OJIMHAKOBBIM HAOOPOM IE€PEeMEHHbBIX IOJIyIUM TPU PABEHCTBA:

1 1 1
6/1(1/:13(?/,37,33,1‘)71') + 6/1(3/%(3:71‘7377?/)73:) + §£(£($,$,y),$,$)—

1 1 1
_12/%($7$7 {%(ya%l‘)) + Z{%(Q/%($>x7y)7xam) - 51/%(37’1;7 {%(y7xax))+

+1A(A(x,y)7x,m,x) - EA(ZL',I',.’E,A(:Z/,{E)) + }A(A(.’E,y)ﬂl',l',fﬁ)—
231 631 222 (52)

1 1 1
*ié(I,I,A(’%I),I) + él/%(A(Ivy)axazax) - 5{%(I,I,Z‘,A(]J,I))+

6

1 1
+13/£(a:,x,y,x,a:) — gglz(x,x,m,x,y) +

A —
41(35;3373573}’33)

1 1 1
—Zé(%x,%%y) + 62/:13(:572/’1'71’537) - 61/411(30’957%%,@) = 07

1 1 1
1Al 2,9, y), 2) + S A(A (2, y,9), 2, 2) + S A(A(2, 2,9), 5, 2)+

1 1
+§2/%(A(I7y)a A(‘Ta y),l’) + 11/%(1A2(I7y7y)71‘7x) + ?{%(A(z,y),x,y,x)+

1 1 1
+§2/%(A($7y)aya$,$) + Zﬁ(xax7y7yax) + Zé(x7yay7x7x)_

1 1 1
_ZA(%ZAQ(?J’ZU,%%)) - 12/11(37,%2/%(97%13)) - 51/%(‘7:;37,2/}(?/’:%37))_

1 1 1
_ié(mﬂga {%(y,m,x)) - 5{%(1.7/1(3/7‘%)7/1(2/71.)) - 52/%(x,x,/1(y,x),y)—

1 1
*{%(I,IIZ,]J,A(]J,JJ)) - Z%(waxaxayvy) - Z{}l(xazvxayvy) = 07

1 1 1
EA({%(xa yvyvy)a ‘T) + iﬁ(é(xa yay)vya ‘T) + iiﬁ(A(l.’y)’ y»yvx)—’_

1 1 1
+6£(xay7yayax) - A(gj, éﬁ(yay’yax)) - 5{%(1'7y,£(y,y,l’))f (54)

1 1
_ii{lS(xaA(yax)vyvy) - 6{}1(x7x7yay7y) =0.

JIemma 6 Pasencmso (52) ydosaemeopaemes mootcdecmeenno.
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Joxazamesvemeo 1. Cravaina ¢ nomorbio Gopmysst (19) nckmounm B (52) MHO-
ro4sennr A:
AW, 2,22+ A ez )] + 3 MA@ 2. ), 2, 2)
6x13 %15733733 65631 xa$7$7y 521(21 xﬂmvy , L, T
1 1 1
_Z{%(xaxv {%(ya (E,CE)) + Z{%(ﬁ(‘rv‘mvy)vwa ‘T) - ié(mwra {12(y71',$))+

1 1 1
+*A([y$},l’,l‘,$) - 63/%(1'71'7353 [$y]) + 72/12([y:c],x,:c,x)f

231 2 (55)
1/1 1/1 1/1
_522(33,3:, [zy], z) + 613([yx],x,x,x) - ilg(x,x,x, [zy])+

1 1 1
+13/£(l‘7x7yaxax) - Eé(xax7xax?y) + gﬁ(l’,xv%y’x)_

1 1 1
_Zg(xaxaxvxvy) + 65}3(‘%7:[/7*%7*%7‘%) - Eﬁ(xvxaxaxvy) =0.

2. PasencrBo (55) COmEPKUT pPa3HOCTH: ﬁ(m,x,x,y,x) - ?{%(x,m,a:,y,x),
é/zl))(ac,y,am:r,ac) — i/éll(;v,%x,x,y) u ?{%(x,amy,x,x) — 2/%(x,x,y,av,x). Beipasum ux
4Yepe3 MHOTOYJICHBI 60716 HU3KOTO MOPAIKA U TEH30PbI TPU-TKAHU C MOMOIIBIO
dbopmyn (23)-(26):

=A —A
ﬁ(y7 x? x? x’ x) 32(1‘71‘7 x’ y7 1:) 41('1:’ ‘T7$7y7 x) + ['x?(y"r)z71‘)]+

+Hoe(y, @, 2,2)] + ey, 2, 2,2)] — ey, [o2), 2, 2) — ely, [o2), 2,2

—c )_
1

—g(y,:c, T, [xaj]) + [?ﬁ(x,x,x,y)x] + ?{%([xy],:z:,x,x) - ?{%(x,x,x, [yx])—

—?{%(I, [ya:],:z,x) - ?{%(J?,l‘, [yI],CC) + xb(yv [ZI?:E],{E)] + [xb(y, [CEJC],I)]—F

—|—[l‘b(y, [IIL 1‘)] - b(yv [I[QB:EH, x) - b(y7 [x[zx“a .17) + b(y’ 2/%(:177 T, x)’ x)_

72/%(1'711’ b(y,m,:z:)) - 2/%(1:,33, b(y,x,x)) - é/%(xa z,b(y,:c,:c))f

*{%(ﬁ(l‘,iﬂ,’!j),ﬂ?,I) - 2/%(2/%(1',.’,5,2/),27,93) - ﬁ(ﬁ(w,x,y),x,x),

202(%%%55753) = 1/}1(%1/7557%55) - 2/%(:3,%9:,%:6) + [g(y,$7$,$)1']+
+[g(y7$, x,x)x] + [g(ya l’,(E,.’L’)fE] - g(y7x7 [{L‘(E],.’E) - g(:%xa [LITZE],{L' -

)
—g(y,x,x, [.T{L']) + 1/%(1}, 1/%(?/733795)795) + 1/%(.’[], 1/%(21733795)737)4‘
+{%(‘T7 {%(zhx:m%x) - {%(b(y7x7x)a$7‘r) + b(yum7 1/%(.’)37.’1/',.’15))—

—{%(b(y,x,x),x,sc) - é(b(y, $,$)71‘,JJ) - b(y7x, [[LU.%‘]LUD + [b(y,x, [.’L‘l‘])l‘]-i-

+[b(y,$7 [SU.T])Q?] - b(y,x, H.%‘{B].%‘]) + [b(yvx’ [l‘.’L’])!E] + [i/:l))(y,$7$,$).%‘]—

—1/:15([1/.’[7]71‘,1',.%') - 1/113(1'7 [y:ELmam) - 1/:1,)(375‘@7 [yl'L.’L‘) - 1/:1))(£C7$,$, [y‘r])a
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102(2%%33’%37) = 2/}3(3),.’1},3],1‘,1‘) - é(max,ywx?x) + [?(y,m,x,x)x]ﬁ-
+[i:(y,x,x,x, )JJ] - f(yvxa [I.’I}],x) + [‘rg(yaxa l‘,l‘)] + [xg(ya LIJ,$,J»')]_
—c(y e, 2. @) — Al [yl @) — A [y @) + Aoy], @z, 0)+

A lay) o, 2) + Alwx, Ay 7,2)) — AN ), 7,0)+

+b(y,b(x,x,x),x) - {%(mvb(yaxax%x) - 1/%($7b(y733733)a$)_

—ﬁ(b(y,m,x),x,x) - ﬁ(b(ya l‘,l‘),l‘,.ﬁ) - [w[b(y,x,x)x]] + [l‘b(y,l‘, [a:x])]—

—[[2b(y, z, w)lz] = [[xby, =, )] = [x[b(y, z, v)a]] + [2b(y, , [xz])]+
+[b(y, [zz], 2)x] + [b(y, [wz], 2)2] — bly, [xz], [z2]).

HepennmeM 9TU COTHOIMEHNA, UCTTOJIB3ydAd KOCOCUMMETPUIHOCTH TEH30POB 161, 102,

£, ¢ ¢ 1 TeHsopa b 0 BropoMy u TPeThbeEMY apryMeHTaM, a TAK?Ke KOCOCHMMET-

pUYHOCTD oreparopa | |:
0= ?{%(x,a:,x,y,x) — ﬁ(x,x,x,y,x) + [ﬁ(x,x,x,y)x] + ﬁ([my],x,x,x)—

—ﬁ(l‘,l‘,x, [y.%‘]) - 3/%(%‘, [y'r]vx’x) - ﬁ(xaxa [yx], 33) + b(y’ {%(m,x,x),x)—

—2/%(2/%(.’,1?,.23,3/),1'7$) - 2‘/%({11(3:?‘1:? y),x,x) - 2‘/%({11(3:?‘1:’ y),x,x),

0= {}L(xayaxamvx) - 2/%(%%30’%37) + 1/%('/135 1/%(%37’33),37) + 1/%('/1:; {%(%%@J)‘F

+1A2(.2?, {%(yvxw%‘)ax) + b(y,x, {%(Z‘,J},ﬂ?)) + [é(y,m,x,x)x] - 1/:13([?/1‘],33,.’13, JJ)—

—1/:13($, [y.%‘],l‘,l‘) - {%(mvxv [yx]vx) - é(x,x,x, [yx])a

0= 2/}g(nc,as,y,az:,ac) - é(m,%y,x,m) - 2/%(95,1‘, [yx],x) — 2/%(37,307 [yx], z)+

+2/%<[my]7xax7x) + 2/%(1”7 [.’L‘y], JJ,$> + 2/%(1571‘7 {%(ywra 37)) - 1/%(2/%(:57-7;’:‘/)’ QT,ZC)-

Jlanee TpUBOIMM TOI00HBIE W BBIPAYKaEM HCKOMbBIE PA3HOCTH:
ﬁ(x’ ‘/E7 x? y7 :I;) - 3‘/%('%‘7 x? x? y) x) = [3/%(1:7 'fL‘7 x? y)x} + 33{%([xy]7 x? x7 x)—i_

+£(£7 z,T, [.’Ey]) + b(ya 2/%(1‘,.’1),37), Z‘) - 32/%(2/%(33, x,y),x,x),

2/:15(37’9’1‘7‘@733) - {}1($>yax7xax) = 31/%($> {%(y,l’,l‘%.’l}) + b(y>$7 {%(l’,.’lﬁ,l’))—‘r

AW w3 2)3] + Aoy v 2,7) + 30w (], 2, 2),
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?{%(:r,x,y,x,x) - 2/}))($,£Zf,y,l’,$) = 22/%($,£E, [.’By},l’) + 22/%([17]y],(17,1',$)+

+2/}(:c,x, {%(y,x,x)) - é(ﬁ(m,x,y),x,x).

3. INoxncrasinsem HaitnenHsle pasHocra B (55):
1[ A 1+ 1[ A 1+ 1/1 A -
6 x13(y,x,x,x) 6 $31(x,x,x,y) 521(21(.%,.%,11)71',%)

1 1 1
71{%(‘%51'7 {%(y,x,x)) + ié(ﬁ(mﬂzvy)axax) - 5{%(I’,JE, é(y,l‘,l’))‘i’

1 1 1
‘*‘53/%([3/33}7337%33) - 6£($,$,$, [xy]) + 52/%([yx],x,x,x)—
1

6
1 1 1
+§2/%(:E7x, [zy], ) + ié([xy],m,x,x) + Zﬁ(:&x, {%(y,%m))—

1 1
—52/%(30795, [zy], x) + é([yx],x,x,x) — 51/:1;(,@795,35, [zy])+

1 1 1
71{%({%(1’3%;2’)71’71‘) + 6[?{}($,£,Z,y)$] + i?ﬁ([xy}vxaxax)+

1 1 1
+6?{%(x7$7x7 [.Z‘y]) + gb(y,Q/%(a:,x,I),x) - iﬁ(ﬁ(x,x,y),x,x)—k

1 1 1
+§1/%($, {%(yaxw/z))x) + éb(yax7 {%(I,.’I},.’I})) + g[é(yaxax7l‘)m]+

1 1
—i-gi/:l))([xy], x,x,x) + 51/:1))(:5, [xy],z,2) = 0.

IIpuBoauM 10100HBIE, UCIIONB3YS JIEMMY 3, U TOJIy9aeM, YTO JAHHOE PABEHCTBO

Y/ZIOBJIETBOPSAETCA TOXKIECTBEHHO.
JIemma 7 Pasencmeo (53) ydosaemeopaemes moocdecmeento.

Joxasameavemeo 1. lina nvagana 3amenum B (53) MHOrousensl A, ucnosnb3ys

(19):

1 1 1
{x{%(m,x,y,y)] + 7A(A(xay7y)axax) + 5/1(/1(%%,?/)7:%13)4‘

4 221°12 2121
1 1
+§2/%(A(.’L',y)7/1(1‘,y),$) + ié(é(xuyvy>7xam) + :{%(A(xay)7x7y7x)+

1 1 1
+§2/%([yx},y,x,x) + Zﬁ(l'vxayayal') + Z?{%(xayvyvxax)_

1 1
iﬁ(x’xa é/%(yvyax)) - Qé(xvx’ é/%(yvyvx))f

X (56)
71 [2/%(3/7 Y, T, I)x} -

1 1 1
_ié(xa?ﬁ {%(y,x,x)) - ilAz(xaA(yax)vA(yvx)) - 5%(37,@', [xy],y)—

1 1
_{:1))($7$7y3 [xy]) - 12/%(55,33733’97?/) - Z{}L(x7xaxay7y) = 0
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JlanHOE PABEHCTBO COIEPKUT PA3HOCTH ﬁ(x,y,ay,x) - ﬁ(m,y,x,y,x) n

?{%(m, Y, Y, T, ) — 2/%(x7 Z,Y,Yy,x). Boipazum ux depe3 Muorowienbl 60j1ee HU3KOIO

NOpsA/IKa U T€H30PbI TPU-TKaHMU.

2. PaccMorpum nepByto pasuocThb. cnosb3ys dbopmysibt (23)-(26), naxomaum:

e,z wy,0) =A@y, 2,y,2) = M,y 2,9, 0) + [2e(y, 2, y) ]+
Hyely, =z, 0)] + [xe(y, @, 2,y)] = ey, [ya], @, 2) = ey, [v2], 2, y)—
—cly, @,z [2y]) + [Alw, 2.y, y)a] + A[wyl, vy, ) — A, 2y, [ya]) -
— Az, [yal,y, x) — Az, . [yy], ) + [2b(y, [yz], )] + [ybly, [z2], 2)]+
+zb(y, [yz], 2)] = by, [zlya]], =) = b(y, [y[al], 2) + by, Ay, z, ), x)—
Az, y,0(y, z, 2)) = Aa, 2,0(y, y,2)) = Ay, ,b(y, =, 2)) =

_2/%(2/11(31’%@733733) - 2/%(2/%(55’%9)7337@ - 2/11({%(%5&?!)79’@,
@y y,2,x) = Ay, v, 2,y,2) = Ay, 2, 2,9, 0) + [e(a,y, 2, 2)y]+

+el@, v,y 2)x] — e,y [yal, @) + [ye(e, @, y, )] + [wg(@, y, y, 2)]—

—c(w, [zyly, @) = Ay, @, [waly) = Aly, @, [wy], 2) + Allyal, 2, y, 2)+
+Ay, [ez],y, @) + Ay, @, Ale,y, 2)) = A(Ay, =, 2), y, )+
+0(2,0(y, x, 2), y) = Aly, b(x, 2,y), x) = Ae,b(z,y, y), ) -
—Ab(z,y,7), 2,y) = Ab(w, 2, 2),y,y) = [ylb(z, z, y)a]] + [yb(z, =, [ya])] -
—[lxb(z,y, »)ly] = [[yb(z, z, 2)]y] — [z[b(x, y, y)]] + [yb(x, y, [yz])]+
+[b(z, [zyl, y)z] + [b(z, [zy], v)y] — bz, [zy], [yx]),

202(y, T,2,y,x) = ﬁ(mywy T) — 2@(93, Y, 2, Y, %) + [g(yw,w,x)yH

+ely, @z, y)al + [y, 2y, 2)x] = cly, @, [wy), 2) = ey, z, [22],y) -
—cy, @,z [ya]) + Az, Ay, z,y), 2) + Az, Ay, 2, 2), y)+

+A@, Ay, y, ), ) = Ay, 2, 7).y, %) + by, =, Alw,y,2))—

— A0y, z,2),2,y) = Ab(y, 2,y), 2, ) = by, , [[zz]y]) + [b(y, =, [z2])y]+
+o(ys @, [zy])a] = by, z, [[rylx]) + [y, =, [yz])z] + [Aly, 2, y, 2)a] =

_é([y‘ervy’w) - 1/:1;(‘7“" [ym],y,a:) - 1/:1))(3?,,%, [yy]vx) - 1/:1)’(33796,3;, [ym])
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Vuporaem, Cnob3yst KOCOCUMMETPUYHOCTD TEH30POB U COOTHOMIeHus (12),
(30), (38)-(42) :
0= ?{%(‘T, Y, z,y, IE) - ﬁ(xa Y, T, Y, :C) =+ [?{%(LE, z,Y, y)x}+
+23/{([$y}7 z,Y, IE) - ?{%(l’, z,Y, [y:CD + b(ya ﬁ(ya z, x)ﬂ I)i

7{}($,$,b(y,y,l‘)) - 25{({%(3'%:% y),l’,l’) - é/%(é/}(xa x,y),y,x),

0= é(y7$7xayaz) - é(%%%%@ - g(yaza [.Iy],d?) + 2/%([3/33],177%55)4‘
+£(y7xa {%(may7x)) - {%(é/ll(yvzaz)7y7x) - {%(y,b(x,m,y),x)—

_é/%(b(xvzhx)vx’y) - [y[b(x,x,y)x“ - [[l‘b("l},y,l‘)}y],

0= Alz,y,2,y,2) = Alz,y, 2, y,2) + Az, Ay, 2, 2),y)+
+24(z, Ay, y, 2), 2) + by, =, Az, y, 7)) = Ay, 2,y), 2, 2)+
HAW.2..2)a] — Ay, 2..2) — 24(z. [yal v, )

ClOKMM 39TH TpH PABEHCTBA M BBIPA3AM PA3HOCTD ﬂ(w,y,x,y,x) -

1/411(96, Y, T, Y, T):

ﬁ(wvyaxayvx) - {}l(xvyaxay7x) = [?{%(Z‘vx7yay)x] + Zﬁ([l‘y]axay7m)_

_A(x7x7ya [yx]) + b(y7 A(y7 x,x),x) - 2/%(1‘73"’ b(ya 21733)) - 22/%(2/%(337%9); Z‘,Qf)—

31 21
_2/%(@/11(1‘73?7?/)) yvx) + {%(Z‘v {%(y,ﬂ?, x)vy) - 2‘/%(:'-/733’ [xy],m) + é([yx],x, y:x)+
—|—2/%(y,x, 1/%('1:’ y:x)) - {%(é/ll(yvxam)ﬂ%x) - {%(yv b(.’l?,.]?, y)vx) - ﬁ(b(ﬂf,y,x), x)?/)_

_[y[b(x’ €T, y).]?]] - be(xr Y, x)}y] + 21/%(737 {%(ya Y, 33), x) + b(y7 €T, {%('x’ Y, Z‘))—

_é(b(y7x7y)ax7x) + [{%(yaxaz%x)x] - {%([yxhxvyvm) - Qé(xv [yx]ayax)

IIpuBeném moa00HBIE, UCIOIB3YsT KOCOCUMMETPUIHOCTh T€H30pa b u omeparopa

[ ], a TakKe CHMMETPUYHOCTH MHOTOUJIEHOB 1 (bopmyiy (29):

Mayy, @y, 2) = Ale,y, 2.y, 0) = [Ma, 2,y y)a] + [Aly, 2, y, )x]+
+2£([$y]ax7yvx) - £($?$7ya [yﬂ?]) - g(y,iﬂ, [.'L'y], $)+ (57)

+2/£([y$],$,y,$> - {%([ym], l‘,y,.’L‘) - 2{:13(%7 [way,x).
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3. Teneps HaIEM PA3HOCTD é(m, Yy Yy T, ) — 2/:1))(33, x,y,y, ). Jjsi 370ro uCrosh-

syem dopuyiy (24). Us nee naxozuy:

oz y, @) = Az y,y,o,0) = Ay, y,2,2) + [y, 2, 2, y)a]+

+Hely, z 2, y)a] — ey, @, [zl y) + [ve(y, y, 2, 2)] + [yely, =, 2, 2)] =
—<y, lyz] v, 2) = A2y, [y @) — Alw, y, [yz], ) + A([zyl y, 2, 2)+
+A(@ [yy], @, 2) + Az, y, Ay, 2, 7)) — A(A(@,y,9), 2, 2)+
+0(y, bz, y, ), ) = Az, by, y, x), ) = Aly, bly, z, ), )=
Ay, 2,7),y,7) = Ab(y, y,2), z, ) = [z[b(y, v, x)x]] [2b(y, y, [xx])
by,

—lyb(y, , z)]x] = [[2b(y, y, ©)]] = [y[b(y, z, ©)x]] + [2b(y, 2, [zx])
+[b(y; [yz], 2)x] + [b(y, [yz], #)x] = by, [ya], [v2]),

J-
I+

Tr
Tr

e @,3,,9,9) = A,y 2, ,9) — A, ,2,2,9) + el 2,9, y)a] +
—|—[§(x,x,x,y)y] - %(l‘,l‘, [my],y) + [
—g(x, [yx],x,y) - 2/12(‘7:’2/7 [xy},x) - {12(337:'-/ [ ] ) + A([a::c] Y, T, y)+

A [yl 2,9) + A A 2.9) — A @y, 2),2,9)+

xg(x,y,a:,y)] + [Z/C(JU T, 2,y)| -

1221
+0(, b(2,y,y), ) = Al bz, y,2),y) = Aly, b(w, 2, 2), y) -
Az, z,y),y,2) = Ab(z,y,y), 2, 2) = [[b(z, y, 2)y]] + [2b(z, y, [zy])] -
—[lyb(z, 2, y)la] = [[eb(z, y, y)Ja] = [y[b(z, 2, 2)y]] + [wb(z, 2, [vy])]+
+

+[b(, [yz], 2)y] + [b(z, [yz], y)a] = b(x, [yz], [zy]),

ez a,xy) = A,z y,2,y) = A, 2y, 2,9) + [ely, 2.y, 2)2]+
ety z 2, 2)y) — ey, @, [vy], @) + [re(y, @, 2, )] + oy, @, 2, y)] -
—c(y [zz], 2, y) = Alw, @, [yyl, @) = Ale, @, [yz], y) + Allzyl 2,2, 9)+
+ 4@ [zl 2,y) + Az, Ay, 2,y) = A(A(e,2,9),2,9)+
+0(y, bz, 2, y), 2) — Az, b(y, z, 2),y) = A(@, by, 2, 7), y) =
Ay, z,y),x,2) = Ably, 2, ), 2, 2) — [2[b(y, 2, 2)y]] + [2b(y, 2, [zy])] -
—[[zb(y, z, y)|z] = [[xb(y, z,y)|z] — [2[b(y, =z, 2)y]] + [zb(y, z, [zy])]+
+[b(y, [zz], 2)y] + [b(y, [z2], y)z] — by, [x2], [xy]).

Ty
Ty
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Ncrnonb3yst KOCOCMMMETPUIHOCTH TeH30poB u dopmyast (12), (30), (38) — (42),

YIPOCTUM 3TU BbIPDAXKEHUS:

0= 2/:1))(1'7y,y,$,$) - ?{%(xvyvyaxax) - 2{12(1'7:% [yx],x)+

+2‘g([$y]7ya (E,Z’) + 2/%(%% {%(ya CC,SL')) - é(gll(xvyay)vxvx) + b(yv b(w,y,x),x)—

_{%(1’7 b(ya Y, :C), :L’) - é/ll(b(yv Y, .’E), T, 1') - 2[$[b(ya Y, {E)CU]],

0= 2/21))(x7y7x7x3y) - ?{%(% y,l’,x,y) - 2/%(337:% [’I)y], l‘) + 2/%(‘%7 [yx],:r,y)Jr

+2/%(‘Tay7 {%(xaxay)) - é({ll(xayax)’x>y) - {%(xab(xayax)vy) - {%(b(zvxay)ayvx)a

0= é/%(xaza %x,y) - ?‘g(xvxaya :Evy) - 2‘/%(1‘7937 [yz]vy) + 22/12([:L’y],a:,x,y)+

+£(Ia z, {%(yaxa y)) - 1‘/%(2‘/%(1‘793734)3 I7y) + b(y,b(I7l‘,y), I>_

fﬁ(b(y,x,y),x,x) - é/%(b(z%xvy)v ‘T7I) - 2[[:Eb(y,£€,y)]l‘]

Borarem BTOpOE paBeHCTBO u3 CyMMbl 1EPBOro u tperbero. Ilocsie HekoTOpHIX

IpeodpPa30BAHUI TTOTY TUM:

?{%(zvyayaxax) - %(xazvyayax) = 722/%(3373% [yz]ax) + 5/12([:171/],@/,1?,:17)+

+2/%($,y, é(y,x,x)) - {%(é/:ll(xay7y)axax) + b(ya b(l‘,y, IZZ),JJ) - 1/%(1'7 b(yayax)’x)f
fé/}(b(y,y,x),:c, ‘T) - 2[$[b(y,y,l‘)’l}“ + 2/%(1'73% [I’y],%) - 2‘/%(‘7;3 [yx], Sﬂ,y)*
—AMa,y, Az, 2,9)) + A(A (@, y, ), 2, 9) + Aw, bz, y, 2),y) + Ab(z, 2,y),y, 2)+

72/%(1'71’7 [yx]ay) + 22/%([xy]7xaxay) + ﬁ(xa z, {%(yaxay)) - {%(ﬁ(maxvy)a ‘T,y)+

+b(ya b(x,m,y),x) - é/ll(b(yvxa y)axax) - ﬁ(b(yvxay)al'vx) - 2[[:ﬂb(y,x,y)]x}

IIpuBeném momobHBIE, HCIOMB3Ys KOCOCUMMETPUIHOCTD TEH30pa b W KOMMYyTa-

Topa [ |, a Tak:ke coorrorernne (29). Iomyunm:

:{%(xay7yax7x) - 2/},)(557%%%@ = _32/12(357% [?ﬂ?]aiﬂ)"‘

+2/£([$y}7ya$7$) - 2/%(:1;7 x, [yx]vy) + 32/%([.'1,'y], x»CU,y)-



74 K.P. /I>xykames

4. Haiinennbie mamu pasuoctu (57) u (58) TOACTABMM B MCXOTHOE TOKIE-
crBo (56):

1 1 1
Z[xz‘/%(xﬂxayay” + iﬁ(é(xayvy%wux) + 52/}(2/%(957$,y)7y795)+

1 1

1 1 1
+§2/§([y$],y,:c,$) - 1[£(y,y7x,x)x] - 12/{($,x,2/}(y,y,x))—

1 1 1
_ié(xaxaﬁ(ya:%x)) - 51/12('1:’?!7 {%(yaxax)) - 51/%(33’ [l’y], [l‘y])—

1 1
_52/12(‘%'7:1:7 [il'y],y) - {%(m7l‘7y7 [!L‘y]) + Z[:{%(‘/Bwfnu y7y)33]+

1 1 1
+Z[{%(yaxay,m)x] + Q?{%([xy],x,yvx) - Zz{%(x’wvya [yx])_

1 1 1
71{}))([341‘]51772%1‘) - 5{:1))(‘777 [nyyv'r) - 52/%(I7y7 [yz],x)Jr

1 1 1
‘*‘12/%([339],%95’33) - 1%(1‘,@', [yx]vy) + 52/%([xy],x,x,y) =0

IIpuBesém momobHBIE, TOIB3YSICHh KOCOCUMMETPUIHOCTHIO KOMMYTATOPA U COOT-

HomenneM (29). IMomyuanm:

1
Z[xaég(xvirvyay) - ?{%(xﬂxvyvy) + é(yvyaxax) - {é(yv%yax)]*‘

1 1 1 1
+Zé/12([yx]ayaxax) - Z{%([y‘r]ayam7z) + 12/%(%%% [y.’E]) - Zé/}(xax7y7 [y$])+

1 1 1 1
+§2/£([J:y},a:,y,x) - iﬁ([xnyvyax) + ié(xvyaxa [xy]) - 5{%(I,y,$, [xy]) =0.
(59)

5. Kaxk Bumum, B (59) BCTpedaercss OJHA U Ta Ke CyMMa: 2/%(an‘,y,z,u) —
?ﬁ(x,y,z,u) + 2/%(u,,my,gc) - é(u,z,y,x). Haiiném eé ¢ momormmnio dhopmyn (21)

— (22), u3 KOTOpBIX Ccieyer:

?(337 Y, z, u) = g(yauaxa Z) - :{%(yvuax7 Z) + [Ub(mvya Z)] + [yb(x,u, Z)]_

b ), 2) + (A 0)2) — Al 2) — A leul,2) — Aly,u, 22),

g($a27y7u) = {%(Zﬂrayvu) - 2/%(2’,1’,:[/,’&) + [b(m,z,y)u] + [b(x,zgu)y]—

_b(x’ 2, [yu]) - [Zé(mvyvu)} + 1/%([2:37],:%’11,) + 1/%(22, [y:v], u) + 1/%(27:% [um])
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Borurem u3 mepsoro ypasuenust sropoe. C yuérom (12) momydanm:
26(I7 Y, =, U) = é(yv u,x, Z) - ?{%(y’ u,x, Z) + [Ub(l’, Y, Z)} + [yb(:ﬂ, u, Z)]_
—b(l‘, [’U,y], Z) + [é/ll(yaua 'I)Z] - ﬁ([my]vua Z) - é/%(:% [qu Z) - ﬁ(yaua [IZD_
7{%(271‘73%“) + {12(Z7I7y7u) - [b(xazvy)u} - [b(z,z,u)y]+

+b(:l?7 2, [yu]) + [Z{%(l‘,y,u)] - {%([zx]vyau) - {%(27 [nyu) - {%(zaya [ux])
Ipuseném momoGHBIE, UCTOMB3YsT KOCOCUMMETPUIHOCTh T€H30POB W COOTHOIIIE-
aue (29). Homyunm:
2¢(x,y, z,u) — 2b(x, z, [uy]) = 2/%(y,u,x, z) — S/%(y,u,x, z)—

(60)
—{}))(Z,JJ,U, y) + 2/%(271:’“3 y)

6. IToncrasisas coornomenue (60) B (59), LpuaeM K PaBEHCTBY

110260, .9.2) = 2009y, L)) + § (o, [y, 2,) — 20(o, 2 ylyal)) +

45 (2e(y, eyl ) — 2y, efay]) = 0.

DTO PABEHCTBO YIOBJIETBOPIETCS TOXKIAECTBEHHO B cuity (12) u semmbl 5.
JIlemma 8 Pasencmeo (54) ydosaemeopaemes mosrcoecmeenho.

Joxasameavcmeso 1. Cuayana nepenuineM paBeHcTBO (54), ucnoib3ys hbopmysibt
(19) u (29):

1 1

cleAlry g9l + 5 A([yl’],y Y, @) + G Az, y,9,y,2)—

6 231 (61)

el )]~ L A [, 9,9) — A 2,9,9,9) =0

2. Kak BuauM, B JAHHOM DPaBEHCTBE HPUCYTCTBYET PA3HOCTD ﬁ(m,y,y,y,m) —
{}l(x, ¥,y,y, ). Haiiném eé, Bocriosib3oBasimch Gopmynamu (23) — (26), u3 ko-

TOPBIX HAXOIUM:

ey, a,y.y) = A y,u.9,0) = A, y,9,9,2) + [2e(y, y, 2, 9) ]+

A
32
+

Hyely, 2, 9)] + [yely, @, 2, y)] = ey, [yx], 2, y) = ey, [y, 2, y) -

—cy, @z, [yy]) + [Ay, 2,9, 9)2] + Allyyl, 9, 2) = Ay, 2.y, [yz]) -
—A, lyzl v, @) = Ay, @ [yy], ) + [20(y, [yy], ©)] + [yb(y, [y2], )]+
+ybly, lyz], )] = bly, [yly=]], ) = bly, lylya]], ) + bly, Ay, y, 2), 2)—
A, y,0(y, y,2)) = A, y,0(y, y, ) — Ay, y,0(y, 2, 2)) =

_2/%(2/%(%973/)733733) - ﬁ(ﬁ(xayay)7y7w) - ﬁ(ﬁ(%%y)aQaQT%
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oW,y y,2) = A, y,y.y,2) — Ay, 9.y, 2) + [ely, @, 2, y)y)+
Fle(y, 2,9y, )2] = ey, , [y, y) + [xc(y, v, y, ©)] + lye(y, 2,9, 7)) -

=<y, lyz], v, @) = Az, y, [yl y) = Ay, [yyl, =) + Aleyl, v, 9, 2)+
+A@, [yl v, o) + Ay, Aly, v, 2)) — A(A(@,9,9), 9, 2)+

+0(y, bz, y, 2),y) — A2, b(y, 9, 9), ) — Ay, bly, =, y), )=

—Ab(y, ,2),y,9) — Ay, y, 2), 2,y) = [2[b(y, y, y)2]] + [2b(y, v, [y=])]—

—[[yb(y, z, 2)]y] — [[zb(y, y, 2)ly] — [y[b(y, 7, y)x]] + [2b(y, z, [yz])]+
+[b(y, [yz], y)z] + [b(y, [y=], 2)y] — b(y, [y=], [yx]),

e,y y,7) = Mz, y,9.9,2) = A2, 9,9, 9,7) + [y, 2, y, 2)y)+

(v, , [ya], y)—

—c(y, 2y, lyz]) + A, Aly, y,9), 2) + A, Ay, y,7), y)+
+A(@, Ay, y,2), ) = A0y, 2, y), 9, 2) + by, =, Ay, y, x)) =

— Ay, z,2),9,y) = A0y, 2, y),y,2) = by, z, [[yz]y]) + [b(y, z, [y])y]+

oy, . lyy))a] =y, @, [lyy)a]) + [b(y, . [y2])y] + [A(y, v, y, ¥)2] -

_{:15([3/33]’ y,y,x) - 1/:13(377 [nyy?x) - {:15(377 Y, [yy],x) - {%(xvyayv [wa

+[g(y7x,y,y)x] + [g(y,ﬂc,y,x)y] - g(yaxv [yy]7 ) g

IIpuBeném mom06HbIE, NCTIOIB3YS KOCOCHMMETPUIHOCTD TEH30POB, TAKKE JIEMMbI

5 u 3, bopmyny (12). omyuum:

0= é(xay,yayax) - ﬁ(xvyayayax) + [?{%(yvxayay)x] - ?{%(yamayv [yx])i
73/11(y7 [yx]aya CE) + b(ya é/%(?hyax)a Z) - 25/11(1‘,y,b(y,y,l‘))*

fﬁ({ll(y,y,y),x,x) - 22/%(2/%(1',y,y),y,$),

l%(yax7y7yax) = %(x7yayay7x) - 3{%(1‘7yvyay7m) - 2/%(337% [yx]vy) + 2/12([339]79’%@

2CZ)(y,ﬂc,y,yw) = {}l(z‘yyy T) — 2@(%, Y, Y, Y, T) + A(w, A(y7y,y),:v)+

+[1/%(ya yvy’x)x] - é([yl‘Lya ymc) - é(xvyaya [ym])
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CKJ’Ia,HI)IBaSI 9TU PaBEHCTBaA, HAXOAWM:
O = :{%(xay>y7y7x) - ﬁ(%y,%yyx) + [ﬁ(y7x7y7y)x] - ?{%(%:C,y, [ny] -
_3/11(y7 [y.’L'Ly,.’E) + b(y7 2/%(%%33)755) - 22/%(3371/7 b(ya y>33)) - ﬁ(ﬁ(?h%y)a%x -

2121

)

)
_2/1(/1(3371173/),%33) + 2/:13(3371173/; y733) - 3/%(:572/’9’ y>$) - 2/%(5575% [?ﬂ?]ay)‘i‘
+A(zyl v, v, ) + Ay, y,9,0) = Az y,y,y,2) + Az, Ay, v, y), @)+
)

+21/%(1', 1/%(?% Y, .’L‘), y) - Qé(b(?ﬁ x, y)7 Y, LU) + b(ya Z, 1/%(:% Y, .’L‘) +

+[1/:13(y’ya y>$)$] - é([nyyay; aj) - 1/%(5(}, Y. Y, [yx])

ITocye npuBeneHns MOTOOHBIX BHIPA3AM PA3HOCTD ﬁ(x, Yy Y, Yy T) fl/éll(x, Yy Yy Yy T):

ﬁ(xu yvyvyvx) - ﬁ(%y»yv%x) = [ﬁ(yﬂ x»yvy) + {%(:%ya yvx)vzd - ;{%(y’ z,Y, [y(E])—
_ﬁ(yv [ym], Y, ‘T) - 2‘/%(1.7 Y, [yx]v y) + 2/12([£L'y], Y Y, ‘T) + b(yv z, {%(ya Y, QIJ))—
_b(ya xvz/}(yvya (E)) - {%([ym]?yvy7x) - {})’($7y7 Y, [yx])

3. MoxcraBnm HaiiaeHHYIO pa3HOCTH B (61):

1 1 1 1
g[xl/},)(x,y,%y)] + 5?{}([y:v],y,y7$) - g[ﬁ(y,y,y,x)x] - 5, [zy], y,y)+

1 1
+6[?{%(y>x7yay) + {%(ya yayax)a SU] - ég{%(y’xayv [y(E]) - E?ﬁ(ya [yx]ayaw)i

1 1 1
_6512(1‘72% [yz]vy) + 6512([1:y]7yay5 QZ‘) + éb(yvxa é(y,y,x))—

1 1 1
—= A —-A —-A =0.
P2 Ay, 2)) = Ayl y,y,2) = 2 A2,y y.[ya]) = 0
ITocne npuBenenust MOMOOHBIX MMOJIYIUM:

1
*[.’E, é(xvyvya y) + ?{%(yvyvyvx) - g%(x?y?yvy) - {},}(yvyayvx)]—’_

6
2 M) vy 2) — 5 A [yl v o) + A, ) -
341 Yyxr,y,y,x 313 Z, | TY, Y, Y 651 Y, T, Y, |TY
1 1 1
1
+6b(y7xa {%(y7y7x) - ﬁ(yayax)) = 07
nJjan
1

E[x, {g(w,y,y,y) + ?{}(yyy T) — 3{}(x, Y, Y, Y) — {g(y,y,yﬁﬂ)}—

7%(:{%([1@/]’@/’ y,l‘) - é([xy},y,y,x) + {%('x’ Y, Y, [.Ty]) - 2/%(I7yvyv [gjy]))+

+é(3{§($, vy, [2y]) = A v,y [ey]) + Allzyl v,y 2) = Allzy) g, 9, 0))+

1
+6b(y,m, Aly,y,x) = 2(%(y,yw)) = 0.
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Hasnee Bocnionbayemcs popmyiioit (60), ¢ y9éToM KOTOPO#i mMocIeiHee pABEHCTBO

opuMeTr BHI:

1
6[$7 {};(xaya:lby) + 3/11(y7y7y7$) - ﬁ(m7y7y?y) - é(y,y,y7$)}_

— 2 (=2e(y, eyl ) + 20l yleyl]) + g (~2e(0, . Loyl v) + 2000, eg], ly)) +
+éb(y7x7 {%(yayvx) - é/%(yvyvm)) =0.

B cuny (12) u 1eMMBI § 3T0 COOTHOIIEHUE TIEPETUIIETCS B BUIE:

—_

E[xa 1/:13(%1/7% y) + :{%(y,%yyfﬂ) - 3{%(%1/7%1/) - {%(y7y7 y,{L’)]—
1
+6b(yaxa é(yvyax) - ﬁ(yay,x)) =0.

B cuiy (20) umeem:

—_

E[xa é(xvyvya y) + ?{%(yvyvyvx) - %(mvyvyvy) - {},}(yvya yvx)]—’_

b0, 2,b(0,9,2)) — 5y, lyal) + (w2, [vala)) = 0.

C nomorbio dopmyn (48) u (38) mpuBenéM paccMaTpUBAEMOE COOTHOIIEHHE K

BULY:

1

6[% Ay, 9,9) + My, y,y,2) = M@y, y,9) = Aly, v, 9, 2)] = 0. (62)

4. Tlokaxkem, a0 (62) yaosierBopserca Toxaectsenno. U3 (21) u (22) noxyua-

€eM:

?(ya yvya'r) = 2/12(y7x7yay) - é/%(yﬂrvyay) =+ [Ib(y,y, y)] + [yb(ya Ify)]*

=b(y, [zyl,y) + [Aly, 2, y)y] = Alyyl, =, y) = Ay, [yz],y) = Ay, =, [yy)),

g(y, T,y,y) = 1/:13(:vyy y) — Zg(w, v, y,y) + by, z,v)y] + [b(y, z, y)y]—

=0y, 2, [yy]) = [2 Ay, v, 9)] + Ayl v, ) + Az, [yl y) + Az, v, [yy]),

g(y, Y, x,y) = Qfg(yyy r) — 3{%(y,yﬂ/,ﬂc) + [yb(y, y, x)] + [yb(y, v, x)]—

—b(y, lyyl, ) + [A(y, v, v)2] — Allyyl, v, 2) — Ay, [yl =) — Ay, v, [y=)),

g(y, Y,y,T) = {%(yyy r) — 2/%(972/721,95) + [b(y, v, y)x] + [b(y, v, x)y]—

—b(y,y: [ya]) — A (v, 9, 2)] + Allyyl, v, 2) + Ay, [yl 2) + Ay, v [2y))-
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JleBble yacTu B CUJTy KOCOCUMMETPUIHOCTU PABHBI HYJIIO, TO3TOMY TIOCJIE TIPUBE-

JeHnd HO,)IO6HI)IX IIOJIy9IUM PDaBEHCTBA:

0= Ay, 2,9,9) = Ay, 2, 9,9) + [y, 2, 9)] + [A(y, 2. y)y] = Ay, [yz], v),

0= {zl,)(xvyvya y) - 2‘/%(‘%’ yvyvy) + Q[b(yax7y)y] - [‘rl‘g(ya yay)] + {%([my]aya y)v
0= é(yayvya :C) - ?{%(:%yayax) + Q[yb(yaya CE)] + [ﬁ(yvyay)x] - lel(y’ Y, [yac]),

0=Aly,y,9,2) = Ay, y,y,2) + [bly, y, 2)y] = [y Ay, y, )] + Ay, v, [2y]).
CloKUM TIepBOe PABEHCTBO CO BTOPOM, TPEThE — C Y€TBEPTHIM:

0= {}S(xv?ﬁyu y) - ?{%(.’E, y7y7y) + [ﬁ(yvm7y)y] - é/%(yv [yx],y) + [b(yvxa y)y]_

—[zAly, v, 9)] + Allzy], 9, 9),

0= A,y 9,7) = Ay y,y,2) + [ybly, y, )] + [A(y, y, y)2] = Ay, y, [yz])
—lyAly, v, 2)] + Ay, v, [zy))-

Borauras nepsoe ypaBHeHUs U3 BTOPOTO, C yYETOM JIEMMbBI D IOy Ya€M TOXK1e-

CTBO:

0= {11))(1’7y7y7y) - 3A1(I,y7y,y) - {%(yayyyvgj) + ?{%(yvyazhx)

B cuiy sroro pasencrso (62) ymoBieTBOpsercs TOXKIECTBEHHO, a, CJIEI0BATE b

HO, (54) He JaeT HOBBIX COOTHONIEHWI HA TEH30PbI TPU-TKAHH.
Takum obpasom, BepHa:

Teopema 1 [5] Ilamas oxpecmmnocms coommuowenus (1) ne daem Hoewx coom-

HOWeEeHUT Ha meH30Pbl KPYHUEHUA U KPUBU3HDL TNKAHU E.

OrMeruM, 9TO TPU JIOKA3ATENBCTBE ITON TEOPEMbI MbI HCIOJB30BAIUA TOJTHKO
COOTHOIIIEHUSI TPETHEr0 M YETBEPTOrO TOpAJKa, mojaydentbe us (1), u cooTHO-

MIIEH NS, TTOJIyYeHHbIE TP UX A hEepEeHIINPOBAHNN.
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About three-webs with flexible coordinate loops

All relations between torsion and curvature tensors of an elastic three-web in
the fifth order differential neighborhood are found.
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