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Âiäîáðàæåííÿ òðèâèìiðíèõ ìíîãîâèäiâ íà ïëî-
ùèíó

À.Ì. Áîíäàðåíêî

Àíîòàöiÿ Ìè ââîäèìî ïîíÿòòÿ p- ãðàôó i îïèñó¹ìî éîãî çìiíó ïðè içîòîïi¨

ïðîåêöi¨ äëÿ êëàñèôiêàöi¨ âiäîáðàæåíü ç òðèâèìiðíèõ ìíîãîâèäiâ íà ïëî-

ùèíó. Ðîçãëÿíóòî ïðîáëåìè ðåàëiçàöi¨ ãðàôó i êëàñèôiêàöi¨ âiäîáðàæåíü.

Êëþ÷îâi ñëîâà Ìíîãîâèä · Ôóíêöiÿ Ìîðñà

ÓÄÊ 515.12

1 Âñòóï

Êëàñèôiêàöi¹þ âiäîáðàæåíü òðèâèìiðíèõ ìíîãîâèäiâ íà ïëîùèíó çàéìàëè-

ñÿ Î. Ñà¹êi[4], [5], Â. Ìîòòà, Ï. Ïîðòî[5] òà iíøi. Â ðîáîòi äîñëiäæóþòüñÿ

ôóíêöi¨, ùî ìàþòü êðèòè÷íi òî÷êè äâîõ òèïiâ: âèçíà÷åííî¨ òà íåâèçíà÷åííî¨

ñêëàäêè. Äëÿ òàêèõ ôóíêöié áóäóþòüñÿ p-ãðàôè, ÿêi äåìîíñòðóþòü çìiíó

ãðàôà Ðiáà ôóíêöi¨, ïðè ïðîåêòóâàííi ïðîåêöi¨ íà äåÿêó ïðÿìó. Ìåòà ðîáî-

òè � îòðèìàòè êëàñèôiêàöiþ òàêèõ ôóíêöié. Â ðîáîòi äîâåäåíî ðÿä òåîðåì

êëàñèôiêàöi¨, ðîçãëÿíóòî ïðîáëåìó ðåàëiçàöi¨ ãðàôiâ, íàâåäåíî ïðèêëàäè.

2 Ïîïåðåäíi âiäîìîñòi

Íåõàé f : M3 → R2 ¹ âiäîáðàæåííÿì êëàñó C∞ çàìêíåíîãî îði¹íòîâàíîãî

3 - ìíîãîâèäó M íà ïëîùèíó. Ëîêàëüíî îñîáëèâîñòi òàêîãî âiäîáðàæåííÿ

áóâàþòü òðüîõ òèïiâ: òî÷êè âèçíà÷åíî¨ ñêëàäêè, òî÷êè íåâèçíà÷åíî¨ ñêëàä-
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êè, òî÷êè çáîðêè[4]. Âiäìiòèìî, ùî ìíîæèíà îñîáëèâîñòåé S(f) ¹ ãëàäêèì

îäíîâèìiðíèì ïiäìíîãîâèäîì M .

Ñòiéêå âiäîáðàæåííÿ f : M3 → R2 ¹ ïðîñòèì, ÿêùî âîíî íå ìà¹ òî÷îê

çáîðêè i êîæíà êîìïîíåíòà ñëîþ f−1(x)ìiñòèòü íå áiëüøå îäíi¹¨ êðèòè÷íî¨

òî÷êè äëÿ âñiõ x ∈ R2.

Ãðàô-ìíîãîâèä öå 3-ìíîãîâèä ïîáóäîâàíèé ç S1-ðîçøàðóâàíü íàä ïî-

âåðõíÿìè, ñêëå¹íèìè âçäîâæ ãðàíèöü ¨õ òîðiâ.

ÍåõàéM çàìêíåíèé çâ'ÿçíèé îði¹íòîâàíèé 3-ìíîãîâèä, à N � çâ'ÿçíèé 2-

ìíîãîâèä ç ïîðîæíüîþ ìåæåþ. Ïîçíà÷èìî ÷åðåç C∞(M,N) ìíîæèíó ãëàä-

êèõ âiäîáðàæåíü çM â N ç C∞ òîïîëîãi¹þ Óiòíi. Äëÿ ãëàäêîãî âiäîáðàæåí-

íÿ f : M → N âèçíà÷èìî ÷åðåç S(f) ìíîæèíó îñîáëèâîñòåé, òîáòî ìíîæèíó

òèõ òî÷îê, äëÿ ÿêèõ ðàíã äèôåðåíöiàëó df ñòðîãî ìåíøèé çà 2. Ãëàäêå âi-

äîáðàæåííÿ f : M → N ñòiéêå, ÿêùî iñíó¹ âiäêðèòèé îêië N(f) ôóíêöi¨ f â

C∞(M,N), ùî êîæíà ôóíêöiÿ g åêâiâàëåíòíà ç îáîõ áîêiâ ôóíêöi¨ f .

Ãëàäêå âiäîáðàæåííÿ f : M → N ñòiéêå òîäi i ëèøå òîäi, êîëè âîíî çàäî-

âîëüíÿ¹ íàñòóïíi ëîêàëüíi i ãëîáàëüíi óìîâè: äëÿ âñiõ p ∈M iñíó¹ ëîêàëüíà

ñèñòåìà êîîðäèíàò (u, x, y) ç ïî÷àòêîì â òî÷öi p i (X,Y ) ç ïî÷àòêîì â f(p)

òàêi, ùî f íàáóâà¹ îäíîãî ç íàñòóïíèõ âèãëÿäiâ:

(L0) : X ◦ f = u, Y ◦ f = x (p ðåãóëÿðíà)

(L1) : X ◦ f = u, Y ◦ f = x2 + y2 (p âèçíà÷åíà ñêëàäêà)

(L2) : X ◦ f = u, Y ◦ f = x2 − y2 (p íåâèçíà÷åíà ñêëàäêà)
(L3) : X ◦ f = u, Y ◦ f = y2 + ux− x3 (p çáîðêà)
i

(G1) ÿêùî p ∈M ¹ òî÷êîþ çáîðêè, òîäi f−1(f(p)) ∩ S(f) = {p}
(G2) f |(S(f)−{òî÷êè çáîðêè}) ¹ âêëàäåííÿì ç íîðìàëüíèìè ïåðåòèíàìè.

Ïîçíà÷èìî ÷åðåç S0(f) ìíîæèíó òî÷îê âèçíà÷åíî¨ ñêëàäêè, S1(f) � òî÷êè

íåâèçíà÷åíî¨ ñêëàäêè, C(f)� òî÷êè çáîðêè. Íàçèâàòèìåìî êîìïîíåíòè S0(f)

âèçíà÷åíèìè ñêëàäêàìè, S1(f)� íåâèçíà÷åíèìè ñêëàäêàìè. Äëÿ p, p′ ∈ M ,

ââàæà¹ìî, ùî p ∼ p′, ÿêùî f(p) = f(p′) i p, p′ íàëåæàòü îäíié i òié ñà-

ìié êîìïîíåíòi çâ'ÿçíîñòi f−1(f(p)) = f−1(f(p′)). Íåõàé Wf (= M/ ∼) ¹

ôàêòîð-ïðîñòîðîì Mïî òàêîìó âiäíîøåííþ åêâiâàëåíòíîñòi i îçíà÷èìî ÷å-

ðåç qf : M → Wf ôàêòîð-âiäîáðàæåííÿ. Çà îçíà÷åííÿì âiäíîøåííÿ åêâiâà-

ëåíòíîñòi ìà¹ìî ¹äèíå âiäîáðàæåííÿ f̄ : Wf → N , ùî f = f̄ ◦ qf . Ôàêòîð-
ïðîñòið Wf íàçèâà¹òüñÿ ôàêòîðèçàöi¹þ Øòåéíà. Â çàãàëüíîìó âèïàäêó Wf

íå ¹ ìíîãîâèäîì, îäíàê âií ãîìåîìîðôíèé 2-âèìiðíîìó ñêií÷åíîìó CW êîì-

ïëåêñó. Êðiì òîãî, ÿêùî f : M → N ïðîñòå, òî êîæíà òî÷êà x ∈Wf ìà¹ îêië

ÿê íà ðèñóíêó 0.
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Ðèñ. 0

Ïîçíà÷èìî Σ0(Wf ) = qf (S0(f)), Σ1(Wf ) = qf (S1(f)), òîäi Σ(Wf ) =

Σ0(Wf ) ∪ Σ1(Wf )(= qf (s(f))). Âiäìiòèìî, ùî ÿêùî Σ(Wf ) 6= 0, òî Wf −
Σ(Wf ) ¹ âiäêðèòèì 2-ìíîãîâèäîì. Íåõàé f : M → N ïðîñòå ñòiéêå âiäîáðà-

æåííÿ, à C ¹ êîìïîíåíòîþ Σ(Wf ). ßêùî C ¹ êîìïîíåíòîþ Σ0(Wf ), òî ëåãêî

áà÷èòè, ùî N(C) ãîìåîìîðôíà I × C(I = [0, 1]), äå N(C)¹ ðåãóëÿðíèì îêî-

ëîì C âWf i {0}×C ñïiâïàäà¹ ç C. ßêùî C ¹ êîìïîíåíòîþ Σ1(Wf ), òî N(C)

ãîìåîìîðôíî Y -ðîçøàðóâàííþ íàä S1, äå Y = {r exp(
√
−1θ) ∈ C; 0 ≤ r ≤

1, θ = 0,± 2π
3 }. Êðiì òîãî, áiëÿ C, âiäîáðàæåííÿ f̄ : Wf → N ëîêàëüíî C0

åêâiâàëåíòíå ç îáîõ áîêiâ äî π×id : Y ×I → [−0, 5; 1]×I, äå π : Y → [−0, 5; 1]

¹ ïðîåêöi¹þ íà äiéñíó ïðÿìó C→ R, îáìåæåíîþ íà Y . Îòæå, ìîíîäðîìíèé

ãîìåîìîðôiçì

α : Y → Y Y -ðîçøàðóâàííÿ N(C)íàä C ìà¹ çàäîâîëüíÿòè π ◦ α = π, çâiäêè

α = id àáî α = τ , äå τ : Y → Y êîìïëåêñíå ñïîëó÷åííÿ, îáìåæåíå íà

Y ⊂ C. Iíøèìè ñëîâàìè, N(C) ãîìåîìîðôíå Y × S1 àáî Y ×τ S1 = Y ×
I/(y, 1) ∼ (τ(y), 0). Ïîêëàäåìî Y0 = {r exp(

√
−1θ) ∈ Y ; θ = 0}. Òîäi âèäíî,

ùî Y0 × S1 ⊂ Y × S1, Y ×τ S1. Ïîçíà÷èìî ÷åðåç σ(C) ïiäïðîñòið N(C),

ùî âiäïîâiäà¹ Y0 × S1 ïî ãîìåîìîðôiçìó, îçíà÷åíîìó âèùå, i íàçâåìî éîãî

ñòðèæíåì C.

Äëÿ ïðîñòîãî ñòiéêîãî âiäîáðàæåííÿ f : M → N äëÿ îði¹íòîâàíèõ M i

N , îçíà÷èìî îði¹íòàöi¨ S(f) i S∞(f) íàñòóïíèì ÷èíîì. Ñïåðøó âiäìiòè-

ìî, ùî êîæíà êîìïîíåíòà Ri ìíîæèíè Wf − Σ(Wf ) ¹ 2-ìíîãîâèäîì i ùî

f̄ |Ri : Ri → N ¹ ëîêàëüíèì ãîìåîìîðôiçìîì. Ìè îði¹íòó¹ìî Ri òàêèì ÷è-

íîì, ùî f̄ |Ri çáåðiãà¹ îði¹íòàöiþ. Äàëi îði¹íòó¹ìî êîæíó êîìïîíåíòó C ç

Σ0(Wf ) ÿê ãðàíèöþ Ri ∪ C, äå Ri ¹ êîìïîíåíòîþ Wf − Σ(Wf ), ÷è¹ çàìè-

êàííÿ ìiñòèòü C. Äëÿ êîìïîíåíòè C ç Σ1(Wf ), ìè îði¹íòó¹ìî C â çâîðîò-

íîìó ïîðÿäêó äî ìåæi ñòðèæíÿ σ(C). Òîäi ìè îði¹íòó¹ìî S(f) òàê, ùîá

qf |S(f) : S(f) → Σ(Wf ) çáåðiãàâ îði¹íòàöiþ. Êðiì òîãî, êîæíà êîìïîíåíòà

S∞(f)êàíîíi÷íî îði¹íòîâàíà îñêiëüêè qf : q−1f (Wf −Σ(Wf ))→Wf −Σ(Wf )

¹ S1-ðîçøàðóâàííÿì ç îði¹íòîâàíèìè q−1f (Wf −Σ(Wf )) i Wf −Σ(Wf ).

Ç [4]: ÍåõàéM çàìêíåíèé îði¹íòîâàíèé 3-ìíîãîâèä. Òîäi íàñòóïíi òâåðäæåí-

íÿ åêâiâàëåíòíi:



Âiäîáðàæåííÿ òðèâèìiðíèõ ìíîãîâèäiâ íà ïëîùèíó 9

1. iñíó¹ ñòiéêå âiäîáðàæåííÿ f : M → R2 ç ãëàäêèì âêëàäåííÿì f |S(f) :

S(f)→ R2

2. iñíó¹ ïðîñòå ñòiéêå âiäîáðàæåííÿ f : M → Näëÿ äåÿêîãî 2-ìíîãîâèäó N

3. M ¹ ãðàô ìíîãîâèäîì.

Ïðîñòå ñòiéêå âiäîáðàæåííÿ f : M → R2 ç ãëàäêèì âêëàäåííÿì f |S(f)

ïðîñòå, îñêiëüêè íå ìà¹ òî÷îê çáîðêè i f−1(x) ìiñòèòü íå áiëüøå îäíi¹¨ êðè-

òè÷íî¨ òî÷êè äëÿ âñiõ x ∈ R2. Îòæå ç (1) âèïëèâà¹ (2). Òàêîæ, ç (2) âèïëèâà¹

(3) çà íàñòóïíîþ ëåìîþ.

Íåõàé f : M → N ïðîñòå ñòiéêå âiäîáðàæåííÿ çàìêíåíîãî îði¹íòîâàíî-

ãî 3-ìíîãîâèäó M íà ïîâåðõíþ N . Òîäi M ¹ ãðàô-ìíîãîâèäîì, à ëiíê

S(f) ∪ S∞(f) â M ¹ ãðàô-ëiíêîì[4]. Îòæå, ùîá çàêií÷èòè äîâåäåííÿ, çàëè-

øà¹òüñÿ ïîêàçàòè, ùî êîæåí çàìêíåíèé ãðàô-ìíîãîâèä M äîïóñêà¹ ñòiéêå

âiäîáðàæåííÿ f : M → R2 ç ãëàäêèì âêëàäåííÿì f |S(f). Ñïî÷àòêó äàìî

íàñòóïíå îçíà÷åííÿ.

Íåõàé X êîìïàêòíèé îði¹íòîâàíèé 3-ìíîãîâèä, ÷èÿ ìåæà ñêëàäà¹òüñÿ ç

òîðiâ(ìîæëèâî ïîðîæíiõ). Ãëàäêå âiäîáðàæåííÿ f : X → N íà ïîâåðõíþ áåç

êðàþ N íàçèâà¹òüñÿ S-âiäîáðàæåííÿì, ÿêùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

(1) f |IntX → N íàëåæíå ñòiéêå âiäîáðàæåííÿ

(2) äëÿ âñiõ p ∈ ∂X iñíó¹ ëîêàëüíà ñèñòåìà êîîðäèíàò (u, x, y) ç ïî÷àòêîì

â òî÷öi p i (X,Y ) ç ïî÷àòêîì â f(p)òàêi, ùîf íàáóâà¹ íàñòóïíîãî âèãëÿäó:

X ◦ f = x, Y ◦ f = y.

Âiäìiòèìî, ùî äëÿ êîæíî¨ êîìïîíåíòè F ç ∂Xiñíó¹ îêië-êîìið C(F ) ∼= F ×I
â X i S1-ðîçøàðîâàíà ïðîåêöiÿ π : F → S1 òàêà, ùî f |C(F ) óçãîäæó¹òüñÿ

ç π × id : F × I → S1 × I. Äëÿ S-âiäîáðàæåíü ìîæíà àíàëîãi÷íèì ÷èíîì

ââåñòè îçíà÷åííÿ ôàêòîðèçàöi¨ Øòåéíà.

Íåõàé fi : Xi → N ¹ S-âiäîáðàæåííÿì i Fi ¹ êîìïîíåíòàìè ∂Xi, i = 1, 2.

Ïðèïóñòèìî, ùî iñíó¹ äèôåîìîðôiçì ϕ : F1 → F2 ç f2 ◦ ϕ = f1|F1, ÿêèé çà-

äîâîëüíÿ¹ íàñòóïíå. Ïîêëàäåìî Ci = qfi(Fi)(
∼= S1) i íåõàé Ai ¹ ðåãóëÿðíèì

îêîëîì Ci â Wf . Iñíó¹ äèôåîìîðôiçì ψ : C2 → C1 ç qf2 ◦ ϕ = ψ−1 ◦ qf1 |F
i f̄2 ◦ ψ−1 = f̄1|C1. Ïðèïóñòèìî, ùî f̄1 ∪ f̄2 : A1 ∪ψ A2 → N ãëàäêåçà-

íóðåííÿ. Òîäi áà÷èìî, ùî f̄1 ∪ f̄2 : X1 ∪ϕ X2 → N ¹ S-âiäîáðàæåííÿì ç

S(f1 ∪ f2) = S(f1) ∪ S(f2). Áiëüø òîãî, ÿêùî f1 i f2 ïðîñòi, òî ïðîñòèì ¹ i

f1 ∪ f2: f1|S(f1) i f2|S(f2) ¹ ãëàäêèìè âêëàäåííÿìè ç íåçâ'ÿçíèìè îáðàçàìè,

òîäi f1 ∪ f2|S(f1 ∪ f2) ¹ ãëàäêèì âêëàäåíí ÿì. Iäåÿ äîâåäåííÿ òåîðåìè ïîëÿ-

ãà¹ â òîìó, ùîá ïîáóäóâàòè S-âiäîáðàæåííÿ ÷àñòèí S1-ðîçøàðóâàííÿ ãðàô-

ìíîãîâèäó à ïîòiì ñêëå¨òè ¨õ âèêîðèñòîâóþ÷è öå ñàìå S-âiäîáðàæåííÿ T 2×I.
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Ïðèïóñòèìî, ùî M¹ çàìêíåíèì ãðàô-ìíîãîâèäîì , òîáòî iñíóþòü íåçâ'ÿçíî

çàíóðåíi òîðè T1, ..., Tr òàêi, ùî êîìïîíåíòè X1, ..., Xs ç M −
∐r
i=1 IntN(Ti)

¹ S1-ðîçøàðóâàííÿìè íàä ïîâåðõíÿìè.

Íåõàé ìà¹ìî äåÿêèé çàìêíåíèé òðèâèìiðíèé ìíîãîâèä, äëÿ ÿêîãî çàäàíî

ðîçêëàä íà ðó÷êè ç ðiâíî îäíi¹þ 0-ðó÷êîþ i îäíi¹þ 3-ðó÷êîþ. Ðîçãëÿíåìî

òiëî ç ðó÷êàìè ùî ñêëàäàþòüñÿ ç 0-ðó÷êè i îá'¹äíàííÿ 1-ðó÷îê. Ìåæà òà-

êîãî òiëà íàçèâà¹òüñÿ ïîâåðõíåþ Õåãîðà[2]. Îñêiëüêè öÿ ïîâåðõíÿ ¹ òàêîæ

ïîâåðõíåþ Õåãîðà äëÿ äâî¨ñòîãî ðîçêëàäó íà ðó÷êè, òî ¨¨ ðiä ðiâíèé ÷èñëó

1-ðó÷îê i ÷èñëó 2-ðó÷îê. Ïîâåðõíÿ Õåãîðà ðîçáèâà¹ âèõiäíèé ìíîãîâèä íà

äâà ïîâíèõ êðåíäåëÿ.

Ðîçáèòòÿì Õåãîðà çàìêíåíîãî òðèâèìiðíîãî ìíîãîâèäà íàçèâà¹òüñÿ ïðåä-

ñòàâëåííÿ éîãî ó âiãëÿäi îá'¹äíàííÿ äâîõ ïîâíèõ êðåíäåëiâ, ÿêi ïåðåòèíà-

þòüñÿ çà ñïiëüíèì êðà¹ì. Ðiä ðîçáèòòÿ Õåãîðà öå ðiä êðåíäåëÿ. Äëÿ çàäàííÿ

ðîçáèòòÿ Õåãîðà òðåáà âêàçàòè ÿê ñêëåþþòüñÿ êðà¨ äâîõ ïîâíèõ êðåíäåëåé.

Îñêiëüêè äâà ïîâíèõ êðåíäåëÿ îäíîãî ðîäó ãîìåîìîðôíi, òî äëÿ çàäàííÿ

ðîçáèòòÿ Õåãîðà äîñèòü çàäàòè ãîìåîìîðôiçì êðàþ ïîâíîãî êðåíäåëÿ íà

ñåáå.

Íåõàé H - ïîâíèé êðåíäåëü ðîäó g, α ⊂ ∂H - ïðîñòà çàìêíåíà êðèâà, ùî íå

ðîçáèâà¹ H. Êðèâà α íàçèâà¹òüñÿ ìåðèäiàíîì äëÿ H, ÿêùî iñíó¹ âêëàäåíèé

äâîâèìiðíèé äèñê D ⊂ H ç ∂D = D∩∂H = α. Äèñê D íàçèâà¹òüñÿ ìåðèäiàí-

íèì äèñêîì. Íàáið α1, ..., αg ìåðèäèàíiâ, ùî íå ïåðåòèíàþòüñÿ, íàçèâà¹òüñÿ

ïîâíîþ ñèñòåìîþ ìåðèäiàíiâ, ÿêùî ïðè ðîçðiçàííi ∂H çà íèìè âèéäå ñôåðà

ç 2g äiðêàìè.

Äiàãðàìîþ Õåãîðà ðîäó g ìíîãîêèäàM íàçèâà¹òüñÿ òðiéêà (F, u, v), ùî ñêëà-

äà¹òüñÿ ç ïîâåðõíi Õåãîðà F ðîäó g i äâîõ ñèñòåì ìåðèäiàíiâ u = {u1, ...ug}
äëÿ M1 i v = {v1, ..., vg} äëÿ M2.

3 Âiäîáðàæåííÿ òðèâèìiðíèõ ìíîãîâèäiâ

Íåõàé ìà¹ìî äåÿêèé çàìêíóòèé ãëàäêèé òðèâèìiðíèé ìíîãîâèä M3i ôóíê-

öiþ f : M3 → R2 íà íüîìó(ïðîåêöiþ ìíîãîâèäó íà ïëîùèíó). Âàæà¹ìî, ùî

òàêà ôóíêöiÿ íå ìà¹ òî÷îê çáîðêè . Öÿ ïðîåêöiÿ áóäå ðîçáèâàòè ïëîùèíó íà

îáëàñòi. Íà ïðîåêöi¨ áóäåìî âiäìi÷àòè êiëüêiñòü êîìïîíåíò çâ'ÿçíîñòi ìíîãî-

âèäó, ùî ïðîåêòóþòüñÿ íà âiäïîâiäíó îáëàñòü ïðîåêöi¨ òà âêàçóâàòè, êðèòè÷-

íi òî÷êè ÿêîãî õàðàêòåðó âiäïîâiäàþòü ëiíiÿì íà ïðîåêöi¨. Òî÷êè âèçíà÷åíî¨

ñêëàäêè ïîçíà÷àòèìåìî çâè÷àéíèìè ëiíiÿìè, à òî÷êè íåâèçíà÷åíî¨ ñêëàäêè

� ïîòîâùåííèìè.
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Ðèñ. 1

Äëÿ öi¹¨ ïðîåêöi¨ áóäåìî áóäóâàòè ãðàô Ðiáà[1], íà ÿêîìó áóäåìî çîáðàæàòè

çìiíó ãðàôà ïðè ïðîåêòóâàííi éîãî íà äåÿêó ïðÿìó.

Ðèñ. 2

Äëÿ ñïðîùåííÿ áóäåìî çîáðàæàòè íå ïîñëiäîâíiñòü ãðàôiâ Ðiáà, ÿêà óòâî-

ðèòüñÿ ïðè ðóõàõ ïî ïðÿìié â íàïðÿìêó çëiâà íàïðàâî, à îäèí ãðàô, íà

ÿêîìó áóäåìî âiäñëiäêîâóâàòè çìiíó ãðàôó. Äëÿ òîãî, ùîá çîáðàçèòè öþ çìi-

íó íà îäíîìó ãðàôi, áóäåìî âiäìi÷àòè íîìåðàìè ðiçíèõ êîëüîðiâ ðåáðà, ùî

äîäàþòüñÿ äî ãðàôó, i òi, ùî çíèêàþòü, â ïîñëiäîâíîìó ïîðÿäêó. Íàäàëi ââà-

æàòèìåìî, ùî îäíî÷àñíî íå âèíèêàþòü i íå çíèêàþòü íåñóñiäíi ðåáðà(öüîãî

ìîæíà äîñÿãòè ìàëèì ïîðóõîì ïðîåêöi¨).

Äëÿ íàøîãî ïðèêëàäó ãðàô íàáóäå íàñòóïíîãî âèãëÿäó:
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Ðèñ. 3

Ïåðåõiä âiä îáëàñòi çi çíà÷åííÿì 1 äî îáëàñòi çi çíà÷åííÿì 2 ìîæå âèíèêíóòè

i ó âèïàäêó, êîëè êðèòè÷íi òî÷êè ¹ òî÷êàìè íåâèçíà÷åíî¨ ñêëàäêè. Â òàêîìó

âèïàäêó ïðîåêöiÿ ìàòèìå âèãëÿä:

Ðèñ. 4

Äëÿ òîãî, ùîá âiäðiçíÿòè ðiçíi òèïèè êðèòè÷íèõ òî÷îê, äëÿ âèïàäêó òî-

÷îê íåâèçíà÷åííî¨ ñêëàäêè áóäåìî ñêëåþâàòè â âåðøèíàõ ãðàôó ðåáðà, ùî

iñíóþòü îäíî÷àñíî.
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Ðèñ. 5

Òàêèì ÷èíîì äëÿ áóäü-ÿêîãî âèãëÿäó ïðîåêöi¨ ìè ìîæåìî çíàéòè âiäïîâiäíó

ïîñëiäîâíiñòü ãðàôiâ Ðiáà.

Íàçèâàòèìåìî òàêèé ãðàô p-ãðàôîì. Äëÿ òîãî, ùîá òàêèé ãðàô îäíîçíà÷íî

îïèñóâàâ çìiíó ôóíêöi¨ íà ìíîãîâèäi, íåîáõiäíî äîäàòêîâî îñíàñòèòè éîãî

äiàãðàìîþ Õåãîðà[2].

Ðîçãëÿíåìî, ÿê çìiíþ¹òüñÿ ãðàô ïðè içîìîðôíèõ ðóõàõ ïðîåêöi¨.

Ðèñ. 6
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Ðèñ. 7

Ðîçãëÿíåìî, ùî âiäáóâà¹òüñÿ ç ãðàôîì, êîëè ìè ¾ðîçêðó÷ó¹ìî¿ ïðîåê-

öiþ(äèâ. Ðèñ. 8).

Ðèñ. 8

Àíàëîãi÷íi ñïðîùåííÿ ìîæíà ïðîâîäèòè äëÿ ÷àñòèí ïðîåêöié, ùî ñèìåò-

ðè÷íi äàíèì âiäíîñíî ïðÿìî¨ ïðîåêòóâàííÿ à òàêîæ äëÿ êðèâèõ ïðîåêöi¨,

ùî âiäïîâiäàþòü êðèòè÷íèì íåâèçíà÷åíèì òî÷êàì. ßêùî íà êðèâèõ, ÿêi ìè

ñïðîùó¹ìî iñíóþòü äîäàòêîâî òî÷êè ïåðåòèíó ç iíøèìè êðèâèìè, òî÷êè ñà-

ìîïåðåòèíó àáî òî÷êè çìiíè õàðàêòåðó êðèòè÷íèõ òî÷îê, òî âèêîðèñòîâóþ-

÷è öi ïðàâèëà, íåîáõiäíî ñëiäêóâàòè, ùî öi òî÷êè íå çíèêàëè i íå ç'ÿâëÿëèñÿ

íîâi.

Òàêèì ÷èíîì ìè ìà¹ìî ïåâíi ïðàâèëà, ÿê çìiíþ¹òüñÿ ãðàô ïðè ðóõàõ ïðî-

åêöi¨.

Â ïîäàëüøîìó íàçèâàòèìåìî öi ïðàâèëà ¾ïðàâèëî 1¿(ðèñ. 6), ¾ïðàâèëî 2¿

(ðèñ. 7) òà ¾ïðàâèëî 3¿(ðèñ. 8).

Iíøi içîòîïi¨ ïðîåêöi¨, íàïðèêëàä, çìiíà ïîðÿäêó ïîÿâè äâîõ ñóñiäíiõ òî÷îê

ïåðåòèíó àáî ñàìîïåðåòèíó êîíòóðiâ, íà ãðàôi âiäïîâiäàþòü ïðåíóìåðàöi¨
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ðåáåð. Ïðè ïåðåíóìåðàöi¨ òàêîæ íåîáõiäíî ñëiäêóâàòè, ùî íå âèíèêàëè i íå

çíèêàëè òî÷êè ïåðåòèíó i ïåðåõîäó äî iíøîãî òèïó êðèòè÷íèõ òî÷îê ôóíê-

öi¨, öå íå âàæêî çðîáèòè, âiäñëiäêóâàâøè çà íîìåðàìè ðåáåð, ÷è íå çìiíþþòü

ñóñiäíi äî ñïðîùóâàíèõ ç ìîìåíòó äîäàâàííÿ ðåáðà äî ìîìåíòó éîãî çíè-

êàííÿ.

Òåîðåìà 1. Â îêîëi òî÷êè ïåðåòèíó àáî ñàìîïåðåòèíó ïðîåêöiÿ íàáóâà¹

âèãëÿäó (íå çàëåæíî âiä òèïó êðèòè÷íèõ òî÷îê ôóíêöi¨):

Ðèñ. 9

Äîâåäåííÿ. Äâi êðèâi, ùî ïåðåòèíàþòü, ïîäiëÿþòü ïëîùèíó íà ÷îòèðè ÷à-

ñòèíè â äåÿêîìó îêîëi ¨õ òî÷êè ïåðåòèíó[3]. Âèáåðåìî îäíó ç öèõ ÷àñòèí,

íåõàé ðiä ïðàîáðàçó äëÿ öi¹¨ ÷àñòèíè ðiâíèé n. Âèáåðåìî íàïðÿìîê ðóõó,

íàïðèêëàä, çà ãîäèííèêîâî¨ ñòðiëêîþ.

Ðèñ. 10

Òîäi ïðè ïåðåõîäi ÷åðåç ïåðøèé ôðàãìåíò êðèâî¨ ðiä â ïðàîáðàçi ìîæå çìåí-

øèòèñÿ àáî çáiëüøèòèñÿ íà 1, íå çàëåæíî âiä òèïó êðèòè÷íèõ òî÷îê. Ìà¹ìî

äâà ìîæëèâi âèïàäêè:

Ðèñ. 11
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Ïðîäîâæóþ÷è òàêó ïðîöåäóðó i äàëi, îòðèìà¹ìî íàáið âñiõ ìîæëèâèõ ñè-

òóàöié â îêîëi ïåðåòèíó äâîõ êðèâèõ, ç ÿêèõ, ïiñëÿ ïåðåíóìåðàöi¨ îáëàñòåé,

îòðèìà¹ìî ëèøå äâà ìîæëèâi ðiçíi âèïàäêè. Îäíàê, âðàõîâóþ÷è, ùî ïðè

ïåðåõîäi ÷åðåç êîæíó ç êðèâèõ, ùî ïåðåòèíàþòüñÿ, êiëüêiñòü êîìïîíåíò, ùî

ïðîåêòóþòüñÿ, ìà¹ àáî çáiëüøóâàòèñÿ àáî çìåíøóâàòèñÿ, òî çàëèøèòüñÿ ¹äè-

íèé ìîæëèâèé âàðiíò, ùî i äîâîäèòü òåîðåìó.

Òåîðåìà 2. ßêùî âiä îäíîãî ãðàôà äî iíøîãî ìîæíà ïåðåéòè çà äîïîìîãîþ

ïðàâèë 1-3, ñèìåòðè÷íèõ äî íèõ òà ïåðåíóìåðàöi¹þ âåðøèí, òî ïðîåêöi¨, ùî

¨ì âiäïîâiäàþòü, içîòîïíi.

Äîâåäåííÿ. Ðîçãëÿäà¹ìî íà ïëîùèíi äåÿêó ïðîåêöiþ. Áóäåìî îêðåìî ñïðî-

ùóâàòè êîæíó ç êðèâèõ, ùî îáìåæóþòü îáëàñòi. Íà íié áóäåìî âiäìi÷àòè

òî÷êè ïåðåòèíó ç iíøèìè êðèâèìè.

Ðèñ. 12

Äëÿ êîæíî¨ ç öèõ çàìêíåíèõ êðèâèõ, âèáèðà¹ìî äåÿêó ïî÷àòêîâó òî÷êó i ïî-

÷èíà¹ìî ðóõàòèñÿ ïî êðèâié â âèáðàíîìó íàìè íàïðÿìêó. Ïðè öüîìó áóäåìî

øóêàòè òî÷êè, â ÿêèõ äîòè÷íi âåðòèêàëüíi, òî÷êè ïåðåòèíó ç iíøèìè êîí-

òóðàìè i òî÷êè ñàìîïåðåòèíó. Ââàæà¹ìî,ùî âåðòèêàëüíî íàïðàâëåíi äîòè÷-

íi ìà¹ìî ëèøå â òî÷êàõ çìiíè ãðàôó, òîáòî íåîáõiäíî âèêëþ÷èòè íàñòóïíi

ìîæëèâîñòi(ùî ìîæíà çðîáèòè íåâåëèêèìè ðóõàìè ïðîåêöi¨)

Ðèñ. 13

Òîäi îòðèìà¹ìî ïîñëiäîâíiñòü äîòè÷íèõ i òî÷îê:
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Ðèñ. 14

Ðèñ. 15

Äî òî÷îê ïåðåòèíó ç iíøèìè êðèâèìè áóäåìî äîäàòêîâî äîïèñóâàòè çíèçó

íîìåðè êðèâèõ, ùî ïåðåòèíàþòüñÿ â öié òî÷öi i ïîðÿäêîâèé íîìåð òî÷êè

ïåðåòèíó öèõ äâîõ êðèâèõ.

Ðîçãëÿíåìî, ÿêèì ÷èíîì äiþòü íàøi ïðàâèëà.

Ïðàâèëî 1 âiäïîâiäà¹ çàìiíi ïîñëiäîâíèõ òðüîõ îäíàêîâî íàïðàâëåíèõ äî-

òè÷íèõ íà îäíó äîòè÷íó íàïðàâëåíó òàê ñàìî. Ïðàâèëî 2 âiäïîâiäà¹ òàêié

ñàìié çàìiíi.

Ðèñ. 16

Äëÿ ïðàâèëà 3 çíàõîäèìî ïîñëiäîâíiñòü ç òðüîõ äîòè÷íèõ òàêèõ, ùî òðåòÿ

íàïðàâëåíà â ïðîòèëåæíîìó íàïðÿìêó äî ïåðøèõ äâîõ i çàìiíÿ¹ìî ¨¨ íà

òðåòþ äîòè÷íó.
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Ðèñ. 17

Êîðèñòóþ÷èñü öèìè ïðàâèëàìè, ì ìîæåìî ñïðîñòèòè êîæíó êðèâó íàøî¨

ïðîåêöi¨. ßêùî òî÷îê ñàìîïåðåòèíó i ïåðåòèíiâ áiëüø íiæ ó äâîõ òî÷êàõ ç

iíøèìè êðèâèìè íåìà¹, òî îòðèìà¹ìî äâi äîòè÷íi, íàïðàâëåíi â ðiçíi ñòîðî-

íè, ùî âiäïîâiäà¹ êîëó( ÿêîìó içîìîðôíà êîæíà ãëàäêà çàìêíåíà êðèâà áåç

ñàìîïåðåòèíiâ).

Ó âèïàäêó, êîëè äâi êðèâi ïåðåòèíàþòüñÿ, òî êîæíó ç íèõ ñïðîùóâàòè ìîæíà

äî òèõ ïið, ïîêè íå çìiíèòüñÿ êiëüêiñòü ¨õ òî÷îê ïåðåòèíó.

Òàêèì ÷èíîì, äëÿ êîæíî¨ çìiíè íà ãðàôi ìè ìîæåìî ïðîðîáèòè âiäïîâiäíó

içîòîïiþ ïðîåêöi¨, ÿêà íå çìiíèòü êiëüêiñòü òî÷îê ïåðåòèíó i ñàìî ïåðåòèíó.

Òåîðåìà 3. Íåõàé ìà¹ìî íà ïëîùèíi ïðîåêöi¨ ìíîãîâèäiâ Ð1 i Ð2 òà âiäïîâiäíi

¨ì p-ãðàôè Ã1 i Ã2. ßêùî ïðîåêöi¨ içîòîïíi, òî âiä Ã1 äî Ã2 ìîæíà ïåðåéòè

çà äîïîìîãîþ ïðàâèë 1-3 òà ïåðåíóìåðàöi¹þ âåðøèí.

Äîâåäåííÿ. Ìè âæå ïîêàçàëè, ùî çìiíà çà ïðàâèëàìè ãðàôiâ îäíîçíà÷íî

âiäïîâiäà¹ içîòîïíèì ðóõàì ïðîåêöi¨. Îäíàê, ìè áóäóâàëèp-ãðàô, ïðîåêòóþ-

÷è ïðîåêöiþ íà äîâiëüíó ïðÿìó. Çìiíà ïðÿìî¨ ïðîåêòóâàííÿ � òå æ ñàìå, ùî

ïîâîðîò ïðîåêöi¨ íà äåÿêèé êóò. Ïîêàæåìî, ùî ïîâîðîò ìîæíà çäiéñíèòè,

êîðèñòóþ÷èñü ïðàâèëàìè 1-3.

Ðîçãëÿäà¹ìî íå âñþ ïðîåêöiþ, à ëèøå äåÿêó ¨¨ ÷àñòèíó.

Ðèñ. 18
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Ïðèïóñòèìî, ùî ìè ïî÷èíàëè, ïðîåêòóþ÷è íà ïðÿìó 1. Âiä ïîëîæåííÿ öi¹¨

ïðÿìî¨ çàëåæèòü âèãëÿä ãðàôó, ÿêùî çàìiíèòè ïðÿìó 1 íà ïðÿìó 2, òî ãðàô

íå çìiíèòüñÿ, àëå ÿêùî ïðîäîâæóâàòè ðóõàòè ïðÿìó, òî â äåÿêèé ìîìåíò

÷àñó (ïðÿìà 3) çìiíèòüñÿ êiëüêiñòü òî÷îê íà ãðàôi. Òàêà içîòîïiÿ ïðîåêöi¨,

ÿê íà íàøîìó ïðèêëàäi, âiäïîâiäà¹ ïðàâèëó 1. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê,

êîëè íå ìà¹ìî òî÷îê ïåðåòèíó i ñàìî ïåðåòèíó. Òîäi, ðîçãëÿäàþ÷è ïîñëiäîâíi

òðiéêè äîòè÷íèõ, ìîæåìî ìàòè íàñòóïíi ñèòóàöi¨:

Ðèñ. 19

Êîæíà çàìiíà òàêî¨ òðiéêè íà îäèí âåêòîð âiäïîâiäà¹ îäíîìó ç ïðàâèë 1-3.

Ïåðåíóìåðàöiÿ âåðøèí äà¹ çìîãó çìiíþâàòè ïîðÿäîê òî÷îê ïåðåòèíó i ñóñiä-

íiõ äî íèõ òî÷îê.

Òåîðåìà 4. ßêùî ìà¹ìî p-ãðàô, îñíàùåíèé äiàãðàìîþ Õåãîðà. Òîäi iñíó¹

¹äèíà ôóíêöiÿ, ùî éîìó âiäïîâiäà¹(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi).

Äîâåäåííÿ. Ïîêàæåìî, ùî äëÿ äîâiëüíîãî p-ãðàôó iñíó¹ ¹äèíà ç òî÷íiñòþ

äî içîòîïi¨ ïðîåêöiÿ íà ïëîùèíi, ùî éîìó âiäïîâiäà¹. Ðîçãëÿäà¹ìî äîâiëüíèé

ãðàô. Ðîçêëàäà¹ìî éîãî íà ïîñëiäîâíiñòü ãðàôiâ Ðiáà. Çà öi¹þ ïîñëiäîâíiñòü

áóäó¹ìî òàáëèöþ çà íàñòóïíèì ïðàâèëîì: íà ïðÿìîêóòíèêó âiäìi÷à¹ìî íà

ëiâié ñòîðîíi êiëüêiñòü òî÷îê ãðàôó, íèæíþ ãðàíü ðîçáèâà¹ìî òî÷êàìè íà

êiëüêiñòü ÷àñòèí, ðiâíó êiëüêîñòi ãðàôiâ Ðiáà. Ðóõàþ÷èñü çëiâà íàïðàâî, çîá-

ðàæà¹ìî ïîñëiäîâíî ãðàôè Ðiáà, âiäìi÷àþ÷è íà êîæíîìó âiäðiçêó êiëüêiñòü

êîìïîíåíò çâ'ÿçíîñòi i òèï êðèòè÷íèõ òî÷îê. Äëÿ êîæíîãî ç âiäðiçêiâ, ïðî-

äîâæó¹ìî éîãî äî íàñòóïíîãî ïðàâîðó÷, âiäìi÷àþ÷è âiäïîâiäíî êiëüêiñòü

êîìïîíåíò, ùî ïðîåêòóþòüñÿ, i îá'¹äíó¹ìî ñóñiäíi êâàäðàòè ç îäíàêîâîþ

êiëüêiñòþ êîìïîíåíò.

Çàëèøà¹òüñÿ ëèøå çãëàäèòè êóòè i îòðèìà¹ìî âèãëÿä âèõiäíî¨ ïðîåêöi¨.

Ïðîöåäóðà çãëàäæóâàííÿ:

Âèáåðåìî íà ñõåìi çâ'ÿçíó îáëàñòü. Äëÿ çãëàäæóâàííÿ êîæíîãî ç ¨¨ êóòiâ,

íåîáõiäíî ðîçãëÿíóòè ïðÿìèé êóò ìiæ äâîìà ñóñiäíiìè ñòîðîíàìè, ïðè÷î-

ìó ñòîðîíàìè öèõ öèõ êóòiâ òðåáà âèáèðàòè âiäðiçêè, ðiâíi ïîëîâèíàì öèõ

ñòîðií. Çíàéäåìî òàêó ôóíêöiþ, ÿêà äîáðå íàáëèæà¹ òàêi êóòè, ïðè÷îìó
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áóäóâàòè ¨¨ áóäåìî òàê, ùîá ôóíêöi¨ äëÿ äâîõ ñóñiäíiõ êóòiâ ìàëè îäíàêîâi

äîòè÷íi â ñåðåäèíàõ ñòîðií. Øóêàòèìåìî ¨¨ äëÿ ïðÿìîãî êóòà ç îäíàêîâèìè

ñòîðîíàìè. Ïîòiì äîñòàòíüî ëèøå ðîçòÿãíóòè ¨¨ çà îäíi¹þ ç êîîðäèíàò.

Ðîçãëÿíåìî ïðÿìèé êóò, çàäàíèé â ÏÄÑÊ òî÷êàìè (-1,0), (0,1), (1,0).

Ðèñ. 20

Áóäó¹ìî òàêó ôóíêöiþ f(x), ùî ìà¹ íàñòóïíi âëàñòèâîñòi:

1. f(x) ñèìåòðè÷íà âiäíîñíî îñi îðäèíàò.

2.f(−1) = 0, f(1) = 0.

3.f ′(1) = −1, f ′(−1) = 1.

4. f(x) îïóêëà âãîðó.

5. Â òî÷öi 0 çíà÷åííÿ ôóíêöi¨ ÿê çàâãîäíî áëèçüêî íàáëèæà¹òüñÿ äî 1.

Öþ ôóíêöiþ øóêà¹ìî ñåðåä ôóíêöié òàêîãî âèãëÿäó:

f(x) = ax4 + bx2 + c

f ′(x) = 4ax3 + 2bx

Öÿ ôóíêöiÿ ñèìåòðè÷íà âiäíîñíî îñi îðäèíàò.

f(−1) = f(1) = a+ b+ c = 0

f ′(−1) = −4a− 2b = 1, f ′(1) = 4a+ 2b = −1

Îòæå, ìà¹ìî:

a+ b+ c = 0

4a+ 2b = −1

äëÿ òîãî, ùîá ôóíêöiÿ çàäîâîëüíÿëà óìîâi 5, ïðèñâî¨ìî âiëüíîìó ÷ëåíó

çíà÷åííÿ c := n−1
n , äå n - äîâiëüíå íàòóðàëüíå.

Òîäi çíàõîäèìî, ùî

a =
n− 2

2n
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b =
−3n+ 4

2n

Ôóíêöiÿ f(x) ïðè òàêèõ êîåôiöi¹íòàõ çàäîâîëüíÿ¹ âñiì íåîáõiäíèì íàì óìî-

âàì. Çàëèøà¹òüñÿ ëèøå ñêîðèñòàòèñü ôîðìóëàìè ïîâîðîòó i ðîçòÿãó i ìè

îòðèìà¹ìî ôóíêöiþ, ùî àïðîêñèìóþ äîâiëüíèé ïðÿìèé êóò.

Ìàþ÷è âèãëÿä ïðîåêöi¨ i äiàãðàìó Õåãîðà äëÿ ìíîãîâèäó, ìîæåìî âiäíîâèòè

ìíîãîâèä. Òàêèì ÷èíîì, ôóíêöiÿ çàäàíà.

4 Ïðèêëàäè

Íàâåäåìî äåêiëüêà ïðèêëàäiâ.

Ïðèêëàä 1. Ðîçãëÿíåìî íà ïëîùèíi íàñòóïíó ïðîåêöiþ:

Ðèñ. 21

Äëÿ òàêî¨ ïðîåêöi¨ ïîáóäó¹ìî ¨¨ p-ãðàô, ñêîðèñòà¹ìîñÿ ââåäåíèìè ïðàâèëà-

ìè, ùîá éîãî ñïðîñòèòè i ïåðåâiðèìî, ÷è îòðèìà¹ìî ïðîåêöiÿ, içîìîðôíó

âèõiäíié.

Ãðàô ìà¹ âèãëÿä:
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Ðèñ. 22

Ñêîðèñòàâøèñü ïðàâèëàìè îòðèìà¹ìî ãðàô, ùî âiäïîâiäà¹ ïðîåêöi¨ ó

âèãëÿäi êîëà çi çíà÷åííÿì 1 âñåðåäèíi, ùî, äiéñíî, ¹ içîìîðôíîþ âèõiäíié.

Ïðèêëàä 2. Ââàæà¹ìî, ùî âñi êðèòè÷íi òî÷êè ôóíêöi¨ ¹ òî÷êàìè âèçíà÷åíî¨

ñêëàäêè. Ðîçãëÿäà¹ìî âñi ìîæëèâi ïðîåêöi¨, ùî ìàþòü 2 òà 4 òî÷êè ïåðåòèíó

àáî ñàìîïåðåòèíó, i ñêëàäàþòüñÿ íå áiëüøå, íiæ ç äâîõ êðèâèõ. Äëÿ òàêèõ

ïðîåêöié ãðàôè íå ïîòðåáóþòü îñíàùåííÿ äiàãðàìàìè Õåãîðà.

Äëÿ äâîõ òî÷îê ïåðåòèíó àáî ñàìîïåðåòèíó ìà¹ìî íàñòóïíi âèïàäêè:

Ðèñ. 23

Äëÿ ÷îòèðüîõ òî÷îê ìà¹ìî òàêi âèãëÿäè ïðîåêöi¨:
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Ðèñ. 24

5 Âèñíîâêè

Â ðîáîòi ðîçãëÿíóòî âiäîáðàæåííÿ ç òðèâèìiðíèõ ìíîãîâèäiâ íà ïëîùèíó

òà ïîâ'ÿçàíi ç íèìè p-ãðàôè, ùî äåìîíñòðóþòü çìiíó ãðàôiâ Ðiáà. Ââåäåíî

ïðàâèëà çìiíè òàêèõ ãðàôiâ, ùî âiäïîâiäàþòü içîòîïíèì ðóõàì ïðîåêöi¨ íà

ïëîùèíi. Äîâåäåíî òåîðåìó ðåàëiçàöi¨ òàêèõ ãðàôiâ òà ðÿä òåîðåì êëàñè-

ôiêàöi¨ òàêèõ âiäîáðàæåíü. Çàïðîïîíîâàíî ïðèêëàäè ïîáóäîâè òà ñïðîùåí-
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íÿ ãðàôiâ, çíàéäåíî âñi ìîæëèâi âèãëÿäè ïðîåêöié, ùî ìàþòü 2 òà 4 òî÷êè

ïåðåòèíó àáî ñàìîïåðåòèíó äëÿ ôóíêöié, âñi êðèòè÷íi òî÷êè ÿêèõ ¹ òî÷êàìè

âèçíà÷åííî¨ ñêëàäêè.
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Maps of 3-manifolds into plane

We de�ne p-graph and describe how it changes under isotopy of projections

for classi�cation of maps of 3-manifolds into plane. The problem of graph

implementation and maps classi�cation are considered.
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λE-ñòðóêòóðû

Êàáàíîâà Ì. È.

Àííîòàöèÿ Òåîðèÿ òêàíåé, îáðàçîâàííûõ n + 1 ñëîåíèÿìè λα êîðàç-

ìåðíîñòè 1 íà ãëàäêîì ìíîãîîáðàçèè ðàçìåðíîñòè n, áûëà ïîñòðîåíà

Â.Â. Ãîëüäáåðãîì. Ðåçóëüòàòû åãî ðàáîòû áûëè îáîáùåíû â ìîíîãðàôèè

[1], ãäå ñ (n + 1)-òêàíüþ W ñâÿçûâàåòñÿ ñåìåéñòâî àäàïòèðîâàííûõ ðå-

ïåðîâ, êîòîðûå äîïóñêàþò òîëüêî ïðåîáðàçîâàíèÿ, çàäàííûå ñêàëÿðíûìè

ìàòðèöàìè, ò.å. ìàòðèöàìè âèäà λE. Ñîîòâåòñòâóþùóþ G-ñòðóêòóðó áóäåì

íàçûâàòü λE-ñòðóêòóðîé

Êëþ÷åâûå ñëîâà λE-ñòðóêòóðû

ÓÄÊ 514.7

Ìû ðàññìàòðèâàåì λE-ñòðóêòóðó, íå ñâÿçûâàÿ åå ñ (n+1)-òêàíüþ. Äîêà-

çûâàåòñÿ, ÷òî çàäàíèå λE-ñòðóêòóðû íà ãëàäêîì ìíîãîîáðàçèè M ðàçìåð-

íîñòè n ðàâíîñèëüíî çàäàíèþ n+1 ðàñïðåäåëåíèé êîðàçìåðíîñòè 1 íà ýòîì

ìíîãîîáðàçèè.

Â ñëó÷àå, êîãäà âñå n+1 ðàñïðåäåëåíèé èíòåãðèðóåìû, òàêàÿ êîíñòðóê-

öèÿ ïðåäñòàâëÿåò ñîáîé (n + 1)-òêàíü â ñìûñëå Ãîëüäáåðãà. Òåì ñàìûì ìû

îáîáùàåì ïîíÿòèå (n + 1)-òêàíè êîðàçìåðíîñòè 1 íà ìíîãîîáðàçèè ðàçìåð-

íîñòè n.

1. Òåîðåìà 1. Çàäàíèå λE-ñòðóêòóðû íà ìíîãîîáðàçèè M ðàâíîñèëüíî

çàäàíèþ n+ 1 ðàñïðåäåëåíèé êîðàçìåðíîñòè 1 íà ýòîì ìíîãîîáðàçèè. Ïðè

ýòîì êîðåïåð íà ìíîãîîáðàçèè M ìîæíî âûáðàòü òàê, ÷òî íà óêàçàííûõ

ðàñïðåäåëåíèÿõ áóäóò àííóëèðîâàòüñÿ ôîðìû ωi, i = 1, . . . , n, ω1 + . . .+

ωn ñîîòâåòñòâåííî (çäåñü ωi � áàçèñíûå ôîðìû íà ìíîãîîáðàçèè M .)
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� Íåîáõîäèìîñòü. Ïóñòü íà ìíîãîîáðàçèèM ðàçìåðíîñòè n çàäàíû n+1

ðàñïðåäåëåíèé ∆1, . . . ,∆n+1 êîðàçìåðíîñòè 1, íàõîäÿùèõñÿ â îáùåì ïîëî-

æåíèè. Áóäåì ãîâîðèòü â ýòîì ñëó÷àå, ÷òî íàM çàäàíà íåãîëîíîìíàÿ (n+1)-

òêàíü NW .

Ïóñòü p� ïðîèçâîëüíàÿ òî÷êà ìíîãîîáðàçèÿM , TpM � êàñàòåëüíîå ïðî-

ñòðàíñòâî ê ìíîãîîáðàçèþ M , π1, . . . πn+1 � ïîäïðîñòðàíñòâà â TpM , ïðè-

íàäëåæàùèå ðàñïðåäåëåíèÿì ∆1, . . . ,∆n+1 ñîîòâåòñòâåííî. Ñâÿæåì ñ íåãî-

ëîíîìíîé (n+1)-òêàíüþ ñåìåéñòâî àäàïòèðîâàííûõ ðåïåðîâ ei ñëåäóþùèì

îáðàçîì:

ei ∈ π1 ∩ π2 ∩ . . . ∩ πi−1 ∩ πi+1 ∩ . . . ∩ πn. (1)

Òîãäà ïîäïðîñòðàíñòâî πi çàäàåòñÿ óðàâíåíèåì xi = 0.

Ïóñòü â ïîñòðîåííîì áàçèñå ïîäïðîñòðàíñòâî πn+1 çàäàíî óðàâíåíèåì

aix
i = 0. Íîðìèðóåì âåêòîðû ei òàê, ÷òîáû ýòî óðàâíåíèå ïðèíÿëî âèä

x1 + x2 + . . .+ xn = 0. (2)

Ðåïåðû, óäîâëåòâîðÿþùèå óñëîâèÿì (1) è (2), áóäåì íàçûâàòü àäàïòèðîâàí-

íûìè ðåïåðàìè íåãîëîíîìíîé (n+ 1)-òêàíè NW .

Àäàïòèðîâàííûå ðåïåðû îïðåäåëåíû ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèé âè-

äà

e′i = λei. (3)

Ïðè ýòèõ ïðåîáðàçîâàíèÿõ âèä óðàâíåíèÿ (2) ñîõðàíÿåòñÿ.

Îáîçíà÷èì ñåìåéñòâî àäàïòèðîâàííûõ ðåïåðîâ ÷åðåç BG. Ìàòðèöû λE

îáðàçóþò ãðóïïó G äîïóñòèìûõ ïðåîáðàçîâàíèé àäàïòèðîâàííûõ ðåïåðîâ

è îïðåäåëÿþò íà ìíîãîîáðàçèè M G-ñòðóêòóðó (BG,M, π,G) [2], êîòîðóþ

íàçîâåì λE-ñòðóêòóðîé.

Äîñòàòî÷íîñòü. Ïóñòü íà M çàäàíà λE-ñòðóêòóðà (BG,M, π,G), ãäå,

êàê è âûøå, G ïîäãðóïïà ñêàëÿðíûõ ìàòðèö λE, BG � ïîäðàññëîåíèå ðåïå-

ðîâ íà M òàêîå, ÷òî äëÿ ëþáîé òî÷êè x èç M ãðóïïà G äåéñòâóåò íà π−1(x)

ñâîáîäíî è ïðîñòî òðàíçèòèâíî.

Ïóñòü äàëåå V � âåêòîðíîå ïðîñòðàíñòâî ñ ôèêñèðîâàííûì ñòàíäàðò-

íûì áàçèñîì. Äåéñòâóÿ íà V , ãðóïïà G îñòàâëÿåò èíâàðèàíòíûìè âñå îä-

íîìåðíûå èíâàðèàíòíûå ïîäïðîñòðàíñòâà, ñëåäîâàòåëüíî, è (n− 1)-ìåðíûå

ïîäïðîñòðàíñòâà, îïðåäåëÿåìûå óðàâíåíèÿìè xi = 0 è (2). Îáîçíà÷èì èõ

ñîîòâåòñòâåííî ∆
0

1, . . . ,∆
0
n+1.

Ïóñòü äàëåå p � ïðîèçâîëüíûé ðåïåð èç π−1(x), x ∈ M . Òîãäà â Tx ñ

ïîìîùüþ ðåïåðà p îïðåäåëåíû ïîäïðîñòðàíñòâà ∆1 = p(∆
0

1), . . . ,∆n+1 =
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p(∆
0
n+1). Íî ýòè ïîäïðîñòðàíñòâà íå çàâèñÿò îò âûáîðà ðåïåðà p, òàê êàê

â ñèëó îïðåäåëåíèÿ G-ñòðóêòóðû pg(v) = p(gv), g ∈ G, v ∈ V . Ñëåäîâà-

òåëüíî, ðàñïðåäåëåíèÿ ∆1, . . . ,∆n+1 îïðåäåëåíû íà M èíâàðèàíòíî. Òàêèì

îáðàçîì, ìû ïîëó÷èëè íåãîëîíîìíóþ (n+1)-òêàíü, ñâÿçàííóþ ñ äàííîé λE-

ñòðóêòóðîé.

Îáîçíà÷èì, êàê è âûøå, ÷åðåç {ei} àäàïòèðîâàííûå ðåïåðû ýòîé íåãî-

ëîíîìíîé òðè-òêàíè è îïðåäåëèì äèôôåðåíöèàëüíûå ôîðìû ωi ñòàíäàðò-

íûì îáðàçîì: ωi(ej) = δij , ãäå δ
i
j � ñèìâîë Êðîíåêåðà. Òîãäà íà ðàñïðå-

äåëåíèÿõ ∆1, . . . ,∆n+1 áóäóò àííóëèðîâàòüñÿ, ñîîòâåòñòâåííî, ôîðìû ωi è

ω1 + . . .+ ωn, i = i, . . . , n.

2. Ñòðóêòóðíûå óðàâíåíèÿ ãëàäêîãî ìíîãîîáðàçèÿ M èìåþò âèä [3]:

dωi = ωk ∧ ωik,
dωij = ωkj ∧ ωik + ωk ∧ ωijk,
dωijk = ωljk ∧ ωil + ωlj ∧ ωilk + ωlk ∧ ωijl + ωl ∧ ωijkl, . . .

(4)

Ôîðìû ωi íàçûâàþòñÿ ãëàâíûìè, îíè çàâèñÿò îò äèôôåðåíöèàëîâ ëîêàëü-

íûõ êîîðäèíàò ìíîãîîáðàçèÿ M . Ôèêñèðóåì òî÷êó p, ïîëîæèâ ωi = 0. Îáî-

çíà÷èì

ωij
∣∣
ωi=0

= πij . (5)

Ôîðìû ωij îò ãëàâíûõ ïàðàìåòðîâ (ëîêàëüíûõ êîîðäèíàò) è âòîðè÷íûõ ïà-

ðàìåòðîâ, ïðåîáðàçóþùèõ ðåïåð. Ôîðìû πij çàâèñÿò òîëüêî îò âòîðè÷íûõ

ïàðàìåòðîâ. Îíè ÿâëÿþòñÿ èíâàðèàíòíûìè ôîðìàìè ãðóïïû GL(n,R), äåé-

ñòâóþùåé â TpM . Êàê âèäíî èç (4), ôîðìû πij óäîâëåòâîðÿþò ñòðóêòóðíûì

óðàâíåíèÿì ãðóïïû GL(n,R) [4]:

δπij = πkj ∧ πik. (6)

Ïðè ôèêñèðîâàííîé òî÷êå p áàçèñíûå âåêòîðû ei ïðåîáðàçóþòñÿ ñëåäóþ-

ùèì îáðàçîì:

δei = πji ej . (7)

Ïóñòü òåïåðü íà M çàäàíà λE-ñòðóêòóðà, è {ei
o
} � ôèêñèðîâàííûé àäàï-

òèðîâàííûé ðåïåð ýòîé ñòðóêòóðû. Òîãäà ïðîèçâîëüíûé àäàïòèðîâàííûé

ðåïåð {ei} ñîñòîèò èç âåêòîðîâ âèäà

ei = µei
o
. (8)
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Èìååì: δei = δµei
o

= δµ
µ ei. Ñðàâíèâàÿ ñ (7), íàõîäèì

πij = δij δlnµ. (9)

Îòñþäà ñëåäóåò, ÷òî íà ìíîãîîáðàçèèM ôîðìû ωij âûðàæàþòñÿ ÷åðåç ãëàâ-

íûå ôîðìû ñëåäóþùèì îáðàçîì:

ωij = θδij + bijkω
k, (10)

ãäå θ � íåêîòîðàÿ äèôôåðåíöèàëüíàÿ 1-ôîðìà, θ|ωi=0 = δ lnµ, bijk � ãëàäêèå

ôóíêöèè, çàâèñÿùèå îò ãëàâíûõ è âòîðè÷íûõ ïàðàìåòðîâ.

Â ðåçóëüòàòå ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé (4) ïðèìåò âèä

dωi = ωi ∧ θ + bi[jk]ω
j ∧ ωk = ωi ∧ θ + 2bi[ik]ω

i ∧ ωk + bi[jk]ω
j ∧ ωk, (11)

ãäå k = 1, . . . , n, i 6= j, i 6= k.

Ââåäåì îáîçíà÷åíèÿ:

bi[jk] = aijk, bi[ik] =
1

2
aik. (12)

Òîãäà óðàâíåíèÿ (11) çàïèøóòñÿ â âèäå:

dωi = ωi ∧ θ + aikω
i ∧ ωk + aijkω

j ∧ ωk, i 6= j, i 6= k. (13)

Óðàâíåíèÿ (13) îáðàçóþò ïåðâóþ ãðóïïó ñòðóêòóðíûõ óðàâíåíèé λE-

ñòðóêòóðû èëè íåãîëîíîìíîé (n+ 1)-òêàíè NW .

Ïðè ïåðåõîäå ê íîâîìó áàçèñó, ôîðìû ωi èçìåíÿþòñÿ òàê:

ω̃i = λωi. (14)

Íîâûå ôîðìû ω̃i óäîâëåòâîðÿþò óðàâíåíèÿì:

dω̃i = (θ + d lnλ) ∧ ω̃i +

(
aik
λ
ω̃i ∧ ω̃k +

aijk
λ
ω̃j ∧ ω̃k

)
. (15)

Êàê âèäíî, âåëè÷èíû aik è a
i
jk ÿâëÿþòñÿ îòíîñèòåëüíûìè èíâàðèàíòàìè îò-

íîñèòåëüíî äîïóñòèìûõ ïðåîáðàçîâàíèé ðåïåðà. Íàçîâåì èõ îòíîñèòåëüíû-

ìè èíâàðèàíòàìè ïåðâîãî ïîðÿäêà λE - ñòðóêòóðû.

Ïîëîæèì

Iijk = aij − a
j
i + ajk − a

k
j + aki − aik, i < j < k. (16)

Òåîðåìà 2.Ðàñïðåäåëåíèå ∆i èíòåãðèðóåìî òîãäà è òîëüêî òîãäà, êîãäà

aijk = 0. Ðàñïðåäåëåíèå ∆n+1 èíòåãðèðóåìî òîãäà è òîëüêî òîãäà, êîãäà

Iijk = 0.
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� Ïåðâîå óòâåðæäåíèå òåîðåìû íåïîñðåäñòâåííî âûòåêàåò èç óðàâíåíèé

(13). Äàëåå, ñîãëàñíî òåîðåìå Ôðîáåíèóñà, ðàñïðåäåëåíèå ∆n+1 èíòåãðèðó-

åìî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ ñîîòíîøåíèå

d(ω1 + . . .+ ωn) ∧ (ω1 + . . .+ ωn) = 0. (17)

Ñ ó÷åòîì (13) è îáîçíà÷åíèÿ (16) ïîëó÷èì:

d(ω1 + . . .+ ωn) ∧ (ω1 + . . .+ ωn) =
∑

Iijk ω
i ∧ ωj ∧ ωk, (18)

ãäå i < j < k.

3. Íàçîâåì λE-ñòðóêòóðó, âñå n + 1 ðàñïðåäåëåíèé êîòîðîé èíòåãðèðó-

åìû, èíòåãðèðóåìîé. Â ýòîì ñëó÷àå íà ìíîãîîáðàçèè M ñóùåñòâóþò n + 1

ñëîåíèé λα, êîòîðûå îáðàçóþò (n+ 1)-òêàíü â ñìûñëå Ãîëüäáåðãà.

Íàéäåì ñòðóêòóðíûå óðàâíåíèÿ èíòåãðèðóåìîé λE-ñòðóêòóðû.

Îáîçíà÷èì βij = aij − a
j
i . Òîãäà ñîîòíîøåíèÿ Iijk = 0 ïåðåïèøóòñÿ â âèäå

βkj = βij − βik. (19)

Ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà íå çàâèñèò îò i. Ñëåäîâàòåëüíî, ìîæíî ïîëî-

æèòü

β1
j − β1

k = β2
j − β2

k = . . . = βnj − βnk ≡ βj − βk. (20)

Òàêèì îáðàçîì aij − a
j
i = βj − βi, ãäå i, j = 1, . . . n, i < j.

Ââåäåì îáîçíà÷åíèÿ:

aij − βi = aji − βj ≡ ξ
i
j , ξij = ξji . (21)

Òîãäà ñòðóêòóðíûå óðàâíåíèÿ (13) λE-ñòðóêòóðû ïðèìóò âèä:

dωi = ωi ∧ θ +
∑
j

(ξij + βi)ω
i ∧ ωj , (22)

ãäå ξij ≡ ξ
j
i .

Ïðîèçâåäåì çàìåíó θ̃ = θ − β1ω
1 − . . . − βnω

n. Òîãäà óðàâíåíèÿ (22)

ïðèíèìàþò âèä:

dωi = ωi ∧ θ̃ + (ξij + βi + βj)ω
i ∧ ωj . (23)

Îáîçíà÷èì ξ̃ij ≡ ξij + βi + βj è îêîí÷àòåëüíî ïîëó÷èì:

dωi = ωi ∧ θ̃ + ξ̃ijω
i ∧ ωj , ξ̃ij = ξ̃ji . (24)

Ïðèâåäåííûå óðàâíåíèÿ ïðåäñòàâëÿþò ñîáîé ñòðóêòóðíûå óðàâíåíèÿ (n+1)-

òêàíè â ñìûñëå Ãîëüäáåðãà (ñì. [1]).
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Abstract The theory of derived category is applied for construction of Minimal

Supersymmetric Standard Model. This aim is achieved by using the notion of
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symmetric Standard Model histograms of mass distributions for superpartners
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1 Introduction

More recently physicists have become concerned about the discovery of the Higgs

boson or any superpartner at the LHC. A large amount of theoretical e�ort has

been spent trying to understand the mechanism for soft supersymmetry breaking

that produces the desired properties in the superpartner masses and interactions

in the Minimal Supersymmetric Standard Model (MSSM) - the minimal exten-

sion to the Standard Model that realizes supersymmetry. The three most ex-

tensively studied mechanisms are: Gravity-Mediated Supersymmetry Breaking

(SUGRA), Gauge Mediated Supersymmetry Breaking (GMSB) and Anomaly

Mediated Supersymmetry Breaking (AMSB). mSUGRA stands for minimal su-

pergravity where supersymmetry breaking is communicated through the super-

gravity interactions. mSUGRA is one of the most widely investigated models of

particle physics due to its predictive power requiring only four input parameters

and a sign, to determine the low energy phenomenology from the scale of Grand

Uni�cation. If the superparticles are found, MSSM could provide evidence for

grand uni�cation and might even in principle provide hints as to whether string

theory describes nature [1].

2 Derived category and category of D-branes

To construct the MSSM model from superstring theory we must use the notion

of derived category [2]. We will give the short review of the theory of category.

A category L consists of the following data:

1) A class Ob L of objects A,B,C, . . .;

2) A family of disjoint sets of morphisms Hom(A,B) one for each

ordered pair A,B of objects;

3) A family of maps

Hom(A,B)×Hom(B,C)→ Hom(A,C) ,

one for each ordered triplet A,B,C of objects.

These data obey the axioms:

a) If f : A → B, g : B → C, h : C → D, then composition of morphisms

is associative, that is, h(gf) = (hg)f ;

b) To each object B there exists a morphism 1B : B → B such that 1Bf = f ,

g1B = g for f : A→ B and g : B → C .

There are several aspects that are necessary for construction the category of

D-branes [2]:
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• D-brane is associated to the locally-free sheaf;

We will determine sheaf and then locally-free sheaf.

Let X be a topological space. A sheaf F on X is an association such that

1) for every open set U ⊂ X we have module F (U);

2) we have "restriction" maps rUV : F (U)→ F (V ) satisfying:

rUU = 1U , rVW r
U
V = rUW , for W ⊂ V ⊂ U ;

3) for every open cover U =
⋃
i

Ui there is exact sequence

0→ F (U)→
∏
i

F (Ui)→
∏
i,j

F (Ui ∩ Uj) .

The sheaf of ring of continuous functions OX on the topological space X consists

of the following data:

1) for every open set U ⊂ X we have ring of continuous functions OU ;
2) we have "restriction" maps rUV : OU → OV satisfying:

rUU = 1; rVW r
U
V = rUW for W ⊂ V ⊂ U ;

3) for every open cover U =
⋃
i

Ui there is exact sequence

0→ O(U)→
∏
i

O(Ui)→
∏
i,j

O(Ui ∩ Uj) .

We can de�ne direct sums of sheaves; we then have the sheaf

O⊕pX = OX ⊕ · · · ⊕ OX for any p.

We de�ne an OX -module EX to be locally free if there is an exact sequence:

0→ EX |U → O⊕pX |U → 0

for every open subset U of X.

There is a one-to-one correspondence between holomorphic vector bundles of

rank n on X and locally free sheaves of rank n on X. To see this �rst consider

the trivial complex line bundle over X. We may regard OX(U) as the group of

holomorphic sections of this bundle over U . Thus, if the covering Uα trivializes

a vector bundle E → X, then the group of holomorphic sections of E over Uα is

given by OX(Uα)
⊕n. So locally free sheaves are the algebraic way of describing

holomorphic vector bundles.

• An open string from one D-brane (sheaf E) to another D-brane (sheaf F )

is given by an element of the group Extq(E,F );
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We'll explain this de�nition.

Suppose we have a short exact sequence

0→ A→ B → C → 0

in an abelian category. A functor F is said to be exact if the following is exact:

0→ F (A)→ F (B)→ F (C)→ 0 .

Now suppose we have two vector bundles E and F over X. The bundle

Hom(E,F ) is also a vector bundle. We may associate locally free sheaves E
and F to the bundles E and F respectively. The locally-free sheaf we associate

to Hom(E,F ) is denoted Hom(E ,F). Since sheaf cohomology is the functor of

global section, and a global section of Hom(E ,F) is given by Hom(E ,F), we
may deduce that

Hq(X,Hom(E ,F)) = Extq(E ,F) .

Thus the statement that an open string from a brane E → X to a brane F → X

is given by an element of the cohomology group or by an element of the group

Extq(E ,F).
• The category of D-branes is the derived category of coherent sheaves D(X);

On a smooth space, any coherent sheaf A has a locally-free resolution, an exact

sequence

0→ F−3 → F−2 → F−1 → F0 → A→ 0 ,

where Fk is locally free. This is quasi-isomorphism F• → A between a complex of

locally-free sheaves and a coherent sheaf. In order to de�ne the derived category,

we had to begin with an abelian category. Abelian category is characterized by

the existence of an exact sequences. Locally-free sheaves don't form an abelian

category. So we should replace the category of locally-free sheaves by the abelian

subcategory of OX -modules containing locally-free sheaves. This is the category

of coherent sheaves, that was �rst conjectured by Kontsevich [3]. Category of

coherent sheaves is abelian category. The derived category is additive category.

In additive categories exact sequences are exchanged by distinguished triangles.

It is known from [2] that all coherent sheaves are D-branes. The derived category

D(X) is a vast thing encompassing a good deal for D-branes.

• If X and Y are mirror Calabi-Yau threefolds then the category D(X) is

equivalent to the triangulated category TrF(Y );

In the derived category D(X) objects are distinguished triangles, morphisms of

this category are morphisms of distinguished triangles. So it is equivalent to the

triangulated category TrF(Y ).
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• D-branes on the orbifold C/G and open strings between them are described

by the derived category of McKay quiver representations.

Let G be a �nite subgroup of SU(d). Since the orbifold Cd/G have played an

important role in the understanding of stringy geometry it should be no surprise

that we can study D-branes by blowing-up singularities of orbifolds. After blow-

ing up singularity of orbifold we have coherent sheaf. Let G ⊂ SU(d) act on V ,

which is an arbitrary representation of G. Then we will de�ne a G-equivariant

sheaf on Cd. For a sheaf one would de�ne OX(U)-module structure for all open

sets U = Cd . We can consider morphisms of sheaves. In the quiver language

this amounts to a morphism of modules. A morphism from a quiver representa-

tion associated to irreducible representations V = ⊕mkVk to one associated to

W = ⊕nkWk will be a morphism

•m2 •n2
↑ −→ ↑
•m1 •n1

is equivalent to the following commutative diagram according to Schur's lemma

Cm2 −→ Cn2

↑ ↑
Cm1 −→ Cn1

We have constructed morphism of modules. So, the category of G-equivariant

sheaves on Cd is equivalent to the category of representations of the McKay

quiver.

We will consider the derived category of distinguished triangles over the

abelian category of McKay quivers [2]. Objects of this category are distinguished

triangles (numbers a, b, c and a′, b′, c′

denote orbifold charges [4] characterizing McKay quivers); morphisms of this

category are morphisms of distinguished triangles.
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3 Mass spectrum, partial widths and cross sections of superpartners

The moduli space of an open superstring [5] has the form

Ext0(Q,Q
′
) = C aa

′
+bb

′
+cc

′

,

Ext1(Q,Q
′
) =C 3ab

′
+3bc

′
+3ca

′

.

(1)

Substituting in (1) orbifold charges

a = b = c = a′ = b′ = c′ = 4

and using the Langlands hypothesis [6], we obtain the realization of (1) in terms

of SU(5) multiplets

3× (24 + 5H + 5H + 5M + 5M + 10M + 10M ) .

This result determines the particle content of the MSSM. The gauge invariant

MSSM superpotential takes the form

WSU(5) = λdij · 5H × 5
(i)
M × 10

(j)
M +

+λuij · 5H × 10
(i)
M × 10

(j)
M + µ · 5H × 5H ,

(2)

where 5H and 5H are Higgs multiplets, 5
(i)
M and 10

(j)
M are multiplets of quark and

lepton superpartners, λdij , λ
u
ij are Yukawa coupling constants and µ is the Higgs

mixing parameter. The analysis of Yukawa coupling constants, based on obser-

vational hints and theoretical considerations, allows to restrict the parameter

space in (2) to �ve free parameters [7]:

M0 = 450 GeV , M1/2 = 425 GeV ,

A0 = 0 , tanβ = 10 , sgn(µ) = +1 .
(3)

Using this restricted parameter set for mSUGRA-model it is possible to

calculate the mass spectrum of superpartners by application of the computer

program SOFTSUSY [8]. This MSSM spectrum is shown in Table 1.
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Table 1. Mass spectrum of superpartners

GeV GeV GeV

ũR 974 g̃ 1006

ũL 1000 ν̃e 525 χ̃0
1 174

d̃R 972 ẽR 477 χ̃0
2 327

d̃L 1003 ẽL 531 χ̃0
3 546

c̃R 974 χ̃0
4 562

c̃L 1000 ν̃µ 525 χ̃±1 327

s̃R 972 µ̃R 477 χ̃±2 562

s̃L 1003 µ̃L 531

t̃1 741 h0 114

t̃2 947 ν̃τ 523 A0 749

b̃1 910 τ̃1 471 H0 749

b̃2 968 τ̃2 531 H± 753

Using the parameter set (3) it is pos-

sible to calculate partial widths of superpartners by application of the computer

program SDECAY [9]. These partial widths are shown in Tables 2, 3. Table 2.

Partial widths of superpartners

channel BR channel BR

ũR χ̃0
1u 0.993 χ̃0

4u 0.004

χ̃0
2u 0.002

d̃R χ̃0
1d 0.993 χ̃0

4d 0.004

χ̃0
2d 0.002

c̃R χ̃0
1c 0.993 χ̃0

4c 0.004

χ̃0
2c 0.002

s̃R χ̃0
1s 0.993 χ̃0

4s 0.004

χ̃0
2s 0.002
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Table 3. Partial widths of superpartners

channel BR channel BR

g dRd
∗ 0.017 b1b

∗ 0.119

d∗Rd 0.017 b∗1b 0.119

uRu
∗ 0.015 b2b

∗ 0.021

u∗Ru 0.015 b∗2b 0.021

sRs
∗ 0.017 t1t

∗ 0.294

s∗Rs 0.017 t∗1t 0.294

cRc
∗ 0.015

c∗Rc 0.015

Using the parameter set (3) it is possi-

ble to calculate production cross sections of superpartners by application of the

computer program PYTHIA [10]. These cross sections at center-of-mass energy
√
s = 14 TeV are shown in Table 4. Table 4. Cross sections of superpartners

channel cross section, pb

gg → g̃g̃ σg̃g̃ = 0.323

qg → d̃Rg̃ σd̃Rg̃ = 0.260

qg → ũRg̃ σũRg̃ = 0.489

qq
′ → ũRd̃R σũRd̃R

= 0.132

4 Reconstruction of masses

To construct histograms describing mass distributions for superpartners q̃R and g̃

we choose the set of parameters (3). Using this parameter set it is possible to con-

struct histograms of mass distributions for superpartners by application of the

computer program PYTHIA [10]. This histograms are shown in Fig.1 and Fig.2.
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Fig.1. Histogram of mass distribution for q̃R
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Fig.2. Histogram of mass distribution for g̃
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Ãîìîòîïèÿ ôóíêöèé îáùåãî ïîëîæåíèÿ áåç êðè-
òè÷åñêèõ òî÷åê íà ðèìàíîâîì äèñêå

Àëåêñàíäð Ïðèøëÿê, Åêàòåðèíà Ïðèøëÿê, Íàòàëèÿ Ëóêîâà-

×óéêî

Àííîòàöèÿ Íà äâóõìåðíîì äèñêå ñ ðèìàíîâîé ìåòðèêîé äàåòñÿ ãîìîòî-

ïè÷åñêàÿ êëàññèôèêàöèÿ ôóíêöèé, ó êîòîðûõ íåò âíóòðåííèõ êðèòè÷åñêèõ

òî÷åê, à îñîáûå òî÷êè (êðèòè÷åñêèå òî÷êè îãðàíè÷åíèÿ íà êðàé è òî÷êè

êàñàíèÿ êðàÿ ïîëÿ ãðàäèåíòà) ëåæàò íà ðàçíûõ óðîâíÿõ è ðàçíûõ òðàåêòî-

ðèÿõ ïîëÿ ãðàäèåíòà

Êëþ÷åâûå ñëîâà ôóíêöèè îáùåãî ïîëîæåíèÿ, ãîìîòîïè÷åñêàÿ êëàññèôè-

êàöèÿ

ÓÄÊ 517.91

1 Ââåäåíèå

Ïðè èññëåäîâàíèè ïðîñòðàíñòâà ôóíêöèé íà ìíîãîîáðàçèè ÷àñòî âûäåëÿ-

þò ïîäìíîæåñòâà, êîòîðûå ñîñòîÿò èç ôóíêöèé îáùåãî ïîëîæåíèÿ (ñòðàòû

êîðàçìåðíîñòè 0). Ýòî ôóíêöèè, êîòîðûå ïðè ìàëîì øåâåëåíèè ñîõðàíÿþò

ñâîè òîïîëîãè÷åñêèå ñâîéñòâà. Íà çàìêíóòûõ ìíîãîîáðàçèÿõ òàêèìè ôóíê-

öèÿìè ÿâëÿþòñÿ ïðîñòûå ôóíêöèè Ìîðñà. Ïóòü â ïðîñòðàíñòâå ôóíêöèé

Ìîðñà � ýòî íåïðåðûâíîå ñåìåéñòâî ôóíêöèé Ìîðñà. Òîïîëîãè÷åñêèå ñâîé-

ñòâà ïðîñòðàíñòâà ôóíêöèé Ìîðñà íà çàìêíóòûõ ïîâåðõíîñòÿõ èññëåäîâà-

ëèñü âî ìíîãèõ ðàáîòàõ, ñðåäè êîòîðûõ âûäåëèì ðàáîòû [1�6,9].

Îáîçíà÷èì ÷åðåç B � çàìêíóòûé êðóã (äâóõìåðíûé äèñê) ñ çàäàííîé

íà íåì ðèìàíîâîé ìåòðèêîé. Ïóñòü f : B → R � ãëàäêàÿ ôóíêöèÿ áåç
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êðèòè÷åñêèõ òî÷åê íà B. Òîãäà ýòà ôóíêöèÿ çàäàåò äâà ñëîåíèÿ (ñåòêó) íà

B. Ñëîÿìè ïåðâîãî ñëîåíèÿ ÿâëÿþòñÿ êîìïîíåíòû ëèíèé óðîâíåé f−1(y)

ôóíêöèè, à âòîðîãî � òðàåêòîðèè ïîëÿ ãðàäèåíòà grad f . ×òîáû çàäàòü

ôóíêöèþ äîñòàòî÷íî çàäàòü ïåðâîå ñëîåíèå è îãðàíè÷åíèå f∂ ôóíêöèè íà

ãðàíèöó. Ïðè ýòîì ôóíêöèÿ ïîñòîÿííà íà ñëîÿõ ïåðâîãî ñëîåíèÿ.

Ðàññìîòðèì âòîðîå ñëîåíèå è îãðàíè÷åíèå ôóíêöèè íà ãðàíèöó êðóãà.

Çàìåòèì, ÷òî ïðè äâèæåíèè ïî òðàåêòîðèè ïîëÿ ãðàäèåíòà çíà÷åíèå ôóíê-

öèè âîçðàñòàåò, ïîýòîìó, â îòëè÷èè îò ïåðâîãî ñëîåíèÿ, çíà÷åíèÿ íà êîíöàõ

îäíîé òðàåêòîðèè âñåãäà áóäóò ðàçëè÷íû.

Ïîä îñîáûìè òî÷êàìè áóäåì ïîíèìàòü êðèòè÷åñêèå òî÷êè îãðàíè÷åíèÿ

ôóíêöèè íà êðàé (äàëåå ïðîñòî êðèòè÷åñêèå òî÷êè) è òî÷êè, â êîòîðûõ ïî-

ëå ãðàäèåíòà êàñàåòñÿ êðàÿ (êàñàòåëüíûå òî÷êè). Ìû áóäåì ðàññìàòðèâàòü

òîëüêî ôóíêöèè, ó êîòîðûõ âñå îñîáûå òî÷êè èìåþò ðàçíûå çíà÷åíèÿ è íå

ñóùåñòâóåò òðàåêòîðèè ñîåäèíÿþùåé äâå îñîáûå òî÷êè. Òàêèå ôóíêöèè áó-

äåì íàçûâàòü îáùèìè.

Ãîìîòîïèÿ îáùèõ ôóíêöèé � ýòî ïóòü â ïðîñòðàíñòâå îáùèõ ôóíêöèé,

ò.å. íåïðåðûâíîå ñåìåéñòâî îáùèõ ôóíêöèé. Ïðè ýòîì êàæäîé ôóíêöèè ñî-

îòâåòñòâóåò ñâîÿ ðèìàíîâà ìåòðèêà. Êàê è ëþáàÿ ãîìîòîïèÿ, ãîìîòîïèÿ

îáùèõ ôóíêöèé åñòü îòíîøåíèåì ýêâèâàëåíòíîñòè. Öåëü íàøåé ñòàòüè �

îïèñàòü êëàññû ýêâèâàëåíòíîñòè: ïîñòðîèòü èíâàðèàíò � ñõåìó ôóíêöèè,

äîêàçàòü êðèòåðèé ýêâèâàëåíòíîñòè, íàéòè óñëîâèÿ ñóùåñòâîâàíèÿ ôóíê-

öèè ñ çàäàííîé ñõåìîé.

Îòìåòèì, ÷òî òîïîëîãè÷åñêèå ñâîéñòâà ôóíêöèé íà äâóìåðíîì äèñêå èñ-

ñëåäîâàëèñü â ðàáîòå [7], à ôóíêöèé Ìîðñà íà ðèìàíîâûõ çàìêíóòûõ ìíî-

ãîîáðàçèÿõ â [8].

2 Ïîñòðîåíèå ñõåìû ôóíêöèè

Ïóñòü ÷èñëî êðèòè÷åñêèõ òî÷åê ðàâíî k, à îñîáûõ � n. Íà ìíîæåñòâå îñî-

áûõ òî÷åê ââåäåì íóìåðàöèþ. Ïåðâîé òî÷êîé áóäåò òî÷êà ìèíèìóìà, ïðè

äâèæåíèè ïî êðàþ ïðîòèâ ÷àñîâîé ñòðåëêè íîìåð òî÷êè âîçðàñòàåò. Êàæ-

äîé îñîáîé òî÷êå ïîñòàâèì â ñîîòâåòñòâèå íîìåð êðèòè÷åñêîãî çíà÷åíèÿ ïî

âîçðàñòàíèþ. Òàê òî÷êà ìèíèìóìà èìååò íîìåð 1, à ìàêñèìóìà � íîìåð n.

Òàêèì îáðàçîì ïîëó÷èì ïîäñòàíîâêó èç n ÷èñåë.

Êðîìå òîãî, äëÿ êàæäîé îñîáîé òî÷êè, èç êîòîðîé âûõîäèò òðàåêòîðèÿ

ïîëÿ ãðàäèåíòà, ïîñòàâèì â ñîîòâåòñòâèå îñîáóþ òî÷êó, ïðåäøåñòâóþùóþ

òî÷êå, â êîòîðîé ýòà òðàåêòîðèÿ ïîêèäàåò êðóã. Òàêèì îáðàçîì ïîëó÷èì

íàáîð óïîðÿäî÷åííûõ ïàð íîìåðîâ.
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Ñõåìîé ôóíêöèè íàçûâàåòñÿ íàáîð ñîñòîÿùèé èç ïîäñòàíîâêè èç n ÷èñåë

è óïîðÿäî÷åííûõ ïàð íîìåðîâ.

Ïî ïîäñòàíîâêå ìîæíî îïðåäåëèòü òèï îñîáîé òî÷êè. Åñëè çíà÷åíèå

ôóíêöèè â ñîñåäíèõ òî÷êàõ áîëüøå çíà÷åíèÿ îñîáîé òî÷êè, òî îíà åñòü ëî-

êàëüíûì ìèíèìóìîì, åñëè ìåíüøå � ìàêñèìóìîì. Îñòàëüíûå îñîáûå òî÷êè

� òî÷êè êàñàíèÿ.

Òî÷êè êàñàíèÿ ðàçáèâàþò îêðóæíîñòü íà äóãè, êîòîðûå ìû áóäåì íàçû-

âàòü äóãè-èñòî÷íèêè, åñëè â íèõ âåêòîðíîå ïîëå íàïðàâëåíî âíóòðü êðóãà,

è äóãè-ñòîêè � â ïðîòèâíîì ñëó÷àå. Äóãà, ñîäåðæàùàÿ òî÷êó ìèíèìóìà,

áóäåò äóãîé-èñòî÷íèêîì, à ìàêñèìóìà � äóãîé-ñòîêîì.

Îïðåäåëèì äóãè èñõîäÿùåé òî÷êè òðàåêòîðèè, êàñàþùåéñÿ êðàÿ. Âîç-

ìîæíû äâà ñëó÷àÿ: 1) êðàé ñïðàâà; 2) êðàé ñëåâà îò òðàåêòîðèè â îêðåñòíî-

ñòè òî÷êè êàñàíèÿ, åñëè ôóíêöèÿ åñòü ôóíêöèåé âûñîòû. Â ïåðâîì ñëó÷àå

äâèæåìñÿ îò òî÷êè êàñàíèÿ ïî îêðóæíîñòè ïî ÷àñîâîé ñòðåëêå äî áëèæàé-

øåé òî÷êè êàñàíèÿ. Åñëè îíà íå ÿâëÿåòñÿ âòîðîé òî÷êîé â óïîðÿäî÷åííûõ

ïàðàõ, òî îíà ÿâëÿåòñÿ êîíöîì äóãè-èñòî÷íèêà, íà êîòîðîé ëåæèò èñêîìàÿ

èñõîäÿùàÿ òî÷êà. Åñëè ýòà òî÷êà ÿâëÿåòñÿ âòîðîé òî÷êîé, òî ïîâòîðèì ïðî-

öåäóðó äëÿ ïåðâîé òî÷êè ýòîé ïàðû. Åñëè òàêèõ âòîðûõ òî÷åê íåñêîëüêî,

òî ñðåäè âñåõ ïåðâûõ òî÷åê âûáèðàåì òó, êîòîðàÿ íàèáîëåå óäàëåíà îò íà-

÷àëüíîé êàñàòåëüíîé òî÷êè ïðè îáõîäå îêðóæíîñòè ïî ÷àñîâîé ñòðåëêå. Äëÿ

âòîðîãî ñëó÷àÿ îïðåäåëåíèå èñõîäÿùåé òî÷êè ïîëó÷àåòñÿ àíàëîãè÷íî, ñ çà-

ìåíîé äâèæåíèÿ ïî ÷àñîâîé ñòðåëêå íà äâèæåíèå ïðîòèâ ÷àñîâîé ñòðåëêè.

3 Êðèòåðèé ýêâèâàëåíòíîñòè

Theorem 1 (êðèòåðèé ýêâèâàëåíòíîñòè ôóíêöèé). Äâå îáùèå ôóíêöèè

f, g : B → R áóäóò ãîìîòîïíûìè òîãäà è òîëüêî òîãäà, êîãäà ñõåìà îäíîé

ñîâïàäàåò ñî ñõåìîé äðóãîé ôóíêöèè.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç ïîñòðîåíèÿ ñõåìû. Ãîìåî-

ìîðôèçìû çàäàþò ñîîòâåòñòâèå ìåæäó òî÷êàìè è ðàâåíñòâî ñîîòâåòñòâóþ-

ùèõ íîìåðîâ.

Äîêàæåì äîñòàòî÷íîñòü. Ïóñòü ñõåìû äâóõ ôóíêöèé îäèíàêîâûå. Òðàåê-

òîðèè, ïðîõîäÿùèå ÷åðåç òî÷êè êàñàíèÿ, ðàçáèâàþò êðóã íà îáëàñòè, êàæ-

äàÿ èç êîòîðûõ ïðåäñòàâëÿåò ñîáîé êðèâîëèíåéíûé ÷åòûðåõóãîëüíèê èëè

òðåóãîëüíèê, îäíà èç âåðøèí êîòîðîãî � òî÷êà êà÷àíèÿ (ñëó÷àé äâóõóãîëü-

íèêà � äâå êðèòè÷åñêèå òî÷êè è äâå òî÷êè êàñàíèÿ òðèâèàëåí). Â ÷åòûðåõ-

óãîëüíèêå îäíà ñòîðîíà ÿâëÿåòñÿ äóãîé-èñòî÷íèêîì, ïðîòèâîïîëîæíàÿ åé
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ñòîðîíà � äóãîé-ñòîêîì, à äâå äðóãèå ñòîðîíû � êàñàòåëüíûìè òðàåêòîðè-

ÿìè èëè èõ ÷àñòüþ. Ñëó÷àé òðåóãîëüíèêà ïîëó÷àåòñÿ èç ÷åòûðåõóãîëüíèêà

ñòÿãèâàíèåì êàñàòåëüíîé òðàåêòîðèè â òî÷êó. Âûäåëèì íà êàæäîé êàñà-

òåëüíîé ñòîðîíå îäíó òî÷êó � òî÷êó êàñàíèÿ, åñëè îíà íå åñòü âåðøèíîé

÷åòûðåõóãîëüíèêà, è ñåðåäèíó ñòîðîíû â ïðîòèâíîì ñëó÷àå. Ïðîâåäåì ïðî-

èçâîëüíóþ êðèâóþ òðàíñâåðñàëüíóþ êàæäîé èç òðàåêòîðèé è ïðîõîäÿùóþ

÷åðåç âûäåëåííûå òî÷êè. Ýòó êðèâóþ áóäåì íàçûâàòü ðàçáèâàþùåé. Òàêèì

îáðàçîì, ðàçîáüåì ÷åòûðåõóãîëüíèê íà äâà íîâûõ ÷åòûðåõóãîëüíèêà. Ïî-

ñòðîèì òîïîëîãè÷åñêóþ ýêâèâàëåíòíîñòü âåêòîðíûõ ïîëåé âíóòðè ÷åòûðåõ-

óãîëüíèêîâ. Äëÿ ýòîãî çàôèêñèðóåì ãîìåîìîðôèçìû ðàçáèâàþùèõ êðèâûõ.

Ïðîäîëæèì èõ íà òðàåêòîðèè, ïðîõîäÿùèå ÷åðåç íèõ ñëåäóþùèì îáðàçîì.

Ïàðàìåòðîì íà êàæäîé òðàåêòîðèè áóäåò äëèíà äóãè. Åñëè äëèíà äóãè îò

òî÷êè ðàçáèâàþùåé êðèâîé äî êðàÿ ïî íàïðàâëåíèþ âîçðàñòàíèÿ ðàâíà a, à

äëèíà ñîîòâåòñòâóþùåé äóãè âòîðîãî ïîëÿ b, òî òî÷êà ñ ïàðàìåòðîì s ïåðåé-

äåò â òî÷êó ñ ïàðàìåòðîì bs
a (òî÷êè ðàçáèâàþùåé êðèâîé èìåþò ïàðàìåòð

s = 0). Â òðåóãîëüíèêàõ � òî÷íî òàêèå æå ïîñòðîåíèÿ (ìîæíî ñ÷èòàòü ýòî

÷àñòíûì ñëó÷àåì ÷åòûðåõóãîëüíèêà, ñ äëèíîé îäíîé èç ñòîðîí ðàâíîé 0).

Ïî ïîñòðîåíèþ ãîìåîìîðôèçìû ñîâïàäàþò íà ãðàíèöàõ ÷åòûðåõóãîëüíè-

êîâ, è ïîýòîìó îíè çàäàþò ãîìåîìîðôèçì âñåãî êðóãà, êîòîðûé ïåðåâîäèò

òðàåêòîðèè â òðàåêòîðèè, ò.å. ÿâëÿåòñÿ òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòüþ

âåêòîðíûõ ïîëåé.

Ñîâïàäåíèå óïîðÿäî÷åííûå ïîñëåäîâàòåëüíîñòåé êðèòè÷åñêèõ òî÷åê

ôàêòè÷åñêè îçíà÷àåò ñîâïàäåíèå ïîðÿäêîâ êðèòè÷åñêèõ çíà÷åíèé â ñîîòâåò-

ñòâóþùèõ êðèòè÷åñêèõ òî÷êàõ. Ãîìåîìîðôèçì ïðÿìîé ϕ îòîáðàæàåò ïåð-

âîå (ìèíèìàëüíîå) êðèòè÷åñêîå çíà÷åíèå ïåðâîé ôóíêöèè â ïåðâîå êðèòè-

÷åñêîå çíà÷åíèå âòîðîé, âòîðîå âî âòîðîå è ò.ä. Òîãäà ãîìåîìîðôèçì äóã

ìåæäó êðèòè÷åñêèìè òî÷êàìè çàäàåòñÿ ïî çíà÷åíèÿì ôóíêöèè íà íèõ �

òî÷êà ñî çíà÷åíèåì y îòîáðàæàåòñÿ â òî÷êó ñî çíà÷åíèåì ϕ(y). Ñîâïàäåíèå

ýòèõ ãîìåîìîðôèçìîâ íà êîíöàõ îçíà÷àåò, ÷òî ýòè ãîìåîìîðôèçìû äóã çàäà-

þò èñêîìûé ãîìåîìîðôèçì îêðóæíîñòè. Ïîñêîëüêó êàæäûé ñîõðàíÿþùèé

îðèåíòàöèþ ãîìåîìîðôèçì êðóãà èçîòîïíûé òîæäåñòâåííîìó, òî ñóùåñòâó-

åò èçîòîïèÿ ôóíêöèé, ðàâíàÿ êîìïîçèöèè ýòîé èçîòîïèè êðóãà è ïåðâîé

ôóíêöèè. Ýòà èçîòîïèÿ îòîáðàæàåò òðàåêòîðèè â òðàåêòîðèè. Îñòàëîñü ïî-

ñòðîèòü íîâûå ðèìàíîâû ìåòðèêè äëÿ ýòîé èçîòîïèè. Äëÿ ýòîãî íà äèñêå

âûáåðåì äâå ãëàäêèå ôóíêöèè Xt = ft(x, y) è Yt òàê, ÷òî åå ëèíèÿìè óðîâíÿ

ÿâëÿþòñÿ òðàåêòîðèè ïîñòðîåííîãî ïîëÿ grad ft. Òîãäà èñêîìàÿ ðèìàíîâàÿ

ìåòðèêà çàäàåòñÿ ôîðìóëîé ds2 = dX2
t + dY 2

t . Òåîðåìà äîêàçàíà.
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4 Ñâîéñòâà ñõåìû ôóíêöèè

Èç ïîñòðîåíèÿ ñõåìû ôóíêöèè ïðÿìî âûòåêàþò ñëåäóþùèå åå ñâîéñòâà.

1. Ïîâîðîò êàñàòåëüíîãî âåêòîðà ïðè ïîëíîì ïðîõîæäåíèè ãðàíèöû ðà-

âåí 2π. Ïîäñòàíîâêà íà÷èíàåòñÿ ñ 1. Åñëè îò îäíîé òî÷êè ëîêàëüíîãî

ýêñòðåìóìà äî ñëåäóþùåé íå÷åòíîå ÷èñëî òî÷åê êàñàíèÿ, òî ïîâîðîò êà-

ñàòåëüíîãî âåêòîðà áóäåò íà ±π, à åñëè ÷åòíîå � òî íà 0. Åñëè îò òî÷êè

ìèíèìóìà äî ñëåäóþùåãî ëîêàëüíîãî ìàêñèìóìà íå÷åòíîå ÷èñëî òî÷åê

êàñàíèÿ, òî ïîâîðîò êàñàòåëüíîãî âåêòîðà áóäåò íà +π. Òîæå áóäåò íà

ëþáîì îòðåçêå îò ëîêàëüíîãî ìèíèìóìà äî ñëåäóþùåãî ëîêàëüíîãî ìàê-

ñèìóìà, åñëè â òî÷êå ëîêàëüíîãî ìèíèìóìà ñóììàðíûé óãîë ïîâîðîòà

ðàâåí 2πn, n ∈ Z. Â ñëó÷àå ñóììàðíîãî óãëà π(2n+ 1), n ∈ Z, â òî÷êàõ

ëîêàëüíîãî ìèíèìóìà îí èçìåíÿåòñÿ íà îòðåçêå äî ñëåäóþùåãî ëîêàëü-

íîãî ìàêñèìóìà íà −π ïðè íå÷åòíîì ÷èñëå òî÷åê êàñàíèÿ. Íà îòðåçêàõ ñ

íà÷àëîì â òî÷êå ëîêàëüíîãî ìàêñèìóìà âñå íàîáîðîò: èçìåíåíèå íà −π,
åñëè áûëî 2πn, n ∈ Z è íà π, åñëè áûëî π(2n+ 1), n ∈ Z.

2. Ïåðâûìè òî÷êàìè ïàðû ÿâëÿþòñÿ âñå òî÷êè ëîêàëüíîãî ýêñòðåìóìà

ñ óãëîì ïîâîðîòà 2πn, n ∈ Z, è òî÷êè êàñàíèÿ ñ íå÷åòíûìè íîìåðàìè.

3. Çíà÷åíèå ôóíêöèè âî âõîäÿùèõ òî÷êàõ áîëüøå çíà÷åíèÿ â èñõîäÿùèõ

òî÷êàõ. Ýòî îçíà÷àåò, ÷òî çíà÷åíèå ôóíêöèè íà ïåðâîì ýëåìåíòå ïàðû

ìåíüøå çíà÷åíèÿ ôóíêöèè íà âòîðîì ýëåìåíòå èëè íà ñëåäóþùåé ïîñëå

íåãî îñîáîé òî÷êå. Êðîìå òîãî, âûïîëíÿåòñÿ åùå îäíî óñëîâèå: åñëè åñòü

ïàðû (n1, n2) è (n1+1,m2), íà÷èíàþùèåñÿ â òî÷êàõ ëîêàëüíîãî ýêñòðåìó-

ìà, òî ìèíèìàëüíîå çíà÷åíèå â òî÷êàõ n1 è n1+1 ìåíüøå ìèíèìàëüíîãî

çíà÷åíèÿ íà äóãå ìåæäó m2+1 è n2 (åñëè n2=m2, òî ìàêñèìàëüíîãî çíà-

÷åíèÿ â m2 è m2+1). Äëÿ òî÷åê êàñàíèÿ àíàëîãè÷íîå óñëîâèå ñ çàìåíîé

èõ íà èñõîäÿùèå äóãè äëÿ íèõ.

4. Õîðäû, ñîåäèíÿþùèå êîíöû ïàð, íå ïðåñåêàþòñÿ ìåæäó ñîáîé. Ïóñòü

(n1, n2) è (m1,m2) � äâå ïàðû. Òîãäà íåâîçìîæíî, ÷òîáû âûïîëíÿëîñü

õîòÿ áû îäíî èç óñëîâèé: a) n1 < m1 < n2 < m2; b) n1 > m1 > n2 > m2; c)

n1 < m2 < n2 < m1; d) n1 > m2 > n2 > m1. Åñëè n2 = m1, òî íå äîëæíû

âûïîëíÿòñÿ òå æå ÷åòûðå óñëîâèÿ ïðè çàìåíå n2 = m1 + ε, 0 < ε < 1.

Àíàëîãè÷íî ïðè n1 = m2 äåëàåì çàìåíó m2 = n1 + ε, 0 < ε < 1.

Theorem 1 (î ðåàëèçàöèè). Åñëè ïîäñòàíîâêà èç n ÷èñåë è óïîðÿäî÷åííûõ

ïàð íîìåðîâ óäîâëåòâîðÿåò ñâîéñòâàì 1) � 4), òî îíà ÿâëÿåòñÿ ñõåìîé

íåêîòîðîé ôóíêöèè äëÿ íåêîòîðîé ðèìàíîâîé ìåòðèêè.
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Äîêàçàòåëüñòâî. Èñõîäÿùèå â îñîáûå òî÷êè òðàåêòîðèè ñòðîÿòñÿ òàê,

÷òîáû îíè íå ïåðåñåêàëè äðóãèõ. Ïîýòîìó âìåñòå ñ óñëîâèåì 4) èìååì, ÷òî

òðàåêòîðèè, ïðîõîäÿùèå ÷åðåç îñîáûå òî÷êè, íå ïåðåñåêàþòñÿ ìåæäó ñîáîé

è ðàçáèâàþò êðóã íà êðèâîëèíåéíûå ÷åòûðåõóãîëüíèêè è òðåóãîëüíèêè. Áó-

äåì ñ÷èòàòü, ÷òî òî÷êè, ëåæàùèå íà îäíîé òðàåêòîðèè, èìåþò îáùóþ àáñöè-

ñó, à îðäèíàòû òî÷åê ðàâíû çíà÷åíèþ ôóíêöèè â íèõ. Óñëîâèå 3 ïîçâîëÿåò

ïîñòðîèòü ãðàôèêè ôóíêöèé íà êðàþ êàæäîãî ÷åòûðåõóãîëüíèêà (òðåóãîëü-

íèêà) òàê, ÷òîáû îíè íå ïåðåñåêàëèñü. Òîãäà äëÿ êàæäîãî ÷åòûðåõóãîëüíèêà

(òðåóãîëüíèêà) ïîñòðîèì ãîìåîìîðôèçì åãî íà îáëàñòü ìåæäó ãðàôèêàìè.

Ïðè ýòîì âåðòèêàëüíûå ïðÿìûå ìåæäó ãðàôèêàìè ïåðåéäóò â òðàåêòîðèè

ïîëÿ ãðàäèåíòà è ó íàñ áóäåò çàäàíî çíà÷åíèå ôóíêöèè â êàæäîé òî÷êå ÷å-

òûðåõóãîëüíèêà (òðåóãîëüíèêà). Ñîâïàäåíèå ôóíêöèé íà áîêîâûõ ñòîðîíàõ

ìîæíî äîáèòüñÿ òàê æå, êàê â êðèòåðèè ýêâèâàëåíòíîñòè ôóíêöèé. Òîãäà

ïîëó÷èì íóæíóþ ôóíêöèþ íà êðóãå. Òåîðåìà äîêàçàíà.

5 Ïðèìåðû èñïîëüçîâàíèÿ

Ïîêàæåì êàê ïîñòðîåííóþ ñõåìó è äîêàçàííûå òåîðåìû ìîæíî èñïîëüçî-

âàòü äëÿ ïîäñ÷åòà ÷èñëà íåãîìîòîïíûõ îáùèõ ôóíêöèé íà äèñêå ñ 4 èëè 6

îñîáûìè òî÷êàìè íà ãðàíèöå.

Åñëè ó ôóíêöèè 4 îñîáûå òî÷êè, òî äâå èç íèõ êðèòè÷åñêèå. Èç ïåðâî-

ãî óñëîâèÿ ñëåäóåò, ÷òî ïåðâàÿ òî÷êà � òî÷êà ìèíèìóìà, à òðåòüÿ � òî÷êà

ìàêñèìóìà. Âîçìîæíû äâå òàêèå ïîäñòàíîâêè: (1 2 4 3) è (1 3 4 2). Â êàæ-

äîé èç íèõ äëÿ ìèíèìóìà âîçìîæíû äâå ïàðû: (1,2) è (1,3). Òàêèì îáðàçîì,

ñóùåñòâóåò 4 íåãîìîòîïíûå ôóíêöèè ñ 4 îñîáûìè òî÷êàìè.

Äëÿ øåñòè òî÷åê èç ïåðâîãî óñëîâèÿ âîçìîæíû 2 âàðèàíòà: 1) òî÷êà

ìàêñèìóìà áóäåò òðåòüåé, 2) îíà áóäåò ïÿòîé. Ðàññìîòðèì ïåðâûé ñëó÷àé è

â íåì âàðèàíò, êîãäà âòîðàÿ òî÷êà èìååò çíà÷åíèå 5. Òîãäà äëÿ îñòàâøèõñÿ

òðåõ òî÷åê âîçìîæíû 6 âàðèàíòîâ:

à) (1 5 6 4 3 2). Â ýòîì ñëó÷àå äâå ïàðû. Ïåðâàÿ � (1, 2), (1, 4) èëè (1,

5). Âòîðàÿ � (3, 4) èëè (3,5). Âñåãî 6 âàðèàíòîâ, íî îäèí èç íèõ (1, 4), (3,

5) íå óäîâëåòâîðÿåò óñëîâèþ 4. Ïîýòîìó äëÿ ýòîé ïîäñòàíîâêè ñóùåñòâóåò

5 ôóíêöèé;

á) (1 5 6 2 4 3). Îäíà ïàðà (1, 2), (1, 3), (1, 4) èëè (1, 5). Âñåãî 4 ôóíêöèè;

â) (1 5 6 3 4 2) � òàêæå êàê è â á) 4 ôóíêöèè;

ã) (1 5 6 2 3 4) � íå âûïîëíåíî óñëîâèå ïîâîðîòà îò ìàêñèìóìà äî ìèíè-

ìóìà. Íåò òàêèõ ôóíêöèé;
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ä) (1 5 6 4 2 3). Òðè ïàðû, êîòîðûå íà÷èíàþòñÿ â 1, 5 è 6, à çàêàí÷èâàþòñÿ

íà 2 èëè 3. Ó÷èòûâàÿ óñëîâèå 4 âîçìîæíû 4 âàðèàíòà è, çíà÷èò, 4 ôóíêöèè;

å) (1 5 6 3 2 4) � òàêîé æå âàðèàíò, êàê è ïðåäûäóùèé: 4 ôóíêöèè.

Âñåãî â øåñòè âàðèàíòàõ 21 ôóíêöèÿ.

Íà âòîðîì ìåñòå, âìåñòî 5 ìîæåò áûòü 2, 3 èëè 4. Â êàæäîì èç ýòèõ

âàðèàíòîâ ïî 21 ôóíêöèè. Òî åñòü âñåãî 84 ñ ìàêñèìóìîì íà òðåòüåì ìåñòå.

Ñèòóàöèÿ ñ ìàêñèìóì íà ïÿòîì ìåñòå òàêàÿ æå, êàê è íà òðåòüåì. Òóò

òîæå 84 ôóíêöèè. Òàêèì îáðàçîì, ñóùåñòâóåò 168 íåãîìîòîïíûå ôóíêöèè ñ

6 îñîáûìè òî÷êàìè.

6 Âûâîäû

Íà äâóõìåðíîì äèñêå ñ ðèìàíîâîé ìåòðèêîé ïîëó÷åíà ãîìîòîïè÷åñêàÿ êëàñ-

ñèôèêàöèÿ ôóíêöèé, ó êîòîðûõ íåò âíóòðåííèõ êðèòè÷åñêèõ òî÷åê, à îñî-

áûå òî÷êè (êðèòè÷åñêèå òî÷êè îãðàíè÷åíèÿ íà êðàé è òî÷êè êàñàíèÿ êðàÿ

ïîëÿ ãðàäèåíòà) ëåæàò íà ðàçíûõ óðîâíÿõ è ðàçíûõ òðàåêòîðèÿõ ïîëÿ ãðà-

äèåíòà. Ïîäñ÷èòàíî ÷èñëî íåãîìîòîïíûõ ôóíêöèé ñ 4 è 6 îñîáûìè òî÷êàìè.

Ðåçóëüòàòû ðàáîòû ìîãóò áûòü èñïîëüçîâàíû ïðè êëàññèôèêàöèè îáùèõ

ôóíêöèé íà ðèìàíîâûõ ïîâåðõíîñòÿõ ñ êðàåì. Îíè òàêæå ìîãóò áûòü ïî-

ëåçíûìè ïðè ðàáîòå ñ ðàçíûìè îáúåêòàìè, êîòîðûå çàäàþòñÿ ôóíêöèÿìè

íà äâóõìåðíîì äèñêå, çàâèñÿùèìè îò ïàðàìåòðà (íàïðèìåð, âðåìåíè) .

Ñïèñîê ëèòåðàòóðû

1. Êóäðÿâöåâà Å.À. Ñâÿçíûå êîìïîíåíòû ïðîñòðàíñòâ ôóíêöèé Ìîðñà ñ ôèêñèðîâàí-
íûìè êðèòè÷åñêèìè òî÷êàìè/ Å.À. Êóäðÿâöåâà// Âåñòí. Ìîñê. Óí-òà. Ñåð. 1, Ìàòå-
ìàòèêà. Ìåõàíèêà, â ïå÷àòè (2011). arXiv:1007.4398.

2. Êóäðÿâöåâà Å.À. Î ãîìîòîïè÷åñêîì òèïå ïðîñòðàíñòâ ôóíêöèé Ìîðñà íà ïîâåðõíî-
ñòÿõ /Å.À. Êóäðÿâöåâà// http://arxiv.org/abs/1104.4796

3. Ìàêñèìåíêî C. Êîìïîíåíòû ïðîñòðàíñòâ îòîáðàæåíèé Ìîðñà / Ñ. Ìàêñèìåíêî //
"Íåêîòîðûå ïðîáëåìû ñîâðåìåííîé ìàòåìàòèêè". Òðóäû Èí-òà ìàòåìàòèêè ÍÀÍ
Óêðàèíû, ò. 25 (1998), 135�153.

4. Maksymenko S.I. Path-components of Morse mappings spaces of surfaces / S.I.
Maksymenko// Comment. Math. Helv. 80 (2005), 655-690.

5. Maksimenko S.I. Homotopy types of stabilizers and orbits of Morse functions on surfaces
/ S.I. Maksymenko// Annals of Global Analysis and Geometry, 29 no. 3, (2006) 241-285.

6. Øàðêî Â. Â. Ôóíêöèè íà ïîâåðõíîñòÿõ, I / Â. Â. Øàðêî // Íåêîòîðûå ïðîáëåìû

ñîâðåìåíîé ìàòåìàòèêè. Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � Êèåâ: Èí-ò.
ìàòåìàòèêè ÍÀÍ Óêðàèíû, 1998. � Ò. 25. � Ñ. 408�434.

7. Polulyakh E. On the pseudo-harmonic functions de�ned on a disk / E. Polulyakh, I.
Yurchuk. Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � Êè¨â: Ií-ò ìàòåìàòèêè ÍÀÍ
Óêðà¨íè, 2009. � P. 151.

8. Lychak D. P. Morse functions and �ows on nonorientable surfaces / D. P. Lychak, A. O.
Prishlyak // Methods Funct. Anal. Topology. � 2009. � Vol. 15, no. 3. � Pp. 251�258.

9. Ikegami Kazuichi. Cobordism group of Morse functions on manifolds / Kazuichi Ikegami
// Hiroshima Math. J. � 2004. � Vol. 34, no. 2. � Pp. 211�230.



Ãîìîòîïèÿ ôóíêöèé îáùåãî ïîëîæåíèÿ 49

Àëåêñàíäð Ïðèøëÿê, Åêàòåðèíà Ïðèøëÿê, Íàòàëèÿ Ëóêîâà-

×óéêî

Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà øåâ÷åíêà, Êèåâ, Óêðà-

èíà

E-mail: prishlyak@yahoo.com

Alexandr Prishlyak, Katerina Prishlyak, Nataliya Lukova-Chuyko

Department of Geometry, Taras Shevchenko National University of Kiyv,2,

Glushkova Prospect, Kiyv, Ukraine

Homotopy of function in general position without critical npoints

on Remanian disc

We establish a homotopic classi�cation of functions on 2-disc with

Riemannian metric. The functions don't have interior critical points and all

singular points lie on di�erent levels of the function and on the di�erent

trajectories of the gradient vector �eld. Here the singular points are critical

points and tangent points of the gradient �eld to the boundary.

Пауль Зиберт
Typewritten Text
Одержано 13.1.2012



Proc. Intern. Geom. Center 2012 5(1) 50�61 dω

Î øåñòèìåðíûõ ãðóïïîâûõ òðè-òêàíÿõ ñ òðèâè-
àëüíîé ñåðäöåâèíîé

Ãåãàìÿí Ã.Ä.

Àííîòàöèÿ Íàéäåíû ñòðóêòóðíûå óðàâíåíèÿ ãðóïïîâîé òðè-òêàíè,

ñåðäöåâèíà êîòîðîé òðèâèàëüíà (èçîòîïíà àáåëåâîé ãðóïïå). Óñëîâèÿ

òðèâèàëüíîñòè ñåðäöåâèíû øåñòèìåðíûõ ãðóïïîâûõ òðè-òêàíåé ñâÿçàíû ñ

ðàíãîì ìàòðèöû, îáðàçîâàííîé êîìïîíåíòàìè òåíçîðà êðó÷åíèÿ òêàíè.

Êëþ÷åâûå ñëîâà Òðè-òêàíü Áîëà, ñåðäöåâèíà òêàíè Áîëà, ëîêàëüíî ñèì-

ìåòðè÷åñêîå ïðîñòðàíñòâî, ãðóïïîâàÿ òðè-òêàíü, òðèâèàëüíàÿ ñåðäöåâèíà,

ëîêàëüíî ïëîñêàÿ ñòðóêòóðà

ÓÄÊ 514.7

1 Ââåäåíèå.

Èçâåñòíî [1], [9], ÷òî ëþáàÿ òêàíü Áîëà (ëåâàÿ Bl(r, r, r), ïðàâàÿ Br(r, r, r)

è ñðåäíÿÿ Bm(r, r, r)) èíäóöèðóåò íà áàçå ñîîòâåòñòâåííî ïåðâîãî, âòîðîãî

è òðåòüåãî ñëîåíèÿ ëîêàëüíî ñèììåòðè÷åñêóþ ñòðóêòóðó. Ñîãëàñíî [7] (ñì.

òàêæå [8]) ñèììåòðè÷åñêàÿ ñòðóêòóðà, èíäóöèðóåìàÿ ëåâîé òêàíüþ Áîëà

Bl ≡ Bl(r, r, r) íà áàçå åå ïåðâîãî ñëîåíèÿ, ïîðîæäàåòñÿ ëîêàëüíîé ãëàäêîé

êâàçèãðóïïîé, íàçûâàåìîé ñåðäöåâèíîé òêàíè Bl. Íàïîìíèì, ÷òî ïîíÿòèå

ñåðäöåâèíû âïåðâûå ââåë Â.Ä. Áåëîóñîâ â [2]. Â [8] ïîêàçàíî, ÷òî ñåðäöåâèíà

òêàíè Bl íå èçîòîïíà, âîîáùå ãîâîðÿ, êîîðäèíàòíîé êâàçèãðóïïå ýòîé òêà-

íè. Ñèììåòðè÷åñêàÿ ñòðóêòóðà, ïîðîæäàåìàÿ ñåðäöåâèíîé òêàíè Bl, ìîæåò

áûòü ëîêàëüíî ïëîñêîé [6]. Â ýòîì ñëó÷àå ñåðäöåâèíà òêàíè Bl èçîòîïíà

àáåëåâîé ãðóïïå (òåîðåìà 1). Òàêàÿ ñåðäöåâèíà íàçâàíà òðèâèàëüíîé, à ñî-

îòâåòñòâóþùàÿ òêàíü îáîçíà÷åíà B0
l .
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Ïîíÿòèÿ ñåðäöåâèíû è ëîêàëüíî ñèììåòðè÷åñêîé ñòðóêòóðû îïðåäåëÿ-

þòñÿ òàêæå äëÿ ãðóïïîâîé òðè-òêàíè, òàê êàê ïîñëåäíÿÿ ÿâëÿåòñÿ òêàíüþ

Áîëà, ïðè÷åì îäíîâðåìåííî ëåâîé, ïðàâîé è ñðåäíåé [1]. Â ï. 3, çàïèñàíû

ñòðóêòóðíûå óðàâíåíèÿ ãðóïïîâîé òðè-òêàíè, äëÿ êîòîðîé ñèììåòðè÷åñêàÿ

ñòðóêòóðà ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé (òàêàÿ òêàíü îáîçíà÷åíà R0). Ðàñ-

ñìîòðåíû ÷åòûð¼õìåðíûå (r = 2) è øåñòèìåðíûå (r = 3) òðè-òêàíè R0.

Ïîêàçàíî, ÷òî ïðè r = 2 ëîêàëüíî ïëîñêóþ ñòðóêòóðó, ïîðîæäàåìóþ òðè-

âèàëüíîé ñåðäöåâèíîé, èíäóöèðóåò òîëüêî ïàðàëëåëèçóåìàÿ òðè-òêàíü R0.

Íàïîìíèì [1], ÷òî êîîðäèíàòíàÿ êâàçèãðóïïà ïàðàëëåëèçóåìîé òðè-òêàíè

èçîòîïíà àáåëåâîé ãðóïïå. Äîêàçàíî, ÷òî â ñëó÷àå r = 3, ðàíã ìàòðèöû,

îáðàçîâàííîé êîìïîíåíòàìè òåíçîðà êðó÷åíèÿ øåñòèìåðíîé íåïàðàëëåëè-

çóåìîé ãðóïïîâîé òðè-òêàíè ñ òðèâèàëüíîé ñåðäöåâèíîé, ðàâåí 1 (òåîðåìà

2). Ïðè ýòîì îêàçàëîñü, ÷òî â êëàññå òàêèõ òêàíåé ñóùåñòâóåò òîëüêî îä-

íà ãðóïïîâàÿ òêàíü ñ òðèâèàëüíîé ñåðäöåâèíîé. Îíà ïîðîæäàåòñÿ ãðóïïîé

Γ3,7[3].

1. Îñíîâíûå ïîíÿòèÿ

Îïðåäåëåíèå 1. Òðè-òêàíüþ W (r, r, r) íà 2r-ìåðíîì äèôôåðåíöèðóå-

ìîì ìíîãîîáðàçèè M íàçûâàåòñÿ ñîâîêóïíîñòü òðåõ ãëàäêèõ ñëîåíèé λ1,

λ2 è λ3, ñëîè êîòîðûõ èìåþò ðàçìåðíîñòü r, ïðè÷åì ëþáûå äâà èç ýòèõ

ñëîåíèé íàõîäÿòñÿ â îáùåì ïîëîæåíèè.

Ñëîåíèÿ òêàíè W (r, r, r) ìîãóò áûòü çàäàíû â íåêîòîðûõ ëîêàëüíûõ êî-

îðäèíàòàõ íà ìíîãîîáðàçèèM óðàâíåíèÿìè

λ1 : x = const, λ2 : y = const, λ3 : z = f(x, y) = const, (1)

ãäå x = (x1, ..., xr), x ∈ X, y = (y1, ..., yr), y ∈ Y , z = (z1, ..., zr), z ∈ Z,

f = (f1, ..., fr), f � ãëàäêàÿ ôóíêöèÿ, |∂f
∂x
| 6= 0 è |∂f

∂y
| 6= 0 â êàæäîé òî÷êå

ìíîãîîáðàçèÿM.

Óðàâíåíèå z = f(x, y) ñâÿçûâàåò ïàðàìåòðû x, y è z ñëîåâ ïåðâîãî, âòî-

ðîãî è òðåòüåãî ñëîåíèé òðè-òêàíè W (r, r, r), ïðîõîäÿùèõ ÷åðåç îäíó òî÷êó

ìíîãîîáðàçèÿM, è íàçûâàåòñÿ óðàâíåíèåì òðè-òêàíè W (r, r, r). Ýòî óðàâ-

íåíèå îïðåäåëÿåò òðåõáàçèñíóþ áèíàðíóþ îïåðàöèþ

(·) : X × Y → Z, z = f(x, y) ≡ x · y, (2)

êîòîðàÿ ÿâëÿåòñÿ êâàçèãðóïïîé è íàçûâàåòñÿ ëîêàëüíîé êîîðäèíàòíîé êâà-

çèãðóïïîé òðè-òêàíè W (r, r, r). Ïåðåìåííûå x, y è z, âõîäÿùèå â óðàâíåíèå
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(2), äîïóñêàþò ïðåîáðàçîâàíèÿ âèäà

x̃ = α(x), ỹ = β(y), z̃ = γ(z),

ãäå α, β, γ � ëîêàëüíûå äèôôåîìîðôèçìû. Òðîéêà ëîêàëüíûõ áèåêöèé

(α, β, γ) íàçûâàåòñÿ èçîòîïè÷åñêèì ïðåîáðàçîâàíèåì èëè èçîòîïèåé [1].

Óêàçàííûì èçîòîïè÷åñêèì ïðåîáðàçîâàíèåì óðàâíåíèå (2) ïðèâîäèòñÿ ê âè-

äó

z̃ = f̃(x̃, ỹ) = γ ◦ f(α−1(x̃), β−1(ỹ)).

Ïîñëåäíåå îïðåäåëÿåò êîîðäèíàòíóþ êâàçèãðóïïó íåêîòîðîé äðóãîé òêàíè

W̃ (r, r, r). Òðè-òêàíè W (r, r, r) è W̃ (r, r, r), êîîðäèíàòíûå êâàçèãðóïïû êî-

òîðûõ èçîòîïíû, ÿâëÿþòñÿ ýêâèâàëåíòíûìè [1].

Â ðàáîòå [1] äëÿ òêàíåé W (r, r, r) îïðåäåëåíû îñíîâíûå òèïû êîíôèãó-

ðàöèé, â òîì ÷èñëå êîíôèãóðàöèè Áîëà: ëåâàÿ (Bl), ïðàâàÿ (Br) è ñðåä-

íÿÿ (Bm). Íàïîìíèì îïðåäåëåíèå êîíôèãóðàöèè (Bl) (ñì. ðèñ. 1, ãäå ñëîè

ïåðâîãî, âòîðîãî è òðåòüåãî ñëîåíèé òêàíè èçîáðàæàþòñÿ âåðòèêàëüíûìè,

ãîðèçîíòàëüíûìè è íàêëîííûìè ëèíèÿìè ñîîòâåòñòâåííî).

Ïóñòü a è b � äâà ïðîèçâîëüíûõ äîñòàòî÷íî áëèçêèõ âåðòèêàëüíûõ ñëîÿ

òêàíè, y � ïðîèçâîëüíûé ãîðèçîíòàëüíûé ñëîé. Ïîñëåäíèé ïåðåñåêàåò ñëîé

a â íåêîòîðîé òî÷êå A. ×åðåç A ïðîõîäèò åäèíñòâåííûé íàêëîííûé ñëîé,

êîòîðûé ïåðåñåêàåò ñëîé b â íåêîòîðîé òî÷êå B. Ïðîõîäÿùèé ÷åðåç B ãî-

ðèçîíòàëüíûé ñëîé ïåðåñåêàåò âåðòèêàëüíûé ñëîé a â òî÷êå C; ÷åðåç íåå

ïðîõîäèò åäèíñòâåííûé íàêëîííûé ñëîé, êîòîðûé, â ñâîþ î÷åðåäü, ïåðå-

ñåêàåò ñëîé y â íåêîòîðîé òî÷êå D. Äëÿ äðóãîãî ãîðèçîíòàëüíîãî ñëîÿ ȳ

àíàëîãè÷íûì îáðàçîì ïîëó÷àòñÿ íîâûå òî÷êè Ā, B̄, C̄ è D̄. Åñëè òî÷êè D è

D̄ ëåæàò íà îäíîì è òîì æå âåðòèêàëüíîì ñëîå (íà ðèñ. 1 îí îáîçíà÷åí c),

òî ãîâîðÿò, ÷òî êîíôèãóðàöèÿ (Bl) çàìûêàåòñÿ.

Îïðåäåëåíèå 2. Òðè-òêàíü, íà êîòîðîé çàìûêàþòñÿ âñå äîñòàòî÷íî

ìàëûå êîíôèãóðàöèè (Bl), íàçûâàåòñÿ ëåâîé òêàíüþ Áîëà è îáîçíà÷àåòñÿ

Bl.

Ëîêàëüíàÿ êîîðäèíàòíàÿ êâàçèãðóïïà òêàíè Bl èçîòîïíà ëåâîé ëóïå Áî-

ëà. Íàïîìíèì, ÷òî ëóïà (êâàçèãðóïïà ñ åäèíèöåé) ÿâëÿåòñÿ ëåâîé ëóïîé

Áîëà, åñëè â íåé âûïîëíÿåòñÿ ëåâîå òîæäåñòâî Áîëà: (u ◦ (v ◦ u)) ◦ w =

u ◦ (v ◦ (u ◦ w)), (çäåñü (◦) � îïåðàöèÿ â ëóïå).

Óñëîâèþ çàìûêàíèÿ íà òðè-òêàíè W (r, r, r) êîíôèãóðàöèé (Bl) ñîîòâåò-

ñòâóåò òîæäåñòâî:

f(a, f−1(b, f(a, y))) = f(a ∗ b, y), a, b ∈ X, y ∈ Y, (3)
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ãäå c = a ∗ b, ñì. ðèñ. 1. Îïåðàöèÿ (∗) : X × X → X, c = a ∗ b, ÿâëÿåòñÿ
êâàçèãðóïïîé è íàçûâàåòñÿ ñåðäöåâèíîé òêàíè Bl. Èçâåñòíî [7], ÷òî ýòà êâà-

çèãðóïïà ÿâëÿåòñÿ èäåìïîòåíòîé (a ∗ a = a), ëåâîîáðàòèìîé (a ∗ (a ∗ b) = b)

è ëåâîäèñòðèáóòèâíîé (a ∗ (b ∗ c) = (a ∗ b) ∗ (a ∗ c)). Ïîýòîìó îíà èçîòîïíà

ëåâîé ëóïå Áîëà. Èçâåñòíî òàêæå [8], ÷òî ñåðäöåâèíà òðè-òêàíè íå èçîòîïíà,

âîîáùå ãîâîðÿ, êîîðäèíàòíîé êâàçèãðóïïå ýòîé òêàíè.

2. Ñòðóêòóðíûå óðàâíåíèÿ ëåâîé òêàíè Áîëà

Ñîãëàñíî [7], ñåðäöåâèíà c = a ∗ b ëåâîé òðè-òêàíè Áîëà Bl ≡ Bl(r, r, r)

ïîðîæäàåò íà áàçå X ïåðâîãî ñëîåíèÿ òêàíè ëîêàëüíî ñèììåòðè÷åñêóþ

ñòðóêòóðó, êîòîðàÿ çàäàåòñÿ ñåìåéñòâîì ãëàäêèõ ôóíêöèé Sa, òàêèõ, ÷òî

Sa(b) = a ∗ b äëÿ ëþáûõ a ∈ X è b ∈ Ua ⊂ X, ãäå Ua � äîñòàòî÷íî ìàëàÿ

îêðåñòíîñòü òî÷êè a, ñì. ðèñ. 1. Ïðè ýòîì ôóíêöèè Sa ÿâëÿþòñÿ ëîêàëüíû-

ìè ñèììåòðèÿìè, à ìíîãîîáðàçèå {X,Sa} áóäåò ëîêàëüíî ñèììåòðè÷åñêèì

ïðîñòðàíñòâîì. Ñîîòâåòñòâóþùàÿ ëîêàëüíî ñèììåòðè÷åñêàÿ ñâÿçíîñòü ÿâ-

ëÿåòñÿ àôôèííîé ñâÿçíîñòüþ áåç êðó÷åíèÿ è ñ êîâàðèàíòíî ïîñòîÿííûì

òåíçîðîì êðèâèçíû. Íàïîìíèì, êàê ïîëó÷àþòñÿ ñòðóêòóðíûå óðàâíåíèÿ

óêàçàííîé ñèììåòðè÷åñêîé ñâÿçíîñòè.

Çàïèøåì óðàâíåíèå (2) ïðîèçâîëüíîé òðè-òêàíè W (r, r, r) â íåêîòîðûõ

ëîêàëüíûõ êîîðäèíàòàõ â âèäå:

zi = f i(xj , yk),
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ãäå i, j, k, ... = 1, r. Äèôôåpåíöèpóÿ ïîñëåäíèå óðàâíåíèÿ è îáîçíà÷àÿ f̄ ij =

∂f i

∂xj
, f̃ ij =

∂f i

∂yj
, ïîëó÷èì óðàâíåíèÿ:

dzi = f̄ ijdx
j + f̃ ijdy

j .

Ïîëîæèì:

ω
1

i = f̄ ijdx
j , ω

2

i = f̃ ijdy
j .

Òîãäà â ñèëó (1) ñëîåíèÿ òêàíè W (r, r, r) áóäóò îïðåäåëÿòüñÿ óðàâíåíèÿìè:

λ1 : ω
1

i = 0, λ2 : ω
2

i = 0, λ3 : ω
3

i def≡ ω
1

i + ω
2

i = 0.

Ôîðìû ω
1

i è ω
2

i îáðàçóþò íà ìíîãîîáðàçèè M, íåñóùåì òêàíü W (r, r, r),

êîáàçèñ è óäîâëåòâîðÿþò ñëåäóþùèì ñòðóêòóðíûì óðàâíåíèÿì:

dω
1

i = ω
1

j ∧ ωi
j + aijkω1

j ∧ ω
1

k, dω
2

i = ω
2

j ∧ ωi
j − aijkω2

j ∧ ω
2

k, (4)

dωi
j = ωk

j ∧ ωi
k + bijklω

1

k ∧ ω
2

l. (5)

Âåëè÷èíû aijk è bijkl ÿâëÿþòñÿ òåíçîðàìè è íàçûâàþòñÿ ñîîòâåòñòâåííî òåí-

çîðàìè êðó÷åíèÿ è êðèâèçíû òðè-òêàíèW (r, r, r). Îíè ñâÿçàíû ðàâåíñòâàìè

bi[jkl] = 2am[jka
i
|m|l]

è óäîâëåòâîðÿþò óðàâíåíèÿì:

∇aijk ≡ daijk − aimkω
m
j − aijmωm

k + amjkω
i
m = bi[j|l|k]ω1

l + bi[jk]lω2
l, (6)

Â óðàâíåíèÿõ (6) ÷åðåç ∇ îáîçíà÷åí îïåðàòîð êîâàðèàíòíîãî äèôôåðåí-

öèðîâàíèÿ â àôôèííîé ñâÿçíîñòè Γ , êîòîðàÿ îïðåäåëÿåòñÿ íà ìíîãîîáðàçèè

M ôîðìàìè (ω
1

i, ω
2

i) è

(
ωi
j 0

0 ωi
j

)
. Îíà íàçûâàåòñÿ êàíîíè÷åñêîé àôôèííîé

ñâÿçíîñòüþ (èëè ñâÿçíîñòüþ ×åðíà).

Ñîãëàñíî [1] ñâÿçíîñòü Γ âõîäèò â ïó÷îê àôôèííûõ ñâÿçíîñòåé γ(W ),

îïðåäåëÿåìûõ ôîðìàìè

Ωi
j = ωi

j + aijk(pω
1

k + qω
2

k),

ãäå p è q � ïîñòîÿííûå. Â ÷àñòíîñòè, ïðè p = 1 è q = 0 ïîëó÷àåì ñâÿçíîñòü,

îïðåäåëÿåìóþ ôîðìàìè

ω̃i
j = ωi

j + aijkω
1

k. (7)

Ñ ó÷åòîì ðàâåíñòâ (7) è óñëîâèé

bi(jk)l = 0, (8)
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õàðàêòåðèçóþùèõ ëåâûå òêàíè Áîëà, ñòðóêòóðíûå óðàâíåíèÿ (4), (5) òðè-

òêàíè Bl ≡ Bl(r, r, r) ïðèâîäÿòñÿ ê âèäó:

dω
1

i = ω
1

j ∧ ω̃i
j ,

dω
2

i = ω
2

j ∧ ω̃i
j − aijkω2

j ∧ ω
3

k,

dω̃i
j = ω̃k

j ∧ ω̃i
k + R̃i

jklω1
k ∧ ω

1

l,

(9)

ãäå

R̃i
jkl =

1

4
(biklj − 2aimja

m
kl). (10)

Èç óðàâíåíèé (9) ñëåäóåò, ÷òî ôîðìû {ω
1

i, ω̃i
j} îïðåäåëÿþò íà áàçå ïåð-

âîãî ñëîåíèÿ òðè-òêàíè W (r, r, r) àôôèííóþ ñâÿçíîñòü (îáîçíà÷èì åå Γ̃ ),

êîòîðàÿ íå èìååò êðó÷åíèÿ, à åå òåíçîð êðèâèçíû R̃i
jkl ÿâëÿåòñÿ êîâàðèàíò-

íî ïîñòîÿííûì:

∇̃R̃i
jkl = 0,

(çäåñü ∇̃ � îïåðàòîð êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ â ñâÿçíîñòè Γ̃ ).

Ñëåäîâàòåëüíî, ñâÿçíîñòü Γ̃ ÿâëÿåòñÿ ëîêàëüíî ñèììåòðè÷åñêîé [5].Îíà ïî-

ðîæäàåòñÿ ñåðäöåâèíîé òêàíè Bl. Ïîêàçàíî òàêæå, ÷òî

∇̃aijk =
1

2
bijkl(ω

3

l + ω
2

l), (11)

∇̃bijkl = (aiplb
p
jkm + apjkb

i
plm)(ω

3

m + ω
2

m), (12)

à òåíçîðû êðó÷åíèÿ è êðèâèçíû òêàíè Bl ñâÿçàíû ñîîòíîøåíèÿìè:

aiplb
p
jkm − a

i
pmb

p
jkl + biplma

p
jk − b

i
pmla

p
jk + bijkpa

p
lm = 0. (13)

Â ÷àñòíîñòè, ñâÿçíîñòü Γ̃ ìîæåò áûòü ëîêàëüíî ïëîñêîé, òî åñòü åå òåíçîð

êðèâèçíû ðàâåí íóëþ:

R̃i
jkl = 0. (14)

Òàêóþ ñâÿçíîñòü îáîçíà÷èì Γ̃ 0, à ñîîòâåòñòâóþùóþ òêàíü îáîçíà÷èì B0
l .

Ñòðóêòóðíûå óðàâíåíèÿ òêàíè B0
l ïîëó÷àþòñÿ ñëåäóþùèì îáðàçîì. Èç

(9) â ñèëó (14) ïîëó÷àåì óðàâíåíèÿ:

dω̃i
j = ω̃k

j ∧ ω̃i
k.

Èç íèõ ñëåäóåò, ÷òî ñèñòåìà

ω̃i
j = 0 (15)
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ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé íà ìíîãîîáðàçèèM, íåñóùåì òðè-òêàíü B0
l .

Ñ ó÷åòîì (15) çàïèøåì ñòðóêòóðíûå óðàâíåíèÿ (9) â âèäå:

dω
1

i = 0,

dω
2

i = −aijkω2
j ∧ ω

3

k.
(16)

Èç (10) â ñèëó (14) ñëåäóþò ðàâåíñòâà

bijkl = 2aimla
m
jk. (17)

Óðàâíåíèÿ (10) â ñèëó (14) è (16) ïðèìóò ñëåäóþùèé âèä:

∇̃aijk ≡ daijk = aimla
m
jk(ω

3

l + ω
2

l). (18)

Äèôôåðåíöèðóÿ óðàâíåíèÿ (18), ïîëó÷èì ðàâåíñòâà:

aipqa
p
jka

q
ml = 0. (19)

Òàêèì îáðàçîì, ñòðóêòóðíûå óðàâíåíèÿ òðè-òêàíè B0
l (è òîëüêî òàêîé

òêàíè) ïðèâîäÿòñÿ ê âèäó (16), ãäå òåíçîð êðó÷åíèÿ aijk óäîâëåòâîðÿåò óðàâ-

íåíèÿì (18) è ñîîòíîøåíèÿì (19).

Äîïóñòèì, ÷òî ñåðäöåâèíà òêàíè Bl èçîòîïíà àáåëåâîé ãðóïïå (òàêàÿ

ñåðäöåâèíà íàçûâàåòñÿ òðèâèàëüíîé). Â ýòîì ñëó÷àå ñâÿçíîñòü Γ̃ áóäåò ëî-

êàëüíî ïëîñêîé [6], ïîýòîìó òêàíü Bl ÿâëÿåòñÿ òêàíüþ B0
l . Íåòðóäíî ïîêà-

çàòü, ÷òî îáðàòíîå óòâåðæäåíèå òàêæå âåðíî, òî åñòü ñåðäöåâèíà, ïîðîæäà-

åìàÿ òêàíüþ B0
l , èçîòîïíà àáåëåâîé ãðóïïå. Ñïðàâåäëèâà

Òåîðåìà 1 Ëîêàëüíî ñèììåòðè÷åñêàÿ ñâÿçíîñòü Γ̃ , èíäóöèðóåìàÿ ëåâîé

òêàíüþ Áîëà Bl íà áàçå åå ïåðâîãî ñëîåíèÿ, ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé â

òîì è òîëüêî â òîì ñëó÷àå, åñëè ñåðäöåâèíà c = a ∗ b òêàíè Bl èçîòîïíà

àáåëåâîé ãðóïïå.

3. Ãðóïïîâàÿ òðè-òêàíü ñ òðèâèàëüíîé ñåðäöåâèíîé

Ïóñòü W (r, r, r) � ãðóïïîâàÿ òðè-òêàíü, ïîðîæäàåìàÿ r-ìåðíîé ãðóïïîé

Ëè G, ñì. [1]. Îáîçíà÷èì òàêóþ òêàíü R. Èçâåñòíî, ÷òî òåíçîð êðèâèçíû

ãðóïïîâîé òðè-òêàíè ðàâåí íóëþ:

bijkl = 0, (20)

à òåíçîð êðó÷åíèÿ aijk ÿâëÿåòñÿ ñòðóêòóðíûì òåíçîðîì ãðóïïû G. Èçâåñòíî

òàêæå, ÷òî ãðóïïîâàÿ òðè-òêàíü ÿâëÿåòñÿ ëåâîé òêàíüþ Áîëà (óñëîâèÿ (8)
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âûòåêàþò èç (20)). Ïîýòîìó ãðóïïîâàÿ òêàíü èíäóöèðóåò íà áàçå ïåðâîãî

ñëîåíèÿ ëîêàëüíî ñèììåòðè÷åñêóþ ñâÿçíîñòü Γ̃ . Èç (10) â ñèëó (20) ñëåäóåò,

÷òî òåíçîð êðèâèçíû R̃i
jkl ñâÿçíîñòè Γ̃ îïðåäåëÿåòñÿ ïî ôîðìóëå:

R̃i
jkl = −1

2
aimja

m
kl.

Î ñèììåòðè÷åñêîé ñòðóêòóðå, ñâÿçàííîé ñ ãðóïïîé Ëè, ñì. òàêæå â [4].

Ðàññìîòðèì ãðóïïîâóþ òðè-òêàíü R, äëÿ êîòîðîé ñâÿçíîñòü Γ̃ ÿâëÿåòñÿ

ëîêàëüíî ïëîñêîé, òî åñòü âûïîëíÿþòñÿ óñëîâèÿ (14). Òàêàÿ ñâÿçíîñòü îáî-

çíà÷åíà âûøå Γ̃ 0. Ñîîòâåòñòâóþùóþ ãðóïïîâóþ òêàíü îáîçíà÷èì R0. Äëÿ

òêàíè R0 ðàâåíñòâà (17) è (18) â ñèëó (20) ïðèìóò ñîîòâåòñòâåííî âèä

aimla
m
jk = 0, (21)

daijk = 0. (22)

Îòìåòèì, ÷òî ðàâåíñòâà (19) â ñèëó (21) óäîâëåòâîðÿþòñÿ òîæäåñòâåííî.

Âåðíî

Ïðåäëîæåíèå. Ñòðóêòóðíûå óðàâíåíèÿ ãðóïïîâîé òðè-òêàíè R0,

îïðåäåëÿåìîé r-ìåðíîé ãðóïïîé Ëè G, ïðèâîäÿòñÿ ê âèäó (16), ãäå âåëè÷è-

íû aijk îáðàçóþò ñòðóêòóðíûé òåíçîð ãðóïïû G, ÿâëÿþòñÿ ïîñòîÿííûìè

è óäîâëåòâîðÿþò ñîîòíîøåíèÿì (21).

Ïî òåîðåìå 1 ñåðäöåâèíà òêàíè R0 èçîòîïíà àáåëåâîé ãðóïïå, òî åñòü

ÿâëÿåòñÿ òðèâèàëüíîé. Ïðè ýòîì êîîðäèíàòíàÿ ãðóïïà òêàíè R0 íå îáÿçàíà

áûòü àáåëåâîé, ïîñêîëüêó èçâåñòíî, ÷òî ñåðäöåâèíà òêàíè íå èçîòîïíà, âî-

îáùå ãîâîðÿ, êîîðäèíàòíîé êâàçèãðóïïå òêàíè. Òàêèì îáðàçîì, òðè-òêàíü

R0 íå ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, ïàðàëëåëèçóåìîé. Íàéäåì òêàíè R0, ïîðîæ-

äàåìûå äâóìåðíûìè è òðåõìåðíûìè ãðóïïàìè Ëè.

Ïðè r = 2 ðàâåíñòâà (21) ïðèìóò âèä:

a112a
1
12 = 0, a112a

2
12 = 0, a212a

2
12 = 0.

Ñëåäîâàòåëüíî, a112 = a212 = 0, ïîýòîìó ãðóïïàG àáåëåâà, à ñîîòâåòñòâóþùàÿ

òêàíü R0 ïàðàëëåëèçóåìàÿ. Îíà çàäàåòñÿ óðàâíåíèÿìè{
z1 = x1 + y1,

z2 = x2 + y2.

Ñåðäöåâèíà ýòîé òêàíè îïðåäåëÿåòñÿ â ñèëó (3) óðàâíåíèÿìè{
c1 = 2a1 − b1,
c2 = 2a2 − b2.
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è òàêæå èçîòîïíà àáåëåâîé ãðóïïå. Ñîãëàñíî ñêàçàííîìó âûøå, îíà ïîðîæ-

äàåò ëîêàëüíî ïëîñêóþ ñâÿçíîñòü Γ̃ 0.

Ïðè r = 3 ïîëó÷èì ñèñòåìó óðàâíåíèé:

a112a
2
12 + a113a

3
12 = 0,

a112a
1
12 − a123a312 = 0,

a113a
1
12 + a123a

2
12 = 0,

a112a
2
13 + a113a

3
13 = 0,

a112a
1
13 − a123a313 = 0,

a113a
1
13 + a123a

2
13 = 0,

a112a
2
23 + a113a

3
23 = 0,

a123(a112 − a323) = 0,

a123(a113 + a223) = 0,

a212a
2
12 + a213a

3
12 = 0,

a212a
1
12 − a223a312 = 0,

a213a
1
12 + a223a

2
12 = 0,

a212a
1
13 − a223a313 = 0,

a212a
2
23 + a213a

3
23 = 0,

a212a
1
23 − a223a323 = 0,

a213a
1
23 + a223a

2
23 = 0,

a213(a212 + a313) = 0,

a213(a113 + a223) = 0,

a313a
1
12 + a323a

2
12 = 0,

a312a
2
13 + a313a

3
13 = 0,

a312a
1
13 − a323a313 = 0,

a313a
1
13 + a323a

2
13 = 0,

a312a
2
23 + a313a

3
23 = 0,

a312a
1
23 − a323a323 = 0,

a313a
1
23 + a323a

2
23 = 0,

a312(a212 + a313) = 0,

a312(a112 − a323) = 0.

(23)

Ïðè ýòîì êîìïîíåíòû òåíçîðà êðó÷åíèÿ îáðàçóþò ìàòðèöó

A =

a112 a
1
13 a

1
23

a212 a
2
13 a

2
23

a312 a
3
13 a

3
23

 . (24)

Åñëè ìàòðèöà A íóëåâàÿ, òî ðàâåíñòâà (23) óäîâëåòâîðÿþòñÿ òîæäåñòâåííî.

Â ýòîì ñëó÷àå ãðóïïà G àáåëåâà, à ñîîòâåòñòâóþùàÿ òêàíü R0 ïàðàëëåëè-

çóåìàÿ. Îíà îïðåäåëÿåòñÿ óðàâíåíèÿìè:
z1 = x1 + y1,

z2 = x2 + y2,

z3 = x3 + y3,

(25)

à åå ñåðäöåâèíà 
c1 = 2a1 − b1,
c2 = 2a2 − b2,
c3 = 2a3 − b3

(26)

èçîòîïíà àáåëåâîé ãðóïïå è ïîðîæäàåò ëîêàëüíî ïëîñêóþ ñâÿçíîñòü Γ̃ 0.

Äîïóñòèì, ÷òî ìàòðèöà A íåíóëåâàÿ. Ïóñòü, íàïðèìåð, a123 6= 0. Çàïèøåì

ïîä÷åðêíóòûå ðàâåíñòâà ñèñòåìû (23) â âèäå:

λ1a112 + µ1a212 = 0, λ1a113 + µ1a213 = 0, λ1a123 + µ1a223 = 0,

λ2a112 + µ2a312 = 0, λ2a113 + µ2a313 = 0, λ2a123 + µ2a323 = 0,

ãäå λ1 = a113, µ
1 = a123, λ

2 = a112, µ
2 = −a123. Îíè ïîêàçûâàþò, ÷òî âòîðàÿ è

òðåòüÿ ñòðîêè ìàòðèöû A ïðîïîðöèîíàëüíû ïåðâîé ñòðîêå, ñëåäîâàòåëüíî,

rank A = 1.
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Åñëè æå a123 = 0, òî ïåðâàÿ ñòðîêà ìàòðèöû A áóäåò íóëåâîé, ïðè ýòîì

èç ñèñòåìû (23) ñëåäóþò ðàâåíñòâà:

λ3a212 + µ3a312 = 0, λ3a213 + µ3a313 = 0, a223 = a323 = 0,

ãäå λ3 = a212, µ
3 = a213. Çíà÷èò, ïðè a213 6= 0 òðåòüÿ ñòðîêà ìàòðèöû A

ïðîïîðöèîíàëüíà âòîðîé ñòðîêå, ïîýòîìó rank A = 1.

Â ñëó÷àå a213 = 0 èç ñèñòåìû (23) ïîëó÷èì:

a212 = a223 = 0,

òî åñòü âòîðàÿ ñòðîêà ìàòðèöû A òàêæå íóëåâàÿ, ñëåäîâàòåëüíî, rank A = 1.

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 2 Ðàíã ìàòðèöû, îáðàçîâàííîé êîìïîíåíòàìè òåíçîðà êðó÷å-

íèÿ øåñòèìåðíîé íåïàðàëëåëèçóåìîé ãðóïïîâîé òðè-òêàíè ñ òðèâèàëüíîé

ñåðäöåâèíîé, ðàâåí 1.

Êàê óæå ñêàçàíî âûøå, òåíçîð êðó÷åíèÿ aijk ãðóïïîâîé òêàíè ÿâëÿåò-

ñÿ ñòðóêòóðíûì òåíçîðîì ãðóïïû G, ïîðîæäàþùåé ýòó òêàíü. Ñîãëàñíî [3],

êëàññ òðåõìåðíûõ ãðóïï Ëè, äëÿ êîòîðûõ ðàíã ìàòðèöû, îáðàçîâàííîé êîì-

ïîíåíòàìè ñòðóêòóðíîãî òåíçîðà ãðóïïû, ðàâåí 1, ñîñòîèò èç äâóõ ãðóïï:

Γ3,6 :


z1 = x1 + y1,

z2 = x2 + y2,

z3 = ey
2

x3 + y3;

Γ3,7 :


z1 = x1 + y1,

z2 = x2 + y2,

z3 = x3 + y3 + x2y1 − x1y2.

Ñ äðóãîé ñòîðîíû, ýòè óðàâíåíèÿ îïðåäåëÿþò êîîðäèíàòíûå ãðóïïû ñî-

îòâåòñòâóþùèõ òðè-òêàíåé. Èñïîëüçóÿ óðàâíåíèÿ (3), íàéäåì ñåðäöåâèíó

òðè-òêàíè, ïîðîæäàåìîé ãðóïïîé Γ3,6. Ïîëó÷èì óðàâíåíèÿ:
c1 = 2a1 − b1,
c2 = 2a2 − b2,
c3 = ea

2−b2(a3 − b3) + a3.

Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî íàéäåííàÿ ñåðäöåâèíà íå èçî-

òîïíà àáåëåâîé ãðóïïå, òî åñòü òðèâèàëüíîé íå ÿâëÿåòñÿ. Àíàëîãè÷íî íàé-

äåì ñåðäöåâèíó òêàíè, ïîðîæäàåìîé ãðóïïîé Γ3,7. Ïîëó÷èì óðàâíåíèÿ âèäà

(26). Ñëåäîâàòåëüíî , ýòà òêàíü èìååò òðèâèàëüíóþ ñåðäöåâèíó.

Òàêèì îáðàçîì, âåðíà



60 Ã.Ä. Ãåãàìÿí

Òåîðåìà 3 Ãðóïïîâàÿ òðè-òêàíü, ïîðîæäàåìàÿ òðåõìåðíîé ãðóïïîé Ëè

Γ3,7, ÿâëÿåòñÿ åäèíñòâåííîé øåñòèìåðíîé íåïàðàëëåëèçóåìîé ãðóïïîâîé

òêàíüþ ñ òðèâèàëüíîé ñåðäöåâèíîé.

Çàêëþ÷åíèå

Â ðàáîòå íàéäåíû ñòðóêòóðíûå óðàâíåíèÿ ãðóïïîâîé òðè-òêàíè, ñåðäöå-

âèíà êîòîðîé ÿâëÿåòñÿ òðèâèàëüíîé, òî åñòü èçîòîïíà àáåëåâîé ãðóïïå. Ðàñ-

ñìîòðåíû âñå êëàññû òàêèõ ÷åòûð¼õìåðíûõ (r = 2) è øåñòèìåðíûõ (r = 3)

òðè-òêàíåé. Îêàçàëîñü, ÷òî ïðè r = 2 òðèâèàëüíóþ ñåðäöåâèíó èìååò òîëüêî

ãðóïïîâàÿ òðè-òêàíü, îïðåäåëÿåìàÿ àáåëåâîé ãðóïïîé, òî åñòü ïàðàëëåëèçó-

åìàÿ òðè-òêàíü. Â ñëó÷àå r = 3, êðîìå ïàðàëëåëèçóåìîé, ñóùåñòâóåò åùå

òîëüêî îäíà ãðóïïîâàÿ òðè-òêàíü ñ òðèâèàëüíîé ñåðäöåâèíîé (òåîðåìà 3),

ïðè ýòîì ñîîòâåòñòâóþùàÿ ãðóïïà Ëè (êîîðäèíàòíàÿ ãðóïïà òêàíè) ÿâëÿåò-

ñÿ ãðóïïîé Γ3,7 [3], äëÿ êîòîðîé ðàíã ìàòðèöû, îáðàçîâàííîé êîìïîíåíòàìè

ñòðóêòóðíîãî òåíçîðà ãðóïïû, ðàâåí 1.

Ñïèñîê ëèòåðàòóðû

1. Ì. À. Àêèâèñ, A. M. Øåëåõîâ. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ // ìîíî-
ãðàôèÿ / Òâåðü, ÒâÃÓ, 2010, 308 ñ.

2. Â. Ä. Áåëîóñîâ. Ñåðäöåâèíà ëóïû Áîëà // Â ñá. Èññëåäîâàíèÿ ïî îáùåé àëãåáðå,
Êèøèíåâ, 1965, ñ. 53 � 65.

3. Ì. Â. Âàñèëüåâà. Ãðóïïû Ëè ïðåîáðàçîâàíèé // Ì.: Ìîñê. ãîñ. ïåä. èí-ò, 1969, 175
ñ.

4. Ý. Êàðòàí. Ãåîìåòðèÿ ãðóïï Ëè è ñèììåòðè÷åñêèå ïðîñòðàíñòâà // Ì.: ÈË, 1949.
5. Î. Ëîîñ. Ñèììåòðè÷åñêèå ïðîñòðàíñòâà // Ì.: Íàóêà, 1985.
6. Ã. À. Òîëñòèõèíà. Î ëîêàëüíî ïëîñêîé ñòðóêòóðå, ñâÿçàííîé ñ òêàíüþ Áîëÿ // Àë-

ãåáðàè÷åñêèå ìåòîäû â ãåîìåòðèè. Ì.: ÐÓÄÍ, 1992, ñ. 56 � 61.
7. Ã. À. Òîëñòèõèíà. Î ëîêàëüíî ñèììåòðè÷åñêîé ñòðóêòóðå, ñâÿçàííîé ñ îáîáùåííîé

ëåâîé òðè-òêàíüþ Áîëà Bl(p, q, q) // Ãåîìåòðiÿ, òîïîëîãiÿ òà iõ çàñòîñóâàííÿ. Çá.
ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðàiíè, 2009, T. 6, � 2, c. 247 � 255.

8. Ã. À. Òîëñòèõèíà. Îá óñëîâèÿõ èçîòîïèè êîîðäèíàòíîé êâàçèãðóïïû è ñåðäöåâèíû
ëåâîé òêàíè Áîëà // Èçâåñòèÿ ÏÃÏÓ èì. Â.Ã. Áåëèíñêîãî / Ñåðèÿ: ôèç.-ìàòåì. è
òåõí. íàóêè, ðàçäåë: ìàòåìàòèêà, � 4 (26), 2011, ñ. 255 � 262.

9. Â. È. Ôåäîðîâà. Îá óñëîâèè, îïðåäåëÿþùåì ìíîãîìåðíûå òðè-òêàíè Áîëÿ // Ñèá.
ìàò. æ. 19 1978, � 4, c. 922 � 928.



Î øåñòèìåðíûõ ãðóïïîâûõ òðè-òêàíÿõ ñ òðèâèàëüíîé ñåðäöåâèíîé 61

Ãåãàìÿí Ã.Ä.

Êàôåäðà ôóíêöèîíàëüíîãî àíàëèçà è ãåîìåòðèè

Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ

E-mail: geg geghamyan@yahoo.com

G. Geghamyan

Tver State University, Russia.

About six-dimensional group three-webs with trivial core

In this paper we have found structural equations of group three-web, the core

of which is trivial(isotopic to Abelian Group). The conditions of triviality of the

six-dimensional group three-webs' core are bound with rank of matrix formed

by components of torsion tenzor of the web.

Пауль Зиберт
Typewritten Text
Одержано 27.9.2011



Óêðà¨íñüêîþ, ðîñiéñüêîþ òà àíãëiéñüêîþ ìîâîþ

Çàðå¹ñòðîâàíî Ìiíiñòåðñòâîì þñòèöi¨ Óêðà¨íè

Ñâiäîöòâî : Ñåðiÿ ÊÂ � 13819 - 2793Ð âiä 19.11.2007

Æóðíàë ¹ íàóêîâèì ôàõîâèì âèäàííÿì Óêðà¨íè â ãàëóçi
ìàòåìàòè÷íèõ íàóê
(ïåðåëiê � 1-05/3 âiä 14.04.2010 // Áþëåòåíü ÂÀÊ Óêðà¨íè. 2010.
� 4 )



Íàêëàä 300 ïðèìiðíèêiâ. Çàì. � 320.

Àäðåñà ðåäàêöi¨:
Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié,
êàôåäðà âèùî¨ ìàòåìàòèêè,
âóë. Êàíàòíà, 112, ì. Îäåñà, 65 039 Óêðà¨íà
E-mail: geom-odessa@ukr.net
website: http://www.onaft.edu.ua/?view=journal4

íàäðóêîâàíî ç ãîòîâîãî îðèãiíàë-ìàêåòà
Âèäàâíèöòâî i äðóêàðíÿ "Åêîëîãiÿ"

65045, ì. Îäåñà, âóë. Áàçàðíà, 106, ê. 313
Òåë.: (0482) 33-07-18, 33-07-95, 37-15-27

Ñâiäîöòâî ñóá'¹êòà âèäàâíè÷î¨ ñïðàâè ÄÊ � 1873 âiä 20.07.2004ð.

ISSN 2072-9812. ÏÐÀÖI ÌIÆÍÀÐÎÄ. ÃÅÎÌÅÒÐ. ÖÅÍÒÐÓ.
2012. ÒÎÌ 1. �1. 1-64


