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A COARSE CHARACTERIZATION OF THE BAIRE
MACRO-SPACE

T. BANAKH, I. ZARICHNYI

ABSTRACT. We prove that each coarsely homogenous separable metric space
X is coarsely equivalent to one of the spaces: the sigleton 1, the Cantor macro-
cube 2<N or the Baire macro-space w<N. This classification is derived from
coarse characterizations of the Cantor macro-cube 2<N given in [1] and of the
Baire macro-space w<N given in this paper. Namely, we prove that a separable
metric space X is coarsely equivalent to w<N if any only if X has asymptotic
dimension zero and has unbounded geometry in the sense that for every § < oo
there is € < oo such that no e-ball in X can be covered by finitely many sets
of diameter < §.

This paper is devoted to the characterization of the Baire macro space in the
coarse category. The Baire macro-space w<V is an asymptotic counterpart of the
classical Baire space w* = [[“w which is the Tychonoff product of countably
many copies of w. The Baire macro-space is defined as the countable coproduct of
countably many copies of w. For a non zero cardinal x the coproduct

k<N = HFE = {(2)ien € Y: In € NVi > n z; = 0}
€N
is the metric space endowed with the ultrametric
d((z:)ien, (Yi)ien) = max({0} U {i € N: z; # y;}).

For k = 2 and k = w the coproducts x<V have special names:

o 2<N ig called the Cantor macro-cube;
o w<Nis called the Baire macro-space.

In Theorem 1 we shall prove that up to the coarse equivalence these two spaces
exhaust all possible types of coarsely homogeneous unbounded separable metric
spaces of asymptotic dimension zero.

The coarse equivalence of metric spaces can be defined with help of multi-maps.
By a multi-map ® : X = Y between two sets X,Y we understand any subset
® C X xY. For asubset A C X by ®(A) ={y €Y : Ja € A with (a,y) € P} we
denote the image of A under the multi-map ®. Given a point € X we write ®(z)
instead of ®({z}).

The inverse ! : Y = X of the multi-map ® is the multi-map

Pl ={(y,2) Y x X :(z,y) €P}CY x X
assigning to each point y € Y the set ®~}(y_{x € X : y € ®(x)}. For two multi-

maps ®: X = Y and ¥ : Y = Z we define their composition ¥ o @ : X = Z as
usual:

Vod={(z,2z) € X x Z:3y €Y such that (z,y) € ® and (y,z) € U}.

1991 Mathematics Subject Classification. 54E35, 54E40.
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A COARSE CHARACTERIZATION OF THE BAIRE MACRO-SPACE 7

A multi-map @ is called surjective if ®(X) = Y and bijective if ® C X x Y
coincides with the graph of a bijective (single-valued) function.

The oscillation of a multi-map ® : X = Y between metric spaces is the function
wg : [0,00) — [0, o0] assigning to each 6 > 0 the (finite or infinite) number

wa () = sup{diam (®(A4)) : A C X, diam (A) < §}.

Observe that wg(0) = 0 if and only if ® is at most single-valued in the sense that
|®(x)] <1 for any z € X.

A multi-map ® : X = Y between metric spaces X and Y is called macro-uniform
if for every § < oo the oscillation wg(d) is finite.

A multi-map ® : X = Y is called a macro-uniform embedding if ®~1(Y) = X
and both multi-maps ® and ®~! are macro-uniform. If, in addition, ®(X) =Y,
then @ is called a macro-uniform equivalence. Two metric spaces X,Y are called
macro-uniformly equivalent if there is a macro-uniform equivalence ¢ : X = Y.

Let € € [0,00). By the e-connected component of a point z of a metric space
X we understand the subset C.(x) consisting of all points y € X that can be
linked with z by a sequence of points « = x, ..., x, = y such that d(z;_1,2;) < ¢
for all © < n. Such a sequence z1,...,x, is called an e-chain. It is easy to see
that two e-connected componenets C.(z), Cc(y) either coincide or are e-disjoint
in the sense that d(z',y’) > ¢ for any points #' € C.(z), ¥ € Ce:(y). Thus,
Ce(X) ={C.(x): x € X} is a disjoint cover of the metric space X.

In an ultrametric space the e-connected components C,,(x) coincide with closed
e-balls B.(z) = {y € X : d(z,y) < e}. We recall that a metric space X is
ultrametric if its metric dx satisfies the strong triangle inequality:

d(z,z) < max{d(x,y),d(y,z)} forall z,y,z € X.

A metric space X has asymptotic dimension zero if for all € > 0 the cover
Ce(X) has meshC.(X) < oo. It is known that each metric space X of asymptotic
dimension zero is macro-uniformly equivalent to an ultrametric space [3].

Next, we need to introduce two cardinal characteristics cov§ (X) and Covy (X)
of a metric space X related to capacities of its balls. For a subset A C X let
covs(A) be the smallest cardinality |U| of cover U of A with mesh (i) < §, where
mesh (U) = sup,, o, diam U.

For positive real numbers §, ¢ consider the following two cardinals:

cov§(X) = gIcIél)I(l covs(B:(x)),
Cov§(X) = sup covs(B:(z)),
zeX
where B, (z) stands for the closed e-ball centered at z.

Definition 1. We say that a metric space X

e has bounded geometry, if there exists 6 > 0 such that for every e € [J, c0)
Cov(X) < 0.

e has unbounded geometry, if for every & < oo there exists € < oo such that
covs(X) > w;

e has asymptotically isolated balls if there is & < oo such that for every e < oo
covs(X) =1.

Finally we recall the definition of a coarsely homogeneous metric space, intro-
duced and studied in [2].
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A metric space X is called

e isometrically homogeneous if for any points x,y € X there is a bijective
isometry f: X — X such that f(z) = y;

e coarsely homogeneous if there is a function ¢ : [0,00) — [0,00) such that
for any points x,y € X there is a macro-uniform equivalence ® : X = X
such that y € ®(z) and we < ¢ and wg-—1 < @.

It is clear that each isometrically homogeneous metric space is coarsely homoge-
neous. In particular, for each cardinal x the space k<Y is isometrically and coarsely
homogeneous. By [2], the coarse homogeneity is preserved by macro-uniform equiv-
alences. So, each metric space that is coarsely equivalent to 2<N or w<N is coarsely
homogeneous.

Theorem 1 (Macro-classification). Every nonempty coarsely homogeneous separa-
ble metric space X of asymptotic dimension zero is macro-uniformly equivalent to
one of the next three spaces:

e 1 if and only if X is bounded;
o 2<N if and only if X is unbounded and has bounded geometry;
o w<N if and only if X has unbounded geometry.

This theorem follows from the coarse characterizations of the Cantor macro-
cube and Baire macro-space presented in Theorems 2 and 3. The following coarse
characterization [1] of the Cantor macro-cube 2<V is an asymptotic analog of the
classical Brouwer’s characterization [4, 7.4] of the Cantor cube 2¢.

Theorem 2 (Coarse characterization of 2<N). A metric space X is macro uniformly
equivalent to the Cantor macro-space 2<N if and only if

(1) X has asymptotic dimension zero;
(2) X has bounded geometry;
(3) X has no asymptotically isolated balls.

Next we present the coarse classification of the Baire macro-space w<N. The
topological characterization of its topological counterpart w® is a classical result of
Aleksandrov and Urysohn (see [4, 7.7]): A topological space X is homeomorphic to
the Baire space w” if and only if X is Polish, zero-dimensional and nowhere locally
compact.

Theorem 3 (Coarse characterization of w<V). A separable metric space X is
macro-uniformly equivalent to the Baire macro-space w<N if and only if X has
asymptotic dimension zero and has unbounded geometry.

‘We shall prove this theorem in Section 3 using the technique of towers, developed
in [1]. Now we will look at embeddings of the Baire macro space. First let us recall
two classical topological results [4]:

e Fach Polish nowhere locally compact space includes a closed topological copy
of the Bare space w®.
e FEvery Polish space is a continuous image of Baire space w®.

There are analogous statements in the coarse category.

Theorem 4. Fvery metric space of unbounded geometry contains a subspace which
is macro-uniformly equivalent to the Baire macro-space w<N.
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Proof. Given a metric space X of unbounded geometry, we have to construct a

macro-uniform embedding f : w<N — X. Let ; = 1. Taking into account that X

has unbounded geometry, by induction construct an increasing unbounded sequence
Eit+1

(€i)ien such that covy ' (X) > w for all i € N. For every point x € X the inequality
covee, (B(w,€i41)) > covge' (X) > w implies the existence of a countable subset
S; C B(x,e;41) that contains the point = and is 3¢;-separated in the sense that
d(y,z) > 3g; for any distinct points y,z € S;. Let f;, : w — S; be any bijective
function such that f; ,(0) = z. For every n € N let g, ,, : w™ — X be the function
defined by the recursive formula: g, 1(7) = f1,.(7) and g, n(0,7) = gy, . (i),n—1(0) for
o € w" L. It follows that f, ,(c,0) = 9fp.2(0)n—1(0) = gen—1(0) for all o € wn
This allows us to define a function g, : w<N — X letting g,|w™ = g, for all
n € N. Here we identify w™ with the subspace {(z;)ieny € w<N : Vi > n z; = 0} of
w<N. One can easily check that the so-defined function g, : w<N — X determines
a macro-uniform embedding of the Baire macro-space w<" into X. [l

A metric space X is called macro-connected if C.(x) = X for some x € X and
some ¢ < oo. It follows that each unbounded metric space of asymptotic dimension
zero is not macro-connected. In particular, the spaces 2<N and w<N are not macro-
connected.

Theorem 5. If a metric space X is not macro-connected, then for each separable
metric space Y there is a surjective macro-uniform map ® : X =Y.

Proof. First consider the subspace Z = {n? : n € N} of the space N endowed with
the Euclidean metric. Fix any countable dense subset {y,}22; in Y and observe
that the multi-map ® : Z =Y, ®: z — B(yp, 1), is macro-uniform and surjective.
It remains to construct a surjective macro-uniform map ¢ : X — Z.

Fix any points zg,21 € X and let ¢g = d(x1,x0). Since X is not macro-
connected, there is a sequence of points (z;);e,, of X such that z;11 ¢ C,(z0)
where ¢; = max{i, d(x;, z0)}.

Define a function 9 : X — Z assigning to each point x € X the smallest number
n? € Z such that = € C., (). It is easy to check that the function 1 is surjective
and macro-uniform. Then the composition ® o) : X = Y is a required macro-
uniform surjective multi-map of X onto Y. O

1. TOWERS

The characterization Theorem 3 of the Baire macro-space w<" will be proved
by induction on partially ordered sets called towers. The technique of towers was
created in [1] for characterization of the Cantor macro-cube 2<N. In this section
we recall the necessary information on towers.

1.1. Partially ordered sets. A partially ordered set is a set T endowed with a
reflexive antisymmetric transitive relation <.

A partially ordered set T is called 1-directed if for any two points x,y € T there
is a point z € T such that z > x and z > y.

A subset C of a partially ordered set T is called T-cofinal if for every « € T there
is y € C such that y > .

By the lower cone (resp. upper cone) of a point € T we understand the set
le={yeT:y<azx}(resp. te ={yeT:y>x}) Asubset AC T will be
called a lower (resp. upper) set if la C A (resp. Ta C A) for all a € A. For two
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points « < y of T the intersection [z, y] = Tz N ]y is called the order interval with
end-points x, y.

A partially ordered set T' is a tree if for each point € T the lower cone | is
well-ordered (in the sense that each subset A C ] has the smallest element.

1.2. Introducing towers. A partially ordered set T is called a tower if T is 1-
directed and for every points « < y in T the order interval [z,y] C T is finite and
linearly ordered.

This definition implies that for every point z in a tower T the upper set Tz is
linearly ordered and is order isomorphic to a subset of w. Since T is P-directed,
for any points x,y € T the upper sets Tx and Ty have non-empty intersection and
this intersection has the smallest element x Ay = min(fz N1y) (because each order
interval in X is finite). Thus any two points z, y in a tower have the smallest upper
bound = A y.

It follows that for each point x € T of a tower T the lower cone |« endowed with
the reverse partial order is a tree of at most countable height.

1.3. Levels of a tower. Given two points z,y € T we write levy(z) < levp(y) if

[,z Ayl < ly, = Ayl

Also we write levy(z) = levr(y) if [z, 2 Ay]| = ||y, A Y|
The relation
{(z,y) € T x T :levp(z) =levr(y)}

is an equivalence relation on T' dividing the tower T into equivalence classes called
the levels of T. The level containing a point x € T is denoted by levy(z). Let

Lev(T) = {levp(z) : x € T}
denote the set of levels of T" and
levy : T — Lev(T), levy : @ — levy(z),

stand for the quotient map called the level map.

The set Lev(T) of levels of T endowed with the order levy(z) < levr(y) is a
linearly ordered set, order isomorphic to a subset of integers. For a level A € Lev(T)
by A+ 1 (resp. A — 1) we denote the successor (resp. the predecessor) of A in the
level set Lev(T). If A is a maximal (resp. minimal) level of T', then we put A+1 = ()
(resp. A —1=10).

A tower T will be called |-bounded (resp. T-bounded) if the level set Lev(T)
has the smallest (resp. largest) element. Otherwise T is called |-unbounded (resp.
1-unbounded). In this paper we can consider that all towers are f-unbounded and
J-bounded.

The level set Lev(T) of a |-bounded tower can be identified with w, so that zero
corresponds to the smallest level of T.

1.4. The boundary of a tower. By a branch of a tower T" we understand a
maximal linearly ordered subset of T'. The family of all branches of T' is denoted
by 0T and is called the boundary of T. The boundary 0T carries an ultrametric
that can be defined as follows.

Given two branches z,y € 0T let

(2,y) = 0, ifx =y,
PRy = levp(minz Ny), if z #y.
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It is a standard exercise to check that p is a well-defined ultrametric on the boundary
OT of T turning JT into an ultrametric space.

In the sequel we shall assume that the boundary 9T of any tower T' is endowed
with the ultrametric p.

1.5. Degrees of points of a tower. For a point z € T and a level A € Lev(T) let
pred, (z) = ANz be the set of predecessors of z on the A-th level and deg, () =
|pred, (z)|. For A = levy(x) — 1, the set pred,(z), called the set of parents of z,
is denoted by pred(z). The cardinality |pred(z)| is called the degree of x and is
denoted by deg(z). Thus deg(z) = degey,.(5)—1(®). It follows that deg(z) = 0 if
and only if z is a minimal element of T'.

For levels A, € Lev(T) let

deglA (T) = min{deg, () : levr(x) =1} and Degl)\(T) = sup{deg, (z) : levr(x) = 1}.

We shall write deg, (7)) and Deg, (T) instead of degyt*(T") and Degy**(T), respec-
tively.

Now let us introduce several notions related to degrees. We define a tower T to
be

e homogeneous if deg, (T) = Deg, (T') for any level A of T}
o pruned if deg, (T") > 0 for every non-minimal level A of T.

It is easy to check that a tower 7' is pruned if and only if each branch of T" meets
each level of T'.

There is a direct dependence between the degrees of points of the tower T' and
the capacities of the balls in the ultrametric space 07. For an arbitrary branch
x € 9T we can see that covi(B,(x)) = deg,(x N Lev,(T)). This implies that
degh (T) = cov4 (OT) and Deg} (T') = Covi (9T).

1.6. Assigning a tower to a metric space. In the preceding section to each
tower T' we have assigned the ultrametric space 07. In this section we describe
the converse operation assigning to each metric space X a pruned tower T% whose
boundary OT% is canonically related to the space X.

A closed discrete unbounded subset L C [0,00) will be called a level set. Given
a metric space X and a level set L C [0, 00) consider the set

TEL = {(C\(x),\):z € X, N L}

endowed with the partial order (C(x),A) < (Ci(y),1) if X <1 and Cx(z) C Ci(y).
Here, as expected, C\(x) stands for the A-connected component of z in X.

The tower T% will be called the canonical L-tower of a metric space X. Observe
that for each point x € X the set Cpr(x) = {(Cx(x),\) : A € L} is a branch of the
tower T%, so the map

Cr: X — 8T)];, Cr:xzw— Cp(x),

called the canonical map, is well-defined.
The following important fact was proved in [1, 4.6].

Corollary 1. Let L C [0,00) be a level set. The canonical map Cr : X — GT)L(
of a metric space X into the boundary of its canonical L-tower is a macro-uniform
equivalence if and only if X has macro-uniform dimension zero.
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1.7. Tower morphisms. A map ¢ : S — T is defined to be

e monotone if for any x,y € S the inequality = < y implies p(x) < ¢(y);
e level-preserving if there is an injective map ey : Lev(S) — Lev(T') making
the following diagram commutative:

s -2 T

levs J/ J/IEVT

Lev(S) —— Lev(T).
PLev
For a monotone level-preserving map ¢ : S — T the induced map @re, :
Lev(S) — Lev(T) is monotone and injective.
A monotone level-preserving map ¢ : S — T is called

e a tower isomorphism if it is bijective;
e q tower embedding if it is injective.

1.8. Induced multi-maps between boundaries of towers. Each monotone
map ¢ : S — T between towers induces a multi-map dp : S = 9T assigning to
a branch 5 C S the set Op(8) C 9T of all branches of T that contain the linearly
ordered subset ¢(3) of T. It follows that dp(3) # 0 and hence (9¢)~*(0T) = dS.

1.9. Level subtowers. It is clear that each T-directed subset S of a tower T is a
tower with respect to the partial order inherited from 7. In this case we say that
S is a subtower of T. A typical example of a subtower of T is a level subtower

Tt = {2 € T :levy(z) € L},

where L C Lev(T) is an P-cofinal subset of the level set of the tower T.
The following proposition was proved in [1, 5.8].

Proposition 2. Let S, T be pruned towers and f : Lev(S) — Lev(T') be a monotone

(and surjective) map. If Degy ™ (S) < degﬁii_l)(T) (and deg) ™ (S) > Degﬁij_l)(T))
for each non-maximal level A € Lev(S), then there is a tower embedding (a tower

isomorphism) ¢ : S — T such that piey = f.

2. PROOF OF THEOREM 3

To prove the “only if” part, assume that a separable metric space X is macro-
uniformly equivalent to the Baire macro-space w<N and fix a macro-uniform equiv-
alence ® : X = w<N. The Baire macro-space w<N is ultrametric and hence has
asymptotic dimension zero, see [3]. Since the asymtotic dimension is preserved by
macro-uniform equivalences [5, p.129], the space X also has asymptotic dimension
zero. It remains to prove that for every 6 < oo there is € < oo such that cov(X) >
w. Given § < oo consoder the finite number §' = wg(d). Since the macro-Baire
space w<N has unbounded geometry, there is ¢/ < oo such that covs, (w<V) = w.
Then for the number & = wg-1(e’) we get covi(X) > covs, (w<N) = w.

To prove the “if” part, assume that a metric separable space X has asymptotic
dimension zero and has unbounded geometry. Put d; = 1. For every natural i, we
can find §; > 6,1 + 1 such that covgi_l(X) =w. Let L = {d;}ien C (0,00) and
consider the canonical L-tower T% = {(Cx(z),\) : * € X, X € L} of the metric
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space X. Its level set Lev(T%) can identified with set L. By Corollary 1, the
canonical mapping

Cr: X — 8T§, Cr:x— CL((E) = {(C)\(il’),)\) tAE L},
is a macro-uniform equivalence. Since covgll(X ) = Covgzil(X ) = w, the tower
TE is homogeneous with deg, (T%) = Deg, (T%) = w for each non-minimal X € L.
Let T,, be the canonical tower of the Baire macro-space w<N with the level set N.
It is clear that T, is a homogeneous tower with deg,, (T,,) = Deg,,(T.,) = w for each
n > 2. By Proposition 2 there is an isomorphism ¢ : T)I; — T, between the towers
TE and T,,. This isomorphism induces a macro-uniform equivalence between the

boundaries 9T% and 0T, = w<N. Taking into account that 9T is macro-uniformly
equivalent to X, we conclude that X is macro-uniformly equivalent to w<N = 9T,,.

3. PROOF OF THEOREM 1

Let X be a coarsely homogeneous separable metric space of asymptotic dimension
zero. Since the space X is coarsely homogeneous, there is a function ¢ : [0,00) —
[0,00) such that for any points z,y € X there is a macro-uniform equivalence
®: X = X such that y € ®(z) and max{ws,ws-1} < ¢.

To prove Theorem 1, it is sufficient to check three possible cases.

1. If X is bounded, then the constant map ® : X — 1 = {0} is a macro-uniform
equivalence, so X is coarsely equivalent to the singleton 1.

2. Now assume that X is unbounded but has bounded geometry. We shall prove
that X has no asymptotically isolated balls. Given any § < oo we should find
£ < oo such that B.(x) # Bs(x) for all x € X.

For the number ¢ consider the number ¢’ = p(d). Since the metric space X is
unbounded, there are two points y, z € X on the distance ¢’ = d(y, z) > ¢’. Next,
consider the number € = ¢(¢’). We claim that B.(z) # Bs(z) for all z € X. For
this find a macro-uniform equivalence ® : X = X such that y € ®(z) and we < ¢,
we-1 < . It follows that ®(Bs(x)) C Buy(5)(y) C Bys)(y) = Bs/(y) # z and hence
®~'(2) N Bs(z) = 0. On the other hand, ®~'(z) C @~ "(Bu(y)) C B.,,_, (e (z) C
By () C Bo(x), which implies that B.(r) # Bs(x). By Theorem 2, the metric

space X is macro-uniformly equivalent to the Cantor macro-cube 2<N,

3. Finally, assume that X is not of bounded geometry. Theorem 3 will imply that
X is macro-uniformly equivalent to the Baire macro-space w<" as soon as we check
that X is of unbounded geometry. Assume conversely that X is not of unbounded
geometry. This means that there is § < oo such that for every € < oo there is a point
x € X with covs(B:(z)) < co. To derive a contradiction, we shall prove that the
metric space X is of bounded geometry. Let §' = ¢(d). Given any ¢’ < oo we shall
prove that Covf;;(X) < 00. Consider the number € = ¢(¢’) and find a point € X
such that m = covs(B:(z)) < co. We claim that Covf;: (X) < m. This inequality
will follow as soon as we check that covs (B (y)) < m for any point y € X. By
the choice of the function ¢, there is a macro-uniform equivalence ® : X = X
such that y € ®(x) and max{wse,ws-1} < ¢. The inequality covs(B:(z)) < m
implies the existence of a cover U of the ball B.(z) having cardinality || < m and
mesh (U) < 0.

Then the family V = {®(U) : U € U} is the cover of the ball

Boi(y) € @0 @~ (BL(y)) C P(Ba,_,(e)(2)) € B(Byer)(w)) = ®(Be(x))
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and has mesh (V) < wg(d') < ¢(0) = ¢§'. Since |V| < [U] < m, we conclude
that covs (Bes(y)) < m. Thus, the space X has bounded geometry and this is a
desired contradiction showing that X has unbounded geometry and hence is macro-
uniformly equivalent to the Baire macro-space w<N according to Theorem 3.
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O rogoMop@dHO-IPOEKTUBHBIX OTOOPaA>KEHUAX
"B 1esom" HEKOTOPHIX KJIACCOB 000OIIEHHO-
PEKYPPEHTHBIX KeJIEPOBbIX MPOCTPAHCTB

E.H. Cunrokosa

Abstract Y crarTi HaBemeHi JeTanbHI JIOBEJEHHS IBOX TEOpPeM TIpo
rOJIOMOP(DHO-TIPOEKTUBHY OJHO3HAYHY BU3HAYEHICTH y [JIOMY KOMIAKTHHUX, Y
TIEBHOMY CEHCl y3araJbHEeHO-DEKYPEHTHUX KeJIepoBUX MpocTopiB. Jlocmimkenns

I'PYHTYIOThC Ha 3acTocyBanii Teopem E. Xonda.

ITox, CT-muoroobpasuem M™ (n € N, r > 1) B pabore noHumaercs
Xaycaop@dOBO TOMOJOTHIECKOE IIPOCTPAHCTBO CO CUYETHOH 0a30if, y KaxKIoit
TOYKH KOTOPOTO CYIIECTBYET OKPECTHOCTH, rOMeOMOp(HAs HEKOTOPOil 0bacTu
npocTpancTBa R", mro0bie nBe Takme OKpecTHOCTH C7-COTIACOBAHBI MEXKIY
coboit. Ha mnomobuom MuOroo6pasum cymecrsyer pumanosa C7~l-merpuxa
(3amaBaeMas DECKOHEYHBIM YHCJIOM CIOCODOB, HE 00S3aTEIbHO IIOJIOKUTEIBHO
olpe/iesieHHast), TIpeBpailraomas ero B pumanoso C"-npocrpancrso V™ [1].

Bemecreennoe  n-mepaoe  puManoBo  CT-IPOCTPAHCTBO — HA3bIBAETCS
keneposbiM  C"-npocrpancteom K™ (n > 2, r > 2), ecim B HeM
CYWIECTBYET TEH30p KOMILIEKCHOi crpykrypwi Fi(z',a?,..,2™), To ectsb
TEH30D, y/IOBJIETBOPLAIOIINI COOTHOIIEHUSM

.3

3z1echb, KaK 0ObIYHO, g;; — MeTpH4ecKuil TeH3op npocrpancrsa K.

JIr060e KeIepoBO MPOCTPAHCTBO WMEET UYETHYH) PA3MEPHOCTh U SIBJISIETCS
opueHTHpYeMbIM [2,3].

[Iycrs J — memycroit maTepsast npsmoii. Juddepennupyembiv myTeMm Kaacca
C* B CT-mmoroo6pazmm M™ (1 < k < r) naswBaior CF-orobpaskenme [ : J —
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M™. Ck—HyTI/I Iy :Jp = M"uly : Jy = M™ canrator CF-3xBuBaIeHTHBIME, €C/TH
cymecrsyer taxoit C*-muddeomopdusm v : J; — Jo, uro l; = lyoy ma J;. Knace
CF-sxpusanentupx CF-myreit maspmaror CPF-xpusoit B M"™, KaskIplii HyTb
3TOrO KJIacCa — IMapaMeTpusalnueil JaHHOW KPUBOIA. Ck—KpI/IBaH L onmHO3HAYHO
oTpeiesisieTCs JTFOObIM CBOMM TyTeM [. B KaxK 1ol JTIOKAJIBHOM CHCTeMe KOOPINHAT

C*-myrs | 3a/1aeTCs ypABHEHUAMY:
ot =a2h(t), t e J, a"(t) € CF. (1)

C?-xpusas vy xemeposa C(T-mpoctpamctea K" (n > 2, r > 1), B
JIOKAJIbHOM CHCTEeMe KOODJIWHAT onpefessieMas ypapHenusimu (1), Ha3bIBaeTcs
AHAJTUTHYECKH [JIAHAPHOM, ecain B Kax1oit Touke M (2t (t), 22(t), ..., 2" (t)) mna

Hee CIIpaBeOJIMBbI COOTHOIIEHUA

dn®
0’ on® =~ 4 Togn®n” = a(tyn" +bOFin®, (2)
e n" = ddi: — KacaTeJIbHbIA BEKTOP K JAaHHON KpuBoii B Touke M, a(t) u b(t)

— HeKOoTOpbIe (hyHKIMK TapamMerpa t.

C reomerpuyeckoil TOYKM 3peHus ycjoBus (2) TCOBOPAT O TOM,
YTO TIPW TAPAJJIEJIbHOM TEPEHECEHWN BIOJb AHAJUTUICCKH TIAHAPHOM
KPUBOH KacaTeJbHBIH BeKTOp 7 oOCTaeTcs MPUHAIEKANAM IBYMEPHOMY
pacIIpe/Ie/IeHII0, HATAHYTOMY Ha 1) U CONPsKEHHBIA ¢ HUM BekTop F'n®.

13 (2) BbITEKaer, 4ToO B JIIOOGOM KEIEPOBOM MPOCTPAHCTBE Yepe3 KasKIyIo
TOYKY, B KAasKJIOM HAIIPABJIECHUH MOXKHO IHPOBECTH AHAJMTHYECKH ILJTAHAPHYTO
KPHBYIO.

I[Mycre orobpaxkenwe f - : K" —» K" kesepoBa  C"-IpocTpaHCTBA
K™ na kenepoBo CT-mpoCTpaHCTBO K" sasnserca C"-muddeomopduzmom
(n > 2, r > 1) u, KpoMe TOro, COXPAHIET KOMILJIEKCHYIO CTPYKTYDY-
Ecam mpm 5TOM BO B3aWMMHO OTHO3HAYHOM COOTBETCTBHU HAXONATCS W
AHAJIMTUIECKH ILJIAHAPHBIE KPHUBBIE OOOMX HPOCTPAHCTB, TO OTOOpakeHwe f
HA3BIBAIOT COXPAHSAIONIMM KOMILIEKCHYTO CTPYKTYDPY AHATUTUIECKH TLTAHADHBIM
UM T0JIOMOP(HO-TIPOEKTUBHBIM OTOOpazkeHueM (r100ajIbHO, B IEJIOM ) KEJIEPOBa,
npoctpancTa K™ Ha KeJepoBO MPOCTPAHCTEO K [4].

Yarme, OgHAKO, PACCMATPUBAIOT TOJOMOPMOHO-TTPOEKTUBHBIE OTOOPAYKEHWS
JIOKAJIHHOTO XapakTepa. IlycTh oToGpaskeHwe f, ONMpemeIeHHOe B HEKOTOPOii
okpecruoctu U touku My kesnepoBa CT-upocrpancrsa K™ (n > 2, r > 1),
C"-nuddeoMopdHO HepeBOIUT 3Ty OKPECTHOCTh B HEKOTOPYIO OKPeCTHOCTh U
KesepoBa, C-IIPOCTPAHCTBA K ¥ TIPH 9TOM AHAJTHTUYECKH IIAHAPHBIE KPHBbIE

00enx OKpecTHOCTeH B3aNMHOOIHO3HAYHO COOTBETCTBYIOT Jpyr Apyry. Torma
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f — romomopdHo-TIpoeKTUBHOE O0TOOpaXKeHne B OKpecTHOCTH Touku My. Ecam
Takue oroOpakeHus f MOXKHO ONPEJENIUTH JIJisi KaXK/I0W TOYKH MPOCTPAHCTBA
K™, To roBopar, uro K" JOKAIbHO IOIYCKAET TOJOMOPQHO-TIPOEKTUBHDLIE
OTOOPAKEHNUSI.

Kak B mamHOM oOmpemeseHuu, TaK W TPHA TOCTEIYIOMIEM W3JI0KEHWH,
rOBOPsi O TOJIOMOPGHO-ITPOEKTUBHBIX OTOOPAYKEHUSIX KEJIEPOBBIX MPOCTPAHCTB,
JIIsT  COKPAINEHWsT 3aMuChd Mbl He OyJeM KaxKIblii pa3 MoJYepKUBaTh, dUTO
paccMaTpuBaEeMoe OTODPAKEHWE COXPAHSIET KOMILIEKCHYIO CTPYKTypy. OmHako
Bcerga OymeM UMeTh 3TO B BUIY.

W3 1upuBeneHHBIX ONpEIESIEHUIT BBITEKAET, 9YTO BCSAKOE TOJOMOPQHO-
MPOEKTUBHOE OTOOPA’KEHWE B IIEJIOM SIBJSETCS W JIOKAJTBHBIM TOJOMOPQHO-
MPOEKTUBHBIM OToOpazkenuem. Bojee toro, C"-muddeomopdusm mexmy
keseposbivm  C7-mpocrpanctBamn K" w K, SIBISIONMHCA  JOKAJTBHBIM
rOJI0MOP(PHO-TIPOEK TUBHBIM OTOOpaKEeHNEM, Oymer u rOJI0MOPPHO-
MIPOEKTUBHBIM OTOOpaxkennem K™ Ha K" B nenom. Tem Hn MeHee, CYIIEeCTBYIOT
IIITPOKHE KJIACCHI MPOCTPAHCTB K| JIOKAJIBHO JIOMYCKAIONINX HETPUBUAIbHBIE
(orsmunbie o1 ad@uHHBIX) 0J0MOPQHO-UPOEKTUBHBIE OTOOPAXKEHUS, HO HE
JIONYCKAIOMMX TAKUX OTOOpakeHuil B uesiom (cM., Hanpumep, [5]).

ITycrs koopamuaTHasi okpecrHocrb U CT-npocrpancrea K™ (n > 1,
r > 1) Cr-muddeomopdra HEKOTOPOH KOOpAWHATHOH OKpecTHOCTH U
CT-npocrpancrea K™ Jlokazano (cm., manpumep, [4]), uro stor C"-
nuddeomopdu3m Toraa u TOILKO TOrAa 6yAeT roI0OMOPMHO-TIPOEKTUBHBIM OTO-
GpazkenmeM U ma U, Korga B OOIMeH O OTOODAazKEHHIO CHCTEME KOOPIUHAT

BBITIOJTHAIOTCA yC.HOBI/IH:
Tijk = 20eGi; + Tk — YaF (55 F) - (3)

3mech §;; — METPUYECKUil TeH30P IPOCTPAHCTBA Fn, 1); — HEKOTOPBI KOBEKTOP,
KoBapuaHTHOe auddepeHImpoBanne MPOM3BOAUTCA B mpocTrpancree K™,
KPYTJIble CKOOKM 0003HAYAIOT CHMMETPUPOBaHNe 6e3 IeTeHNs 0 3aKII0IEHHBIM
B HUAX WHIEKCAM.

B coorBercrBuu ¢ NPUBEIEHHBIMU BbIIIE OIPEIEIeHUIME, COOTHOIeHus (3),
OYEBHUIHO, MOYKHO WCIIOJIb30BATH W JJId U3YYEHUs TOJIOMOP(HO-TPOEKTUBHBIX
OTOOPa’KEHUI KeJIEPOBBIX TMPOCTPAHCTB B IEJIOM: [Jjisi TOro, 4robbr C7-
mudbdeomopdusm mexxy CT-npoctpancTsamu K" w K (n > 2, r > 1) 6bin
ro0MOP(hHO-IIPOEKTUBHBIM 0TOOpazkenmeM K" Ha K™ B I[€7I0M HEOOXOIHMO K
JIOCTATOYHO, YTOOBI B OKPECTHOCTH KaXKIO# TOUYKM TpOCTpaHcTBa K™ B oOmeit

MO0 OTOOPAsKEHNIO CHCTEME KOOPIMHAT BHIMOJIHSIINCEH yCaIoBus (3).
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@urypupyionmii B (3) KOBEKTOp 1; ONpeIeNsieT JaHHOe TroaoMOpdhHO-

npoekTuBHoe orobpaxkenue. OH IpajMeHTeH:

1
P = 5¢¢ = m&' In
rae g = detl|g;||(# 0), g = det||g;;]|(# 0).

U3 (4) BbITEKaeT 9TO MpH rJI100aJIBHOM XapaKTepe OTOOPAKEHUs KOBEKTOD 1;

g

: (4)

¥ WHBAPHWAHT ) OMpPeeTEHbI B TIEJIOM, HA BCEM TpocTpancTse K.

Cnyqait v; = 0 npuBomgur K addUHHOMY OTOOPAKEHWIO U IMTOTOMY
cauTaercsd TpuBuasibHbIM. 1o HETPpUBHAIBHBIME TOJOMOPMHO-IPOEKTUBHBIMU
OTODOPAKEHUAMU TTOHUMAIOT TAKUe, s KOTOPBIX 1); HE TOXKIECTBEHHBIN HYJTb.

[IpocrpancrBa, HE  IOMyCKAOINWEe  HETPUBHAIBHBIX  TOJOMOPQHO-
OPOEKTUBHBIX OTOOpasKeHUH (B LEJIOM M/ JIOKAJIBHO), HA3BIBAIOT IOJIOMOPQOHO-
OPOEKTUBHO OJHO3HAYHO ONPEIEJE€HHBIMA (COOTBECTBEHHO, B IEJIOM WU
JIOKAJIBHO), MO’KHO YTBEPKIATh, 9YTO UX 00HEKThI adHUHHON CBAZHOCTH BIIOJIHE
ompeesiorcd ( B LEJOM UJIM JIOKAJIbHO) COBOKYIHOCTBIO HX AHAJIUTUYECKU
IJIAHAPHBIX KPUBBIX.

OueBngHO, 9YTO BONPOC O TOM, JOMyCKAeT JU JanHoe K™ JIOKAJIbHO
uad TI00aJbHO HETPUBUAJIBHBIE TEOAEe3WYeCKHe OTOODarKEHWsi, CBOAUTCSI K
BOTIPOCY CYIIECTBOBAHWUS B HEKOTOPOW OKPECTHOCTH KaKAOH Toukm K™ wman
na scem K" cummerpuunoro meocobennoro C"l-renszopa J;; 4 HE paBHOIO
ToxAecTBeHHO Hymo C"~2-KOBeKTOpa 1;, YAOBIETBOPSIONHIX ypaBHEHIAM (3),
(4). CnenoBaresibHO, B 3a/[aHHOM KejiepoBoM mpoctpancree K™ ypasaenus (3),
(4) 0Opa3yroT OCHOBHYIO CUCTEMY YPABHEHUI TEOPUH TOJOMOPGDHO-TTPOEK TUBHBIX
orobpaKeHuit. IDTO cHCTeMa HeJUHEHHbIX JuddepeHInaibublX ypaBHEHUN
B KOBAPUAHTHBIX MPOU3BOIHBIX MEPBOTO MOPSIKA OTHOCHTETHHO KOMIIOHEHT
TEH30pa §,;, He ABJAg0masacsa cucremoii tuna Komm. B obmem ciydae Takme
CUCTEMBI He JOMyCKaIOT 3(hDEKTUBHOTO MCCIEIOBAHUS PETYISAPHBIMUA METOIAMU
HA IPEIMeT CYIECTBOBAHUS W IMHCTBEHHOCTH UX PENIeHMUIA.

Crenys Cumokosy H. C.[6], Muxerm 1. u Tomames B. B. monozxumm
G5 = ewgaﬁgm‘gﬁja Ai = —ezw%/ia?a’g%n

H = 62%”[(” + 2)1%1/1/3 - ¢a,@]§°‘ﬁ7 (5)

9TO TPUBEIO K 9SKBUBAJEHTHOW, HO yiKe jgomyckamomieil 3ddexktuBHOE

nuccjaeaoBanne CucremMe

aij e = N9k + A Fhyks (6)

nAik = Uik — aaBR?k,ﬂ> (7)
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Mok = 2)‘OLRO;ga (8)

rIe

Xi = Ao P2 (9)

Bruta jokazaHa CIeayolas OCHOBHAs TEOpEMa TEOPHH  TOJOMOPQOHO-
LPOEKTUBHBIX 0TOOPAXKEeHUH KeJlepOBbIX 1pocrpaHcts [?,6].

Teopema. Jlas mozo, wmobw, keaeposo C"-npocmpancmeo K" (n > 2,
r > 3) JdOnYcKao HEMPUBUAALHBLE 20A0MOPPHHO-IPOEKIMUBHBLE OTMOOPAICEHUSL
C COTPAHEHUEM KOMMAEKCHOT CMPYKMYPL, HE0OT00UMO U JOCTAMOUHO, MO0
cucmema dudepenyuarvroz ypasnenut (6)—(8) umesa 6 amom npocmpancmee
pewenue OMHOCUMEADHO CUMMEMPUNHO20 HEOCOOEHH020 MEH30PA Gij , OAA
KOMOpo2o

FAF aop = ayj, (10)
HE PABHO20 MONHCIECMBEHHO HYAW KOBEKMOPA \; U UHBAPUGHMA [i.

Cucrema (6) — (8) mepBoro mopsizika, Tuna Kormm, auHeiHast, ¢ OIHO3HAYHO
onpejenenabiMu pocrpanctBoM K™ koaddurnmenramu. OHa ONUCHIBAET Kak
JIOKATbHBIE, TaK W TI00ATBHBIE TOJIOMOPQMHO-IPOEKTHBHBIE OTOOPAKEHMUS.
KosekTop A;, ynosiersopsitommii (6) — (8), rpagmenTen: A; = 0;\;

p=\*, =g" ﬂ
o Oxt0xI

Kpowme roro, mist koBekropa A; u3 (6 — 8) cupase/iuBbl COOTHOLIEHU S

- Aal§59Y (11)

/\a,BFiO‘Ff = Aij. (12)

ITo wusBectHOMY pemennio cucrembl (6) — (8) Merpudeckuii TeH30p
gi; mpocrpamcrsa K", Ha KOTOpoe B CHIy HAIMYAS 9TOrO DEIICHHS,
paccMaTpPUBAEMOe IIPOCTPAHCTBO K" NOIMyCKAET HETPUBHAILHOE TEOIE3MIECKOe
orobpazKeHne, HAXOAUTCH U3 COOTHOIIeHHH, obparubix K (5)). Umenno, us (5)

BBITE€KAET, 9TO

1 ~
¢i = —/\aa"ﬂgm = 581 In g s (13)
riae a®® — sjements Marpunpl, obparHoit K |a;;||, § = det ||a¥||. Buauur, ¢
TOYIHOCTBHIO J0 IIOCTOSHHOMN
r
=—-In|=
V=7 p
u, B cuiy (5),
9ij = ewaaﬁgaigﬁj- (14)
Cucrema (6) — (8) me Bcerma coBmectHa. JIyist TOro, 9Tobbl OHA WMeJA

penieHnd, HeO6XO,HI/IMO, YTOOBLI BBITTOJIHAINACH ycaoBud ee MHTETPUpPyeMOCTu u



20 E.H. CuniokoBa

X TocyeaoBaTenbubie mnddepeHiaabHble MPOIOIKEHNsI, MPEICTABIISIONINE
coboii, B CHIy JTUHEHHOrO XapaKTepa JAHHOW CHCTEMbI, COBOKYITHOCTD JIHHEHHBIX
ONHOPOTHBIX areOpandecKnX yDPAaBHEHUH OTHOCHTENBHO a;; (=  aji), i,
TOXKJECTBEHHO He pPAaBHOrO HYIIO, W y. lIpwBemem smmb MCHOIb3yeMble B
JaJbHEUIIeM YCJAOBUA WHTETPUPYEMOCTH TIEPBOI TI'DyNNbI YyPaBHEHUH TAHHON
cucremsl. B coorsercrsum ¢ (6) — (8), oHm umeror By

aas T =0, (15)

1
rie

Ti(;fl = n(s(o;Rf)kl + gl(iTﬁi - gk(iT;})llB - Fl(iFjﬂY)Tv@lf + F’f(iFJ'v)Tvalﬂ’ (16)

Tjﬁ = 0%R} — RS, °. (17)

Awmepukanckuit  maremaruk 9.  Xond, —wuccaenoBaB  JIHHEHHBIN

nuddepeHuantbHbIil OIIepaTOP BTOPOro HOPAIKA SJUIMIITUIECKOIO TUIIA

o .01
OzJ Ox* U@xi’

L(f) = w'* (18)

e w*(x) u v'(z) — HenpepbiBHble DYHKIMU TOYKH N-MEPHOIO MHOIOOOpa3us,
JIOKA3aJT CIEIYONTYI0 TEOPEMY, HASBAHHYTO BIIOCJIEICTBAN €r0 NWMEHEM.
Teopema (Xonda)[3]. Ecau scrody 6 xomnaxmmom C*-mnozoobpasuu M™

(n > 1) C*-pynwyua f(x) ydosasemeopaem ycaosuro

usU

2de L(f) — dugdepenyuarvnuii onepamop euda (18), u'*(x) — xosddunuernmo

£6a0paMuuHOT POPMbL, NOAOHCUMENLHO onpedesennolt 6 060l mouke M™, a

vi(z) — npouseoavnvie nenpepuievie dynryuy, mo O; f = gg =0 ecrody 6 M™.
Ha ocHoBammm 3TOH TEOpPEMBI, WCCIEAyst YCJIOBHS WHTEIPUPYEMOCTH
ypasrenuii cucrempr (6) — (8) m ux muddepeHnuaTbHbIE TPOMOIKEHNSsT, MOKHO
MOKA3aTh, YTO MMEET MECTO CJIEMyIOmast TEOPEMa.
Teopema 1. Komnaxmuvie, ¢ N0A0HCUMENLHO ONPEIEAECHHOT MEMPUKOTE
xeaeposv, CT-npocmpancmea K™ (n > 2, r > 4), 6 xomopwzr E;; # 0 u

BBIMOAHEHDL PEKYPPEHIMHBLE COOTNMHOUEHUA
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T B A
Tig’k[lg,)mhg JghlE“k — ET( B) (5Zgym + _,_FlF) nglkl)g jghlE”k + (19)

_i_T;(j?;cf?)Wijkl _|_Ti(jf3;€:?’)mwijklm’

ede WKL o WIKIM  pexomopuie Konmpasapuanmmvie MeH30pvl, 6 UEAOM HE
ONYCKA0M HEMPUBUAALHBLT 20A0MOPHHO-NPOEKMUSHOLT 0MOOPaAdANCEHUT.

HokaszaresqbcTBo. Eciu  yIoBIeTBopdiolee  yCloBUSAM — Teopembl 1
KEJIepOBO IMPOCTPAHCTBO K™ B HEJIOM JOIyCKAeT HETPHBHAILHOE IOJIOMOPQHO-
IPOEKTUBHOE OTOOPAKEHMe, & TE€H30PBL d;j, A; (HE TOXKIECTBEHHBIH HONB), [
06pa3yoT OTBeYAIoIIee STOMY OTOOparKeHMIO pelreHne cucreMsl (6) — (8), To
CIIPABEIJIMBBL M yCJIOBHs HHTEMPUPYEMOCTH HEePBOil IPYIIIbI yPABHEHHI CHCTEMbI
(6) — (8), To ecThb BBIMOMHEHBI cOOTHOMIEHHs (15).

C yuerom ypaBueHmii cucrembl (6) — (8), TmepBble W  BTOpHIE

nuddepennpabable 1pogoszkenus (15) cOOrBETCIBEHHO UMEIOT BUJL:

Ay (0298m + F Fpm) T3 + aapT5ym = 0 (20)
n
1 ( t FonFom) T 4 XU + a0VES =0 (21)
nu Jah9Bm ahlt'Bm) L5k aVijkimh aBVijklmh — Y
rie
« (aﬁ o,
Uijklmh = (52950 + F;Fﬂo) Ejk;l?(h m)’
1
afs _ mpapB af (pv)
Viiktmn = Tijktmn + ETfyh (5391/7” + FJva) Tijl;cl . (22)
Crepuys (21) ¢ g™ g" E** | naitnem

,

(n = 2pBap E*? + XUl mng™ 9" E™ + a0V g™ 9" E™ = 0. (23)

Ho, B cuny (22), BbIIOIHAIONMECS B pPACCMATPUBAEMOM IPOCTPAHCTBE

peKkyppeHTHbIe cooTHomeHus (20) MpencTaBuMbl B BUIE

B i hl ik _ p(aB)yrrijkl (aB) ijkl
Vikimnd ™ 9" B = T W 4 T W

3uaunr, Ha ocHoBanun (15) u (20),
aaﬂv;‘;lflmhgmjghlE‘i‘k = aa,@Til;ngijkl + aaﬁﬂ?fl,mwi]’klm =
= Ao (0%98m + F2 Fa) T Wik, (24)
Temeps (23) MOXKHO Hepernucarbh Kak

(= 2)itBas B + X [USiung™ 9" B = (02 gam + S Fo) TS W | =0,
(25)
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s wamero mpoctpancTBa K™ pasMepHOCTb n > 2, MeTpudeckas (opma
nosOzKUTEMbHO ompesieniena u E;; # 0. Hostomy (n — 2)EasE*® > 0 u

COOTHOIIEHUs (25) SKBUBATEHTHBI COOTHOIICHUSAM

0%
9 @
g 8xi8:cj+/\ap =0, (26)
rae
a 1 a mj hl pik o a (vB)yirikl
P S OB Usibtmng™ g™ B2 = (55950 + 5 F) TGP WM | —

ff%gij.

ITo Teopeme Xomda, KoTOpast 37€Ch, OYEBUIHO, NpUMeHUMa, u3 (26) BbITEKAET,
aro \; = 0 B K. CrnenoBareabHO, paCCMAaTPUBAEMOE OTOOPAYKEHNE HE MOKET
ObITh HeTpUBUAJIbHBIM. Teopema 1 moKa3aHa.

ECJTI/I HCHOOJH30BATh TaK HA3bIBAEMOE CBOMCTBO YUCTOTDI METPHUKH KEeJI€POBBIX
IPOCTPAHCTB OTHOCHUTEJIIBHO KOMIIJIEKCHOM CTPYKTYPBbI, YKa3aHHbIC B Ha4YaJIe
CTaTh¥, TO PEKYPPEHTHDIE cOoTHOMmEHUs (20) MOXKHO 3/1aTh U B HECKOJIBLKO 60J1ee
ob111eM BuU/IE:

(aB) mj hl ik 7(aB) mj hl ik _
T mn 9™ 9 B+ 0T 9™ g ENS =

b+1 (aB) ; ;

_ v v (nv) mj _hl ik
T T, (07 gvm + FJ Fym) T 99" B +

+Ti(J§;€ll3)Wijkl+i(j§;€§)Wijkz +

FT WM T Wk, (27)
e
Thn = FRFJTL,
b(# —1) — npoussonbubli upsapuant, WKl ikl yyidkim o ypidkim

HEKOTOPbIC TEH30PbI.

B camom fene, ceprka (27) ¢ a3 UMEET BHT

(b + DaapT {5 n g™ " EF = ~28 a0 T3 (8g0m + F Fom) T g™ g B+

,

+aa5Ti°]€£l (Wijkl +Wijkl) JraaﬁT(aB) (Wijklm +Wijklm)

ijkl,m

il

GopV g™ 9" B =

1 aB ijkl | 1rrijkl
e (0 )

aB 17klm Ti7igklm
b 1a0¢/3T;(jkl,)m (W N K ) : (28)
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Tak xak B (24) Temsopsr W4k u W4kM mpomssomsmer, To (28) emy,
0Y€BU/IHO, SKBUBAJIEHTHO.

[Ipu Gostee MPOCTHIX PEKYPPEHTHHIX OTPAHUYEHUSX HA MPOCTPaHCTBO K™ K
pe3yabTaTy TaKOro »Ke pOoJa MOXKHO NPUHUTH, paCCMATpPUBAA BMECTO YCJIOBUN

uHTerpupyemoctu (15) ycmosust
aasPS’ =0, (29)
rae
B _ 5B B
Py" =0 R} — 0] RS
B CUJIy P3JMEHTHOCTH KOBEKTOPA \; TOTYAC BBITEKAIOUIME M3 BTOPOil IPymIIbI
ypasHenuii cucreMsr (6) — (8).

JeiicTBuTe/IbHO, TIepBbie U BTOpbIE auddepeHmaibibe Tpoaoskenus (29)

C YYeTOM ypPaBHEHUIT CHCTEMBI (6) — (8) COOTBETCTBEHHO UMEIOT BUJ
Ny (02981 + FJFar) PY + aagPh =0, (30)

%N (9angsn + FanLpr) Pi(laﬁ) + Xy (82980 + FYFpo) P l'y(i)(S

(31)
taas [ LT3 (S + F1Fur) PY + PG, | = 0.
Herpynuo noacunrars, 910 (gangpk + FonFsk) P( @b g = —nFEy;
aas T () guk + Fj Fu) PY™ " B = 0.,
Bnagnrt, ceepuys (28) ¢ g™ EM| momyanm
—1Eag B + Aav®™ + aas Py, 0" EM =0, (32)

rie
— (s a (18) so_ hi pkl
*(67950+F’YF/30)P11(h5 B

Ecan paccmarpuBaeMoe mpocTpancTBO K™ UMeeT MOJI0KUATETHHO OTTPEIeIEHHY IO

MeTpudecKyio hopMy, OTJIUIHBIA OT HyJisd TEH30p JWHINTEHHA U YAOBJIETBOPSIET

PEKYDPPEHTHBIM COOTHOUICHUSIM
Pz(la]fh) thkl Pl(la’f gtk +Pi(laﬁ)5il’ (33)
rme S, SF — mexoroprre Temsopw, TO B cumy (26) m (27)
aap Py g B = =X, (81gpk + F Far) PY7 ST,

TlosTomy, momoxKuB

~o 1 « (VB) qilk a ij
v 77EWE.*%”[ ~ (89 ga + F5Far) PYPS™] ~Tg6,



(26) ¢ yaerom (11), MOXKHO TIepenucaTh Kak

2
g1 =, (34)
0x*0xI

Ilo Teopeme Xomda B KOMIAKTHOM, C MMOJOXKHUTEIHHO OMPEIETEHHON METPHUKOH
npocrpancrse K™ orciona BoiTekaeT, uto \; = 0. CienosarenbHo, UMEeT MeCTo
Teopema 2. Komnaxmmuovie, ¢ NOAOHCUMEALHO ONPEOEAEHHOT MEMPUKOT
npocmpancmea K™ (n > 2), kaacca C" (r > 4), 6 womopwzr E;; # 0
U GHINOAHEHDL PEKYPPEHRMHBIE CcOOmHowenua (33), 6 uerom He donycrarom

HEMPUBUAADHDLE 20A0MOPHHO-NPOEKMUSHHLT 0MObPaHCeHU .
Herpynao ybeauThcd B TOM, YTO JJIA TEOPEMbI 2, KaK W JJId TeopeMbl 1

PEKypPPEHTHbIE COOTHOIIEHUS MOKHO 33/I1aTh U B HECKOJILKO OoJsiee ollieM Bue

left(Py + bRy g B =

_ Ti(ﬁfla)wijkl + i(ﬁf;)ﬁzjkl + Ti(ﬁc[lg’)mwijklm + i(]f?f})mWijklm7 (35)

rie b(# —1) — mpomssombHBI wHBapmanT, Wk PWUkl pyrijkim yyrigkim

HEKOTOPBIE TEH30PHI, P;B PIYF SFf
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Introduction

One of common methods to choose an optimal variant of a set of possibilities is
to calculate some wutility function [4] and to take an argument where a greatest
value (or at least a value that is sufficiently close to the greatest one) is attained.
In most cases this function is real-valued, which offers significant advantages:
values are linearly ordered, hence always comparable, the natural metric on R
allows to estimate difference of outcomes etc. Nonetheless, the assumption of
linear ordering restricts the amount of information given by the utility function.

Similar problems arise when one tries to express comparative utility of avail-
able alternatives. A simple answer is to use a preference relation [2]: x = y if x is

weakly (not worse than) or strongly (equal or better than) preferable to y. Next
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stage is to assign to the statement x > y some value, which shows “how much”
or “how reliable” x is preferred to y. Usually this value is a number from the seg-
ment [0, 1], thus fuzzy preference relations are introduced, cf. [5] for more details.
Although fuzzy preference relations proved to be useful, a significant part of ar-
bitrariness exists in the procedures of assignment of “degrees of preference”, of
processing data, and of interpretation of obtained results. In particular, it is not
always clear how to translate verbal estimates like "much better" into numerical
form, and what to do if preferences depend on some parameters. E.g. the degree
of preference of a straw hat to an umbrella depends on the current weather. It
seems to be reasonable to express this degree as a vector with components that
correspond to sunny weather, to rain, to snow etc, hence possible values can
be partially ordered. This immediately results in a concept of a preference that
is a family of binary relations, indexed by an element, of a poset, which can
capture both aspect of comparison and degree of preference. We develop this
approach in Section 2. We consider a class of L-fuzzy preference structures for
which preferences are determined via embeddings into idempotent semimodules.

Therefore decision making problems in some cases can be reformulated in

geometric language and approached by methods of idempotent geometry [3].

1 Preliminaries

First we recall basic definitions concerning idempotent semimodules.

Let (L,®,*) be an idempotent semiring with a zero element 0 and a unit
element 1.

A (left idempotent) (L, ®, *)-semimodule [1] is a set X with operations & :
XxX—Xand ®:LxX — X such that, for all z,y,2€ X, a,8€ L :

1) zdy=ydux;

2) (z@y)©z=18(yd2);

3) there is an (obviously unique) element 0 € X such that 2 &0 = z for all

4) aO(zd )Z(O@) (@0y), (adf)Or = (a0r)B(fOx);
5) (axf) Oz =ad(BO);

6) 10z =u;

706Gz =0.

Observe that these axioms imply that (X, ®) is an upper semilattice with
a bottom element 0, and a®0 = 0 for all « € L. Informally speaking, an

idempotent semimodule is a vector space over an idempotent semiring. The
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operation ® is isotone in the both variables. We adopt a usual convention and
often write ax instead of a ®x for « € L and z € X.

For an (L,®,x*)-semimodule (X,®,®), an expression of the form
a1 D ... Bayr, is called an (L,®,*)-convex combination of elements
T1,...,T, € X whenever ay,...,q, € L satisfy the equality a1 & ... ® o, = 1.

In this section we use L as a shorthand for (L, ®, *) and say “L-semimodule”,
“[L-convex combination” etc. If it is necessary to specify operations @ and *
explicitly, e.g. if there is a risk of confusion, in a respective notation L can be
expanded to (L, ®, *).

A subset A of an L-semimodule X is called convezx if it contains all L-
convex combinations of its elements. Consider these combinations as standalone
operations on A, without appealing to X.

It is very convenient that we can calculate usual convex combinations of a
finite number of points “step by step”, i.e. by using only pairwise combinations.
This is not the case for convex combinations with coefficients from an idempotent
semiring, which we are going to introduce, thus we should simultaneously define
L-convex combinations of arbitrary finite numbers of points. First we define sets
that contain allowed collections of coefficients.

The n-dimensional' L-simplex is the set
A" = {(ag, a1, ..., o) € L™ | sup{ag, a1,...,a,} = 1}.

We say that an (idempotent) L-convez combination is given on a set A if for

allne{0,1,2,...}, (e, 1,...,0ap) € A, 9, 21,...,2, € A an element
ic(T0, X1y Tny Oy ALy o oy Q) € A

(which we will denote by (g ®xo) B(a1 ©x1) D ... B, © zy,) or simply by
apxo D a1z ® ... P a,xy,) is uniquely determined, and the following properties
are valid :

(1) dic(x,1) =z for all x € A;

(2) for all m,n € {0,1,2,...}, zg,21,...,2n € A, (ag,01,...,0p,) € AT
and a mapping o : {0,1,...m} — {0,1,...,n} we have

Q0T s(0) @ A1T5(1) O...0 UmTo(m) = Boxo® P11 D ... B Bnn,

where S = sup{e; | 0 < i < m,o0(i) = k} for k£ = 0,1,...,n. This equality
means that we can exchange summands, drop summands with zero coefficients

and join summands with the same second factor; and

1 We do not mean any topological dimension here.
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(3) the “big associative law” :

ao(Boxg @ ... BB zh,) Dar(Byry® ... D By, x5, ) D - ..
San(Byzy D... 0B oy ) = (g * ﬁg)xg D...B(ag * ﬂgo)xgo
Dlar * B))zs @ ... Doy * B,ﬁl)x}ﬂ D...O(an*0y)xg ... Olan * By )xy

where 2% € A, (ap,an,...,0n) € AL, (85,65, .,B;,) € Ay for i = 0,1,...,n.
In fact, an L-idempotent convex combination ic in A is a collection of maps
icp: AT AT — A n=0,1,2,..., but we will use a common denotation ic for
all of them. Observe that A is an upper semilattice with the join zVy = 12 & 1y.
It is easy to see that (1)—(3) hold if A is a convex subset of an L-semimodule
X, and all combinations (o ® zg) ®(a1 O 1) D...D(ay, ©x,) are defined via
operations ®,® on X. Then A is also an upper subsemilattice of X.
Further we shall show that each L-convex combination on a set A is induced

by an embedding of A as a convex subset into an L-semimodule X.

2 Idempotent semimodules and L-preferences

The aim of this section is to show that L-convex combinations and L-
semimodules are closely related to “weakened” variants of L-fuzzy preference
relations.

We call a family == (>,)acr of binary relations on a set X an L-preference

if the following holds for all z,y,z € X, o, 8 € L:

(1) 2 >4 y and = =g y if and only if = >.qs y;
(2) > is a partial order;
(3) =o= X x X.

Observe that (1) can be equivalently replaced with

(") a < B implies »4D>p;
(1") if ¢ =4 y, © >3 y, then there is vy € L such that vy > o, v > 8, 2 >, ¥;

i.e., for fixed z,y € X, the set {y € L | z >, y} is a directed lower set.

An advantage of such a definition of “graded preference” of z over y is that
a can capture both an aspect in which we compare the options and the rate of
preference. Consider e.g. the set X = [0,400)™ and the lattice L = [0, 1]™. We

assume (Z1,...,%n) >(ay,...an) Yls-->Un), fOr (z1,...,20), (Y1,...,yn) € X,
(a1,...,an) € L, if 27 2 ayy; for all 1 <@ < n. Then (z1,...,%n) =(1,10,...0
(y1,---,yn) iff 21 > y1, 2259 > yo, and other coordinates are ignored.

The following property of preferences is often considered:
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@) if x =4y, y >3 2, then x =,.5 2 (x-transitivity).
We shall also study its stronger form:

(4) = >=qasp z if and only if there is there is t € X such that z >, ¢, t =3 2z (strict

k-transitivity).

A strictly #-transitive L-preference == (>4)acr on X is called convez if it

satisfies two more conditions:

(5) if x =0 Yy, =4 2, then there is t € X such that z =, ¢, ¢ =1 y, t =1 z;

(6) for all z1,...,2, € X, a1,...,a, € L such that a1 ® ... ® o, = 1, there is
an element xg € X such that, for all ¢ € X, the inequalities ¢ >,, x1, ...,
t >, *n hold if and only if ¢ >; xo.

Note that the above conditions are insufficient for == (>, )aer to be the fam-
ily of a-cuts of an L-fuzzy relation on X (although it is also possible), but they
imply that the binary relation z < y <= y > x is a partial order as well, and
the set

{te X |t>a, 1,...,Y >a, Tn}

contains a least element whenever a1 @ ... ® «, = 1. We denote this element
by (1 ®x1)B...B(a, ©xp). It is easy to verify that we have obtained an L-
convex combination on X, and (1 ®z) &(1 ®y) is the join of z,y. Hence (X, <)
is an upper semilattice, in which we use for join the same notation “®”.

Observe that z >, y if and only if (15 ) ®(a©y) = z. On the other hand,
given an L-convex combination on X, we can define relations >,C X x X for all
a € L by the latter formula, and it is an easy exercise to verify that the obtained
family of relations satisfies (1)—(6).

Thus we arrive at:

Proposition 1 There is a one-to-one correspondence between (L, ®, x)-convex
combinations on X and convex strictly x-transitive L-preferences on X, namely,
each such preference == (>o)acr s determined by a unique (L, ®,*)-convex

combination ic by the formulae x >, y < ic(z,y,l,a) =z, z,y € X, a € L.

In the sequel we assume that convex strictly s-transitive L-preferences on
sets with L-convex combinations are determined by the latter formulae.

Things become much simpler if (X, <) contains a bottom element, i.e. 0 such
that x 1 0 for all X. Then (6) implies:

(6’) for all x € X, o € L, there is an element xy € X such that, for all ¢t € X,
the inequalities t >, x and t =1 x( are equivalent.
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The required element is equal to (1 0) (a® x). We denote it by a® x, and
(X,®,®) is an L-semimodule. On the other hand, (6°) implies that 0©x is
a bottom element, for all © € X. Therefore, if a family == (>,).cr of binary
relations on X satisfies (1)—(5), (6), the condition (6) holds even without the re-
striction a; @ ... P a, = 1. We call such a family > a convez strictly x-transitive

L-preference on X with a bottom element. Thus:

Corollary 1 There is a one-to-one correspondence between structures of
(L, ®, x)-semimodule on X and convez strictly x-transitive L-preferences on X
with bottom elements, namely, each such preference == (=4 )acr is determined
by unique ®, ® such that (X, ®,O) is an (L, ®, *)-semimodule, by the formulae
Trqly <= z0(a@y)=z,z,y€ X, a € L.

Let == (>a)acr be a #-transitive L-preference on a set X. For an injective
mapping e : Y — X, a family ~'= (>,)/,c, of binary relations on Y that is
defined as follows:

Y1 =a) Y2 <= e(y1) =a e(y2), v1,y2 €Y,a €L,

is an L-preference on Y is well. If, for L-preferences =" and >, on Y and X,
respectively, such a mapping e exists, then it is called an embedding of (Y, >")
into (X, >).

Now we are going to show that each set with a x-transitive L-preference can
be embedded into an (L, @, *)-semimodule.

Proposition 2 Let == (>=q)acr be a x-transitive L-preference on a set X.
There is an embedding e of (X, >) into an (L, ®, *)-semimodule (N, D, D), i.e.
oy < e(z)B(abely)) =e(z) for allz,y € X, a € L.

Proof Let K be the set of all nonempty finite subsets of X x L, and we put

{(.231,041), ey (Z‘m, am)} >e {(y1761)’ ey (ynvﬁn)}a

form,neN, x1,...,Zm,Y1,---Yn € X, €,01, ..., 0m, B1,-.., 0, € L, if, for all
1 <i < n, there are €y, ...,&m; € L such that

L1 7eq; Yiser oy Tm >e,; Yis Q1 *E1; D ... Dy *Ems 25*51
Assume also

{1, 81), s Uny B} >6 {(z1,m1)5 -5 (21, 0) 3
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for z1,...,2 € X, §,71,...,7% € L, then, for all 1 < j < k, there are
014, ---,0n; € L such that

Y1 >'51j ZjyeerYn >‘5nj ZjuBl *61j@@5n*6n] > 6*7]
Hence

ex0xy; KexBr*01;B...D0ex By *dn;

S(a1*e11® ... B am*em1) %01, D ... B (a1 %1, B ... D *Emn) * Onj
= (€11 %01, B ... BE1*0nj) B ... Bam*(Em1 %01, B ... B Emn * 0nj).
By observing that 1 >c,,46,,;@..0c10%80; 255 Tm =emi61;@...0emn*dn; Zjr WE OD=

tain that
{(z1, 1), s (@, am)} >ens {(20,71), -5 (26, 90) -
On the other hand, if

{(@1,01), s (@ms )} >ews {(21,71), -5 (28578 T

then

{(x1,00)y oy (Tm,am)} > {(21,0 x Y1), .o, (2K, 0 x5) },
{(z1,0 % v1)s oo (2hs 0% i)} >5 {(21,m1)s -5 (2600 3

therefore strict *-transitivity for the family (>, )acr is valid. It is straightforward
to verify that this family of relations satisfies all conditions (1)—(5), (6’) but
the antisymmetry of >;. The relation ~ on K defined as A ~ B iff A >; B and
B >; A is an equivalence relation, and a family (>, )a.cr of binary relations on
the quotient set N = K/~ is well defined as follows: [A] >, [B] iff A >, B, for
A, B € K, a € L. This family satisfies (1)—(5), (6’), thus we obtain an (L, ®, *)-
semimodule (N, ®,®). Observe that [A] ®[B] = [AU B,

aO{(z1,01), oy (@myam)} = {(z1,axa1), ..., (Xm, ok am) H.

Let a mapping e : X — N send each 2 € X to [{(z,1)}]. Observe that
e(x) =q e(y) in K iff x >, y in X. Thus a required embedding is obtained.

The embedding e that has been constructed in the latter proof has a dis-
advantage: if a x-transitive L-preference on X is already convex and strictly
x-transitive, hence (L, ®, x)-convex combinations exist in X, then they are not
necessarily preserved by e. Therefore the following statement is not a particular
case of the previous one.
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Proposition 3 Let an (L, ®, *)-convex combination be defined on a set X. Then
there is an injective mapping e of X into an (L, D, *x)-semimodule (N, D, ®) that

preserves (L, ®, x)-convex combinations.

Recall that such e preserves the respective L-preferences (in the obvious

sense).

Proof A starting point is the same as before: K is a set of all non-empty subsets

of X x L, but another equivalence relation is used:

{(Ilaal)’ ) (‘TWL?O‘m)} ~ {(ylyﬂl)a R (ynyﬂn)}
if
(102)B(1021)D...0(m@zm) =1602)0(L10y1) D ... 0 (LBn Oyn)

for all z € X. The operations @ and ® on N = K/~ are again defined as
[A]®[B] = [AU B,

0[@[{(:6170[1)7 ceey (IZ?m, Oém)}] = [{(zla ok al)v RS (asm,oz * 05771)}]7
and the mapping e that takes each € X to [{(z,1)}] is a required embedding.

Thus each set with an L-convex combination can be regarded as a convex
subset of an L-semimodule. A “practical” consequence of the above results is
that, if one wants to express comparison of available alternatives, which com-
bines qualitative and quantitative estimates w.r.t. multiple criteria, then a utility
function with range in an idempotent semimodule can be an appropriate tool.

3 Bi-(L, ®, ®)-semimodules

Probably the simplest example of an idempotent semiring is a distributive lattice

L=(L,®,®), where 0 and 1 are a bottom and a top elements, respectively, and

the multiplication is the lattice meet ®. Observe that by reversing the order

on L we obtain a distributive lattice L = (L,®,@®), with a bottom and a top

elements 0 = 1 and 1 = 0, respective, which is an idempotent semiring as well.
Consider an L-semimodule (X, ®, ®) such that:

(a) X is a distributive lattice with top and bottom elements 0 and 1, resp., and
with meet ®;

(b) the multiplication ® on X satisfies the equality (¢ ®1) @2 = a® z, for all
ael,xeX.
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Proposition 1 For an operation © : L x X — X that is defined by the formula
a®r=(a®1l)Bx, foralla € L, x € X, the triple (X,®,0) is a L-semimodule

and a distributive lattice with top and bottom elements 1 and 0, resp., and with

meet O.

Observe that « ®1 = a©®0, and we obtain a formula (a« ®0) & x = a ® z, which

is dual in the obvious sense to the formula («®1)®z = a®x (cf. property
(b)). Hence we have on X two dual structures of an L-semimodule and of a L-
semimodule. Additionally to L-convex combinations, i.e. expressions of the form
(1 Ox1) & ... 8(an Oxy), where a1 & ... & a,, = 1, we define L-convex (or
dual L-convez) combinations of the form (a1 © z1)®...&(an © x,,), where
a®...Qa, =0.

Therefore we call such (X, 3, ®,5,0) a bi-L-semimodule. It is easy to see

that the mapping p : L — X that takes each o to a ®1 is a lattice morphism.
Conversely, each lattice morphism p : (L, ®,®) — (X, ®,®) determines a struc-
ture (X, ®, ®,®, ®) of bi-L-semimodule on X by the formulae a ® z = p(a) ® ,
a0z =pla)dex for all « € L, x € X. Thus there is a one-to-one correspon-
dence between bi-L-semimodules and lattice morphisms with the domain L.
From now on we assume that a respective p is fixed for each bi-L-semimodule
(X,8,8,0,0).

A subset Y of a bi-L-semimodule X is called L-biconvex if it is closed under
L-convex and dual L-convex combinations. Note that such Y is a sublattice of X.
The following statement shows that “good” L-biconvex sets of bi- L-semimodules
are bi-L-semimodules themselves, which contrasts, e.g., to the case of convex

subsets in vector spaces.

Proposition 2 Let a subset Y of a bi-L-semimodule (X,®,3,0,®) be L-
biconvex and contain a least element 0' and a greatest element 1. Then
(V,8",&",&', @) is a bi-L-semimodule, with &' and &' being the restrictions
of Band @ to Y, and a®' 2 =0 3(a®z), a@ v =1&a @) forall a € L,
rzeL.

Observe also that the latter bi-L-semimodule (Y, &', ®', &', @) is determined by

the lattice morphism p’ : L — Y, p/(a) = (p(a) ®0) @ 1".
A simple example of such Y is presented by a closed interval [a,b] = {z €
X |a< x <y}, for a,b € X, which obviously is non-empty iff a < b.
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Although bi-L-semimodules seem to be trivial, consider the L-preference >

and the L-preference = determined by the semimodules (X, @, ®) and (X, ®, ©®),

respectively. We have z -,y <= x> p(a)Qy, v =,y < x < pla) By for
alae L, z,y € X.

Can we express the information given by all >, and =, via an embedding

of X into an appropriate poset, preferably a distributive lattice?
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Tomosiorisi  BieTropica Ha mnpocTopi BiIKpUTHUX
$aKTOpob’eKTIB  KOMIIAKTHOTO  raycaopd@doBOro
IIPOCTOPY

Karepuna MwukosaiBHa Komopx

Abstract Hasemeno tomosorizamito MHOXKUHE Biakputux (axTopob’ekTiB
KOMITAKTHOT'O TayCcaopdoBOro mpocropy, MOpOIKeHy Tomosorieio BieTopica
Ha exp?X. Omep:KaHWil TOMNOJOTIYHHIH IIPOCTIp BIAKPHTHX (PAKTOPOO EKTiB
npocropy X mnosnHadaemo W(X). JloBeneHO, IO KOHCTDYKIist ¥ BHU3HAYAE
koHTpasapiantauil gyukTop 3 kareropii Comp’, KommakTHux raycaopdoBux
npocropis Ta Top Tomosoriaamx mpocropis. JloBeaeHo, Mo TpOCTip BiAKPUATHX
dakTopo6’ekTis (¥ (X), Ty ) HelepepBHO BKIAZAETHCA Y TPOCTip hakTopob eKTiB
(®(X), w) y Bumagkax, konn X — KOMMakTHUi raycaopdonii mpoctip i Koam

X — xommakTHHUi raycaopgoBuit METPUIHEAI TPOCTIp.

Keywords pOCTip BIAKPUTHUX akTopoO’ekTiB, Tonosoria Bieropica.
) )

TonoJiorid Baiicmana,

Bceryn

Ilpu mocmimKeHHI HEMETPU30BHMX KOMIIAKTHUX TraycAopdOBUX IMIPOCTOPIB
MeromaMu OOEPHEHUX CIEKTPIB BaKJIWBY POJIb BiZirpae 3ampOrOHOBAHA,
€.B.IlleninuM KOHCTPYKIi MHOKUHE (PAKTOPBIIOOPAXKEHD.

Heranbuime, posrasaemMo X — KOMOAKTHHE raycmopdosuii mpoctip i
HelepepBHe Clop’eKTuBHE BigoOpazkennsa f;: X — Z;, ne Z; — KOMIAKTHU
raycamopgosuit mpocrip, ¢ = 1,2, To BBaxKaemo, 1o fi; ~ fo, AKIO icHye
romeomopdizm h: Z; — Zp takwmit, mo h o f; = f,. Tak o3Hauene

BiIHOIIIEHHS ~ € BiJHONIEHHSAM EKBiBaJEHTHOCTI Ha KJaci BCIX CIOpP’€KTHUBHUX
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Bimobpaxkens ((bakTopBimodpazkens) B KoMIakTHI raycaopdosi mpocropu. Yepes
[f] mosmawaemo Knac eKBIiBATEHTHOCTI, MO MiCTUTH (bakTOPBinOOpazkeHHs f.
dakTopob’ekToM TpocTopy X HA3BEMO KJAaC EKBIBAJEHTHHX BiJOOParKeHb.

MHoXX7HY BCiX KJIaciB eKBiBaJEHTHOCTI TO3HATAEMO

&(X)={[f]| f: X — Z ne f — ciop’exruBHe BiI00paKeHHs,

X, Z — xommuakrhi raycuopdosi npocropu }.

Hexaii f: X — Z — HeuepepsHe, BiAKpuTe, CIOp’€KTHBHE BigoOpaKeHHs
KOMIIAKTHUX raycaopdosux npocropis (Haragaemo, mo sigobpaxkenns f: X —
7 HA3WBAETDHCS BIIKPUTHUM, SKIIO 00Pa3 KOKHOI BiIKPUTOI MHOXKWHY € MHOXKWHA,
Biakpwura). IToznaunmo (f) kiac BiagkpuTnx dbakTopBiIo0parkeHb eKBIBATIEHTHIX
BigoOpaxkenno f: X — Z. MuoxuhHy kjacip Biakpurux (paxToppinobpazkeHb

nosuaaumo ¥(X),

@(X) ={{(f)| f: X — Z ne f — Binkpure ciop’ekruBHe BijoOpaKeHHS,

X, Z — wommakTHi raycaopdoBi mpocTopu }.

Ouesumno ¥(X) C (X).

Meroro miei mpami € Tomosorizamis MHOXWHW  W(X)  BiakpuTHx
GakTOpoO’€KTIB ~ KOMMIAKTHOTO  TaycaopdoBOro  mpoCTOPYy,  MOPOIKEHA
Tomosiorielo BieTropica Ha MHOXKHUHI BCIX MOMKJIMBHAX HEMOPOXKHIX 3aMKHEHHUX
MHOKHUH TinepmpocTopy expX. A makoxk Jocaimkenus (YyHKTOPiaabHOCTI

koHCTPYKIii ¥, B Tomosiorii Bieropica i MOXKIuBICTb BKJIAJEHHSA IPOCTOPY

(T(X),7y) y upocrip (P(X), 7w )-

1 Tomosioria Baiicmana Ha MHOXKuHI (paKTOPOO’€KTIB
KOMIIAKTHOTO Traycaop@doBOro mpocTopy

Haranaemo, mo mis rtomosnorigaoro mnpocropy X depes C'L(X) nosnadaemo
MHOYKWHY HEMOPOXKHIX 3aMKHEHWX MHOXKWH B X; pi3Hi TOMOJOTi HA MHOMKUHI
CL(X) posrnanyro B [2|. IIpurasaemo, mo 6asucuum oxosom enemenra A €

CL(X) B Tonosorii Baiicmana € MHOXKuHA
O(A,F,e) ={B e CL(X) | |d(z,A) — d(z, B)| < & nna Bcix « € F},

ne F — ckinuenna migMuHOXkuHA nipocropy X i e > 0. Muoxwna CL(X) 3
BBE/IEHOIO TOTMOJIOTi€l0 BaficMaHa € TOMOJOriIHNM IPOCTOPOM i IMO3HAYAETHCS
(CL(X), rw).

Tomosorist Badicvana na @(X) 3amaerhcsd Tako KOHCTpyKIi€w. JIjst

KOYKHOTO KOMTAKTHOTO raycaopdororo npocropy X uepes C(X) mosnadwnmo
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OaHaxiB TPOCTIp AiiCHO3HAYHUX HemepepBHUX (hyHKINN Ha X, HamigeHuit sup-
Hopmoto. Posrisinemo HenepepsHe, ciop’ekruBHEe BigoOpazkensns f: X — Z i
posriisaeMo ayasnbhe Binobpaxkenns fi: C(Z) — C(X), o3navene dhopmyion
(&) =&of. drmo f: X — Z — crop’eKTuBHE BiJOOpayKeHHs, TO Bi10OparkKeHHs
fu: C(Z) = C(X) € BimoGpaxenusim Braazaennus, romy f,(C(Z)) € CL(C(X)).
TakuM YHMHOM, KOXKHOMY HEIEPEPBHOMY, CIOP’€KTHBHOMY BimoOpaxkeHHIO f
KOMTaKTa X Ha /4 MOXKHA TOKJACTH Y BIAMOBIAHICTH [AeAKYy 3aMKHEHY
nigmuaoxkuny fi(C(Z)) mpocropy C(X).

OueBuzHO, ABOM ekBiBasieHTHUM Bimobpaxkenusm f ~ g, ne f: X — Z i
g: X — Y Binnosigae onHa i ta xx migmuoxusa fi(C(Z)) = ¢.(C(Y)) npocropy
C(X).

TaKI/IM ‘II/IHOM, BU3HaYEHE BKJIa,HeHHH
e: (X) — (CL(C(X)), 7w)

MHOXKHMHM KJIACIB eKBIBAJIGHTHHX BiJ0OpakeHb KOMIIAKTHOI'O TIaycaopdoBoro
upocropy X B upocrip (CL(C(X)),Tw) HENOpOXKHIX 3aMKHEHUX IIiIMHOKUH
dyukuionampaoro npocropy C(X) wauimenuit Tonosoriero  Baidicmana.
Toknagemo $(X) = e(P(X)).

Y crarri [1] aBrop goBogurs 3aMkrenicrs migmuaoxuau P(X) B npocropi
(CL(C(X)), Tw), mo nae 3mory ronosorizysaru ¢(X), a came 6a3UCHIM OKOTIOM

enementa [f] € $(X) e MHOKHHA

O([fl; o1:92, - .- ni€) = {lg] € (X)) | [p(¢i, [f]) — p(wi, [g])] <&,
p;eC(X)i=1,2,....,.nmee>0ine N}

Mmuoxuny daxTopod’ekrie mpocTtopy X Hasgiseny Tomosorieo Baiicmana

nosnadaemo P(X).

2 Tomosioria Bieropica Ha MHOXKXUHI BiakKpuTnx
dbakTopob’eKTiB KOMIIAKTHOTO raycaopdoBOro mpocTopy

Hexait f: X — Z — HemepepBHe, BiAKpuTE, CIOp’€KTHBHE BiI0OpaKEHHS
KOMITAKTHUX TaycaopdoBux mpocTopis. Bimomo, 1m0 BiaKpuTicTh BimoOparkeHHst
f: X — Z exsiBasenrna HemepepsBHOCTI Bimobpaxxenns f~': Z — expX, ae
gepe3 expX MU MO3HAYAEMO Iineprnpocrip (MHOXKMHY HEIOPOXKHIX, 3aMKHEHUX
niaMHOXKUH TpocTopy X ), Hajinenwnit Tomosoriero Bieropica (nus., mamp., [3]).

Bazoro wuiel Tonosiorii Moxke CiyKuTn CiM’st MHOXKWUH

n
(U1,Us,...,Uy) ={AcexpX | AC UUi,AﬂUi;ﬁ@,zmﬂ BCix i =1,2,...,n},

=1
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e n € N.
O6pasoM mpocTopy Z npu Bigobpaxkenni F = f~!: Z — expX e Hemopokas,

samMkHeHa nigvuoxuna F(Z) B expX, To6TO
F(Z2)={f""(2)|2€ 2} ={f'(f(2)) | z € X} € exp®X.

3po3ymiio, 110 pi3HUM KJacaMm ekBiBaseHTHUX Binobpaxenb (f) # (g)
BianosizaoTy pisni cimi muoxkun F = {f"}f(z)) | * € X} i G =
{g7(9(z)) | * € X}, mo nae 3MOTy BKJIACTH NiIMHOKUHY KJACIB BLIKPHTHX
daxropsinobpazkenp mpocropy X B MHOKHHY exp’X, HaJlIeHy TOIIOJOriero
Bieropica.

B ronosorii Bieropica 6a3ucHIM OKOIOM eleMeHTa (f) € MHOKUHA

O(f) = (U1, Ur2s - - -, Uiny )y - o, (Uk1, Uz, o+, Uk ),

qe U;; — BIAKPHUTI MiAMHOXKHHE TPOCTOPy X TaKi, IO BUKOHYIOTHCA yMOBH:
1) nyis koxkHOTO 2z € Z icuye momep i € {1,2,...,k}, maxuii, mo f~1(z2) €

Uz

(Ui, Uiz, ..., Un,), Tobro f~1(2) € |J Uy i nna Beix j € {1,2,...n;} mMaemo
i=1
Y z)NU; #0;
2) nna Beix i € {1,2,...,k} 3Haiigersesa enement z € Z taxwuii, mo f1(z) €
<Ui17 Ui27 cy Uzn1>
Mmuoxkuny Bigkputux daxTopBigodpakenb npocTtopy X — HaIiIeHy

ronosoriero Bietopica moznataemo ¥ (X).

3 ®yHKTOpiaJbHICTh KOHCTPYKIIil ¥ B KaTeropii
KOMITAKTHUX raycaopdoBux MpOCTOPiB Ta BiAKpUTHX
CIOP’€KTUBHUX Bi/I0OpakeHb

Hexait X, Y — kommakThi, raycaopdosi mpocropu. Po3rnsnemo Hemepepshe,

BigkpuTe BimooOpaxkenus g: X — Y i Bigmosigne iftomy BimoOparkeHHst
U(g): ¥(Y) = ¥(X),

sagane dbopmymnoio ¥(g)((h)) = (ho g), ne (h) € ¥(Y). KopekTricTh Takoro
o3navenHs Binobpaxkenns ¥(g) Buiumsae 3 Toro QGakTy, M0 KOMIO3UIid ABOX
BiAKpHUTHUX BiIOOpaKeHDb € BiAKPHUTE BigoOparKeHHs.

Binobpaxkenus ¥(g): ¥(Y) — ¥(X) nenepepsHe.
Proof Po3rnsuemo noBibHUN 6a3uCHUNE OKLI

O(f) = (U1, U125 . -y Uiny ), (U1, U2, oo, Uy )y oo o (Ui, Uk, <o, Ugny))



Tomosorist Bieropica na ¥ (X) 39

enementa (f) = (hog) € U(X).

Posrasmemo mpoobpas ¥1(g)(O(f)) okomy O(f). das xoxuoro z € Z
icuye Homep i, i € {1,2,...,k}, raxuit, mo f~1(z) € (Ui, Usa,...,Uipn,), TO6TO
Y2 c U U,j 1 post koxknoro j € {1,2,...n;} maemo f~1(z) NU;; # 0.

i=1

n;
Ockineku f = hg, To 3 ymosu f~1(z) C |J U;; summmsae (hg)~'(z) C
i=1
n;

U Uij, 3Binku orpumaemo g~ '(h71(z)) C D U;j, Tobro h™1(z) C D g(Uij).
é_lToro, mo [~ z)NU; # 0, ne j € {1,5,_.1..1%}, BUILIABAE, IO izc_Hlye Take
z; € X, mo x; € f~1(2)1x; € Uy. Toni f(z;) = 21 g(x;) € g(Usj), 3Binku
onepkyemo hg(z;) = z i g(z;) € g(Uy;). Toni g(x;) = h™'(2) i g(z;) € g(Uy),
t0610 h™1(2) N g(Usj) # 0 nnsi Beix j € {1,2,...n;}. Orxe, 1715 KOKHOTO 2 € Z
sHaiigerses i € {1,2,...,k} take, mo h=1(2) € (9(Ui1),9(Usa), - .., 9(Uin,))-

AmnajioriuHo MOXKHA MOKA3ATH, 10 JJisd KOXKHOro ¢ € {1,2,...,k} 3uaiinerbcs
eqement z € Z takuit, mo f1(2) € (Ui, Uiz, ..., Uin,).
Ockinbku g — Bigkpure BinoOpaxkenms, muoxkuua ¢(U;;) € BiIKpHTOO

[iIMHOXKMHOIO IIPOCTOPY Y, & TOMY MHOXKHHA

O<h> = ((g(Uu),g(Um), cee 79(U1n1)>7 <g(U21)7g(U22)7 s 79(U2n2)>’
o3 (9(Uk1), 9(Ur2), - -, 9(Ukny, )

Oyzne GasucHuM okosiom esieMenTa (h) € ¥(Y), robro mpu Bimobpaskenni ¥(g)
enemenTu 6asu npocropy ¥(Y') BimoGpazkatoThca B GA3UCHI es1eMeHTH TPOCTOPY

¥ (X). 3Biaxu BumInBaE HenepepBHicTh BimoOpaxenus ¥(g): ¥(Y) — ¥(X).

Orxke, KOHCTPYKIig ¥ BU3HAYaE KOHTpaBapianTHuit (GpyHKTOpP 3 Kareropii
Comp’, kKommakTHEX TaycaopdOBUX MPOCTOPIB Ta BIIKPHTHX CIOP’EKTHBHUX

BimoOpazkenb, B Kareropito Top TOmoOrivHUX IPOCTOPIB.

4 HenepepsHicTts Bigobparkenns v: ¥ (X) — ¢(X).

Hexait (X,d) — xommakTHuii MeTpudHuii nipocrip. PosruisHemo BimoOparkeHHs
v: (W(X),7v) = (P(X),Tw), 3a1aHe TAKUM YMHOM: KOXKHIH ciM’T 3aMKHEHUX
muoxun F = {f71(f(z)) | z € X} = (f) € ¥(X), ne f: X —
7 — gesike HEMEpPEpPBHE, CIOP €KTUBHE, BiAKpUTE BiIOOpaskKeHHs, CTABUMO Y
BiamosinHicTs Kiac eksiBasentHocti [f] = f«(C(Z)) € $(X), akuit micrurh
dakropsinobpaxenns f. Ockisbku (X,d) — KOMIAKT, TO KOXKHA HelEepPEpBHA
na X ¢yHKIig € piBHOMIpHO HemepepBHO©. ToOTo, aasa KoxKHOrO € > 0 icHye
0 > 0 raka, 110 AKIIO BiICTAHB MiXK eJIleMeHTaMu TPO0OPa3y He MEPEBHUIIYE §, TO

BiICTaHb MiXK eJleMeHTaMu 00pa3y He TEPEBUIIYBATHME &.
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Hexait (X,d) — xommakTHWH wmerpu9Huii mpocrip. Bimobpa- xenus
v: (U(X),7v) — (P(X), Tw) HeuepepsHe.

Proof Hexaii [f] = v((f)) me [f] € &(X) i (f) € ¥(X). Posrnanemo neaxuii Okin

O([f]; ;) = {lg] € 2(X) | [p(p, [f]) — p(p, [9])] < €}, ¢ € C(X),

ze € > 0, enementa [f].

Hexait Bigcranb Bim enementa ¢ € C(X) no MHOKuHE [f] peanizyerhcst Ha
enementi « € [f], Toxi p(¢, [f]) = p(p, a). 3 piBHOMIpHOT HEnEepepBHOCTI DYHKIIIT
a € C(X) pna 3amasoro € > 0 icaye 6 > 0 Take, mo skmo d(z,y) < §, 10

a(z) —aly)| < 5

Posrasnemo okin Os(f) C ¥(X). dxmo (g) € Os(f) C ¥(X), to mnsa
koxkHoro z € X icuye enement ' € X rakuit, mo dy (f~1(f(x)), g7 (g(2))) < &
i maBnakm myst koxuoro ' € X ichye enement z € X Takwii, mo

dr (g~ (g(2), f7H(f(2))) <.

OTke, BimcTaHb
p(e, [f]) = ple,0) =[l ¢ — o ||= jlelg{lw(w) —a(z)|} = jlelg{lw(w) —&o f(@)[}

Baysaxumo, mo byHkIig o crana na enementax cim’i {f~1(f(x)) | x € X}.
Posrasinemo dyukimio p: X — R, 3amany dbopmynono u(x) = min{a(y) | y €
g (g(z))}. Tobro 1 € [g]. Hexait Bincrams p(a, 1) peamisyerbcs Ha eseMenTi

o € X, T06TO

pla, p) = jg@({la(w) — ()|} = |a(zo) — pu(wo)| =

= la(wo) — min{a(y) |y € g7 (9(z0))}| = la(zo) — a(yo)]-

3a mo0ynoBo0, 3HANACTHCA eJIeMeHT Ty € X Takwuii, o
I 0 I

du (f7(f(20)), 9 (g(ap))) <6,

orxe, icaye 2’ € g~1(g(x})) Taxe, mo d(zg,z') < § iicaye y' € g~ 1(g(x})) Taxe,
o d(yo,y’) < d. Jani, BpaxoBy09u PIBHOMIDHY HEIIEPEPBHICTDH BiIOOpasKeHHs

Q, OTPUMAEMO:

pla, 1) = |a(zo) — a(yo)| = la(zo) — a(z’) + a(@’) —a(y’) +a(y’) — a(yo)|
< azo) — al@)| + Jal@’) — a(y)| + Jay') — aly)] <e/2+0+¢e/2 =¢.
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TaxkuM unHOM, Ma€ Micre HepiBHicTb p(@, 1) < p(p, @) + pla, p) < p(p, [f]) + &,
ane p(y, [9]) < p(p, 1), orxe, oTpuMaemo

p(p, [g]) — p(ep, [f]) <e.

3 inmoro 6oky, mpuiycruMo, mo Biacranb Bix enementa ¢ € C(X) mo
MHOXKNIHN [g] peastizyerbces Ha nesikomy eeMmenti S € [g], roxi p(¢p, [g]) = p(p, B),

TOMY

| ¢ =B = sup{le(z) — B(z)[}.
reX

Baysaxumo, mo bynkmia 3 crarta Ha enementax cim’i {g71(g(x)) | r € X}.
Posrasinemo dynkiio n: X — R, 3agany dopmymnoo n(x) = min{3(y) | y €
f71(f(z))}. Tobro bynkuia n € [f]. Hexait sincrans p(3,7) peamisyerbca na

JeIKOMY efeMeHTi xg € X, ToOTO

p(Bn) = jg}p({lﬂ(l’) —n(@)[} = [B(xo) — n(z0)| =
= |B(z0) —min{B(y) | y € g~ (9(0))} = |B(z0) — B(yo)l-

3a mobymoBoIo 3HafieThest eneMenT 2 € X Takmii, 1o

de (F~1(f(x0)), 9~ (9(x0))) < 6,

orxe, icaye o' € f71(f(x))) Take, mo d(xg,x') < & iicuyey € f~1(f(z})) Taxe,
mo d(yo,y’) < §. Hami, BpaxoByoodnm PiBHOMIPHY HemepepBHICTH BimoOparkeHHs
B, OTPUMAEMO:

p(B,m) = |B(z0) — Byo)| = |B(zo) — B(z) + B(z") — B(Y') + BY') — B(yo)|

< 1B(x0) = Ba")| + |B@') = B + |8() — Blyo) | < 5 +0+ 5 =<

TaxkumM umHOM, Mae Micue HepiBHicTb p(p, 1) < p(e, B) + p(B, 1) < p(e, [9]) + ¢,
azte p(p, [f]) < p(p,n), orxe, orpumaemo

ple, [f]) = plp, [g]) < e.

Osxe, |o(i. [f])—ple. g])] < & 2w mummumac, mo [g] € O((f]; ;). Tobro
Y(Os5(f)) C O([f]; ¥;€), WO O3HAUAE HENEPEPBHICTH BiIOOpasKeHHs

v (W(X), 7v) = (D(X), 7w).
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Hexait X — xomnaxtauit raycaopdoswuii mpoctip. Po3riisimemo BigobpaskenHs
v: (U(X),1v) = (@(X), 7w). Ockimbkn X — KOMIAKT, TO KOKHA HEIEPEPBHA
na X JyHKIg € piBHOMiIpHO HemepepBHO. TobTo, mms KOXKHOrO £ > 0
icHye cKiHYeHHe TTOKPUTTS MPOCTOpy X BIAKPpUTHMHU MHOXKWHAMHU, & came U =
{U1,Us,...Up}, ne m € N, Take, Mo HA KOKHOMY ejeMeHTi MoKpuTTs U;
KOJIMBaHHS (DYHKII] HE IEPEBUIILyBATHME £.

Hexait X — xommaktamit raycaopdosuii mpocrtip. Bimobpa- xenns

v: (W(X),7v) = (P(X), Tw) HenepepBHe.
Proof Hexaii [f] = v((f)) ne [f] € P(X) i (f) € ¥(X). Posrnanemo nesaxuii oxin

O([fls ;) = {lg] € (X)) | [p(ep, [f]) — pp, [g))| < €}, € C(X),

ze € > 0, enementa [f].

Hexaii Bigcranb Bin enementa ¢ € C(X) no muoxunu [f] peanisyerbcs
Ha esnementi a € [f], moxi p(p,[f]) = p(p,«). 3 piBHOMIpHOI HemepepBHOCTI
byukuii @ € C(X) pig 3ananoro € > 0 icHye CKiHYEHHE HOKPUTTS IIPOCTOPY
X Bigkpurumu MHOxkuHamu, a came U = {Uy, Us,...U,,}, Take, mo ajis BCix
z,y € U; maemo |a(x) — aly)| < /2.

Posriaremo okin

O<f> - <<U11, U12, ey U17L1>7 <U21, U22, ey U2n2>, ey <Uk1’ (]]€27 .. '7Uk’nk>>

eqementa (f) C ¥(X), B axomy Bcl U;; € U. Posraanemo nosiabHuit eeMent
(9) € O(f), Toni mna xoxmoro x € X icmye emement z’ € X Takwmii, mo
FHf(x) € (U, Uiz, ..., Usn,) i g (g(2")) € (Ui1,Usa,...,Uspn,) i HaBnaxu:
nns koxkworo x' € X icmye emement x € X Takmit, mo g '(g(x')) €
(Uin, Uiz, -, Uin,) 1 f7H(f(2)) € (Uir, Uiz, -, Uiny) -

Orxe,
p(e, [f]) = plp,a) =[ ¢ —a [|= jgg{lw(ﬂc) —a(x)]} = Esgg{lw(w) —&o f(x)]}.

Baysaxkumo, mo byHKIiA o cTaida Ha eqementax cim’i {f~1(f(x)) | » € X}.
Posrasinemo dyukuio p: X — R, 3amany dbopmynono p(x) = min{a(y) | y €
9 Yg(z))}. Toxi p € [g]. Hexait
pla, p) = Sug{la(ﬂc) — p(@)|} = lewo) — plwo)| =
€

= |a(zo) — min{a(y) |y € g7 (9(x0))}| = la(zo) — alyo),

ne xo i yo — enementu muokunu g~ 1(g(wg)). Tom g~ (g(wo)) = g7 (g(yo)) €
(Ui, Usa, . .. Uy, ). OTixe, 3Haiinerses enement xy € X taxwuit, mo f~1(f(zf)) €
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(Uit, Uiay .., Usp,). Hami zg € g~ (g(w0)) € (U1, Uiz, ... Uin, ), TO6TO 19 € Uy,
ne 1 < k < ny, orxke, snaiinersca enement =’ € Uy, i 2’ € f=1(f(xf)) Taxuit, mo
la(z) — a(z’)| < €/2. Mipkytoun amamoriano, sutepemo 3’ € Uy, ne 1 < 1 < ny,
iy € f~1(f(xp)) axuit, mo |a(y) — a(y')] < /2.

Hami oTpumaemo:

pla, p) = la(zo) — alyo)| = la(zo) — a(z’) + ala’) — a(y) + a(y’) — alyo)|
< la@o) — a(@)| + la(@’) —ay) +la(y) —alyo)| <e/2+0+e/2=¢.

Takum unnOM, Ma€ micue mepiBaicTb p(@, 1) < p(p, ) + p(a, x) < p(w, [f]) + ¢,
ane p(p, [g]) < p(p, p), or2xe, OTpUMAEMO

ple,lg]) — ple, [f]) <e.

3 inworo 6oky, mpuiycrumMo, wo sigcranb Bix enaemenra ¢ € C(X) mo

MHOXKUHH [g] peanisyeTbes Ha AesakoMy enementi 8 € [g], Tomi
p(e,[9]) = plp, B) =l ¢ = B |I= Sgg{Iw(w) —0og(z)[}.

Oxke, dynknis 3 crama Ha exementax cim’i {g~1(g(z)) |z € X}.
Posrasmemo dynxuio n: X — R, 3agany dopmymnoo n(x) = min{3(y) | y €
F7Y(f(z))}. Tobro dynxuis n € [f]. Hexait Bincranb p(S,n) peanisyerbcsa na

JIesIKOMY ejieMeHTi g € X, T00TO

p(B,n) = sup{|A(z) —n(x)[} = |B(z0) — nlzo)| =

reX

= |B(x0) —min{B(y) | y € g7 (9(w0))} = |B(x0) = Blyo),

e 0 i o — eneerni onmn f~(f(z0)). Toi f~(f(z0)) = £~ (Fluw)) €
(Uj1,Uja, ... Ujp,). Oraxe, snaiinerses exement x( € X rakuit, mo (¢~ (g(xf)) €
(Uj1,Uja, ..., Ujp, ). Hani xg € Y f(x0)) € (Uj1,Uja, ... Ujn,), Tob10 20 € Uy,
ne 1 < k < nj, orke, 3uaiierscs enevent ' € Uy, i@’ € (971 (g(x)) Taxuit, mo
|B(z) — B(x")| < e/2. Mipkyioun amanoriuno BuGepemo y' € Uj; ne 1 <1< nj, i
y € (f71(f (=) raxmit, mo |B(y) — B(y)| < /2.

Toni orpumaemo:

p(B;m) = 1B(x0) — Blyo)| = [B(xo) — B(2') + B(z') — BY') + BY) — Byo)l

< B(zo) — B+ 1B(x") = W)+ 1B(y") — Blyo)| < % +0+ =

226.



Taxuym wmHOM, Mae micne mepiBricTb p(@,7) < p(p, B) + p(B,1) < plp, [g]) + &,
aze p(y, [f]) < p(p,n), oTike, oTpEMaEMO

ple, [f]) = ple, [g]) <e.

Osxe, |o(i. [f])—ple. 9])] < & amiawn mummumac, mo [g] € O((f]; ;). Tobro
Y(O(f)) C O([f]; ;€), O 03HAUAE HElEPEPBHICTH BiIOOpasKeHHs

v (W(X), 1v) = (B(X), Tw).

5 3ayBakeHH4 1 BIIKPUTI IUTAHHSI.

OcHOBHUIT pe3yIbTAT CTATTI CTOCYETHCS KOMIAKTHUX rayca0p@OBUX MPOCTOPIB.
3aIuIaEMo BiAKPUTUM THUTAHHS PO MEPEHECEHHs HOr0 Ha HEKOMIAKTHHIT
BUMAIOK. Y 3B’SI3Ky 3 IIUM 3ayBajkeMmo, Io mapaJjeabuo 10 teopil €.B.1lenina
TOIOJIOr] HEMETPU30BHUX KOMIAKTIB, Je BuHHMK/IA KoHCTpykuia D(X),
A.Y.Yurorinze [6] po3BunyB 11 HEKOMIIAKTHHIA AHAJIOT.

Bunukage misuii psag mpo0seM om0 TOMOJOTIYHUX BJIACTUBOCTEN MTPOCTOPY
¥ (X). Bokpema, HEBLOMO, 91 1el TPOCTIP € TONONOriYHO TOBHUM.

Cdopmyiroemo Takoxk nuTaHHd PO omuc Touosioril npocropis W(X) s
koHKperHUX TpocTtopiB X. Ockinbku rimeprpoctip expX HyJIbBAMIpHWIA [1jIst
HyJbBUMIpHOTO X, TO HynbBuMipHNUM € i ¥ (X). Bunnkae nutanus, un 38’ si3HU
upocrip ¥([0,1]"), ne n > 27
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Po3muri merpuku I'pomosa-I'aycmopda

Odaekcanap I'puroposuuy CaBuyeHKO

Abstract Y kiraci po3MUTHX METPHUK MOOYJIOBAHO AaHAJIOr MeTpuku ['pomMoBa-
Taycmopda. nokazamo, mo Kiac yCiXx KOMIAKTHUX PO3MUTHX METPUYHUAX
npocropis y cenci George i Veeramani (GM-po3MuTux METpUYHUX ITPOCTOPIB)
¢ KM-po3MuTuM MeTpudHAM IPOCTOPOM (y CEHCl O3HAUEHHS, MO HOro HABEIU
Kramosil i Michalek).

Keywords merpuka I'pomosa-Taycaopda, posMuTnit MeTpuaHHAit TPOCTIip

1 Beryn

Metpuka I'pomosa-Taycmopda Gyna Brepine 3ampoBazkena y crarri [1].
Oznaugyioun 1o merpuky, M. I'pomos pasneko ysaraspaus merpuky Laycaopda
Ha rinepupocropi (IIPOCTOPi HENOPOKHIX 3AMKHEHUX MiAMHOXKHUH). 3 TOrO 4acy
verpuka ['pomosa-laycmopda 3maiinnra mupoKi 3aCTOCYBAHHS y PIMAHOBIM
reomerpii Ta iHmwmx obmactsx maremaruku(ams., Hanpukiam, [2],[3]). Tpomor
JN0BiB aBa (QyHIAMEHTAJNbHI PE3y/JbTaTH, TEOpPeMy KOMIIAKTHOCTI i Teopemy
3012KHOCTI, sIKi MAalOTh BaKJIMBE 3HAUEHHS I TEOPil PiMAHOBUX MHOTOBHIIB.
Haramaemo, 1mo TeopemMa KOMIAKTHOCTI CTBEPKYE BIIHOCHY KOMTAKTHICTH
MHOXXWHM BCiX PiIMAHOBUX MHOTOBUIIB 3 KpuBWHOIO Piuui > ¢ i miamerpom < D.

s o3magenns  merpuku — I'pomoBa-laycmopda  maramaemo, 1o
rinepnpocropoM MerpudHoro unpocropy (X, d) Ha3MBalOTH MHOXKHUHY BCIX

HEMOPOXKHIX KOMITAKTHUX IMiIMHOYXKUH, HAIIIEHYy MeTpuKoio Laycaopda dy:
dp(A,B) =inf{r >0| AC O,.(B), BC O.(A)}

(tyr uepe3 O, (C) moznadeno r-oxin Muoxunu C).
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Bincrans I'pomosa-Taycnopda Mik KOMIAKTHUME METPUIHUME TTPOCTOPAMHA

X 1Y obumcnioerbcsa 3a popMysioo:

den(X,Y) =inf{dy (i(X),j(Y)) |

i: X = Z, j:Y = Z — i30MeTpuvHi BKIAJIEHHS }.

Meroro miel crarTi € 3HaxXOmKeHHs aHasjora merpuku I'pomosa-laycmopda
JUISE BUTIAAKY PO3MUTHX METPUYHUX MPOCTOPiB. [IoOHATTS pO3MUTOrO METPUIHOTO
MPOCTOPY € JAJIEKUM y3araJbHEHHSM TMMOHSATTS METPUYIHOrO MPOCTOpPY. BOHO
3HAXOAUTh CBOI 3aCTOCYBaHHA M0 Teopili 0OpoOKm 300parkeHb Ta y IHIIHAX

obIacTIax.

2 Posmura merpuka I'pomoBa-T'aycaopda

2.1 Posmura merpuka 'aycnopda

Haum 3nam06uThCcst moHATTS t-HopMu. Binapry omepartiio *: [0, 1] x [0,1] — [0, 1]

Ha3WBAIOTh HEMEPEPBHOIO t-HOPMOIO, SAKINO * 33/I0BOJLHIE TaKi YMOBH:

(i) * komyraTuBHa i acomiaTuBHa,;

(ii) * HeuepepsHa;

(iii) a * 1 = a ana Beix a € [0,1];
)

(iv) axb<cx*d,axmo a <cib<d,ia,b,cde]l01]

[Ipukmagamu t-HOPM € Taki omepartii:
a*b=ab, axb=min{a,b}, a*b=max{a+b— 1,0}

(t-aopma JlykaceBudya).

Y ireparypi Ha#Oinbml MOMKUPEHUMH € JBa IMIiAXOHW 10 O3HAYEHHS
PO3MHUTOrO METPUIHOTO ITPOCTOPY.

Tpiiika (X, M, %) nazuBaerbcs GV-po3MUTUM METPUYHUM IIPOCTOPOM, SKIIIO
X — 7noBiIbHA MHOXKWHA, * — HelmepepBHa t-HOpMa i M — po3MuTa MHOXKWHA
na X2 x (0,00) (Tobro bynkmis X2 x (0,00) — [0,1]), 10 3a0BOIBHSAE YMOBH
s Beix x,y,z € X i s,t > 0:

(i) M(x,y,t) >0,
(ii)) M(z,y,t) =1 roui i yume Toxi, Konu T = y,
(i) M(z,y,t) = M(y,z,1),
(iv) M(z,y,t) « M(y,z,8) < M(z,z,t+ s),
)
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ITe nousiTTs 03HAaUeHO B crarTi [4]. SIKIIO 3aMicTh HeMepepBHOCTI BUMAraeMo
JIAIIE HEIIEPEPBHICTD 371iBa, TO OiepKyeMO NoHATTsS KM-po3MuToro MeTpudHOro
upocropy (zus. [5]).

Hexait z € X, r € (0,1) i t > 0. Muoxuna B(z,r,t) = {y € X | B(x,y,t) >
1 — r} HasuBaeThCA Kyaew padiyca r 3 UEHMPOM Y MONYE T, wo 6i0nosidac t.
MuoKuHa BCix KyJib CIIyKUTb 623010 Jyisi (MeTpu30oBHOL) Tomosorii na X (uus.
[6]). Hamaui y po3MHTOMY METPHYIHOMY MPOCTOPL GY/eMO PO3IJISATH JIUIIE IO
TOMOJIOTIIO.

Bimomo, mo koxkHa MeTpuka d Ha MHOXKWHI X IOPOMKYE PO3ZMHUTY METPUKY

M, va X 3a dbopmyoio:

d(z,y)
My(z,y,t) = ————.
al@:y,t) d(z,y) +t
Hexait B — HemoOpOXKHSA TAMHOXKWHA PO3MHUTOTO METPUIHOTO MTPOCTOPY

(X, M, *). qIna koxuux a € X it > 0, Hexait
M(a, B,t) = sup{M(a,b,t) | b € B}

(mus. [7, Definition 2.4]).
Hexait (X, M, *) — posmurnit Mmerpuarnii mpoctip. O3naunmo uvepes exp X
ciM’T0 BCiX HEMOPOXKHIX KOMIAKTHHUX MiaAMHOXKHH B mpocTopi X. 7K i B crarTi

[7], osnauumo dyukuito My Ha exp X x exp X — (0, 00) dbopmyioro:
My (A, B,t) = min {;Iel,qu(a’B’t)’l}glfaM(A’b’t)}

s Beix A, B € expX it > 0. Ocuosuuit pesysbrar (Teopema 1) crarri [7]
crBepkye, mo (Mpy,*) — po3mura Merpuka Ha MHOXKuHI exp X (posmuma
mempuka Laycdopga). Binbiie Toro, usg po3MuTa METPUKA MOPOJIZKYE TOMOJIOTII0
Bieropica ma rimepmpocropi exp X. Haragaemo, mo 6a3a Tomosorii BieTopica

CKJTAJIAETHCA 3 MHOXKUH BUTJISTY
(Up,...,Up)={A€expX | AC U, U;, ANU; # 0 nna Bcix i},

ne Uq,...,U, — Bigkputi B X MHOXUHU.

Mu BukopucroByemo nosHadenus My 3amicts Bxkuroro B crarti [7]
no3HadeHHsaA H)y; 1e TOB’si3aHe 3 TUM, IO TOMAI MPUPOIHO MO3HAYATH PO3MUTI
MeTPHWKHN Ha iTepamiax exp’ = expexp, exp’, ...dyHKTopa exp depe3 My,

Mygm,. ...
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3 Po3muri merpuknu I'pomosa-T'aycnopda

Hexait (X;, M;,*), i = 1,2, — po3muri merpuuni npocropu. Pozmuroro

Bigcranuio ['pomosa-Taycaopda mik HIMEU HA3UBAEMO YHCIIO

Meau((X1, My, %), (Xa, M2, *),t) = sup{Mp (F1(X1), F2(X2),1) |
F;: X; = Z — i3oMeTpuYHi BKJIaQJIEHHS B PO3MUTHIHA

Merpu4Hnil poctip Z}.

Baysaxumo, 1o yuciao May (X1, M1, %), (Xa, Ma, %), 1) KOpeKTHO O3HaYEHE,
OCKLTbKHM 130METPUYHI BKJAJIEHHS y CHIJIBHAN PO3MUTHUNA METPUYHHI HPOCTip
iCHYIOTH IJIsT KOXKHUX JIBOX PO3MUTUX METPUYIHUX MPOCTOPIB — JOCUTH B3ATH iX
6yker (aus. [8]). [lokaxemo, wo Mgy — po3MuTa LCEBJAOMETPUKA HA MHOXKMHI
FM(X) Bcix 3amrHeHuX iAnpocropiB (BiKCOBAHOIO PO3MHUTOIO METPUYHOIO
npoctopy X.

Cumerpuunicts GyHkiili Mgy BUMIMBAE 6€3MOCEPETHBO 3 O3HAUEHHS.

IMokazkemo, 10 BUKOHYETHCst yMOBa (1v) 3 03HAYEHHS PO3MUTOIO METPUYHOIO

upocropy. Hexaii (X;, M;, ), i = 1,2,3, — po3muTi Merpudsi npocropu Taki, mo

MGH((Xl’ My, *)7 (XQ, M, *)7t) = a,
MGH((XQ’MQ’ *)7 (X35M37*)a3) =b.

Hexaii € > 0. Icaytors posmutri merpuuni npocropu (Z;, Ni, %), ¢ = 1,2, Taxi,
0 /1 130MeTPUYIHO MiCTUTH X1, X9,a Zo i30MeTpUIHO MicTUTDL Xo, X3, IpUIOMY
My (X1, Xa,t) > a—e, My (Xa, X3,8) > a—e. IIobyayeMo po3MUTHIT METPUIHMIT
upocrip (Y, K, ) nacryunum crocobom: Y = (Z1 U Zy)/ ~, ne ~ — Bianouienus
€KBiBaJIEHTHOCTI, 1O cKIeloe * € Xo C Z1 3 x € Xo C Z3; PO3MHUTA METPUKA
HAa Y € MEeTPHKOIO, 10 YTBOPIOETHCS CKJICIOBAHHAM PO3MHUTHX MeTpuk Ni, No:

Ko « € Z1 \ Za, Yy € Z2 \ Z1, To 115t Koxkuoro T € (0, 00) mpuitmemo:
K(z,y,t) = sup{N1(z, z,t1) * N(2,y,t2) | 2 € Zo, t1 +t2 =7}

(nuB., nanpukaan, [8]). Teuep 3 ymosu (iv) aus rinepupocropy (exp K, My, )

BI/IHHI/IBae, 10
Meau (X1, My, *), (X3, M3, *),t +s) > Kg (X1, X3,t+ 5)
> My (Xq, Xo,t) « Mg (Xo, X3,8) > (a—¢)x(b—¢)

i 3 HEIepepBHOCTI t-HOPMHU * BUILIMBAE ITyKAHA HEPIiBHICTbH.
Hexait Mgy ((X1, My, *), (X2, Ma,*),t) = 1. Toni nma xoxuoro r € (0,1)

icuye posmurmit merpmunmii mpocrtip (Z,, N,,*) 1 i3oMerpuuni BKIaJeHHS
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F;: X; — Z maki, mo My (Fy(X1), F2(X2),t) > r. He 3Menmyoun 3araibHOCTI,
MOXKeMO BBaxkaru, mo £ = X; U Xy i BimoOpaxkennsa F;: X; — Z,1=1,2, €

BryroyeHHaAMEu. O3nagumo Bigpomenns R, C Xy x X5 ymoBoio:
(z1,22) € R, & Ny(x1,22,t) > 1.

Hecknanno mokasarm, mo BigHomenus R, mpu r — 1 mOpaMyioTs 10
MHOXKHHH, 10 € rpadikom romeomopdizmy mixk X Ta Y. Binbme toro, mei
romeomMopdi3m € i3omerpi€ro.

HenepepsHicTh 3i1iBa 0epKaHOl (DyHKILT
t— MGH((Xla M17 *)a (X27 M2a *)7 t)

BUILIMBAE 3 TOTO, IO BKa3aHA (DYHKIISA € CYIPEMYMOM MOHOTOHHO 3POCTAI0YUNX
HETEePePBHUX (DYHKIIIH.

Mu onmep:xkyemo Takmit pesyabrar. MHOXKHUHA BCiX KJIaCiB €KBIBAJTEHTHOCTI
koMmmakTHUX GV-po3zmurux Merpudaux npocropis € KM-posmurum MerpudaHum
TIPOCTOPOM.

SayBaxKuMo, 0 aHasjoriaao posmury merpuky I'pomoa-Tayciopda moxua
O3HAYATH HA MHOXKHHI YCiX HEMOPOKHIX OOMEXKEHHX PO3MHUTHX METPUIHHUX
TIPOCTOPIB.

CiM’d  CKiHYEHHUX PO3MUTHX METPUYHUX TMPOCTOPIB BCIOAW INUIHLHA B

YTBOPEHOMY METPHUYHOMY HIPOCTOPI.

Proof Hexaii (X, M, *) — posmuruii merpuuanuii KM-npocrip. s koxHOrO ¢ >
0 posrisiHeMo MOKpuTTs mpocropy X Kyasmu surisay B(xz,rt), © € X, r €
(0,1), t > 0. Ile noxkpurrs micrurp ckinuenune nipnoxpurra {B(z;,r,t) | i =
1,...,k}. Toni 3a noGynoBoro merpuanuii npocrip {1, ..., Ty} JexKuTh B 7-0KOJI1

npoctopy X mpu ¢t > 0.

Haramaemo, mo po3aMuTnii METPUIHUN IIPOCTIP HA3UBAETHCA CTAIIOHAPHUM,
AKINO 3HAYEHHS PO3MHUTOI METPUKHM He 3ameKuTh Bix 3mimuol t. Heckmasmmo
noBectu Takuii dakt. Bimcrame ['pomosa-laycmopda wmixk crarmionapHuMT

METPUYHUMHU MPOCTOPAMU HE 3aJI€KUTD BijJ 3MiHHOT f.

4 ITyukroBaHa 36ixkuicte I'pomoBa-T'aycaopda

Huxxae mum posrmgmaemo momumdikamito mpocropy I'pomosa-Taycmopda mis
HekOMIakTHUX posmurux KM-mpocropis. Hexait (X, zi, My, %)),  —
MOCTITOBHICT, MyHKTOBaHUX po3mutnx KM-mpocropis. Kaxkemo, mo 1

MOCJTiIOBHICTh 30ira€ThCst J0 MyHKTOBAHOTO PO3MUTOrO METPUYHOTO MPOCTOPY
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(X, 2, M, x), saxmo mas koxuoro r € (0,1) MOCHIIOBHICTH 3aMKHEHUX r-KYJIb
(B(x;)$2; 3 iHIyKOBAHOIO PO3MUTOI0 METPHKOIO 36ira€ThCs y PO3MUTIH MeTpuri
I'pomosa-Taycaopda 10 samrrenoi r-xyai B(z).

ITyukToBana 36i:kHicTh I'pomoBa-Tayciopda gae 3MoOry O3HAUUTH JOTUIHUI
PO3MWTHI METPUYHWI MPOCTIp B TOWIi OO0 3aJaHOTO PO3MUTOTO METPUIHOTO

IPOCTODY.

5 3ayBakeHHS

Hexait (X, M,*) — posmurnii merpwunnit KM-npocrip. Ilosnauaemo uepes
expop (X, M, *) MHOXKHHY BCIX KOMIAKTHHX HEMOPOXKHIX IiJIpOCTOPIB y
X, HazgineHy posmuroio Merpukoo I'pomoBa-Taycaopda. ¥ [9] mosexewo,
mo rimeprpocrip 'pomoBa-Taycnopda ogmamygHOro Bigpi3ka 3i CTaHIAPTHOIO
MEeTPUKOI0 romeoMopduuit rinbbeproBomy Kyby. Mu dhopmymoemo rinoresy mpo
Te, 0 MA€ MiCIle PO3MUTHUI AHAJIOL IBOrO PE3YJIbTATY.

3azHaunuMo, 10 10 HEJABHOIO MOMeHTy Teopii GV-po3MuTux MeTpudaHuX
npoctopiB Ta KM-MeTpuaamX MpoCTOPiB po3BUBaINCS mnapaJjeabuo. [pu mpomy
eBHa IepeBara HajaBajacsd Teopil GV-po3sMuTUX METPUIHHX [IPOCTOPIB,
OCKITTbKH  TOIOJIOTIsI, TOpomKeHa po3MuToil  GV-Merpukon, MeTpu3oBHA.
PesynpraTn 1iei crarTi mokadyiorh, mo KM-MmeTpuuni mpocTopw TPHUPOTHO
BUHUKAIOTH y Kjaci GV-po3aMuUTHX METPUYHUX TTPOCTOPIB.

BinbmicTs 3anuraHb, aHAJOTIYHUX 10 THUX, PO POBIVISIATUCA Y METPUUIHIN
Teopii, BaNUIIAETHCS BiAKPpUTHMU. 30KpeMa, HEBiJOMO, du TilmeprpocTip
I'pomosa-Tayciopda mosHuii.

ITe onmme 3ammraHHs: HeXall MOCTIIOBHICTHL MerpmuHmx mpoctopis (X, d;)
36iraerbes 10 (X, d) y merpuni I'pomosa-Taycaopda. Hu 36iracrbea (X;, My, , %)
1o (X, My, ) y posmuriii merpuii I'pomosa-Taycaopda?
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TI'osmomopdHO-TTPOEKTUBHBIE OoTOOpakeHus
KeJIEPOBBIX MPOCTPAHCTB C COXPAHEHWEM TEH30pa

DUHINITETHA

B. Kwuocak E. Yenypnas

Abstract B paboti BuB4aioThCS roI0MOPGOHO-TIPOEKTUBHI BiOOpAKEHHST KeJIEePOBUX
npocTopis, mo 36epirators Ten3op Eitamreiina. Orpumani OCHOBHI piBHsAHHS TeOPil
BKa3aHUX BiioOpaxKenb. Po3B’da30K 3aja4l 3B€/IEHO 10 BUBYEHHS CHCTEMH JIHIMHUX
mudepeHiaIbHIX DPIBHAHHP B KOBAaplaHTHMX MOXigHUX. JIOC/iKEHHS BeIyThCS
JIOKQJIPHO, B TEH30pHIi ¢GopMi, B K/IaCi JOCTATHBO TIAAKUX (YHKITH, 6e3 00MeKeHb
Ha 3HAK Ta CUTHATYPY METPUK IIPOCTOPIB, MO BUBYAIOTHCH.

1 KegepoBbl mpocTpaHcTBa

Keneposbim pocTpanctsoMm Ky, (n = 2N) HA3BIBAETCA IETHOMEPHOE ITPOCTPAHCTBO
€ MeTPUYeCKHM TEH30POM ¢;;(Z), B KOTODOM CyIIECTBYeT KOMILIEKCHAS CTIPYKTYpa

F!'(z), ynoBnersopsiomas cremyomm coorsomermsy [1], [3], [5], [7]:

h h h
FoF = =65  Fup=0;  F;=0, (1)

roe Fy; = ngf, (¢ j) — cmvmerpupoBanue 6e3 meneHus 1O ¢ W j, 3amaTad ¢, ¢ —

3HAK KOBAPUAHTHOM TIPOU3BOIHOMN TI0 CBA3HOCTH Ky, 6{” — cumBosibl Kponekepa.
BameTnM, UTO KeJIepOBbl MPOCTPAHCTBA BIEepBble u3ydayuuch 11.A. ITTupokoBbiM,
KOTOPBI# Ha3BaJ ux A-mpocTpancrBaMu. 3aTeM 3TH IPOCTPAHCTBA HUCCIIEI0BAJIACH
9. Kenepom. B swmreparype, Kak umpaBujio, TaKue [IPOCTPAHCTBA HA3bIBAIOT
KEJIEPOBBIMU.
st ymoberBa BBezeM B Ky, OIIEPAIHIO COTIPSIIKEHIST:

3necs A u B npou3sBosbHBIE TEH30DbI JI000i BaJIeHTHOCTH.
B cuy (1) u (2) nmeror MecTo ciemyomme CBOHCTBA:



T'o/toMOp(pHO-TIPOEKTHBHBIE OTOODAIKEHUST

53

A; =—A;;

AaB® = AoB%;
(A7), ;=4

5,77

B' = _B'
AaB® = —A,B%;

(B"),j=B"j;

Merpuyeckuii TeH30p U CHMBOJIBI KpOHEKepa yA0BIETBOPSIOT COOTHOIIEHUIM:

97 = 955 9ij = — 9

st =t = Fl;

o = gt

(4)

Tenzopsr Pumana R?jk u Puorm R;; obmamaioT JOMOTHATENTLHO K M3BECTHBIM

TOXKJIEeCTBaM, CBOMCTBAMU:
Rpije = Rnijrs

e Rpiji = gha iy [4]-

B35 = Rij,

(5)

B kesrepoBbix mpocrpancTBax Ky ompesesieHsl Ciieayomnne TEH30PhL:

h _ ph 1
Pijr = Riji — m(é[kR

h h
i O + 207 Rjp)

— TeH30p roIoMOPGHO-IIPOEKTUBHON KPUBU3HEL;

h _ ph R
H;j, = Rijy, — T 2)

j (0Tkg1i + 81957 + 267 956)

— TEH30P I'0JIOMOP(HO-CEKITMOHHON KPUBU3HBI Kp ]

J

h h h h h
Bjix = Rij + (8] Byi + 6By, + 205 Bjy, +

h h h
+ Bijgxi + Blj9r: + 2B; 9j)

— ten30op Boxuepa Ky, rae

R

Blh = ghaBaiv
1
Bij = n+4(Rij -

B Boume

aJibrepHUpOBaHue 0Oe3 jeseHus, a R = Raﬁgaﬁ

371eMeHTHI OOPATHON MAaTPHUIIBI K || 9ij H

MpUBeIEeHHBIX (GOPMyIaX © B JaJbHeNneM

2(n+2)gij)'

li,

— ckalgpHad KpuBm3Ha, g7 —

j] obosmagaer

lsist TeH30pa TOJIOMOP(HO-TIPOEKTUBHON KPUBU3HBI TMEEM:
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Prijk = Pyizi = Priji = —Phikss
Prijry = 0; (10)
gjk = ngk = ﬁca = ﬁ@d =0;

rae (i, j, k) - o6o3nagaer nukamposanue 1o i, j, k. Tenzopsr rosmomMopdHo-ceKHMOHHOM
KpuBHU3HBL U BoxHepa ynosiersopsitor ycaosusm 9], [10]:

Hpiji = —Hingre = Hjkni = Hpgj;

Hpyijk + Hpjri + Hpgig = 05
(11)

Bhijk = —Binjk = Bjkni = Brijk;

Bpijk + Bhjki + Bhikij; = 0.

2 OcHoBHbBIE ypPaBHEHUsI T0OJIOMOP(PHO-IPOEKTUBHBIX
oToOpakeHuii KeJIepOBBIX MPOCTPAHCTB C COXPAHEHUEM
TeH30pa JiHINTelTHA

AmammTHyecky TUTaHAPHOW KPWBOW L KelepoBa MPOCTPAHCTBA HA3BIBAETCS KPUBas),
3aJaHHad ypPaBHEHUAMU ah = mh(t), TaKas, YTO BBIIOJTHAIOTCH CjeLyIoune yCIOBUS:

h
dd% + Lage®e” = p1()E" + pa () FhE™, (12)

h
rae {h = dit, p1, p2 - GyHKIMU aprymenta t.

Huddeomopdusm  MeXITy TOYKAMH KEIEPOBBIX MTPOCTpaHCTB Ky © Ky,
Ha3bIBAETCS FOJIOMOPQMHO-IIPOEKTUBHBIM OTOOPAXKEHUEM, €CJIM KayK/asd aHAJTATAIECKU
miaHapHas KpuBad K, OepexonuT B AHAJMTUYECKH IUIAHAPHYIO KPHUBYIO
Kp. HeobXomuMBIMEH W IOCTATOYHBIME  YCAOBHAMHI  TOJOMODPMHO-TIPOEKTHBHBIX
oToOpaxkernmit K, Ha K, sBaseTcss BbIIOHEHHE B 00mIei 110 0TOOpPAKEHUIO CUCTEME
koopautar yciaosuit [1], [6]:

=h h h h
Iij = Iij + 06 — 0G¥5),

= F,
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rae 1o mHeobxommmocTr ¥; = ¥ ;.

Bamernm, uro B paborax [6], [10] mpemmomaramock ampmopHOe COXpaHEHHEe
CTPYKTYPBL IIPH r00MOPGHO-IPOEKTUBHBIX OTOOpaxkeHusax. B pabore [4] mokaszama
Heo6XOIMMOCTh ee coxpaHeHns. ['ooMopdHO-TIpoexTHBHLIE oTobpaykenus Ky, wa Kp
Ha3bIBAIOT HETpUBHWAJIbLHBIMU, ecyu 1; # 0. Cayuaii, xorma ¥; = 0, TO eCTh, KOTIa
orobpaxkenune spigerca adpduunbiv, me Gyaem paccmarpusarb. CoorHomenms (13)
SKBUBAJIEHTHbI ypasHenuaM [3], [4]:

Gijk = 2VkGij + VG5)k + YET5)k (14)
rae §;j - MeTPHYECKHH TEH30p IPOCTPAHCTBA K. Kax wmssecrno, m3 (13) mo
HEOOXOIUMOCTH CJIeIyeT:

Rl = Rl + 0ptbji — 01 i + 01 — 00 g, + 200 55 (15)
Rij = Ryj + (n+ 2)5; (16)
pi}}k = Pi}}ka (17)

rae Rz}'ljk(R?jk)a Ri;j(Rij), B Pi};‘k (Pl};k) - rer3opbl Pumana, Puydn u roslomopduo-
npoextusHOi kpususubl Kn (Kp)

Yij =i, j — Yty + P05 (18)
ITo HeoOX0aMMOCTH BBIIOJIHAIOTCS COOTHOIIEHUS
Yij = bji = ¥ij- (19)

C npyroit ctopoust, ecsn Ky JOMyCKaeT HETPUBHAILHOE TOJIOMOP(MHO-IIPOEKTUBHOE
oTobpaxkenne Ha Kp, To B Ky CylmecTByeT penieHue CIeayonux ypaBHeHH:

aijk = Nigik + NjGik + NGk + Aj ik (20)

OTHOCHUTEJIbHO TEH30PaA @jj, YAOBIETBOPAIOMIETO yCIOBUAM

aij = CL]‘Z‘; a;; = aij, detaij 7é 0 (21)

¥ HEHYJEBOTO BEKTOpa A;. s 3TOro BeKTOpa MO0 HEOOXOAUMOCTHU BBITOIHSIOTCS

YCIIOBHSL:
Ai,j = Ngi = A G (22)
Pemenus: ypasuenuii (14) u (20) cBsI3aHBI COOTHOIIEHUSIMHU:
2
ajj =e djgaﬂgaigm; (23)

X = —e2Y5*P g, (24)
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G = g ||~ "

re [|g7] = {|g]| ]
3 (16) ana Tem3opoB DiiHmTeiiHA KegepoBbix mpocrpancts K, m  Kp,

ompeesseMblx, Kax [2]

R
Eij = Rij — o 9iis (25)

Oy 9UM

R_ R
Bij = Eij + -gij = — + (n+2)d;. (26)

Eciu t1pu  roI0MOPQHO-TIPOEKTUBHBIX OTOOPAXKEHUAX COXPAHIETCA TEH30P
Diiamreiina, TO eCTh

Eij = Eij, (27)
TO ypasHerus (26) TpUHAMAIOT BU
Bgij = Bgij + ¥ij, (28)
— R
e B = n(n+2)°

Toucrasuss (28) B (15) u rpyunupys ¢ yderom (7) ybeaumcs, 4ro

h h
Hiji = Hyjy, (29)
C mpyroii CTOPOHBI, €C/TM BBHITOHAIOTCA yeaoBus (29), To, CBOpaYUBas, TOJIYTUM
(27) n, TakuM obpasoM, JOKa3aHA TeopeMa:

Theorem 1 Jas mozo, umobv. npu 2040MOPHHO-NPOEKMUBHHT O0MOBPANHCEHUAT
KEAEPOBHLIL — MPOCMPAHCNE  COTPAHAACH Men30p  Sunwmelna HeobTodumo U
docmamouno, wmobv, NPu IMOM 0MOOPANCEHUY, COTPAHANCA MEHIOP 20A0MOPPHO-
NPOEKMUEHOT KPUBUIHbL.

KosapuanTao muddepenmupysa (24), yauremaga (23) u (28), momyamm
Ai,j = ngij + Bagj. (30)
Nsywaa ycnosus uararpupyemoctu (30), ybeaumcs, 9To

[ i = 2BA;. (31)

Takum 06pasom, JoKa3aHa:

Theorem 2 Ecau xeaeposo  npocmpancmeo Kp  donyckaem  2oaomopdro-
npoexmuenvie 0mMobPAdICEnUs C COTPAHENUEM Men3opa inwmetling, mo 6 Hem, no
neobxodumocmu, umeem pewenue cucmema ypasnenutd (20), (30), (31) omnocumeavho
MEN30Pa a;j, 6EKMOPA \; U UNEAPUAHMA [L.

KeepoBbl MpPOCTPAHCTBA, B KOTOPBIX BEKTOP A; yaoBaeTBOpsier ycaosuam (30)
o6oznauaor Ky (B) [4] B aux, mo Heobxomqumoctu, B = const.
VunTeiBas onpesesieHne TOCTOSHHON B, ybeamnMmcs B CIPaBeIIMBOCTH CJIEACTBHS:



Corollary 1 Ecau xeaeposo mpocmpancmeo Ky  donyckaem HempusuasvHoe
20A0MOPPHO-NPOCKMUBHBLE 0MOOPAHCEHUA C COTPAHEHUEM MeEH30pa DTnwmetna, mo
Ky — npocmpancmeo nocmoannot cCKaAApHotl KPUEUIHbL.

Takum obpasom, weroabl, paspaboranubie B Teopuu gauddeomopdusmMon
PMMAHOBBIX TIPOCTPAHCTB, IIE€PEHECEHBI B TEOPHUIO TOJIOMOP(HO-ITPOEKTUBHBIX
oToGparkeHu KeJepOBBIX IPOCTPAHCTB [§].
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