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Nurerpan Jleitko g m30omnepuMeTPUYIECKNX IKC-
TpeMaJieii TIOBOPOTAa HA MOBEPXHOCTHW BPAINEHUS U
MHTETPUPYEMOCTDb T'€0JIe3NYECKOr0 IIOTOKA Ha €€
cepuiecKoM KacaTeJIbHOM PacCCJIOEHUN

VIEMKO Cssitocnas I'puropbesundl

(JauHasi cTaTbd MeYaTaeTCs B ABTOPCKON pEIAKIUN TOCJIEe

cmeptu Cesarocaasa I'puropsesuya Jleiiko)

AnaHOTanusa

Kak m3BecTHO, raMUIbTOHOBBI YPABHEHUS COCTABJIAIOT OJIMH W3 BayKHEUIIIAX
kJtaccoB muddepeHnna bHbIX ypaBHeHUi. B 9acTHOCTH, ypaBHEHUS 3TOrO BU-
12 BO3HHUKAIOT B 3aJa4e HAXOXKJIEHUS I'eOJe3MYeCKUX KPHUBBIX HA PUMAHOBBIX
MHOrooopaszusx. Ilpu 3ToM cpenu Bcex raMuJIBTOHOBBIX CHCTEM CJIy4ail BIIOJIHE
HHTErPUPYEMBIX TpeJicTaBisiercs Kpaiine penko [1 - 4]. B nacrosueit pabore
PACCMOTPEH TeOe3ndecKuii TOTOK HA CHEepUIecKOM KACATEILHOM PACCIOCHUN
JIByMEPHOIO PUMAHOBOrO MHOrooOpasus ¢ Merpukoil Cacaku u MOKA3aHO, 9TO
ecau 6a3ucHOe MHOr00Opa3ue JIOKATbHO M30METPUYHO MOBEPXHOCTH BPAIIEHUS,
TO COOTBETCTBYIONIAA MOTOKY TAMHUJIBTOHOBA CHCTEMa BIIOJIHE WHTErpupyeMa Io
Jluysumio. Orciona, Kak CaeJCcTBre, HAXOAATCA TPAEKTOPUN MOTOKA B KBAIPa-
Typax.

JlanHOe wmcciieIOBaHWE BO3HUKJIIO B CBA3W C M3yYEHHEM ABTOPOM BapHUAIIW-
OHHBIX 33724 It GYHKIMOHAIOB MOBOPOTA KPHUBHIX [5 - 9]. BeIsicHUIOCH, 9TO
0a3uCHBIE TPAEKTOPUM TOTOKA (T.e. TPOEKIMM TPAEKTOPHil MOTOKa HA 6asy)
SABJIAIOTCH W30IEPUMETPUIECKIMHU IKCTPEMAJIIMU [OBOPOTA U O0JIAAI0T TEM
CaAMbBIM OIPEIETEHHBIMU SKCTPEMAIBHBIMU CBOicTBamu. HalineHubrit Hamu [1iist
9TUX IKcTpeMmaseil uurerpasn (obobmaromuii uarerpan Kiepo mia reonesmye-

CKUX KPHBBIX) OKA3aJICSI KAK Pa3 TeM HEJOCTAIONIMM HHTErPAJIOM JJIsi TOJHOM
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MHTETPUPYEMOCTH Te0Ie3NYEeCKOro MoToka Ha chepruieckoM KacaTeIhbHOM pac-
cioennu ¢ merpukoit Cacaku [11, 12] B ciyuae, korua 6a3ucHoe MHOroobpasue
JIOKAJIbHO M30METPHUYHO TOBEpXHOCTH Bpainenus. llociemnee o6CTOATENHCTBO
AHAJIOTUYHO TOMY, KakK KJaccwdeckmii wHTerpan Kiepo mpuBoguT K TOIHOMN

WHTErPUPYEMOCTH TEOIE3NUECKOrO TTOTOKA Ha TMMOBEPXHOCTH Bparenus [1, 2.

1. N3onepuMmerpuyeckKue 3KCTpeMaJjy IIOBOPOTA Ha JBYMEPHBIX

PUMaHOBBIX MHOI‘OOGpaBI/IﬂX

B pumanoBom mpoctpanctee (M™, g) pacemoTpuM dbyHKIMOHAT IAHbL [[y] =
t1 o l
[ (gi;2'37)%-2dt, n bynknmonan abcomornoro nosopota 0[] = [kydl. 3mecs v -
to 0
di’

HEKOTOpad IIapaMeTpU30BaHHas Kpupas, i' = £ = T - KOMIIOHEHTbI KacaTeJlb-
HOTO BEKTOpa 7, | - AnnHa JyTwm Ha KpuBoii v, k, - €€ nepsad kpususHa Dpewe,

a B CJIydae JBYMEDHOIO HPOCTPAHCTBA N = 2 3T0 abCONIOTHAs [e0/e3UdecKast
KPHBU3HA.
Pacemorpum mist byHKIMOHAIA TIOBOPOTA M30MEPUMETPUYECKYIO BAPUAIHI-
OHHYIO 337134y
50 =0,1[y] =1 = const

¢ buKCUPOBAHHBIMU KOHIAMU

v(to) = po,v(t1) = p1.

IIpumenenneM craggapTHOro Meroaa Jitnepa-Jlarpanzka, Mbl HOJIYYAJIN, YTO Pe-
IIeHNsd YKa3aHHOU 3a/la9 B JIByMEPHOM IIPOCTPAHCTBE yIOBJIETBOPAIOT ypaBHe-
HUE

kg = cK, (1)

IJIe C - U30MEPUMETPUIECKAs IOCTOSHHAS, 3aBUCANIAst OT (PMKCUPOBAHHOMN 11U~
met 1, K - rayccoBa KpWBH3HA NMpOCTpaHcTBa. Kpome TOro, B 0co6oM Cirydae
K = 0, perrenmeM 3a/auu sABIAETCA BeaKas gomycTumas kpusas ( kmacca C4
6e3 rouek pacupsamienus ). Kpusbie, ynosiersopsiomue ypasuenuto (1), Ha3sa-
Hbl HAMU M30LEPUMETPUYECKUMU KcTpeMmasamu nosopora (I9II) nBymeproro
npocrpanctsa (M2, g) [6].

Ormernm, uto ypasuenue (1) panee pacCMATPUBAIOCH B HUCCICIOBAHUIX
A.llyankape B CBA3U C M3y4YEHWEM 3aMKHYTBIX I'€0JIE3MYECKUX KPUBBIX OBAJIb-
HOH IOBEPXHOCTH, K KOTOPOMY CBOJIMIACH ACTPOHOMHYECKas "3a71a9a O Tpex Te-
sax"[13, ¢.229]. Hamu ycTaHOBJIEHBI 9KCTPEMAJIbHBIE CBOHCTBA M30TIEPUMETPUYE-

CKUX 9KCTPEMAJIeH TIOBOPOTA W TOJYUeHbI uX nudhepeHImajibHbie ypaBHEHNS B
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nopmasbhoii popme [8]. B ciyuae, ecin mpoctpanctso (M?, g) peamu3osato Ha
MTOBEPXHOCTH €BKJIUIOBOTO IMPOCTPAHCTBA, M30IMEPUMETPUIECKAM IKCTPEMATISIM
HOBOPOTA JaHa MeXaHWdecKas uHrepuperanus [9].

Ha moBepxnocTsax Bpalennsi HAM¥U HaAEH CIAELYIOMNNA HHTErPAJ

rsinw = ecsiniy + c1,e = x1, ¢y = conste, (2)

T7e W - YTOJI MEXKIy SKCTPEMAJIHIO U MEPUINAHOM B UX OOIIEil TOUKE, T - PACCTO-
STHWE OT 3TOM TOYKU 10 OCH BPAIIEHUSI, 1) - YTOJI, OOPA30BAHHBIN KACATEIHLHON K

MEpUJIMaHy € OCbIO BpaieHus [8].

2. I‘eo,ueanquKI/Ie KpuBbl€ Ha C(fl)epI/I‘leCKOM KacaTeJbHOM paccJio-

€HUU /IBYyMEPHOT0 PUMaHOBOro MHOroobpasms ¢ merpukoii Cacaku

Merpuka Cacaku BriepBble ObLTA pACCMOTPEHA HA ChEPUIECKOM KACATETHHOM
PaCCJIOCHIN eUHIIHLIX BeKTopos 11 M ™, a 3arem 11.Haap o6obmusn eé ma 1, M™
- cdepruyueckoe KacaTeabHOE PACCIOEHNE BEKTOPOB, KBAAPAT JJIMHBI KOTOPHIX
pasen nocrosinHoit p > 0 [10 - 12] .

[Iycrs (M?,g) - 1ByMepHOE PUMAHOBO MHOIOOOpa3He ¢ MeTPHKOR
di* = gijdmidxj,i,j, L.=1,2.

Merpuka Cacaku ¢* KacaTelabHOTO paccaoenun 1T M? B WHIYHPOBAHHEIX

KOOPJIWHATAX X', yi
dt* = gijda'da’ + g;; Dy’ Dy’ , Dy* = dy* + I'y'da’ (3)

orpaHmuMBaeTcs Ha chepuueckoe KacarenpHoe paccaoenne 1,M? paBeHCTBOM
9i;y'y? = p. Bnecw I, fj (2, 2?) - KO3 bUIMEenTH PUMAHOBOI CBA3HOCTH (CHMBO-
st Kpucrodderns) oTHOCUTENHEHO METPUKH ¢.

BosbMeM B KOOPAHHATHOH OKpecTHOCTH MHOroobpasus (M2, g) momyreome-

3udeckue Koopamuarsl z1, 22. Torma

di* = (dz')? + G(z', 2%)(da?)?,
1 7G1 2 7@ 2 7@
- 2G7 22 — 2Ga



Hnarerpas Jleiiko mmrsa 9

o 3 2 .

B kauectse TpeTheit KoopauHaThl x° Ha T, M* BO3bMEM yros MeXKIy Kaca-

TEJIbHBIM BEKTOPOM Y’ W KacaTeJbHBIM BEKTOPOM % K [IE€PBOl KOOPAMHATHOM
muaun B Touke (!, x2). B sToMm cyuae

1 3 2 AP . o3
Yy = /pcosz®,y° = Y—=sinx".
VP G

B koopunarax (z', 2%, 3) merpuka Cacaku g* na T,M? B cuiy (3) upuo6-
peraeT BU
dt? = gzﬁda:“darﬁ,a,ﬂ,... = 1,2,3, (925) =
1 0 0
0 G+ p((VG)1)? p(VGn
0 p(VG) P
OTcroa HAXOMIUM KOMIIOHEHTHI B3AHMHOIO METPHYECKOro Tex3opa ¢’
1 0 0
=10 G? -G 1(VG)n
0 -G (V@) pt +GH(VG))?

u cuMmBoJIbl Kpucroddesns mepBoro u Broporo poaa

. 10g3 1 dg3
Iy =1I3=—I331=5 89525’ 2= ~Ini=3 83:212’
Tha= 522, Iy = 3 9008

292 2237 97927

( ocrasbHbIE - HYyIH );

F&kzla = g*mf*ﬁ,y =1%s1 F;i% = 9*2711’:5,7 = GilF&kﬁ,z - G71(\/§)1F2573,

I =925, = -G (VO + |07 + GO | T s

OTHOCHTETBHO BBEJIEHHBIX KOOPAMHAT T 37eMenT noBopora df u abeomor-

Has Teone3myecKas kpubusHa k(1) 6asucHoil kpupoit 2’ (1) mpuobperaior Bus

df = dz® + (VG)1da?,
db da3 da?
k = f— = _— G _—
T e( ar Vo )
rie 3HaK e = +1 Boibupaercs Tak, YTOOBI IOy IUTH aAOCOTIOTHOE 3HAYEHHUE Ie0-
Je3U9eCKOl KPUBU3HBI.

Ecmu merpuky Cacakn dt? mpeICcTaBuThL B BHJIE

i = (@) + (G 40 (VO0) ") (@) 4 20V G 4 p (as*)
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B CUJIy TIPpEABIAYIITUX PABEHCTB TTOIyYaeM
dt* = di* + pdb?. (4)

Pacemorpum nuddepennuanbabie ypaBHEHNs Me0Je3uIeCKUX KPUBLIX 1% ()
Ha cheprIecKoM KacaTeabHoM pacciaoenun 1, M 2 ¢ merpuxoit Cacaku g*, orne-

CEHHBIX K HATYPAJIBHOMY HapaMeTpy, T.e.

d2.73'7 F*’Yd'ri@
di2 B dt  dt

IloxcraBus croma HafimeHHbIe 3HAYEHNS CUMBOJIOB Kpucroddes, momydnm

—0. (5)

2t dz? dxd dz? do
y = p(VG)n——

I,
+ dt dt’

dt? Uodt dt (6)

d*x? o dz® da’
+ “. _
dt? Yodt dt

dzt df
_ =10/ L av
=—pG" (VG)11 ab dt’ (7)

d?a®
dt?

dz! dz?
dt dt

+ (VO = oG (V) (V) + G (VO ) T

22\ 2 2L dad
+ ((‘/5)12 - ;G_1G2(\/5)1> (ddt> —PG_l(\/a)l(\/é)n%% =0. (8)

U3 nepsbix aByx ypaBHenwuii cucreMbl (5) BbITEKAET, YTO BJOJIb I€OIE3UIECKON

kpuBoit z%(t) ma T,M? mveer mecto g;; & (t)€](t) = 0, tae £(t) = %i - Kaca-

TeLHBI BEKTOP COOTBETCTBYIOMel 6azucHoit Kpusoit x*(t),

k d£ k 7
& =Vieh = + I3 £3
- KOBApPUAHTHAs LIPOU3BO/AHAS BAOJIb 6Aa3UCHON KpUBOil ' (t) OTHOCUTENLHO PU-
MaHOBOH cBs3HOCTH V Ha 6ase M?2. CiemoBaTesbHO, BAOIb KAzKIOH OA3MCHOM

KPUBOHI
h= 0u€ (0 (1) = const. (9)

Boruuciss reosie3udeckyio KpuBu3ny 6a3uCHbIX KPUBBIX x* (), moJydaeM BCIe-

craue (5), (9)

<§ §><§1a€1> <§7§1>2
(& €)°

A0 () (2) 4 o () (fﬁf)] -

k2(t) = = g & (DEL () [0, (€ (1)] 7 =

= (2h)?
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=p?(2n)2G7Y (V@)Y |G (‘?:)2 + (Zf)g (‘jlf)? = p*K?(2n)! (‘z)Q.

TlockonbKy mapamerp t BHIOpaH HATYPATbHBIM, TO

s OO =g, 00+ 0 (5 ) =1,

3HAYUT, BAOJIb I'€OIE€3NIECCKUX

2h + pa* =1, (10)
9 da3 dx?
o= = + (\/E)IE = const. (11)
CiietoBaTebHO,
. — (12)

V2h

Herpyano y6eaurbes B rom, 4ro Beseacrsue (11) ypasuenue (8) Bblrekaer
u3 1epBbIX ABYX ypasuenuit (6), (7).

Pasenctso (11) gaer npoMeKyTOUYHbIH HHTErpaJl Fe0Je3MIeCKUX U O3HAYALT,
YTO KaCATEIbHLIN BEKTOD dd—””; BJI0/TH GazucHoll KpuBoit () coepmaeT mpocToe
BUHTOBOE Apuxkenue: 6 = at + ag, a,ag9 — const. B cBoto ouepeib, paBeHCTBO
(12) mokasbiBaer, uTo Ga3uCHAs KpUBAas $BJAETCH W3OHEPUMETPUYECKONH IKC-

TpeMaJIbio TTIOBOpOTa TipocTpancTsa (M2, g) ¢ H30TepuMeTpuIecKoil TTOCTOAHHOI

__ epa
c=

Takum obpazom, pesynbrary I1.Haus [10] moxem nupunars ciaeayionyyio dbop-
MYJIAPOBKY

Teopema 1 Ecau wpusas z(t) aeasemes zeodesuseckoli 6 chepuieckom Ka-
CAMEALHOM PACCAOEHUU TpM2 ¢ mempuroti Cacaxu dt?, mozda na 6a3ucHom
mroz006pasuu M? nenyaesoti zayccosoti wpusushu, K 6asucnas xpueas '(t)
ABAACNCA U3ONEPUMEMPUECKOT IKCMPEMANLI0 NOBOPOMA € U3ONEPUMEMPULE-

. o T
ckoli nocmoAnHol ¢ = \e/’%, e = %1, eé xacameavrolli 8exmMop ddit cosepwaem

800t Heé mocmynamesvroe deudcenue ¢ nocmoarrot diunot \'h u npocmot

6uHMOB0T nosopom 0 = at + ag ¢ NOCMOAHHOT CKOPOCTDBIO q.

3. 'eonesuyeckuii norok uHa 1, M 2

Paccmorpum Kokacarenboe pacciaoenne T*(T,M?) ¢ moKanbHBIME KOOD/1U-
HaTaMu I%,p, W €CTECTBEHHOM KAHOHWYECKOW CHUMIIJIEKTHYECKOH CTPYKTYpOit
w = dpy A dx®. Bozbmém dyuknuto Famunsrona

1 *Q
H(x,p) = 59 Ppaps
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W OTBEYAloNnii el raMHUJIBTOHOB MOTOK & = SgradH OTHOCUTENHHO CHMILIEKTH-
JecKo#l cTpyKTypsl w uHa T (T,M 2). Tlockonbky H - HepBbIif HHTErpaj 3TOro
NOTOKA, TO eJAMHAYHBIN KoKacarenbubii mydok 17 (T,M?) = {z* € T*(T,M?) :
|lp|| = 1} unBapuanTen orHOCHTENBHO HOTOKA sgradH. OrpanutenHnue TOro mo-
roka ua 17 (T,M?) 6yner reonesnuecknm norokom ua 1, M?2. Tlpu ecrectren-
nom usomopdusme T*(T,M?) — T(T,M?) TpacKTOpHH re0/Ie3UIeCKOro HOTOKA
sgradH mepexoisT B KpUBbIE, COCTABJIEHHbIE W3 KACATEIbHBIX BEKTOPOB B 1), M 2.

IIycts ! - nokaabHAS 1-MapaMeTpIaecKas rpyIna Tpeodpa3oBaHmil, TOPOXK-
JeHHas motokoM sgradH. Ormenbrble mpeobpasopanua us P mepesomar mapy
(x(0), p(0)) B mapy (z(t), p(t)) = @' (x(0), p(0)), rae ans nonyuenus z(t) ciesy-
eT IPOBECTH reofie3nveckyro depe3 Touky x(0) B HampapieHnn KosekTopa p(0)
u Torna x(t) orcrour or x(0) Ha PACCTOSHHU ¢ BIOIb TOI FEOIE3MIECKOH, a
KOBeKTOD P(t) Kacaercs 9TOi reone3nveckoil B z(t) u HANPABJIEH TaK XKe, KakK U
p(0). Takum oGpasom, npu nomydennn x(t) = (z*(t)) Ha 6ase crueiyer HPOBO-
JIUTDH U30TIEPUMETPHIECKYIO SKCTPeMaJlb TOBOPOTa Yepe3 uexoaHyio Touky z*(0).
C sroit nesbio unrerpupyem cucremy (6), (7) ¢ y4érom 1POMENKYTOYHOIO UHTE-

rpasia (11) 1 HOCTOSHHYIO @ OUpPEJeNUM HAYAJIbHBIMU JAHHBIMHU:

dt

a=——

dz3(0) dz?(0)
i Teh

Hakomer, a1s ompeeieHns KOMIOHEHTB TPaeKTOpuH z°(t), mHTerpupyem
ypasuenue (11) npu BblIEyKa3aHHON MTOCTOSHHON @.
Kax u3Becrno, ramunbronunan H(x, p) sBsieTcss OCHOBHBIM NEPBBIM HHTErPaA-

JioM reojesudeckoro noroka. U3 (11) umeem emié onun nepsblil HHTErpas
2 -1
a = Pa (9*3" + (VG)g" ’l) =p ps.

Amnasoruunbiv 06pazom u3 (9) 1mosyuaem LepBblil uHTErpaJl

1 *7 *7]
h= 59979 P paps,

onnaxo B cuny (10) marerpanst H, a, h 3apucumbr: 2H = 2h + pa? .

B ciygae, korja MHOroo6pasue (M2, g) 10KamTbHO W30METPHIHO MOBEPXHO-
CTH BPAIIEHUsT, BO3MOXKHO YKA3aTh JOMOJTHUTEILHBIN HHTErPAJI IIOTOKA, KOTOPbIi
BBITEKAET U3 HalieHoro Hamu 0606mennoro uarerpasa Kiepo. HeficrBurenbHo,
nycth MEOTOOGpasne (M?, g) TOKATBHO H30METPHIHO HOBEPXHOCTH BPAIICHHS C

mepuauanom f(r) rue r - paccrosinue 10 ocu Bpamenus. Toraa

di? = F? 4 r2(d2®)?, F = /1 + f72,
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rae x2 - momrora Touku. Bmomsa HOByI0 KoopamHaTy x': dx! = Fdr, momgyumm

Merpuky di? B Buze
di? = (dzt)? 4 r2(dz?)?,

T.e. KoopauHaThl 1, 12 nomyreonesudeckue u r(z!) = vG. Herpynno ybeanTbest

B TOM, uTo sinty) = F~1 = (v/G);. TIocKoIbKY M30mepuMeTpudecKas MOCTOSHHASL
)

111 Ga3UCHOM TPAGKTOPUM paBHA ¢ = \e/gih = \G/I;ih, TO TeM CaMbIM 0GOOIIEHHbIN

unrerpai Kiepo (2) npuobperaer Buj

D3

K= \/asing + —.
v2h

3_ /G da?

YaurbiBasg, 4T0 SiNT o “gi» 1OJLy UM

G P
*20 3 D2
K= g e + T (VG = L2
V2h V2h
OTciofa BBITEKAET, 9TO B JIAHHOM CJIy4Yae BTOPAsi KOMIIOHEHTA Pg UMILYJIHCA TAK-
XK€ SBJISETCH WHTEIPAJIOM TE€0AEe3UIECKOr0 TTOTOKA.
Paccvorpum ckobky Ilyaccona KaHOHMYIECKOH CUMILTEKTUICCKOH CTPYKTYPBI

(FuFy) - 5OFL 0P OB O

Tak kak B paccMaTpwBaeMOM CJydae raMubToHuan H He 3aBucuT cpasy oT

2 .3

JBYX MEpEeMEeHHBbIX T, x°, TO HETPYIHO MPOBEPUTH, YTO WHTErpabl H, ps, p3 Ha-

XOOATCA B MHBOJIIOIIUH, T.€.

{H,p2} = {H,p3} = {p2,p3} = 0.

OueBHIHO, YTO yKA3AHHDBIE TPU WHTEIPAJIA HE3ABUCHMBI U PA3PEITUMbI OTHO-
CUTEJIBHO UMITYJILCOB D1, P2, P3. ClI€I0BATENHHO, BHITIOIHEHA TeopeMa, JInyBuiist
[1,2] u dyskuuu H, ps, p3 06pa3yroT IOJIHOE HHBOJIIOTUBHOE CEMEHCTBO MHTErPa-

JIOB TAaMUJIbTOHOBBIX YPaBHEHMIT
dz® OH dp,  OH
W ope At dan
Tem caMbIM HMeEET MECTO
Teopema 2 Ecau pumanoso mmozoobpasue (M?, g) 10%a.1bHO U3OMEMPUUHO TO-

GEPTHOCTNUY 6PAULEHUA, TIO 2eodesuneckutl NOMOK cgﬁepu%ec%oeo KacamenvHozo

PACCAOEHUA TpM2 ¢ mempuroti Cacaxu 6nosre urmezpupyemoL.



Kak BbITEKaeT W3 pe3yJabraroB paboThl [8], COOTBETCTBYIONAS KBAJAPATYDA JJIst
0a3uCHBIX TPAeKTOpUil ( He ABJIAIOMIUXCH TAPAISIAMA ) UMEET B KOOPAUHATAX
PaJIMYC-I0JITOTA CJIELYTONUT BUT,

r

F
1'2:/ ec+61 1d7'+$%,
r(r2 — (ecF~1 4 ¢1)?)?

To
IIpu ¢ = 0 3Ta KBagparTypa COBIAAET C U3BECTHOM KBAAPATYPOIl [1Jisi T€0e3n-

YEeCKUX KPUBBIX Ha HOBEPXHOCTH BpaiieHus [14].
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IIpo BaacTuBocCTi iHBapiaHTiB TeH30pa lgt-ciTkn;
1 medpopmaliii moBepxHi

Tarbana FOpbesna Bammnmaunosa

Awunorauusa B pamift poGori BBemeni monarTa imBapiantis Terzopa LGT-cirkm
peryiasapHOL C3-HOBerHi.O6chneHi Bapiaril uX reOMeTPUYHNX BEJIUIUH [IPA HECKIiH-
ueHHO MaJiii apeasnpuiit gedopmarnii (A-medopmariii) moBepxHI WEpe3 KOMIOHEHTH
TOJId 3MileHHS ul,ug,u. PosrisnayTi nuranHs icHyBauHs A-gedopmariiii moBepxHi 3
CTAIlOHAPHUM IIEPIIUM iHBAPiaHTOM CITKOBOTO TEH30Pa.

§1. InBapianTu ciTKOBOro TeH3opa Ta ix Bapiamil

1.1. Beedenns tHeapianmis men3opa LG T-cimxu. Iloastra LGT-citku BBe-
neno, manpukian B [1]. Judepennianpre pisuaaaa LGT-citku mae Burmsm;

hapda®da’ =0,

e
hap =2 (Hgas — bag) - (1.1)

Tyt H - cepennst KpuBHWHa TIOBEPXHi S, gog,bng - KoedimienTn mepuroi Ta ApyToi oc-
HOBHEX KBaJpaTuaamx (opm mosepxai Bimmosigro. Ouesuano, ymosa hyg = 0 piBHO-
CUJIbHA yMOBI

b _ bz _ b2z

911 g1z 922’
sKa XapaKTepu3ye oMOLTiuHI TOUkH noBepxHi. B momaapmromy mi Touky 6ymeMo BHKIIIO-
9aTh 3 PO3IJIAIY.

3 dbopmymm (1.1) Bunmsae, mo ockiabku
h = hi1has — h3s = —4gE, ne E = H?> — K # 0 - eiineposa pi3Huns,

10 LGT-ciTka € ciTKOIO rinmep6oiYHOro THIIy.
BsemeMo moHATTE mepimroro Ta Apyroro iHBapiaHTIB CITKOBOTO TeH30pa:

K, = %cmcjﬁhijhag, (1.2)

2H), = g% hyp. (1.3)
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3 ypaxysammaam (1.1) oi dbopmyam HaGyBAIOThH BiAMOBIHO BUTIIAITY:
K, =AK —4H? = —4E, (1.4)

2H), = 0. (1.5)
1.2. Bapiauii eeauvun K, ma Hj, wepe3s Pynxuii ul,u27u. Posriimremo

HECKIHYeHHO MaJIy /1e()OpMAIii0 MEepIIOr0 TMOPSIKY MOBepxHi S 3 MojeM 3MilleHHs

y(:cl, ﬂc2) i mapamerpom gedopmarii ¢ — 0:

1.2 1.2 1.2
r'(z,2%) =r(z,2°) + ty(z,x°).
Poskimanemo medopmyrode mose y 3a 6a3MCOM o, N Y BUTIISII:

y = u%rq + un, (1.6)

ae ul, u2, 1 - KOMIIOHEHTH IIOJId 3MIIIEHH:, Iq = a%,, N - OJAUHUYHHUNA BEKTOP

wopmaJii S. Hamami 6yzmeMo po3riisiiaT HECKIHYEHHO MAJIy apeasibHy J1edhOpMAIlio Mo~
Bepxui S (A-medopmario). Mae micre

JIema 1.1. Heobxidnoto i docmamHboro ymoseor mozo, w00 HeCKIHYERHO Maaa de-
Ppopmayia 6 xaaci Cl-noseprons byra apearvrorn ¢ ymosa

¥
€ij9° = 0,
de 6gi; = 2e45 = u; j+uj ;—2ub;; —eapiayii Koedivienmic nepwoi keadpamuunoi Gopmu
N0BEPTHL.
Yepe3 KOMIIOHEHTH BEKTOPA 3MIIIEHHs] BOHA BUPAXKAETHCHA TAK:

u%, — 2Hi = 0. (1.7)

Pipugnng (1.7) masuBaeThca piBHgHHAM A-medopmarnii BIHOCHO KOMIIOHEHTIB IO/
3MilIEeHHS.
s mojanbinoro HaMm noTpidHi Bapialii AeaKux reOMeTPUYHIX BEJIUYrH, Ki 004mrcieHi

B [2]:
39" = —2¢"¢P¢ 5,
0bij = Bij = Yi jn = ulibaj — wij + ubai +ubaij + iy, ne vi; = 2Hb;; — Kgij,
0K = u“K o + K1, jd + 2HK 1,
26H = 2H ou® + i g + i (4H? — 2K).
Temrep 3maiimemo Bapiarmiio ciTKoBoro TeH3opa hqg:
0hag = 29050 H +4Heng — 2843,

a6o , uepes dymxmii ul,u?, u:

Ohap = (2Hat” + g7ty 5 + 4H0) gag + 2(H — Vg g+

+2Hug’a — 2u,iabi5 — QUfﬁbia - 2uibia,ﬁ‘
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Bapiosanusam dopmya (1.3), (1.4) orpumaemo Bapiarii mepmoro Ta Apyroro iHBapiaH-
tiB Ter3zopa LGT-citku:

0Ky = —8HH + 40K, (1.8)

25H), = hapdg®™” + g*Phyp. (1.9)

Beenemo sesmuuny b = bl,g*?, Toni Bapiamnii imBapiantis cirkosoro Tensopa LGT-
citku 4epe3 GyHKIIT ul, u2, 1 HaOyBaOTh BUIJISAILY

5K}, =4 (Hgij - b"j) i — 16H B0 — 4Equ®, (1.10)

§Hj, = 0.

§2. Cucrema piBHSIHB BiJJTHOCHO KOMIIOHEHTIB IIOJISI 3MiIIl€HHS
A-nedopmanii nosepxsi 3a ymoBu 6K =0

2.1. Bupas eexmopa 3miuleHHs 4epe3 08t 008iabHi pe2YAspHi GYHKU-
uii. ITosne 3mimens A-medopmariii sBHO BHPAXKA€ThCs Yepe3 Bl JTOBLIbHI PEryssipHi
dyskuii. 3a ymoBu H # 0 mifcTaBUBIIN 3HAYEHHS U = Z—O‘ B (1.6), micramemo Bmpas3
nedopMyI0doro noss depes asi qoBiibHi dyHknil knacy C y Buriasmi:

[e3%

y =urq + ;1; n. (2.1)

Y Bunanxky H = 0 3 (1.7) maemo
us, =0, (2.2)

T06TO % + T, g‘iui = 0. BacrocysaBuin dopmyiry Pocca-Beitns, gicranemo

B
() s
oxP
TToxkamemo ) )
u' = cwi/)lg, (2.4)

nie g - MOBLIbHUE KOBEKTOD K/acy Ct. Tomi pisngamo (2.3) BimmOCHO g MOXKHA
Ha/IaTH BULJIALY

01 Ova

92~ dal”
1= pismicTs 03mavae rpagienTricTs BekTopa 3. Tobro, icuye dynkmia zp(wl, x2) e C?,
Yepe3 MOXiJHI TKOI BUPAXKEHO BEKTOP ui, a (2.4) € 3arasbHUM PO3B’'SA3KOM DiBHIHHS
(2.2).
Omxe, myist MiHIMAIBHOT TIOBepXHI AedOpMyIOte moje HabyBa€ BUIISILY:

y = *Ppara + im, (2.5)

e nosuibauMu € Gyskuii ¥ € C 2rauecCt 3Biacu BUNLIMBAE

Teopema 2.1. [3] Bydv-axa noseprna Kaacy C? 6es oMBIniwHUT MOWOK donyckae
APEANDHT HECKIHYEHHO MaAT depopmanyii 3 J06IALHICTIIO 6 061 peeysapHt PYHKYIT 080T
aminnuz. Jedopmyrone nose npu ybomy eupasrcaemves 3a gopmyaoro (2.1) (axwo H #
0) abo (2.5) (axwo H =0).



18 T.FO. Bammnanosa

2.2. ITocmaroska 3adaui. JocaidoceHHs OCHOBHOL CUCMEMU PiBHAHD.
Poszrianemo
A-nedopmariiio noBepxHi, npu dkiii 36epiraerbesa nepiuii imBapiant K, rernzopa LGT-
cirku, To6T0 32 ymoBu 0 Kp = 0. CupaseiuBa

Teopema 2.2. Jas mozo w06 npu A-depopmauii noseprni 36epizascs nepwut iH-
sapiarm mensopa LGT-cimrxu, neobxidno ¢ docmammubo, w00 KOMNOKERMU NOASA 3Mi-
WeHHA 360060ADHANY HACTVYNHY CUCTNEMY DIGHAHD:

uS, — 2Hu =0,
T (26)
(Hg" — b)) i j; — AHEU — Equ® = 0.

BuaunTh, 3a1a4a npo icuyBanasa A-nedopmariiii mosepxui S 3 cTanioHApHUM I€p-
wwum inBapianTom renzopa LGT-cirku 3Besena 1o po3s’azanns cucremu (2.6) nox nu-
depeHIiaIbHIX PIBHSHD 3 YJACTUHHIMY ITOXLIHUMH BiJHOCHO TPHOX HEBiIOMUX (DYHKIIIHA
. Ilpm i1 gocsimkeHHl PO3TJITHEMO TaKi BUMAIKU:

I sunadox. Hexait H = 0. g miniMajbpHOI MOBEepxHI cucrema piBHAHb (2.6) Haby-
BAa€ BUIVIAIY:

- (2.7)
b”ui,j — Kqu® =0.

Y upoMy BUIQJKy 3araibHuUM po3B’s3koM piBuanus (2.7); € dynkuis (2.4). Orxe,
piBHsHHS (2.7)2 3aIMIIETHCS TakK:

bijdi’j = Kac(”’lbz (2.8)

dAxmo BBaxkaTn QYHKIO 1) 3a37a/0€riap 337aH010, TO piBHAHHA (2.8) MOXKHA KBaJIi-
dikyBaTn sk HeomHODiAHE mudepeHIiaJIbHe PIBHAHASA 3 YaCTUHHAME HOXITHUMHA IPY-
roro nopaaxy rinep6osivHoro Tuiy (HALPUK/IAZ, B ACUMITOTUYHMAX JHHIAX, KOJIU
bi1 = baa = 0,b12 # 0, #ioro AUCKpUMIHAHT € Bim'emHMM) BimHOCHO (GYHKIHI . Bo-
HO JIOIYCKAa€ PO3B’sa3Km (auB. mpukians y myHkTi 2.3). Takum amaOM, Mae micre

Teopema 2.3. Txwo yneuyii p(zt, 22) ma u(zt, 2?) e pose’asxamu dupepenyions-
1020 pieuanna (2.8), mo icnye A-defopmayisa 3 CMayIONAPHUM NEPUUM THEAPIAHOM
menadopa LG T-cimxu MIHIMaADHOT NOBEPTHI, OAA AKOT 6EKMOP BMIULLHHA BUPAHCAEMb-
ca y asnomy eueaadi (2.5) wepes 0dny dosiavny Gynkyito xaacy ct.

IT sunadox.Iloxnagemo u® = 0. 3Bincw BuTIMBAE, MO U 7 0 (OCKLIBKHA TOMII BEKTOD
smimenas y = 0). YV manomy BUMaAKy HECKIHIeHHO Masa JedOpMAIs HA3UBAETHCHA
HOpMabHOW (muB.[2]). Ina nopmanbroi A-medopManii BEKTOP 3MIlEHHS MA€ BHLJIAL

y = un, (2.9)

Kﬂac HeCKiH‘IeHHO MaJinX 3IrHHaHb BXOAUTH B KJIacC HeCKiH‘{eHHO MaJIuX apeaibHUX
nedopwmailriii, sk okpemuii BUma10K. O3HAKOI0 TOTO, MO0 apeaibHA HECKIHYEHHO MAJIa
nmedopmarnia Gyna A-TpuBiaabHOIO (TOOGTO 3BOAMIACH IO HECKIHUEHHO MAJIOTO 3THHAH-
Hi) € yMOBa

€ij = U4 j + uj; — 2ubj; = 0. (2.10)

OueBumHO, Ma€ Micie
Jlema 2.1. Jlas mozo w06 nopmaavha A-depopmavin 6yaa A-mpueiasvroro neob-
L1010 1 docmamhubo, wob sukonysasacy ymosa U = 0.
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VY Bunagxy HopManbHOI medopMarii cuctemMa piBHSHD (2.6) MaTEMe BUT/IAL

H =0,
B (2.11)
by ; = 0.

(2.11)2 € opuopinaum audepeHniagbHIM PIBHAHHAM 3 9aCTUHHUMH [IOXIIHUMU JIPYIOro
TMOPSIIKY TirepOOoIIHOTO THUIY BiZHOCHO GYHKIHI . 3BiICH BUILIMBAE

Teopema 2.4.Hopmasvhy nempusiasvhy A-dedopmauyiro, npu axit 6K = 0 do-
NYCKAOMd MIHIMAALHE NOBEPTHL 1t MIALKYU 60HU. [Ipu Yvbomy 6eKMOp 3MIUEHHA MOE
suzand (2.9), a gynkyia U e po3e’askom dudepenyianvrozo pisnanna (2.11)a.

III sunadox.Hexait nist 6ymap-sikol peryasipHOI TOBEPXHI HOPMAJIbHA KOMIIOHEHTA
u = 0.Toxi momne 3mimens A-medopmanii posramosane B qoTwaHIN mwrommH] 10 S. Taxi
nmedopmanil HA3MBAIOTHCA TaHreHIiaIbHUME. 3 cucremu (2.6) orpumaemo:

ul =0,
(2.12)
Equ® =0.
Piugnng (2.12)3 3 ypaxysamuam (2.4), MOXKHA MOJATH TaK
¢ Eap; =0,
a60, B PO3TOPHYTOMY BUTJISIJIL:
oY oY
B2 — Fy—— —=0. 2.13
1922 2 9t (2.13)

Hictanu oxme mqudepeHriaabae pIBHAHHS 3 TACTUHHAMHA ITOXIJHUMY [IE€PIIOTO IOPIIKY
BimHOCHO bYHKITIT w(atl, x2). BarasabHuil Po3B’'A30K BOTO PIBHAHHSA MOXHA BUPA3UTHU
y mesaBHOMy Buriani (ams.[4]) :

daxt dz?
¢:F</E—1—/E—2>, E; #0 (2.14)

ne F(z!,2?) - nosimsna menepepsro mudepenmiiiopama ¢yHKiis.
BekTop 3Mimennst y MpOMY BHUIA/IKY MA€ BUIJIST,

y = cPypgry, (2.15)

Orxe, Ma€ MiClle HACTYTIHUIA PE3y/IbTAT:

Teopema 2.5. Tanzenyiaavni A-dedopmauii 3 cmayionaprum nepuum iHeapiaH-
MoM CimK06020 menaopa donyckae 6ydv-akxa noseprua xaacy S € C3 6es ombiniunuz
mowok. [lone smiwenna wepes Pynwuito 1 eupasicaemovca y eueanadi (2.15), a dynwuia
1/)(x1, :r2) € po3s’asrom dupepernyianvhozo pieHanna (2.13).

IV sunadox.Hexait H # 0. IlincraBumo 3HatveHHs U = % y piBusiaHs (2.6)2
Ta OTPUMAEMO OJHE OJHOPi/He audepeHIiagbHe PIBHAHHA 3 YaCTUHHUMHA ITOXITHAMUA

TPETHOTO TOPSIZIKY BiTHOCHO JBOX HEBiIOMUX (DYHKITIH ul, u?:

.. .. o
(Hg” - b”) (%) — 2Bu%, — Equ® = 0. (2.16)
ij

3Bigcu BUMIMBAE
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Teopema 2.6.5ydvb-AKa HEMIHIMAALHA NOBEPTHA KAACY C? bes ombGiniunuz mowox
donycrae A-dedopmauii sa ymosu 6Kj, = 0 3 sexmopom smiwenna (2.1), de Pynruyii
ul, u? e HEHYADOBUMY PO36 A3KAMU JUPEPEHYIAbH020 Piehanhs (2.16).

2.3. Inrocmpauis pe3yasvmamie Ha NPuKLadaT.

IIpukaad 1.Po3risiHeMO DIBHSHHSI NPAMO20 2eAi1K0ida y BUTTIAIL

1 2 1. .2 2
r={z cosz”,x sinz”, x"}.

O6uucamumo:

1,2
g11=1, g12=0, goo=(x")"4+1, bi1=b2=0, bia=-—

)

$12+

1
PL= ST T p12=0,p22 =1, hi1 =hy2 =0, hia= )

$12+

—~ Py
—|| ™ N e
= —_

sinaz? cosz? z!
n‘(%mw2+f¢m92m’¢mw2u>’

. 1 ~ 4
2H = K=K=————+——-. 2H= K =—— -
0 (@2 + )7 R (RN

IIpsimuii renikoin € MiHiMabHOIO mopepxHero. s MiHIMaJIbHOT HOBEPXHI B 3a3Ha-

2H), = 0.

[eniii Bume 3a7a4i Mae micte pisaguas (2.8). okmamemo ¥ = 0.
Tonl me piBHAHHS 3aIUNMIETHCA Y BUTJIAIL:

(-
b7 ;5 =0,

a B aCUMITOTHYHIN CHCTeMI KOODAUHAT

2. . .
% - 112% - 122% =0. (2.17)
g mpamoro remikoina pisagaas 3 (2.17) Maemo:
2. 1 .
307 " TG0 O @19
Beenemo dymrmii .
oo = ela %) €)= o
Tomi 3 (2.18) orpumaemo piBHAHHS
9 _ 1.2 1
— gt (). (2.19)

ox!
Moro 3arasauii po3s’s30K BEPa3suMO depe3 mositbay bynkmio c(z?):
a(at, 2?) = c(z®)/1 + (a1)2. (2.20)

3 (2.9) 3malineMo BEKTOp 3MINEHHS JUId TPAMOTO TeTiKOINa y SBHOMY BUTJISIL:

y = {c(z?) sinz?, —c(2?) cos 22, c(a?)z' ). (2.21)
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3Biacu BUIMLINBAE

Teopema 2.7.1106eprHa NPAMO20 2eA1K010a 00NYCKAE HEMPUBLANLHI HOPMANLHE A-
dedpopmauit, npu axur 3bepizaemuvea nepwul ineapianm menzopa LG T-cimxu, npuvo-
MY 6eKMOP 3miwerha mae suzand (2.21).
Ipursrad 2. Eainmuyrul napaboroid 3a1aMo piBHIHHSIM:

12
_ 1 2 1. 2 (z7)
r=|(x cosz ,x smx,T .

O6uucaumo:

1
g = (") +1, goo=(")2 g12=0, b= ﬁ, bay = ———,

(=')?
bi2 =0,p11 =p22 =0, pr2= 15—, h1=——==, hi2=0,
2((=1)? +1) V1+ (z1)2

R W NS EC L S i
N e v () L) Y s wrmrves AR (LR
ofifi—0, B @) @) g

10+ @R @)
Posrnsremo Tanrenmianbai A-medopmamii 3 cTamioHAPHMM IEPHIMM IHBAPIAHTOM CiT-
KOBOTO TEH30pa ISl eIITUIHOTO TapabosIoima.
Pisagmasa (2.13) aia eqinTrmarOro mapaboJioiga CIpOnLyeThCs:
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Abstract We consider the idempotent measure monad on the categories of compact
Hausdorff spaces, ultrametric spaces and nonexpanding maps, and fuzzy ultrametric
spaces. The main result of the paper is the following: the G-symmetric power functor
admits an extension onto the Kleisli category of the idempotent measure monad, i.e.,
the category whose morphisms are idempotent-measure-valued maps.
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1 Introduction

In this paper we consider the functor of idempotent measures in three categories:
of compact Hausdorff spaces, of ultrametric spaces and of fuzzy ultrametric spaces.
The idempotent measures were first systematically considered in the school lead by
V. Maslov. The topological properties of the functor of idempotent measures were
investigated in [2].

The idempotent measure functor is tightly connected with the geometry of the
max-plus convex sets. Roughly speaking, the spaces of idempotent measures are free
max-plus convex sets.

We investigate the operation of tensor product of idempotent measures. The main
result states that this operation allows to define the extension of the G-symmetric
power functor onto the monad generated by the functor of idempotent measures. Note
that the results concerning existence of extension of functors onto the Kleisli categories
have numerous applications, in particular, in the semantics of programming languages.

2 Preliminaries

2.1 Spaces of idempotent measures

We recall some necessary information that concerns the idempotent measures in the
compact Hausdorff spaces and metrizable spaces.

Let X be a topological space. By C'(X) we denote the space of continuous functions
on X endowed with the compact-open topology. If X is compact Hausdorff, then this
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topology is generated by the sup-norm. For any ¢ € R we denote by cx the constant
function on X taking the value c.

Following [8], we denote by ©®: R x C(X) — C(X) the map acting by (X, ¢) —
Ax + ¢, and by @&: C(X) x C(X) — C(X) the map acting by (p,) — max{p,1}.
Also, we let a @ b = max{a, b}, for a,b € R.

Definition 1 Let X be a compact Hausdorff space. A functional p: C(X) — R is
called an idempotent probability measure (Maslov measure) if

1. wlex) =¢
2. plc® ) =cO u(p);
3. wle ®Y) = u(p) © w@).

The value pu(y) is also called the Maslov integral of ¢ with respect to p.
Let I(X) denote the set of all idempotent probability measures on X. We endow
I(X) with the weak* topology. A base of this topology is formed by the sets

O(p;p1,---yonse) ={v e I(X) | |ulpi) —vips)| <e, i=1,...,n}.

It is proved in [14] that the space I(X) is compact Hausdorff.

The following is an example of an idempotent probability measure on X. Let
Z1,...,2n € X and Aq,...,An € R be numbers such that max{\;,...,An} = 0.
Define p: C(X) — R as follows: pu(¢) = max{p(z;) +A; | ¢ =1,...,n}. As usual, for
every € X, we denote by ; the functional on C(X) defined as follows: 6z (p) = p(z),
¢ € C(X) (the functional d, is called the Dirac measure concentrated at ). Then one
can write g = P \; © 0z,

Given a continuous map f: X — Y, the map I(f): I(X) — I(Y) is defined as
follows. Let ¢ € C(Y'), then, given p € O(X), we let I(f)(1)(p) = p(po f).

We obtain a covariant functor I in the category Comp of compact Hausdorff spaces
and continuous maps.

It is known (see [14]) that the functor I preserves the class of embeddings. In the
sequel, for any closed subset A of a compact Hausdorff space X, we identify the set
I(A) with the subset I(¢)(A) of I(X), where ¢:: A — X denotes the embedding.

Also, the functor I preserves the intersections, i.e., I(NgpecrAa) = Naecrl(Aq), for
every family {Aq | @ € I'} of closed subsets of a compact Hausdorff space X.

Now, for a compact Hausdorff space X and a € I(X), define the support of a
(denoted supp(a)) as follows:

supp(a) = N{A €exp X |a € I(A) C I(X)}.

Recall that a compact Hausdorff space is called zero-dimensional if it possesses a
base consisting of sets which are open and closed.

Let X be a metrizable space. By 8X we denote the Cech-Stone compactification
of X.

By I(X) we denote the space of idempotent measures with compact support in X.

Recall that the support of an idempotent measure p € I(X) is the minimal (with
respect to the inclusion) closed set supp(u) such that p(X \ supp(p)) = 0.

Any idempotent measure p of finite support can be represented as follows: pu =
@i 0 O dz;, where aq,...,an € [—00,0] and @} a; = 0. By I,(X) we denote the
set of all idempotent measures with finite supports in X.
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2.2 Monads and Kleisli categories

We recall some necessary definitions from the category theory; see e.g., [1] for details.
By |C| we denote the class of objects of a category C. If X, Y € |C|, then C(X,Y)
stands for the set of morphisms from X to Y in the category C.
A triple T = (T, n, 1) is called a monad in the category C, if T is an endofunctor
in Cand n: 1¢ - T, u: T2 = TT — T are natural transformations such that the
diagrams

Tlr] nTdr]” 1p[d]p,T2[d" T2[r)"T T3[r]” pTd)r, T2[d" T2[r]*T

are commutative.

The Kleisli category Cr of a monad T is defined as follows: |Cr| = |C], Cp(X,Y) =
C(X,T(Y)), and the composition g * f of morphisms f € Cr(X,Y), g € Cr(Y,Z2) is
defined by the formula g * f = puz7T(g)f.

Define the functor Fr: C — Cr by the conditions: Fr(X) = X for every X € |C|
and Fy(f) =ny f for every f € C(X,Y).

A functor F': Ct — Cr is called an extension of a functor F': C — C onto the Kleisli
category Cr, if FrF = FFr.

Theorem 1 There exists a bijective correspondence between the extensions of a functor
F onto the Kleisli category Ct of a monad T and the natural transformations £: FT —
TF satisfying the conditions:

1. §F(n) =nr;
2. ppT(§)ér = EF ().

Proof See [13].

Let X be a compact Hausdorff space. Given ¢ € C(X), define @g: I(X) — R as

follows: @(p) = p(p), p € 1(X).
Given M € I2(X), define the map (x(M): C(X) — R as follows: (x(M)(p) =

M(g).
Let also nx (z) = dz, for any = € X.

Theorem 2 The triple [ = (I,7n,() is a monad on the category of compact Hausdorff
spaces.

Proof See [14].

3 Ultrametric spaces

Recall that a metric on a set X is called an ultrametric if the following strong triangle
inequality holds:
d(z,y) < max{d(z,z),d(z,y)}

for all z,y,z € X.

By Or(A) we denote the r-neighborhood of a set A in a metric space. We write
Or(z) if A= {z}.

Recall that a map f: X — Y, where (X, d) and (Y, g) are metric spaces, is called
nonezpanding if o(f(z), f(y)) < d(zx,y), for every z,y € X.
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By exp X we denote the set of all nonempty compact subsets in X endowed with
the Hausdorff metric:

dp(A,B) =inf{e > 0| A C O:(B), B C O-(A)}.

For a continuous map f: X — Y the map expf: expX — expY is defined as
(exp £)(A) = F(A).

It is well-known that exp f is a nonexpanding map if so is f. We denote by sx : X —
exp X the singleton map, sx (z) = {z}.

We first define the set I(X) for any Tychonov space X. The family exp X of
nonempty compact subsets in X is partially ordered by inclusion. We define the
set I(X) to be the direct limit of the direct system {I(A),I(tap);exp X} (here, for
A, B € exp X with A C B, we denote by typ: A — B the inclusion map). For every
A € exp X, we identify I(A) with the corresponding subset of I(X) along the map
I(tp), where t4: A — X is the limit inclusion map. For any p € I(X), there exists a
unique minimal A € exp X such that p € I(A). Then we say that A is the support of
u and write supp(u) = A.

There exists a natural pairing (i, @) — u(e): I(X) x C(X) — R. Note that, for
any g € I(X) and ¢, € C(X) with ¢[supp(u) = [supp(u), we have pu(p) = pu(%).

Now, let (X,d) be an ultrametric space. Let us define an ultrametric on the set
I(X). For any € > 0, denote by F. = F-(X) the set of all functions ¢ € C(X) satisfying
the property: for any y € ¢(X) the set @71(y) is the union of open balls of radii e.

Recall that the set C'(X) is endowed with the compact-open topology.

Lemma 1 The set U{F¢ | ¢ > 0} is dense in C(X).

Given p,v € I(X), we let

d(p,v) =inf{e > 0| u(p) = v(p) for all p € F:}.
The following is proved in [6].
Proposition 1 The function d is an ultrametric on the set 1(X).

The functor I on the category UMet of ultrametric spaces and nonexpanding maps
is considered in [6]. It is proved therein that this functor determines a monad on the
category UMet.

3.1 Fuzzy metric spaces

The notion of fuzzy metric space, in one of its forms, is introduced by Kramosil and
Michalek [7]. In the present paper we use the version of this concept given in the paper
[3] by George and Veeramani.

Definition 1 A binary operation *: [0,1] x [0,1] — [0, 1] is a continuous t-norm if =
is satisfying the following conditions:

(i) = is commutative and associative;

(ii) * is continuous;

(i) a*1=a for all a € [0, 1];

(iv) a*b < c*d whenever a < cand b <d, and a,b,c,d € [0,1].
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The following are examples of t-norms: a * b = ab; a * b = min{a, b}.

Definition 2 A 3-tuple (X, M, ) is said to be a fuzzy metric space if X is an arbitrary
set, * is a continuous t-norm and M is a fuzzy set on X2 x (0, 0o) satisfying the following
conditions for all z,y,z € X and s,t > 0:

(i) M(z,y,t) >
) (my,)—llfandonlylfx—y,
(i) M(z,y,t) = M(y, z,1),
) M(z,y,t)« M(y, z,s) < M(z, 2,1+ 5),
) the function M (z,y,—): (0,00) — [0,1] is continuous.

It is proved in [3] that in a fuzzy metric space X, the function M (z,y,—) is non-
decreasing for all z,y € X.
The following notion is introduced in [3] (see Definition 2.6 therein).

Definition 3 Let (X, M,x*) be a fuzzy metric space and let r € (0,1), ¢ > 0 and
x € X. The set
B(l’ﬂ"vt) = {yeX | M(xz:%t) > 1_T}

is called the open ball with center x and radius r with respect to t.

The family of all open balls in a fuzzy metric space (X, M, *) forms a base of a
topology in X; this topology is denoted by 7j; and is known to be metrizable (see [3]).
If (X, M, %) is a fuzzy metric space and Y C X, then, clearly,

My =M|(Y xY x(0,00)): Y xY x (0,00) = [0, 1]

is a fuzzy metric on the set Y. We say that the fuzzy metric My is induced on Y by
M.

Let (X, M, ) and (X', M’, %) be fuzzy metric spaces. A map f: X — X' is called
nonezpanding if M'(f(x), f(y),t) > M(z,vy,t), for all 2,y € X and t > 0. For our
purposes, it is sufficient to consider the class of fuzzy metric spaces with the same fixed
norm (e.g., *). The fuzzy metric spaces (with the norm #) and nonexpanding maps
form a category, which we denote by FMS(x).

The Hausdorff fuzzy metric Mg on exp X is defined by the formula:

Mpg (A, B,t) = min {gggM(a,B,t),ggjfBM(A, b, t)}

(see [10]).

4 Fuzzy ultrametric spaces

One can define a counterpart of the notion of ultrametric in the realm of fuzzy metric
spaces (see, e.g., [9]).

Definition 1 A 3-tuple (X, M, %) is said to be a fuzzy ultrametric space if X is an
arbitrary set, * = min and M is a fuzzy set on X2 x (0, 0c0) satisfying conditions (i),
(ii), (iii), (v) from Definition 2 and the following condition:

(iv’) M(z,y,t) *« M(y, z,s) < M(z,z, max{t,s}), for all z,y,z € X and ¢, s € (0, 00).
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In [9], it is remarked that condition (iv’) is equivalent to the following:
(iv?") M(z,y,t)*« M(y,z,t) < M(z,z,t) , for all z,y,2 € X and ¢ € (0,00)

(see also [11, Definition 5]).
The fuzzy ultrametric spaces and nonexpanding maps form a category which we
denote by FUMS(x).

5 Main result

Given a fuzzy ultrametric space (X, M, min), r € (0,1), and ¢ > 0, denote by F,; =
Frt(X) the set of functions which are constant on the balls of the form B(z,r,t), for
e X.

Define a function M: I(X) x I(X) x (0,00) — [0,1] by the formula:

M(p,v,t) =1—inf{r € (0,1) | p(p) = v(p) for all ¢ € Fr+}.

Theorem 1 The function M is a fuzzy ultrametric on the set 1(X) (with respect to
the t-norm min).

Proof Conditions (i) and (iii) from Definition 2 are obviously satisfied.

Let us verify condition (ii). Clearly, M(,u, u,t) =1, for every p € I(X) and ¢ > 0.
Conversely, if M(u,v,t) = 1, then u(p) = v(y), for every ¢ € Fr¢ and r € (0,1). Since,
by the Weierstrass-Stone theorem, for every compact set K D supp(u) U supp(p), the
set {¢|K | ¢ € Upgo,1)Fr,t} is dense in C(K), we conclude that y = v.

Let us verify Condition (iv’) from Definition 1. Let p,v, 7 € I(X), t € (0, 00).

If M(u,v,t) > 1—7and M(v,7,t) > 1—r, then u(p) = v(p)), for all p € Fy. Also,
v(p)) =T1(p)), for all p € Frr, and ¢ € Fr v(p)) = 7(p)), for all z € X.

Therefore,

for all ¢ € Fyt, whence M(u, 7,t) > 1 — r and the result follows.

We are now going to verify condition (v) from Definition 2. Let u,v € I(X),
to € (0,00) and M(u,v,tp) =1 — 7.

Let (t;);=; be a nondecreasing sequence in (0,00) with lim; ,~ t; = to. Suppose
that ]\Zl’(,u7 vti) =1—r;i=0,1,2,.... Then (r;);2; is a nonincreasing sequence in
(0, 1]. Suppose that r{ = lim; o 7; > 70 + 2c¢, for some ¢ > 0.

Then p(p) = v(yp), for all for all ¢ € Fryte,ty-

In [12] it is proved that there exists > 0 such that, for every z,y € supp(u) U
supp(v), we have

|M(‘T,y7t0 - 77) - M(m,y7t0)| <ec.

There exists ¢ € N such that t; > tg — n. We are going to show that
B(z,r0,t0) N (supp(p) Usupp(v)) C B(z, 70 + ¢, t;).

Indeed, if y € B(z,79,t9) N (supp(p) U supp(v)), then M(z,y,t9) > 1 — ro, whence
M(z,y,t;) > 1 —rg — ¢ and therefore y € B(x,rg + ¢,t;). Now, if y € B(z,70,t0) N
(supp(u) Usupp(v)), then y € B(y,r0,t0) = B(z,70,t0) C B(z,70+¢,t;). We therefore
conclude that every set B(x,r9 + ¢, t;) N (supp(p) U supp(v)), where x € supp(p) U
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supp(v), is a disjoint union of the sets of the form B(y,rg,tp) N (supp(u) U supp(v)),
where y € supp(u) U supp(v). In turn, this implies that

Frotc,ts (supp(u) Usupp(v)) C Frot (supp(p) U supp(v)),

whence , for every ¢ € Fro1ct;,

w() =u(p|(supp(u) Usupp(v)))
=v(p|(supp(p) Usupp(v))) = v ().

Therefore, M(,u, v,t;) <1—(ro+c) <1—r{, and we obtain a contradiction with the
assumption 79 < 7{).

Next, we consider the case of a nonincreasing sequence (t;)jo; in (0,00) with
lim; o0 t; = to. Then (r; =1 — M(,u, v,t;))i2, is a nondecreasing sequence in (0, 1].
Suppose that 7, = lim; o, r; < r9. There exists ¢ > 0 such that r{ + 2¢ < rp.

Arguing as above we conclude that there exists 7 > 0 such that, for every z,y €

supp(u) U supp(v), we have
|M(z,y,to +n) — M(z,y,t0)| <c
There exists ¢ € N such that t; < tg + 1. Arguing as above, we conclude that
B(z,70,t;) N (supp(u) Usupp(v)) C B(z, 70 + ¢, to)

and therefore
Fry t; (supp(p) Usupp(v)) O Frr ¢ 4, (supp(p) U supp(v)).

This, in turn, implies that M(u,v,t0) > 1 — (rh +¢) > 1 —rg and we obtain a
contradiction.

Identifying every z € X with the Dirac measure J, one may regard X as a subset
of I(X).

Proposition 1 Let (X, M, %) be a fuzzy ultrametric space. Then the fuzzy ultrametric
M induces the fuzzy ultrametric M on X C I(X).

Proof Let z,y € X. If M(6I76y7t) = 1 — 7, then, for any ' > r, we have
1 = 62(XB(x,r,t) = Oy(XB(x,r,1)) (here xa denotes the characteristic function of
A), whence y € B(z,r’,t) and therefore M(x,y,t) > 1 — r’. Passing to the limit as
' — r, we see that M(x,y,t) > M(6z,8y,t).

On the other hand, if 7 < r, then there is z € X such that 0x(XB(z,r 1) 7
Sy(XB(z,",t))- Without loss of generality, one may assume that 1 = dz(Xp(z,1))-
Then y ¢ B(z,7’,t) = B(x,r’,t), whence M(z,y,t) < 1 —¢’. Passing to the limit as
' — r, we see that M(x,y,t) < M(dz,8y,t).

Proposition 2 The set I,(X) is dense in I(X) in the topology induced by the fuzzy
ultrametric M.
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Proof Let p € I(X), r € (0,1), t > 0. Consider an open cover U = {B(z,r,t) | z €
supp(u)} of the set supp(u). Since the set supp(p) is compact, there exists a finite
subcover {B(z;,r,t) | i =1,...,k} of U. Let A\; = inf{u(p) | ¢|B(z;,r,t) = 0}. It is
easy to see that @le)\i =0.

Let v =@ 1\ © 0z, Then v € L,(X).

We are going to show that M (u,v,t) > 1 —r. To this end, consider ¢ € F¢. Then

v(p) = izt A © p(ws)
= @iy inf{u(y) | Y[B(i,7,t) = 0} © p(x;)
= @iy inf{u(y) | Y|B(i,7,t) = ()}
=u(@f=y inf{y | Y| B(wi,7,t) = o(z:)})
=u(p)-

We conclude that M(u,v,t) > 1 —r and therefore v € B(y,7,t).
Proposition 3 The map supp: I(X) — exp X is nonezpanding.

Proof Let p,v € I(X) and M (u,v,t) > ro, where rg € (0,1). Then from the definition
of M it follows that there exists r < 1 — 7 such that v(p) = u(p), for all ¢ € Fr ;.
Suppose that z € supp(u), then from the definition of support it follows that

inf{u(p) | ¢ € Fre, ¢|B(z,7,t) =0} > —oo.

Thus
inf{v(¢) | ¢ € Frt, ¢|B(z,1,t) =0} > —o0

and therefore there exists z’ € supp(v) such that 2’ € B(z,r,t).

Therefore, supp(pu) C B(supp(v),r,t). One can similarly show that supp(r) C
B(supp(p),r,1).

This implies that

M (supp(p), supp(v),t) > 1 —r >1—(1—=ro) =10
and we conclude that the map supp is nonexpanding.

Proposition 4 Let (X, M, *), (X', M’ %) be fuzzy ultrametric spaces and let f: X —
X' be a nonezpanding map. Then the map I(f): I(X) — I(X') is also nonezpanding.

Proof We are going to show that, for every u,v € I(X) and t > 0, if M(p,v,t) > o
then 31 (1(f)(), I(£)(),£) > o.

Given M (u,v,t) > p, one can find 7 € (0,1) such that 1 —r > g and u(B(z,r,t)) =
v(B(z,r,t)), for all z € X. Since the map f is nonexpanding, we see that f(B(z,r,t)) C
B'(f(x),r,t) (by B’ we denote the balls in X’), whence, by a result from [12], for every
y € X', the set f~Y(B(y,r,t)) is a union of disjoint balls of the form B(z,r,t) in X.
Therefore, for every ¢ € Fr+(X'), we have of € Fr+(X). Therefore

I ()(p) = u(F (@) = vief) = I(f)(v)(»),

for all ¢ € Fp.+(X'), whence M'(I(f)(n), I(f)(v),t) > o and the proposition follows.
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It is easy to see that from Proposition 4 it follows that I is a functor from the
category FUMS(x) to itself.

From Proposition 3 one can deduce that supp is a natural transformation of the
functor I into the functor exp.

We are going to define a monad I = (I,7,() on the category FUMS(x). To this
end, we define the map (x: 12(X) — I(X) as follows:

Let X be a fuzzy ultrametric space. Given ¢ € C(X), define @: I(X) — R as
follows: @(u) = p(e), p € I(X).

Given M € I2(X), define the map (x(M): C(X) — R as follows: (x(M)(p) =
M (p). Note that if ¢ € Fp¢(X), then ¢ € Fr¢(1(X)) and therefore (x is a nonex-
panding map.

Let also nx (z) = dz, for any x € X.

6 Main result

Let X,Y be compact Hausdorff spaces. For any x € X, denote by iz: Y — X x Y the
map defined by the formula: iz (y) = (z,y), y € Y. For any v € I(Y), define the map
gv: X — I(X xY) by the formula: g, (x) = I(iz)(v), x € X. Finally, given p € I(X),
define

p@v=_Cxxyl(gy)(p) € I(X xY).

The element y ® v is called the tensor product of the elements p and v.
Proposition 1 Let p = @©;10; © 0z, € [u(X), v =018 ©dy; € Lu(Y). Then
pev =i ®ft (@ © Bj) © bz, y,)-
Proof Straightforward.

Given u; € I(X;), i = 1,...,n, one can similarly define, by induction, the tensor
product

1 ® @ pun € I(X1) X -+ x I(Xp).

It easily follows from Proposition 1 that the definition fails to depend on the order of
consequent multiplications.
It follows from general arguments that the maps

(H1seeespin) = 1 @+ @ s 1(X)" — I(X™)

determines a natural transformation of the functor (—)"I to the functor I(—)".
Define the natural transformation 7 : (—)" — SPj as follows:

7TG}((:EIM"71‘.'”«) = [mla"'axn}'

The following statement concerns the idempotent measure monad on the categories
of compact Hausdorff spaces, ultrametric spaces, and fuzzy ultrametric spaces.

Theorem 1 There exists an extension of the G-symmetric power functor SP{ onto
the Kleisli category of the monad 1.
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Proof Define the natural transformation £: SPGI — ISP as follows:

Ex (1, pn]) = I(mg) (1 @ - ® pin).

We are going to show that the natural transformation £ satisfies the properties
from Theorem 1.
(i) Let [x1,...,2zn] € SPEX, then

EXSPE(WX)([QUL s ?‘T”D :EX([6117 s 75$n}) = ](WG)(‘SM ®: ®dx,)
:I(WG)(‘S(wh...,xn)) = 5[:v17...,a:n] = nSPgX([wl’ s 7In])7

Le. ExSPG(nx) =nspax.
(ii) Let My,...,Mn € I2(X), M; = @y, © Opu,,,, where p; € I(X). Then
pxT(Ex)Erx)([Ma, ..., Mn]) =uxI(Ex)(Tarx)) (M1 @ -+ @ My)
=I({x)(mqr(x)) (@(alil O+ Oani,) © b, ,...,unm))
=pxI(€x) (@(alil @ Qay,)O 5[M1i1,~-~7ﬂm‘n]>

=HBX (@(alil ©-0 anin) ©) 65}(([#11'1 ,-~-,umn]))

=P, ©- - © ani,) © Ex([Biys - tini)-
On the other hand,

ExSPG(px)([Mi, ..., Mn]) =tx ([ux (My),. .., px (My)])
={x ([Bari, © iy, - BA1i; O fhniy,])
=I(rq)((®a1i, O p14,) ® -+ ® (Bt © Hniy,))

=I(rg) (@(am O Oan,) O (M @ ® Mm'n))

=Plri, ©-- © ani,) © I(ma) (i @+ @ pini, ),

i.e. the restrictions of the maps uxI(x)&r(x) and {xSPG(px) onto the dense set
of points of finite supports are equal. We conclude that they are equal. Therefore the
functor SPZ admits an extension to the Kleisli category of the monad I.

7 Remarks and open questions

An analogous result for the probability measure monad in the category of compact
Hausdorff spaces is stronger in the sense that it also contains the uniqueness of the
extension. The corresponding question for the idempotent measures is open.

Another open question concerns possible counterparts of the results of this paper
for the fuzzy metric spaces in the sense of [7].
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IIpo TpuaHryagpu3alliro MaTpuIlh HaJ| 00JIaCTIO T'0-
JIOBHUX 1J/ieaJiiB 3 MiHIMAJbHUMU KBaJAPATUIHUMU
MHOTOJIEHAMU

Boaogumup Ilpokin

Ansoramuss OTpuMaHO HEOOXi/IHI Ta JOCTATHI TPUAHTY/ISPU3AIIT JarOHAJII30BAHUX
MaTpPUIh Ha | 00/IaCTIO TOJIOBHUX i7T€a/IiB 3 MiHIMAJIPHUMU KBAIPATUIHUMA MHOTOUIE-
HaMU.

Kuarouosi ciioBa O6/1aCTh TOJIOBHUX i/1€aJIiB, TPUAHTY/IAPU3AIs MATPHUIT

1 Beryn

Hexaii R o6sacTs ronosuux imeamis 3 oguauieo e # 0, U(R) MyapTUIIIKATHBHA IPYTIa
obmacti R. Benemo noznauenns: I, — OAUHUYHA MaTPUIE BUMIPHOCTI 1; Om,n — HYJIBO-
Ba (m X n)-marpuns; Mm n(R) — MHOXUHA (M X n)-Marpunb Haz 06IaCTIO TOJOBHUX
ineasis R. fxmo m = n, To kinbue (n X n)-marpunp Hay R no3magarumemo wepes
M, (R).

KaxyTp, mo napa marpunp A, B € M, (R) TpuaHTyIapu3yIOThCs, TKII0 BOHA TIe-
PeTBOPEHHSM MOMIOHOCTL 3BOAUTHCA /10 HUXKHBOTO TPUKYTHOTO BUIVISY, TOOTO s
marpunp A i B icuye marpuna U € GL(n,R) Taka, mwo

ar;; 0 ... Ll 0
UAU_l _ |o21 a22 0 0 -7, (1)
Qpl G2 ... Opp—1 Qnn
i
611 0 ... ... 0
vpy—t— |Pet B2z O ... 0 Ty @)

Bnl 671,2 Bn,n—l Bnn
HIDKHI TPUKYTHI MATPHITL.
OueBnano, sxmo mapa marpunb A, B € My (R) Tpranrymrapusyerbces, To xapakTe-
puctuani maorowiean A i B pomyckakaoTh 300paXKeHHs y BULJIs] J00YTKY JIHIAHUX
MHO2KHUKIB, TOOTO

a(\) =det(Ind — A) = (A —a)T (A= a2)® ... (A = ar)Fr,
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b(A) = det(InX — B) = (A — BT (A= Ba)*2 ... (A = 8™,

mea;,B; €R,i=1,2,...,m175 =1,2,...,1. Jlerko mepexoHaTHCh B TOMY, IO IIi YMOBH
€ Juine HeoOXiTHUMU I TPUAHTY/ISPU3aIii MAaTPUIlh HAl KOMYTATUBHUME KiJIbIISAMU
3 ogmawneo (i HaI 06IACTIO TOJOBHUX imeanis R 30kpema). Bigzmadmmo, mo 3amadga
PO TPUAHTYJSPU3AIII0 TapU MATPHIL HaJ HOJIEM JOCJALIKYyBajgack B poborax [1] —
[5]- IIpore mma Marpump HAJ KOMYTATHBHAME KiIBIAME I 33129, dK 1 327293 PO
CIIIJIbHI BJIACHI BEKTOPH, MAJIOJOC/IIPKEHA.

B mamiit poboTi BCTAHOB/IEHO yMOBH, 33 SKHX Tapa JIiaroHAII30BAHUX MATPHUIIb
A, B € Mn(R) 3 MiniMasbHUME KBAIPATHYHUMH MHOTOYIEHAMHE, TPUAHTY/IAPU3YEThH
cs. 3ayBaskuMo, IO 3/100yTi pe3y/IbTAaTH CIPaBEeIINuBl JJId MATPUIh HAJ 00JaCTIAMU
eJIleMeHTapHUX MiIbHUKIB. KpiM IIbOr0, JesKi 3 HUX MOXKYTh OyTHU IOIIUPEH] [/ MaT-
punp Haz ID-kinbusvm [6], TOGTO HAK KOMYTATHBHUME KiNBIFMA 3 OJWHUIEIO, HAJ
SAKAMHY 11eMIOTEHTHA MATPUIlA JlarOHaIi3yEThCS.

2 OcHOBHI pe3yJIbTaTh
Hapamni gepes [A,B] Gynemo mo3HawaTw kKomyTtarop marpump A, B € My, (R), TobTo
[A, B] = AB — BA. Bpaxosyioun pisaocri (1), (2) ta nosemenns meobximnocri teo-

pemu 3.1 i3 po6otu [7] 3m06yBaEMo HEOOXiqHY YMOBY TPHAHTY/ISPU3ALil MATPULD HAT
00JIaCTIO TOJIOBHUX ifeaiB, Ky cOpPMYITIOEMO y BUIVISI].

Proposition 1 Hezati mampuyi A, B € Mn(R) mpuaneyaapusyromoca. Todi womy-
mamop [A, B] HIABNOMEHMHA MATMPUUS.

JHosedenna Hexait mapa matpuns A, B € Mp(R) Tpmanrynapusyersca. Bpaxosyroun
pisrocTi (1) Ta (2) 3mobyBaemo

[A,B] = U™ (TuTp — TpTa)U = U™ " [Ta, Tp]U.

Ockinbku [TA,TB] HIJIBIIOTEHTHA MATPHIlHd, TO 3 OCTAHHBOI PIBHOCTI BUILIMBAE, IO
[A7 B] TeXK HIJIBIOTEHTHA MaTpulld. TBepKeHHs I0BEAEHO.

Temep ommumeMo KJyiacum MaTpPHIlh, JJTs SKUX yMOBA TBep/KeHHs 1 Oyme i mocrar-

no1o. Hapmasi 06’ekrom Hamoro mocmimkenus Oymyrs mapu marpuus A, B € My (R) 3
XapaKTEePUCTIIHUMHA MHOTOUICHAMUT

a(A) = det(Inh — A) = A —a)" (A —a2)" ™", a1,a2 €R,

Ta

b(A) = det(InA = B) = (A = B1)"* (A = B2)" ™", 81,82 €R,
BiAIOBIJTHO, JIIST 1A IKUX
A—TInog =0pp (mod (a; —a2)) 1 B—Inf1 =0npn(mod (81 — B2)).

Theorem 1 Idemnomenmmui mampuyi A, B € Mp(R) mpuaneyasapusyromvea modi i
MIADKY 00T, KOAU KOMYMAIOD [A, B} HIADTLOMEHTTVHG MATPUYUA.
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Hosedenna Heobridnicms BUTILINBAE 13 TBEpIAAKEHHs 1.

Jocmamuicmy. Hexait komyrarop [A, B] HimbnorentHa warpuns. OcCKigbku
rank [A, B] < n, To Ha mixcrasi Teopemu 3.1 i3 po6oru [7] mias marpuus A i B ichye
HeHy/IbOBUI crinbHuil BiaacHuil Bekrop @ € M1 ,(R), 10610 WA = Gy i uB = uf;. He
00MeKyIO9YH 3arajibHOCTI Oy/1eMO BBaXKaTH, [0 BEKTOD U HPUMITHBHMIL, TOOTO TAKHIi,
0 HANOLABIUI CIIBHAN JIIHHUK HOTO €JIEMEHTIB € ILILHUKOM OIWHUIN B R.

Omrxe, mis marpune A 1 B icaye marpunga U; = [::| € GL(n,R), (nepmum

PAIKOM STKOI € CTILIbHMI BJIACHUI BEKTOD ) TaKa, IO

~1_|a1/0...0 . ~1_|B1]0...0
1A, —L A } OB —HT]

me ay,P1 € {0,e} i A1, By € Mp—1(R) — imemnorenTri marpuni. Ockinpku KoMyTaTop
[A, B] HiibLIOTEHTHA MATPULS, TO OYEBUJIHO, 110

TeX HIJbIOTEHTHA MATpPulld. 3 i€l PIBHOCTI BUILIMBAE, MO0 KOMYTATOD [Al7 Bl} HiJIb-
TIOTEHTHA MaTPWUIIS.

Ockimbku A1 Ta B igemmoTenTi marpwur i rank [Al, Bl} < mn — 1, To 3rigHO TEO-
pemu 3.1 i3 [7] mnst marpuns A; 1 Bj icHye cuinbHuil BjacHuil Bekrop. Bpaxosyoun
HaBeJIeH] BuIIe MipKyBaHH# Juta matpuns A 1 By icaye marpuna T € GL(n — 1,R)

_ a(0...0 . — 0...0
ae[3f52] 1 oo

nme ag, B2 € {0,e}, A2, By € M,_2(R). 3 maBemenoro sume summsag, mo Az i Ba
iIeMIOTeHTHI MATPHUIL, g AKAX KOMYTATOD [Ag, BQ} uisibnorenTHa Marpung. Orxe,

TaKa, 10

marpuili Az i By MarOTh CHUIHHUN JIBUI BJIACHUI BEKTOP.
Tlokmamemo Us = diag (e, T1) € GL(n,R). Toni mmst oboporHoi marpuri Uz; =
UzU| BUKOHYIOTBHCSI HACTYIIHI PIBHOCTI:

U AU, =

IIpomoBxkyo9n T MIpKyBaHHS maJi, 9epe3 CKIHYeHHe 9MCJIO0 KPOKIB (He OlIbIre Hixk
n — 1) 3mo6yBaemo, mo marpuri A i B ogamM i TMM 2Ke K ePeTBOPEHHAM TOmIGHOCTI
3BOAATHCA [0 TPUKYTHOrO BHIJAAY, TOOTO icmye marpuna U € GL(n,R) taka, mo
UAU™' i UBU ™! - nmxni TpUKYyTHI MaTpurli. TeopemMy moBeneHo.

I3 Teopemu Teopemu 1 orpumyemo.
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Corollary 1 Hezat A, B € Mp(R) — mMampuyi 3 MiHIMAGADHUMU MHOZOYAEHAMYU
ma(A) =A—a)A—a2) ma mp(A) = (A= pB1)A-pB2)
610n06i010, de oy, B; € R; ag — aq # 0; B2 — B1 # 0. Hexatl, dani,
A—Inar =0p,n (mod (a1 —a2)) @ B—Inf1 =0n,n(mod (81 — B2)).

Mampuyi A i B mpuaneyaapusdyromscs modi 1 miavky modi, Kol KoMYmamop [A, B}
HIABNOMEHMHA MATNDUUA.

Hosedenna Tak sk ans marpuns A, B € M, (R) Bukonyerncs
A—TInag =0pp (mod (a1 —a)) 1 B—1In81 =0n,n(mod (81 — B2)),

10 3riguo Teopemu 2.1 i3 [7] marpuni A i B glaronanisyiorscst. 3rigHo Hacaiaky 2.2 i3
[7] maTpumi A i B monmyckaioTh 306parKeHHst

A=1TIpar + (ag —a1)P i B:Inﬂl‘f'(ﬁQ_Bl)Qv

ne P,Q € Mp(R) — inemnorentni Marpunj.

OueBumno, mo marpuni A i B TpuaHryisipu3yoThCa TO/I 1 TLIBKYM TO/Il, KOJIM TPU-
aHTyAApM3y0Thcsa Marpuri P i Q. Jlerko mepesipuTu, 1mo [A7 B] = (g — a1)(B2 —
B1) [P, Q] Orxe, 3rigHo Teopemu 1 KOMyTaTOp [A, B| HITBIOTEHTHA MATPHUIA TOZI i
TLTBKA TOJI1, KOJIA [P, Q} HiJIbIIOTeHTHA MaTpullsg. HacaiaoK J0BeIeHO.

JoBenenna HACTYIHOI TeopemMu 0a3y€eTbCd HA JIeMi, AKy JOBEIEeMO HUZKUE.

Lemma 1 Hezxat

a1 0 . 0
921 [e%) 0 e 0
A= cer eie e | EMR(R)
Qn-1,1 p-1,2 ... ap_1 0
Qn 1 An2 ... Qppn—1 Qn
— HUCHA MPUKYMHG 10eMNOMEHMHA MAMPUUA, M0G0 A% = A, Has mampuyi

A icnye nuorcna mpuxymua obopomna (n X n)-mampuuya T maxa, wo TAT™ ! =
diag(a1, ag,...,an).

Losedenna JloBemeHus eMu IPOBEIEMO METOIOM MaTeMaTHdHOI imaykrii. loBegemo
crpaBeyuBicTh jgemu i 1 = 2. B mpomy Bunanky marpuns A moxe 6yTu ogHIEO 3
MaTpHITh BUIY:

A=0, A=Iy, A:{"’O}, A:{OO}.
a1 0 Q21 €

OueBngno, skmo A = O abo A = Iz, ro T = I. Ilpunycrumo, mo A = Le 8 . Tomi
21

0 o
CIIpaBe/IJIMBA PiBHICTH

Jg1st MaTputi 17 = {
—ao1 €

T1 AT, = diag(e, 0).
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00 . 0
dxmo xx A = |: j| , TO JiIsd MaTpurl 1o = |: € ] OTPUMYEMO
2] € Q21 €

Ty ATy ' = diag(0, e).

IIpumnycrumo, mo nema cupasemymsa i BCix kK = n—1. JloBegemo cnpaBemBiCcTh
gevu gisg k = n. Tomi mis migmaTpuri

aq 0 0
91 a9 0 0
Al = € My,—1(R)
Ap—1,1 Opn—-1,2 ... Op_-1n-2 An—1

marpuni A € Mp(R) icaye icaye mmxna rpukyrHa oboporna marpuna 1y € GL(n —
1,R) raka, mo
T0A1T0_1 = diag(al, a2, ... ,an_l) =D.

Omrxe, ang marpuni 171 = diag (Tg e) € GL(n,R) cupasemyusa piBHICTD

_ D 0
TAT ' =B = |~
1 1 |:b0£n:|7

nebe M1 n—1(R). OueBunno, mo B?2=B.
Hexait o, = e. Tomi i3 piBHOCTI B? = B summpae bD = 0. Tlokmapmu Ty =
I,-10

b e} OTPUMYEMO

DO

TyBT, ' = {0 .

:| = diag(a17a27 .- wanflvan)'

Axmo x an = 0, TO 3 piBHOCTI B? = B summsae bD = b. Omrxe, s MaTpui

I,-10 ..
Ty = { Tigl e} CIpaBeIiBa PIBHICTD

DO

T?’BT; - {0 0

:| = diag(alaa27 .- wanflvan)'

Jlemy nmoBemewmo.

Theorem 2 Hezai A,B € Mn(R) — idemnomenmni mampuyi. SIxwo xomymamop
[A, B] niavnomenmua mampuys, mo das mampuyv A i B icnye mampuuys Vo€
GL(n,R) maxa, wo VAV~ digeonasvna MAMPUUA 1§ VBV~ muoicha MPUKYMHG
MAMPUYA, MOOMO

vAVT = diag (a1, a9,...,an); a; € {0,e},

61 0 0 ... 0
ypy-to [P 0 0 o6

/Bnl ﬂn2 s Bn,n—l ﬂ



Hosedenna Hexait A, B € My (R) — inemnorentri marpuni. Tak sk komyraTop [A, B]
HUJIBIIOTEHTHA MaTPUIld, TO 3rigHo Teopemu 1 myius marpunb A 1 B icaye marpuis
U € GL(n,R) Taka, mo UAU™! = C i UBU™! = D nuxni TPUKYTHI 1€MIIOTEHT-
wi marpuri. Ha migcrasi jgemwm 1 gyist marpuri C' iCHy€ HUKHST TPUKYTHa 00OPOTHA
(n x n)-marpuust T’ Taka, mo

TCT ! = diag(a, ag,...,an).
Ockinbku T HUXKHS TPUKYTHA 060POTHA MATPUIL, TO OYEBUIHO, 11O
TUBU '~ =TDT!

TaKOXK HWXKHs TpUKyTHa MarTpurs. llokmasmmu V = TU 3700yBaEMO JI0BEIEHHS TEO-
pemmu.

IIpuiimatoun no yBaru noBeneHHs HACHIAOKY 1 13 TeOpeMu 2 OTPUMYEMO TBEDIKEH-
HsI, iK€ CPOPMYITIOEMO Y BUTJISIII.

Corollary 2 Hezat A, B € Mp(R) — mampuyi 3 MiHIMAADHUMY MHOZOYAEHAMY

mA()\):()\—Oq)()\—ag), ags —ay # 0,

mp(A) = (A= B1)(A—B2), B2—pB1#0,
610no06idHo, de oy, B; € R, i =1,2. Hexat, dant,
A—TInay = On,n (mod (al — Clz)) i B—1Inf = On,n (mOd (/81 - 52)) .

Sxwo xomymamop [A, B] niavnomenmna mampuuys, mo das mampuyv A 1 B ichye
mampuya V€ GL(n,R) maxa, wo

VAV~ = diag (a11, a2, - . ., ann); ay; € {aq, a2},
9
B110 0 ... 0
_ 0o ... 0
vay -l = | P2 Pe . B € {8 Bah

ﬁn.l 5n2 <+ Ban-1 /Bn.n
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Tormosiorii Ha MHO>kKWHI (PaKTOPOO’€KTIB KOMITAKT-
HOTO TaycaopdOBOTO MPOCTOPY

Karepuna MwukonaiBaa Komopx

Ansoramust Y crarri posrsistHyTO pisHI Tonosorizanii muoxuuu (X)) ycix kinacis
€KBIBaJIEHTHOCTI CIOP‘'€KTHBHHX BijobpaxKkenb. /loBej1eHO, 1110 /1/id BBEJAEHUX TOIIOJIOTIH
r¢f, 7f°, 1°° xomcrpykmis @ BusHAUAE KoHTpaBapiaHTHWIT (BYHKTOp 3 KaTeropii
Comp0 KOMITAKTHUX IIPOCTOPIB i BigkpuTmx BimoOpaxkems y kareropio Top Tomoso-
riYHUX [IPOCTOPIB 1 HEIEepepBHHUX BiOOparkeHb. BCTAHOBJIEHO CIIIBBIIHOIIEHHS MiXK
BBEJICHUMU TOLIOJIOTIAMH.

Kuro4oBi cjioBa TOIOJIOTIS, BiTOOpAYKEHHS

1 Beryn

VY mpani (1) €. B. Ilenin 3ampoBaus 41 KOXKHOTO KOMITAKTHOTO Tayca0pGdOBOTO TTPO-
cropy X muoxwmray ®(X) ycix KIaciB €KBIBAJEHTHOCTI CIOpP‘€EKTHUBHUX BiI0OparKeHb,
o3nauenux Ha X, B kKareropii Comp kommakTHuX raycaopdosux npocropis. Koncrpyk-
uig ¢(X) BimirpaBasia BaxKJ/MBY POJIb y JOCJ/ILPKEHHI HEMETPHU30BHUX KOMIIAKTIB METO-
Jamu obepHeHnX cucteM (CHeKkTpiB). 3 KaTeropHoi Touku 30py MHOXKHA (X ) € MHOKH-
HOIO GAKTOP-00'€KTIB eleMeHTa X 1 TOMY € JyaJbHOIO [0 HOTr0 MHOXKUHU IT100‘€KTiB.
Ocranng no3HaYaeThbed expX, K BIIOMO, JIOIyCKa€ MPUPOAHY Tomosorizamio. Haii-
qacTime Ha MHOXKUHI eXpX PO3IJIsaJaiorTh TonoJiorito Bieropica, 6a3010 KOl € MHOXKUHA,
BUTJIS Y

n
(U1,Ua,...,Up) ={A€expX | AC UUi,AﬁUi#@,z[nﬂKO)KHOrOi:l,27...,n}
=1

ne n € N i muoxunu Uy, Us, . ..Uy npobiraiors Tonosorio mpocropy X.

Opnepxanwmii Tonosorivamii TpocTip expX (rimeprpoctip mpocTtopy X ) 3HAXOAWUTH
YHUCJIEHHI 32CTOCYBAaHHs y PI3HOMAHITHHX 00JIACTIX MAaTEMATWKH, 30KpeMa, B DaraTto-
3HAYHOMY AHAJI3I.

Hwuxue mu 3anpoBamkyeMo meski Tononorii B muoxkuny @ (X); Ix MoKHA BBazKaTH
AQHAJIOTaMU BiIMOBIAHMX TOMOJIOrii B (DYHKIIOHAIHHUX TPOCTOPAX.



Tonosorii Ha $(X) 41

2 IlocraHoBKa 3amadqi

Hexait X — xommakTHuil raycaopdosuit mpocTip.

Posriisimemo k71ac BCiX HelepepBHUX CIOP €KTUBHUX Bimobparkensb mpoctopy X. Isa
Bimo6paxenna f1: X — Z1 1 fo: X — Z2, Ha3uBaeMO eKBiBaJIeHTHUME ([IO3HATUMO
f1 ~ fe), axkmo icuye romeomopdism h: Z1 — Zs Taxumii, mo fo = h o fi, TO6TO
Jiarpama

X[rr] ™ fildd] g, Z1[11dd)" Zo
KOMYTaTUBHA.

Takum uMHOM, KJIaC HEIIEPEPBHUX CIOP’€KTUBHUX BiI0OpaKeHb Po3i0’eTbes Ha Kila-
cu eKBiBaJIeHTHUX BinoOpaxkenn. Yepes [f] mo3HauaeMo Kjac €KBIBAJIEHTHOCTI, O Mi-
ctuth (axropsinobpaxkenus f. Paxmopob’ekmonm npocTopy X Ha3BeMO KJIaC €KBiBa-
JeHTHUX Bimobpazxkenb. MuoxwuHy BCiX $HaKTOPOO’E€KTIB KOMIIAKTHOTO raycaopdoBoro
upoctopy X [O3HAYAEMO

S(X)=A{[f]]|f: X — Z ne f — ciop’exTuBHe BinmoOparkeHHs,
X, Z — xomunakrai raycaopdosi npocropu }.

PosryisnemMo psin tomosioriit Ha MHOXKuHI $(X ), BCTAHOBUMO CIIBBIIHOIIEHHS MiXk
BBeJIEHUMHE TOTONIOTiaMu. | mocaimmmo dyrkTopiampaicTh KORCTPYKIii @(X) B KOXKHINI
3 3aIPOMOHOBAHUX TOITOJIOTIHA.

Koxnomy xommakTHOMY raycaopdoBomy mpoctopy X MOK/IAAEMO y BiAIOBIAHICTH
npocrip (P(X), 7). st Ko:KHOTO HemepepBHOTO Binobpaxkenns f: X — Y Bu3HauMMO
O(f): B(Y) — B(X) sanane bopmyrow &(f)([g]) = [g o f] = [, ze [g] € B(Y) i
[h] € &(X). dxkmo Binobpaxenus P(f): P(Y) — &(X) HenepepBHE, TO KOHCTPYKILs
& Busnauae kourpasapianrauit pynkrop 3 kareropii Comp B kareropio Top.

3 KockiHdeHHa TOMmoJIorig

Axmo T — ckiHYeHW AUCKpeTHUH MpOCTip, TO BBaXkaeMmo, mo muoxkuHa P(T), gKa
TaKOXK € CKIHYEHHOIO, HaJijleHa OUCKPeTHOIO TomoJorielo. ma nosimpsHOro X BBemeMo
na MaOXKuH P(X ) Haticnabury Tomoaorio T, mpu axiil s KoXKHOTO BRAagernus f: T —
X cxingennoro romosorianoro npocropy 1’ B X Bimobpaxkenns @(f) € menepepsHuM.
Ba3y Takoi Tomosorii yTBOPIOIOTH MHOYKWHY BUTJISTY

O([h); x1,y1,2,Y2, -, Tn yn) = {[1'] € B(X) |
h(wi) = h(y;) & W' (z;) = b (i)}

ae [h] € 2(X) iz1,y1,%2,Y2, ..-Tn,yn € X.
Orpumany Tonosorito 7 HazBeMo KocKiH4eHHOW0. Y TBOpenuil Tonosorigauii mpo-
crip nosnasaemo & (X).

Teopema 1 Hexati f: X — Y — deaxe nenepepene eidobpascenns. Todi eidobpa-
orcenna (f): (V) — & (X) nenepepene.

Josedennsa Hexait ®(f)([h]) = [ho f] = [g] ne [h] € (V) a [g] € H(X). Posrisnemo
Jesikuit okis enementa [g] € P(X), a came

O([g];xl,llfll,II'Q,l'/Q, --~7$n7x%) =

{le] € P(X)|g(x;) = g(x}) & @(z;) = ()}

/ / /
€ T1,T1,L2, LY, ..., Tn, Ty € X.
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Hexait y; = f(x;) iy} = f(x}) — enemerru npocropy Y. Posrisremo oxi

O([R); Y1, Y1, Y2, Yy wes Yris Yn) =
{[w] € ®(Y)|h(y;) = h(y;) & ¥(y:) = ¥(yi)}

enementa [h]. Bubepemo [t € O([R]; y1, Y1, Y2, Y5, s Un, Yn ), TOAL 3 piBHOCTL P (y;) =
(yl) surmasae, wo h(y;) = h(y,) mna xoxmoro i, 1 < 4 < n. Ockimbku y; = f(z;) i
yh = f(=}), omepxyemo, mo 3 Y(f(x;)) = w(f(=})) summusae h(f(x;)) = h(f(x})), a 3
pismocTi (10 f)(w5) = (6 0 £)(z}) maewo (ho f)(ws) = (ho f)(z}), To610 g(zs) = g(a))
nuis koxuoro 4, 1 < i < n. Maemo [ o f] € O([g], 21, %}, T2, T, oy T, ). OcKibKE
eneMeHT [1)] BUOMpaBCs MOBLIBLHO, TO MA€ MICIE BKJIIOYECHHS

é(f)(o([h]7y17y/13y27y/27 7yn7y;7,)) - O([g],$1,33/171‘2,(l}'/27 ~-v71'n,1';1)7

o i mOKa3ye HemepepBHICTH Bimobpaskennst P( f).

4 CKIHYEeHHO-BiIKpHTa TOIOJIOTiA

Hexait U; — sBigkputi nigvuoxuau B X i x; € X ms seix ¢ = 1,2,...n ge n € N. Ha
vuOkuHL (X)) po3rIsHEMO CIM'I0 BIIKPATAX MHOKHUH

O([f},xl,Ul,xQ,UQ,...,:I:n,Un) = {[g] S @(X) ‘ Ju; € U;:
f(z) = flu;) = Ju, € Uy: g(z;) = g(ué) ag Beix 1 = 1,2, ...,n},

nme n € N. ITokaxemo, mo Taka ciM’ss MHOXKIH yTBOPIOE 6a3y meakoi TomoJorii B ¢(X).
Hexait [h] € ¢(X), i

[h] € O([f],$1,U1,$27 Ua, ..., Tm, U’m) n O([gLyh V1,92, Vo, ...,yn,Vn)-
Posrigremo oxin
O([h]7$17 Ul,(l’Q,UQ, ey I,y Um7y17 V17y27v27 7y7l’v7l)

enementa [h].
Ockimbku [h] € O([f], z1,U1,22,Us, ..., xm, Um) 10 3 piBHOCTI f(2;) = f(u;) BUD-
nmBae icryBanmsa emementa u; € U; Takoro, mo h(x;) = h(u}). Hexai

[P] € O([h},l‘l, Ul,iﬁg, U27 ~~~7xm,Um7y17V1792,V27 o Yn, Vn)

. o ! o / .
Tozl, AKIO 3afiferbest eseMent u; € U; takwmii, mo h(z;) = h(u;), T0 icHye esemeHT
1 o 1
u; € U; rakuit, mo p(z;) = p(u; ). Tobro

[p] e O([f],x]_,Ul,l'Q, U27 ~--7$m, Um)

Ockinbku [h] € O([g],y1, V1,2, Va, ..., Ym, Vim), Toui 3 g(y;) = g(v;) Buwmsae icny-
BaHH# ejementa v; € V; Taxoro, mo h(y;) = h(v}). Toxi 3 BrOUeHHS

[p] € O([thlv U17$27 U27 '“7:rm7UTn7yla V17y27v27 e Yny ‘/n)

BUILTMBAE, WO AKIIO icHye esement v, € V; rakuit, mo h(y;) = h(v)), To 3aiimernca
" o "
estlement v ; € V; rakuii, mo p(y;) = p(v;' ). Tobro

[P] € O([g]7y17 V17y27‘/27 ce Ym, Vm)
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Tamumu cmoBaMu
[p} S O([f]vmh U171:27 U27 vy Tomy U"l) N O([QL Y1, V17y27 V27 ey Ymy, Vm)
Orxe, Ma€ MiClle BKIIOYEHHS

O([h]7x17 U171127U27 vy Ty Um7y17 Vl:y27V27 cy Yns Vn) C
O([f],l‘l, Ui, z2,Us, ..., Tm, U’m) N O([g]’yla V1,92, V2, ..., ym, Vm)

Tonoorioo 7/° 3 onmcanoo Bume 6a3010 Ha MuOKKHE P(X ) HABUBAEMO CKiHUeHHO-
BiJIKDUTOIO TOIIOJIOTI€I0 | yTBOPEHHii TomoOTiaHu# mpocTip mosaagaemo Hf°(X).

Teopema 2 Hexati f: X — Y- sidkpume nenepepene 6idobpasicenna. Todi 6idobpa-
orcenna D(f): (V) — &F°(X) nenepepene.

Josedenns Hexait @(f)([h]) = [ho f] = [g], me [h] € B(Y), a [g] € #(X). Posrnaremo

OKI1J1

O(lg); 1, U1, 22, Uz, ..oy tn, Un) = {[¢] € (X)) | Fu; € U;: g(z;) =
g(u;) = Juj € Us: p(x;) = p(uj); me x; € X,

U; — Biaxkpuri miaMHOXUHE pocTopy X, mis Beix ¢ = 1,2, ..., n},

men € N.
Hexait y; = f(z;) — emementn npocropy Y i V; = f(U;) nust koxkaoro i = 1,2,...,n
Pozrisnemo oxkin

O([M]; y1, Vi, 42, Vay ooy, Vi) = {[9] € D(Y) | Fv; € V;: h(ys) = h(v;) =
v} € Vi ¥ly;) = ¥(v))}

Butepemo mosinbro emement [1p] € O([h]; y1, Vi, y2, V2, ..., Yn, V), Toxi 3 piBHOCTI
h(y;) = h(vi) BUILJIMBAE, 11O 1/)( yi) =
vi = fl@i) ivj = f(ug), vi = f(wi), omepxyemo, mo 3 h(f(w;)) = h(f(u;)) pummmae
D) L DTy s o (o ey = (e 1)) enaae (4 o ooy =
(¢ o f)(u}), Takum ummom 3 pisnocti g(x;) = g(u;) BummmBae (o f)(z;) = (Y o f)(u})
it KoxKHOro ¢, 1 < ¢ < n. Maemo

¥(v)) mna koxworo i, 1 < i < n. Ockinbku

[¢ o f] S O([g},xly U17-T27 UZ: vy Ty Un)
Ockinbkm enement [¢] Bubupasca AOBLIBHO, TO MAE MICIE BKIIOYEHHS
@(f)(O([h]; Y1, V1,92, Va, ..., Yn, Vn)) C O([g],:cl, Ui,x9,Us, ..., Tn, Un),

mo i moKa3ye HenmepepBHICTh BimoOpaxenns D(f).
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5 BigkpuTo-BiIKpHUTa TOIOJIOTiA

Ha vaoxwuni ¢(X) po3riasiHeMO TOMOJIOTI0, TOPOIZKEHY CiM’€I0 BIAKPATHX T IMHOKUH
O([f1,U1,U1, U, U, ..., Un, Up) = {[g] € D(X) |
3w; € Uy i € Uj: f(zi) = f(ai) = yi € Ui,yi € Ui g(yi) = 9(y7)
ne Us, Ui/ — BiakpuTi ninvuoxkuam B X, ma Beix 1 = 1,2, ...,m, }

nen € N.
Ilokaxxemo, Mo Taka CiM’sa MHOXKWH yTBOPIOE 6a3y meskoi Tomosorii B (X ). Hexait
[h] € P(X) i

[h] € O([f), U1, U1, U2, U, ..., Um, Un) N O([g], V1, Vi, Va, Va, ..., Vi, Vip).
Posrnsaremo oxin
O([h], U1, U1, Uz, U, .., Upn, Uy, Vi, Vi, Vo, Vi oy Vi, Vi)
enemenTa [h]. BubGepemo moBiIbHMIA €1eMeHT [p] HOTO OKOJTY. 3a TIPUITY IIEHHSIM
[h] € O([f), U1, U1, U2, U3, ..., Um, Upn),

Tozi 3 pisnocri f(x;) = f(2}) Buumbac icuypanms enementis t; € U; i t; € Ul Taxux,
wo h(t;) = h(t}). Toni

[p] € O([thl’ U175L‘2, U2a -'-7$m>UM7y17V17y2>V27 o Yn, Vn)

ozmawae, mo: axumo h(t;) = h(t;), To icayiors u; € U; i uj € U maxi, mo p(u;) = p(u}).
Omxe, 3 piBuocti f(x;) = f(z}) surummsae p(u;) = p(u}), Tobro

[p] € O([f], U1, U1, Uz, U, ..o, Upn, Upy).

Haui, ockiibK®r

[h’] € O([Q]? V17 V1/7V27‘/2/7 "'7V77«7VT/L)7

T0 3 pirnocTi g(y;) = g(y.), e y; € Vi iy, € V/, sunymnae icnypanus enementis z; € V;
i 2, € V/ raxux, mo h(z;) = h(z}). Toni

[p] € O([h]) Ula U{v U27 Ué? "’7Um) UTIYLa Vla V1/7V27‘/2/7 7V’n7VTIl)

osmawae, mo: axmo h(z;) = h(z}), To icuyiors emementu v; € V; i vi € V/ maxi, mo
p(vs) = p(v}). Tobro

[p} € O([gLVthI’ V27V2/7 ey Vm, VT/VL)

Ockibkn

[p] € O([.ﬂ?UlvU{:UQaUév-”aUva;n)y
TO [p] MicTHTBCH B HepeTwHi IUX MHOXKHH, OTKE,
O([h}7U17U{7U27Ué7"'7U7VL7U7/TL7V17V1,7‘/27V2/7~ . 7VTL7V’I’;) C
O([f}7U17U{7U27U57~"7U77L7U7/n)ﬂO([g]7V17V117‘/27V2/,---7Vm7v’r/n)'

Torotoriio 3 1i€r0 623010 HA3UBAEMO BiAKPHUTO-BIIKPUTOIO TOIOIOTIEIO 1 TIO3HAYAEMO
79 a yTBOpeHnit Tomosoriuamii mpoctip noszxnauaemo $°(X).
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Teopema 3 Hexati f: X — Y eidkpume nenepepene 6idobpasicents. Todi eidobpa-
oicenna D(f): (V) — &(X) nenepepene.

Josedenns Hexait &(f)([h]) = [ho f] = [g] me [h] € (V) i [g] € H(X). Posrnanemo
Jesikuit 6a3oBuii okin esementa [g] € P(X), a came

O(lg),U1,U1,Us2,Us, ..., Un,Up) = {[¢] € B(X) |
Jz; € Uj, x5 € Uj = g(x;) = g(i) = Fu; € Uy, us € U p(ui) = p(uf)

ne Uy, Ui, UsUS, ... Un, Ul — BIIKPUTI MAMHOXKWHEA TIPOCTOPY X, }
nen € N.
Toxkmagemo V; = f(U;) i V/ = f(U!) — sinkpuri nigmuoxunu npocropy Y s
KOXKHOTO ¢ = 1,2,...,n. Po3rigaemo oxin

O([h]’vlavll7‘/27‘/2/7-- VTL7 )_{[1:[)]6@( )|3yi€Vi,y§€V{:
h(y;) = h(yi) = Jv; € Vi, i € Vi (v;) = ¥(vi)}
esiemenTa [h]. Hexait
[¥] € O([R]; Vi, V1, Vo, Vs, oo, Vi, Vin),

roni 3 h(y;) = h(y}) sunmmsae, mo ¥(v;) = ¥(v)) mna xoxmoro i, me 1 < i < n.
Ockimbku y; = f(x;), yi = f(z}) i v = f(u}), v; = f(u;) Toai 3 pismocri h(f(x;)) =

h(f(x7)) Burmsae $(f (ui)) = P (f(ug)), a3 (hof)(z;) = (hof)(x;) maenmo (o f)(u;) =
(o f)(u)). Tobro 3 g(z;) = g(x}) prmamsac (v o f)(us) = (o f)(ul) Ana xoxmoOTO i
e 1 < i < n. Maemo

/ ! !
[w © f] € O([g]a U1,U01,02,Us, ..., Un, Un)
Ockinbku eieMeHT [t)] BUOUpABCS MOBIIBHO, TO MA€ MICIE BKJIIOYEHHS

é(f)(o([h‘L V17 Vllv V27 VQ’? "'7V7L7 V/)) - O([Q]? Ul’U{7 U27 Uéy tey U'fLa U’r/l)

6 IcToTHICTHP BUMOrHM BiAKPHUTOro BigoOpaKeHHsI B TeopeMmax 2 i 3.

Posrignemo

IIpumep 1 Hexati X =Y = I = [0;1]. Pozaaanemo nenepepsne, crop’ekmuene 610o-
opasicenna f: X — Y, o3nauene gopmyaoto:

2x, meo 0<x < l;
flz) = o2
1, me,o 5 <x <l

Pogeasanemo eidobpasicenns P(f): &(Y) — P(X), axe die makum wunom:
P(N)([¥]) = o f]=l¢], de [V] € B(Y) i [¢] € D(X).
Hezati x© € (%, 1) i nexati U — 6idxpuma nidmmodtcuna inmepeany (%, 1). Osnawu-
mo oxin O([¢], z,U) eaemenma [¢p] € P(X):
O([gl, =, U) ={[#] € 2(X) |
JueU: o(x) =pu) < I cU: px) = o)}
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Hoxaorcemo, wo ne icuye oxoay O([¢],y, V) C &(Y) easemenma [¢] € @(Y) maxozo,
wo6 O(f)(O([¥],y,V)) C O([¢], z,U). Beidcu 6yde sunausamu, wo P(f) — pospusne
61000PaHCEHHA.

Poszaamemo mHoscumy

O([¥)],y, V) ={[¥] € o(Y) |
FueV:yly) =9) & I €V:dy) =)},

dey = f(x), i V = f(U). Todi &(f)(O([¢¥],y,V)) € O(l¢l,2,U). Ase f(U) =1,
mobmo V = {1}, ssidcu

dani Y(y) = Y(v) modi i misvku modi xoau P(y) = P(v') = p(v), omorce, ompumaemo,
wo ¥ €[], mobmo mnoorcuna O([],y, V) o0dnomourosa, a 3Hawums He € 0K0AOM

eaemenma []. Io i mpeba 6ya0 noxazamu.
Taxum wmuom, mna tomosoriit 7¢7, 7/°, 7°° xomcrpykuiz @ susHadae xomTpa-
BapiaHTHUI (DYHKTOpP 3 KaTeropil Comp0 KOMIIAKTHIX IIPOCTOPIB i BIAKPUTHX Bimo-

OparkeHb y KaTeropiro Top TOMOJIOrivTHUX IIPOCTOPIB i HelepepBHUX BiI0OpakeHb.

7 IlopiBHSHHS TOTIOJIOTiH

BeranoBumo criBBigHONIEHHS MiXK TOIOIOrigME ch, 770§ 7°° na muoKuHi D(X).

Ilpennoxkenue 1 Kockinuenha monosozia CuULHIULG, HIHC CKIHYEHHO-810KPUMa mo-
nonaozia: 71 < 77

Josedennsa Hexait [f] — nosinbuuit enement muoxkuan (X ). Posrsaemo esement
M([f),z1,Ur,22,Us,...,2n,Un) = {[g] € &(X) | Ju; € U;:
f(xi) = f(wi) = 3yi € Ui g(z;) = g(y;) ana xoxmoro i = 1,2,...,n, }

me n € N, 6a3u ckinuenHO-BiakpuTol TomosoTil. BuGepemo noslnbHmit enement [hg] 3
muoxunu M. Iokmamemo y; € U; ana koxuoro ¢ = 1,2, ...,n, me n € N, i po3ryIiTHEMO
OKiT

O([h0]§$17y17$27y2, -~7m7’b7y7l) = {[h] S QS(X) ‘
=h

ho(wi) = ho(yi) = h(zi) = h(y;) mna koxuoro i =1,2,...,n, }

me n € N, erementa [hq]. Jani BubepeMo mOBLIbHWI es1eMeHT

[h] € O([ho); 1, Y1, %2, Y2, .- Ty Yn),

Toai 3 piBaOCTI ho(2;) = ho(y;) BUunMBaE, MO ﬁ(mz) = fz(yz) I KOXKHOT0 1 = 1,2, ..., 7.
Ockinbku [hg] € M, To 3 pisnocri f(x;) = f(u;) Bummsae, mo ho(z;) = ho(y;) ne
u; € U; mnst xoxksoro ¢ = 1,2, ...,n. Orxe, [h] € M, To6T0,

O([ho];x17y13x27y2a -~-,:L'n,yn) - M.

IITo moBomuTs BimkpuricTs MHOXKUHE M B KOCKimdenHiit Tomosorii. OTixke, rfo < ref,



Ilpengnoxkenune 2 CrinyeHHO0-610KPUMA TOTOAOZLA rfo CUNDHIWA, HINC 6LOKPUTNO-
6idxpuma monosoaia 7°°.

JHosedenns Hexait [f] — nosinbamit enement muoxuan &(X ). PosragnemMo MHOXKHUHY

M([f]a U17V17 U27V2, crey Un,Vn) = {[t] S ¢(X) ‘

3x; € Ui,yi € Vi: f(wi) = f(yi) = 3w € Ui,y € Vi t(a) = t(y7)

JUIst KOKHOTO ¢ = 1,2, ..., n,}
nen € N. OueBnzno, mo M — enemeHT 6a3m BiAKpUTO-BiIKprTOl TOMmooril. Bubepemo
noBLTLHU etement [to] 3 Muoxmmm M. Tloxmanemo x; € U; must kosxuoro i = 1,2,...,n
1 pOBIITHEMO OKiJI

O([tOL 33'/17 V17 "I:/Q: V27 ERE) 33,/,1, ‘/TL) =

{[) € 2(X) | 3yi € Vi: tlws) = t(yi) = 3yi’ € Vi: o(x7) = (i)}
esemerTa [to]. Hexail [p] — nOBLIbHMIL €IEMEHT MHOXUHU

O([to];m/l,Vl,:clg, Vo,... ,ac/mVn)7

roni 3 pismocti to(x)) = to(y,) summsae, mo P(z;) = P(y)) ana xoxwmoro i =
1,2,...,n. Ockimsku [tg] € M, To 3 pisnocti f(x;) = f(y;) summusae, mo to(x)) =
to(ys) me vi, vi, vl € U; mna xoxworo ¢ = 1,2,...,n. Orxe, [p] € M, 0670,

O([tg];x/l,Vl,xlg,VQ, .. .,a:;l,Vn) C M.

ITe o3mauae BigKpuTiCTh MHOKUAU M B CKIHYeHHO-BIAKpuUTiii Tomosorii. Orxke, 7°° C
fo
T/

TakKuM 9YUHOM, Ma€ MiCIle TaKe CITiBBimHOmenHs: 7%° < rfo < ref.
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