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Î òðè-òêàíÿõ, îáðàçîâàííûõ ñåìåéñòâàìè
îêðóæíîñòåé

Àëåêñàíäð Ìèõàéëîâè÷ Øåëåõîâ

Àííîòàöèÿ Íàéäåíû ñòðóêòóðíûå óðàâíåíèÿ è êðèâèçíà òðè-òêàíè, îáðà-

çîâàíîé òðåìÿ ñåìåéñòâàìè îêðóæíîñòåé íà ïëîñêîñòè. Ñôîðìóëèðîâàíû

íåêîòîðûå ïðîáëåìû, ñâÿçàííûå ñ îïèñàíèåì ïîäêëàññà ðåãóëÿðíûõ òêàíåé.

Êëþ÷åâûå ñëîâà êðèâîëèíåéíàÿ òðè-òêàíü, òðè-òêàíü èç ñåìåéñòâ îêðóæ-

íîñòåé, êðèâèçíà òêàíè

ÓÄÊ 514.763.7

Ïàïèðóñ Àõìåñà è åãèïåòñêèå ïèðàìèäû

ÿâëÿþòñÿ, âåðîÿòíî, ñàìûìè ðàííèìè

ñâèäåòåëüñòâàìè ñóùåñòâîâàíèÿ íàóêè ãåîìåòðèÿ

Ô. Êýäæîðè

... äåìàðêàöèîííàÿ ëèíèÿ ìåæäó

äðåâíîñòüþ è ñîâðåìåííîñòüþ íå ñòîëü ðåçêà

Î. Íåéãåáàóýð
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... âðÿä ëè ñëó÷àéíî îáíàðóæåíî áûëî

... ðàâåíñòâî êðóãà è êâàäðàòà

ñî ñòîðîíîé, ðàâíîé 8/9 åãî äèàìåòðà

À.Ï. Þøêåâè÷

Ïàìÿòè Âåíèàìèíà Ôåäîðîâè÷à Êàãàíà

Ââåäåíèå. Ãîâîðÿò, ÷òî 3 ãëàäêèõ ñåìåéñòâà êðèâûõ íà ïëîñêîñòè îá-

ðàçóþò â íåêîòîðîé îáëàñòè D òðè-òêàíü W , åñëè â êàæäîé òî÷êå ýòîé îá-

ëàñòè êðèâûå ñåìåéñòâ ïîïàðíî òðàíñâåðñàëüíû. Ñëåäóÿ Â. Áëÿøêå [1], ìû

ðàññìàòðèâàåì òðè-òêàíè ñ òî÷íîñòüþ äî ëîêàëüíûõ äèôôåîìîðôèçìîâ:

òðè-òêàíè W è W̃ , çàäàííûå â îáëàñòÿõ D è D̃ ñîîòâåòñòâåííî, ñ÷èòàþò-

ñÿ ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ëîêàëüíûé äèôôåîìîðôèçì D → D̃,

ïåðåâîäÿùèé ëèíèè îäíîé òêàíè â ëèíèè äðóãîé.

Ïðîñòåéøàÿ òðè-òêàíü (ìû íàçûâàåì åå ïàðàëëåëüíîé) îáðàçîâàíà òðåìÿ

ñåìåéñòâàìè ïàðàëëåëüíûõ ïðÿìûõ. Òðè-òêàíü, ýêâèâàëåíòíàÿ ïàðàëëåëü-

íîé òêàíè, íàçûâàåòñÿ ïàðàëëåëèçóåìîé èëè ðåãóëÿðíîé. Âñå ïàðàëëåëüíûå

òêàíè ýêâèâàëåíòíû äðóã äðóãó è áîëåå òîãî, îíè àôôèííî ýêâèâàëåíòíû

ìåæäó ñîáîé.

Îäíà èç âàæíåéøèõ çàäà÷ â òåîðèè òêàíåé � íàõîæäåíèå ïîäêëàññà ðå-

ãóëÿðíûõ òêàíåé â çàäàííîì êëàññå òêàíåé. Ëåãêî ïðîâåðÿåòñÿ, ÷òî òðè-

òêàíü, îáðàçîâàííàÿ òðåìÿ ïó÷êàìè ïðÿìûõ, ÿâëÿåòñÿ ðåãóëÿðíîé. Íî óæå

ñëåäóþùàÿ ïî ñëîæíîñòè òðè-òêàíü, îáðàçîâàííàÿ òðåìÿ ïó÷êàìè îêðóæ-

íîñòåé (â [2] ìû ïðåäëîæèëè íàçûâàòü åå êðóãîâîé òêàíüþ, èëè, êîðî÷å,

C-òêàíüþ), íå ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, ðåãóëÿðíîé. Â 1953 ãîäó íà îäíîé

èç ñâîèõ ëåêöèé â Ñòàìáóëå Áëÿøêå ïðèâåë ïðèìåð ðåãóëÿðíîé êðóãîâîé

òêàíè (òðè ýëëèïòè÷åñêèõ ïó÷êà ñ ïîïàðíî ñîâïàäàþùèìè âåðøèíàìè) è

ïðåäëîæèë íàéòè âñå êëàññû ðåãóëÿðíûõ òêàíåé, îáðàçîâàííûõ ïó÷êàìè

îêðóæíîñòåé. Ïî ñóùåñòâó, ïèøåò îí â ñâîåé êíèãå [1], çàäà÷à ñâîäèòñÿ ê

íåêîòîðîìó àëãåáðàè÷åñêîìó óðàâíåíèþ. Íî àëãåáðàè÷åñêîå óðàâíåíèå, î

êîòîðîì ãîâîðèë Áëÿøêå, îêàçàëîñü ñëèøêîì áîëüøîé ñòåïåíè è ñëèøêîì

ñëîæíûì äëÿ àíàëèçà, ïîýòîìó óêàçàííûé èì ñïîñîá ðåøåíèÿ íå ïîçâîëèë

ðåøèòü çàäà÷ó ïîëíîñòüþ. Ïîëíîå ðåøåíèå ýòîé çàäà÷è îêàçàëîñü âåñüìà

ñëîæíûì, îíî ïðèâåäåíî â ðàáîòàõ [2], [3], ñì. òàêæå [4].

Â íàñòîÿùåé ñòàòüå ñòðîèòñÿ àïïàðàò äëÿ èçó÷åíèÿ òêàíåé, îáðàçî-

âàííûõ òðåìÿ ïðîèçâîëüíûìè ñåìåéñòâàìè îêðóæíîñòåé. Èñïîëüçóÿ ìåòîä

âíåøíèõ ôîðì è ïîäâèæíîãî ðåïåðà Ýëè Êàðòàíà, ìû íàõîäèì ñòðóêòóðíûå

óðàâíåíèÿ òàêîé òêàíè è åå âàæíåéøèé äèôôåðåíöèàëüíûé îòíîñèòåëüíûé
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èíâàðèàíò � êðèâèçíó, îáðàùåíèå â íóëü êîòîðîé íåîáõîäèìî è äîñòàòî÷íî

äëÿ ðåãóëÿðíîñòè òêàíè.

Ñëåäóÿ Äàðáó, ìû ðàññìàòðèâàåì îêðóæíîñòü êàê òî÷êó òðåõìåðíîãî

ïðîåêòèâíîãî ïðîñòðàíñòâà P 3. Â èíòåðïðåòàöèè Äàðáó òî÷êè ïëîñêîñòè

(îêðóæíîñòè íóëåâîãî ðàäèóñà) èçîáðàæàþòñÿ òî÷êàìè íåêîòîðîé îâàëüíîé

êâàäðèêè ïðîñòðàíñòâà P 3, êîòîðàÿ íàçûâàåòñÿ êâàäðèêîé Äàðáó (ìû îáî-

çíà÷àåì åå Q). Îêðóæíîñòè âåùåñòâåííîãî è ÷èñòî ìíèìîãî ðàäèóñà èçîáðà-

æàþòñÿ òî÷êàìè âíåøíåé è âíóòðåííåé (ïî îòíîøåíèþ ê êâàäðèêå Äàðáó)

îáëàñòè ïðîñòðàíñòâà P 3 ñîîòâåòñòâåííî; ïó÷êè îêðóæíîñòåé � ïðÿìûìè

â P 3, ñâÿçêè îêðóæíîñòåé � ïëîñêîñòÿìè. Ïðè ýòîì ãèïåðáîëè÷åñêèå è ýë-

ëèïòè÷åñêèå ïó÷êè èçîáðàæàþòñÿ, ñîîòâåòñòâåííî, ïðÿìûìè, ïåðåñåêàþùè-

ìè è íå ïåðåñåêàþùèìè êâàäðèêó Äàðáó; ïàðàáîëè÷åñêèå ïó÷êè � ïðÿìû-

ìè, êàñàþùèìèñÿ êâàäðèêè Äàðáó; ïàðàáîëè÷åñêèå ñâÿçêè îêðóæíîñòåé �

ïëîñêîñòÿìè, êàñàþùèìèñÿ êâàäðèêè Äàðáó; îðòîãîíàëüíûå ïó÷êè îêðóæ-

íîñòåé � ïðÿìûìè, ñîïðÿæåííûìè îòíîñèòåëüíî êâàäðèêè Äàðáó. Òî÷êè,

ïðèíàäëåæàùèå îêðóæíîñòè C, èçîáðàæàþòñÿ òî÷êàìè êâàäðèêè Äàðáó,

ëåæàùèìè íà ïåðåñå÷åíèè ýòîé êâàäðèêè ñ ïëîñêîñòüþ, ïîëÿðíî ñîïðÿæåí-

íîé îáðàçó òî÷êè C îòíîñèòåëüíî Q, è ò.ä. Òðè ñåìåéñòâà îêðóæíîñòåé,

îáðàçóþùèõ òðè-òêàíü, èçîáðàæàþòñÿ, ñëåäîâàòåëüíî, òðåìÿ êðèâûìè (ìû

áóäåì îáîçíà÷àòü èõ `i, i = 1, 2, 3), à òðè îêðóæíîñòè òêàíè èç ðàçíûõ ñå-

ìåéñòâ, ïðîõîäÿùèå ÷åðåç òî÷êó M , èçîáðàæàþòñÿ òðåìÿ òî÷êàìè ëèíèé

`i, ëåæàùèìè â îäíîé è òîé æå êàñàòåëüíîé ïëîñêîñòè ê êâàäðèêå Äàðáó â

òî÷êå M .

Íàøà òåîðèÿ îáîáùàåò ðåçóëüòàòû Â. Ëàçàðåâîé, êîòîðàÿ ìåòîäîì Êàð-

òàíà èçó÷àëà òêàíè, îáðàçîâàííûå ïó÷êàìè îêðóæíîñòåé, ñì. [5], [6]. Ïî-

äâèæíîé ðåïåð, ïîñòðîåííûé Ëàçàðåâîé, áûë èñïîëüçîâàí Ì. Àêèâèñîì â [7]

äëÿ íàõîæäåíèÿ óñëîâèÿ àëãåáðàèçóåìîñòè òðîéêè ïðîñòðàíñòâåííûõ êðè-

âûõ. Ìû ñòðîèì àíàëîãè÷íûé ðåïåð è èñïîëüçóåì îáîçíà÷åíèÿ ýòèõ ðàáîò.

1. Ïîäâèæíîé ðåïåð, àäàïòèðîâàííûé ê òðîéêå êðèâûõ.

Íàïîìíèì, ÷òî ïðîåêòèâíûé ðåïåð â P 3 ñîñòîèò èç ÷åòûðåõ òî÷åê îáùåãî

ïîëîæåíèÿ {Aα}(α, β, γ = 0, 1, 2, 3). Ìû ðàññìàòðèâàåì òàê íàçûâàåìûé ïî-

äâèæíîé ðåïåð, òî åñòü ìíîæåñòâî âñåõ ïðîåêòèâíûõ ðåïåðîâ ïðîñòðàíñòâà.

Èíôèíèòåçèìàëüíûå ïåðåìåùåíèÿ ïîäâèæíîãî ðåïåðà çàïèøåì â îáû÷íîì

âèäå:

dAα = ωβαAβ , (1)
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ãäå äèôôåðåíöèàëüíûå ôîðìû ωβα çàâèñÿò îò 16-òè ïàðàìåòðîâ � îäíîðîä-

íûõ êîîðäèíàò òî÷åê {Aα} îòíîñèòåëüíî íåêîòîðîãî íåïîäâèæíîãî ðåïåðà

è óäîâëåòâîðÿþò ñòðóêòóðíûì óðàâíåíèÿì ïðîåêòèâíîãî ïðîñòðàíñòâà:

dωβα = ωγα ∧ ωβγ . (2)

Çäåñü d îçíà÷àåò âíåøíåå äèôôåðåíöèðîâàíèå, ∧ � âíåøíåå óìíîæåíèå.

Ðàññìîòðèì â P 3 3 ãëàäêèå êðèâûå `i (i = 1, 2, 3). Ïîìåñòèì âåðøèíó Ai

ðåïåðà íà êðèâóþ `i è ïðåäïîëîæèì, ÷òî ïëîñêîñòü [A1A2A3] òðàíñâåðñàëü-

íà êðèâûì `i.

Òàê êàê òî÷êà Ai îïèñûâàåò êðèâóþ `i, òî â ñèëó (1) èç òðåõ ôîðì ωji ,

i, j, k = 1, 2, 3, ïðè ôèêñèðîâàííîì i òîëüêî îäíà ëèíåéíî íåçàâèñèìàÿ. Ïðè

ýòîì, òàê êàê ïëîñêîñòü [A1A2A3] òðàíñâåðñàëüíà êðèâûì `i, òî ω
0
i 6= 0, è

ìîæíî ïîëîæèòü

ωji = λji ω
0
i . (3)

Òîãäà

dAi = ωiiAi + ω0
iBi, (4)

ãäå

Bi = A0 + λji Aj + λki Ak. (5)

Äèôôåðåíöèðóÿ óðàâíåíèÿ (3), ïîëó÷èì êâàäðàòè÷íûå óðàâíåíèÿ, èç êîòî-

ðûõ íàéäåì:

dλki + λki (ω
k
k − ω0

0) + ωk0 + λji (λ
k
j − λki )ω0

j − (λki )
2ω0

k = 2µki ω
0
i . (6)

Âåðíû

Òåîðåìà 1. [5, 7] Âåëè÷èíû µki ÿâëÿþòñÿ îòíîñèòåëüíûìè ïðîåêòèâ-

íûìè èíâàðèàíòàìè òðîéêè êðèâûõ `i. Êðèâàÿ `i ÿâëÿåòñÿ ïðÿìîé òîãäà

è òîëüêî òîãäà, êîãäà µji = µki = 0 (çäåñü âñå èíäåêñû ðàçëè÷íû).

Òåîðåìà 2. [7] Äëÿ òîãî, ÷òîáû òðîéêà êðèâûõ `i ïðèíàäëåæàëà îä-

íîé íîðìêðèâîé ïðîñòðàíñòâà P 3, íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ

óñëîâèé

µ1
2 + µ2

1 = 0, µ1
3 + µ3

1 = 0, µ3
2 + µ2

3 = 0. (7)

Êàê ïîêàçàíî â [5], ñåìåéñòâî ðåïåðîâ Aα ìîæíî ñóçèòü òàê, ÷òîáû âû-

ïîëíÿëèñü ðàâåíñòâà λij + λik = 0, â êîòîðûõ âñå èíäåêñû ðàçëè÷íû. Êàê è

â [5], îáîçíà÷èì

λ12 = −λ13 = λ1, λ23 = −λ21 = λ2, λ31 = −λ32 = λ3. (8)
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Â ðåçóëüòàòå êàíîíèçàöèè óðàâíåíèÿ (3) ïðèìóò âèä

ω2
1 = −λ2 ω0

1 , ω3
1 = λ3 ω0

1 ,

ω3
2 = −λ3 ω0

2 , ω1
2 = λ1 ω0

2 ,

ω1
3 = −λ1 ω0

3 , ω2
3 = λ2 ω0

3 ,

(9)

à óðàâíåíèÿ (6) ïðèâåäóòñÿ ê âèäó [7]:

dλ1 + λ1(ω1
1 − ω0

0) = (µ1
2 + λ1λ2)ω0

2 + (µ1
3 − λ1λ3)ω0

3 ,

dλ2 + λ2(ω2
2 − ω0

0) = (µ2
3 + λ2λ3)ω0

3 + (µ2
1 − λ1λ2)ω0

1 ,

dλ3 + λ3(ω3
3 − ω0

0) = (µ3
1 + λ3λ1)ω0

1 + (µ3
2 − λ3λ2)ω0

2 ,

ω1
0 = (λ1)2ω0

1 + (µ1
2 − λ1λ2)ω0

2 − (µ1
3 + λ1λ3)ω0

3 ,

ω2
0 = (λ2)2ω0

2 + (µ2
3 − λ2λ3)ω0

3 − (µ2
1 + λ2λ1)ω0

1 ,

ω3
0 = (λ3)2ω0

3 + (µ3
1 − λ3λ1)ω0

1 − (µ3
2 + λ3λ2)ω0

2 .

(10)

Òî÷êè Bi, ëåæàùèå íà êàñàòåëüíûõ ê êðèâûì `i, çàïèøóòñÿ òàê (ñì. (5)):

B1 = A0−λ2A2+λ
3A3, B2 = A0−λ3A3+λ

1A1, B3 = A0−λ1A1+λ
2A2. (11)

Ãåîìåòðè÷åñêèé ñìûñë êàíîíèçàöèè: òî÷êà A0 ïîìåùåíà â ïîëþñ ïëîñ-

êîñòè π0 = [A1A2A3] îòíîñèòåëüíî ëèíåé÷àòîé êâàäðèêè K ñ îáðàçóþùèìè

[AiBi] [6].

Â ðåçóëüòàòå êàíîíèçàöèè âåëè÷èíû λi ñòàíîâÿòñÿ îòíîñèòåëüíûìè èí-

âàðèàíòàìè, ãåîìåòðè÷åñêèé ñìûñë îáðàùåíèÿ èõ â íóëü íàéäåí â [5]. Â

÷àñòíîñòè, â ñëó÷àå, êîãäà `i ïðÿìûå, îáðàùåíèå âñåõ λi â íóëü îçíà÷àåò,

÷òî ïðÿìûå `i ïðîõîäÿò ÷åðåç îäíó òî÷êó. Ýòîò ðåçóëüòàò ìîæíî óñèëèòü.

Êàê âèäíî, èç ôîðìóë (10), ñîîòíîøåíèÿ λi = 0 âëåêóò ðàâåíñòâà µki = 0.

Ýòî îáñòîÿòåëüñòâî îòðàæàåò ñëåäóþùèé ãåîìåòðè÷åñêè î÷åâèäíûé ðåçóëü-

òàò: åñëè êðèâûå `i òàêîâû, ÷òî êàñàòåëüíûå ê íèì â ëþáîé òðîéêå òî÷åê

Ai ïåðåñåêàþòñÿ â îäíîé òî÷êå, òî òàêèå êðèâûå `i ÿâëÿþòñÿ ïðÿìûìè.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì äîêàçûâàåòñÿ òàêæå ñëåäóþùåå

Ïðåäëîæåíèå 3. Ñîïðèêàñàþùàÿñÿ ïëîñêîñòü πi ê êðèâîé `i â òåêó-

ùåé òî÷êå Ai èìååò âèä [AiBiCi], ãäå

C1 = −µ2
1A2 + µ3

1A3, C2 = −µ3
2A3 + µ1

2A1, C3 = −µ1
3A1 + µ2

3A2.

Â ðåïåðå Aα ïëîñêîñòè πi îïðåäåëÿþòñÿ ñîîòâåòñòâåííî óðàâíåíèÿìè:

(µ3
1λ

2 − µ2
1λ

3)x0 + µ3
1x

2 + µ2
1x

3 = 0,

(µ1
2λ

3 − µ3
2λ

1)x0 + µ3
2x

1 + µ1
2x

3 = 0,

(µ2
3λ

1 − µ1
3λ

2)x0 + µ2
3x

1 + µ1
3x

2 = 0.

(12)
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Ïëîñêîñòè πi è π0 = [A1A2A3] ïðèíàäëåæàò îäíîé ñâÿçêå òîãäà è òîëüêî

òîãäà, êîãäà âûïîëíåíî óñëîâèå

µ3
1µ

1
2µ

2
3 + µ3

2µ
2
1µ

1
3 = 0. (13)

Èç ïðåäëîæåíèÿ 3 è òåîðåìû 2 âûòåêàåò

Òåîðåìà 4. Äëÿ òîãî, ÷òîáû òðîéêà êðèâûõ `i ïðèíàäëåæàëà îäíîé

íîðìêðèâîé ïðîñòðàíñòâà P 3, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïëîñêî-

ñòè πi è π0 = [A1A2A3] ïðèíàäëåæàëè îäíîé ñâÿçêå ñ âåðøèíîé â òî÷êå

Áðèàíøîíà òðåóãîëüíèêà A1A2A3 îòíîñèòåëüíî êîíèêè π0 ∩K.

Äîêàçàòåëüñòâî ñâîäèòñÿ ê íåïîñðåäñòâåííîìó âû÷èñëåíèþ.

2. Óðàâíåíèå òðè-òêàíè W , îáðàçîâàííîé ñåìåéñòâàìè

îêðóæíîñòåé.

Ïóñòü êâàäðèêà Äàðáó Q çàäàíà â ïîäâèæíîì ðåïåðå Aα óðàâíåíèåì

gαβx
αxβ = 0. (14)

Êîýôôèöèåíòû gαβ ≡ gβα ÿâëÿþòñÿ ôóíêöèÿìè ïàðàìåòðîâ ïîäâèæíîãî

ðåïåðà è óäîâëåòâîðÿþò óðàâíåíèÿì:

dgαβ − gγβωγα − gαγω
γ
β = θgαβ . (15)

Íàïîìíèì, ÷òî ìû ðàññìàòðèâàåì òðè-òêàíü W , îáðàçîâàííóþ òðåìÿ ñå-

ìåéñòâàìè îêðóæíîñòåé. Ñåìåéñòâà îêðóæíîñòåé, îáðàçóþùèõ òðè-òêàíü,

èçîáðàæàþòñÿ â P 3 êðèâûìè `i, à òðè îêðóæíîñòè òêàíè èç ðàçíûõ ñå-

ìåéñòâ, ïðîõîäÿùèå ÷åðåç òî÷êó M , èçîáðàæàþòñÿ òðåìÿ òî÷êàìè ëèíèé

`i, ëåæàùèìè â îäíîé è òîé æå êàñàòåëüíîé ïëîñêîñòè ê êâàäðèêå Äàðáó.

Ïîýòîìó ìû ñóæàåì ñåìåéñòâî ðåïåðîâ, îñòàâëÿÿ òîëüêî òàêèå ðåïåðû, ó

êîòîðûõ ïëîñêîñòü π0 = [A1A2A3] êàñàåòñÿ êâàäðèêè Äàðáó Q.

Ïîìåñòèì â òî÷êó êàñàíèÿ òî÷êó M = A1 + A2 + A3 (åùå îäíî ñóæå-

íèå ñåìåéñòâà ðåïåðîâ). Ïîäñòàâëÿÿ êîîðäèíàòû òî÷êè M â óðàâíåíèå (14),

ïîëó÷èì ñîîòíîøåíèå

g11 + g22 + g33 + 2g12 + 2g13 + 2g23 = 0,

êîòîðîå ìîæíî çàïèñàòü â âèäå

g1 + g2 + g3 = 0, (16)

ââåäÿ îáîçíà÷åíèÿ

gα = gα1 + gα2 + gα3. (17)
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Íàïîìíèì, ÷òî ïîëÿðíîå ñîîòâåòñòâèå òî÷åê A(xα) B(yα) îòíîñèòåëü-

íî êâàäðèêè Q îïðåäåëÿåòñÿ ðàâåíñòâîì gαβx
αyβ = 0. Êðàòêî ýòî óñëîâèå

çàïèñûâàþò â âèäå (AB) = 0. Â ÷àñòíîñòè, äëÿ áàçèñíûõ òî÷åê óñëîâèå

(AαBβ) = 0 ýêâèâàëåíòíî gαβ = 0.

Òàê êàê ïëîñêîñòü π0 = [A1A2A3] êàñàåòñÿ êâàäðèêè Q â òî÷êå M =

A1 +A2 +A3, òî ýòà òî÷êà ïîëÿðíî ñîïðÿæåíà êàæäîé òî÷êå ïëîñêîñòè π0.

Ýòî ýêâèâàëåíòíî óñëîâèÿì (MA1) = 0, (MA2) = 0, (MA3) = 0, ÷òî â ñèëó

îáîçíà÷åíèé (17) äàåò

gi = 0. (18)

Òåïåðü, èñïîëüçóÿ äåðèâàöèîííûå óðàâíåíèÿ (1), çàïèøåì äèôôåðåíöè-

àë òî÷êè M = A1 +A2 +A3:

dM = (ω0
1 + ω0

2 + ω0
3)A0 + (...)A1 + (...)A2 + (...)A3.

Íàïîìíèì, ÷òî òî÷êà M ëåæèò íà êâàäðèêå Q, à ïëîñêîñòü π0 = [A1A2A3]

êàñàåòñÿ Q â òî÷êå M . Ïîýòîìó â â ïðàâîé ÷àñòè êîýôôèöèåíò ïðè A0

äîëæåí ðàâíÿòüñÿ íóëþ:

ω0
1 + ω0

2 + ω0
3 = 0. (19)

Ìû ïîëó÷èëè äèôôåðåíöèàëüíîå óðàâíåíèå ðàññìàòðèâàåìîé òêàíè W â

ïîäâèæíîì ðåïåðå.

3. Ñòðóêòóðíûå óðàâíåíèÿ òðè-òêàíè W , îáðàçîâàííîé

ñåìåéñòâàìè îêðóæíîñòåé.

Ïðîäèôôåðåíöèðóåì ðàâåíñòâà (18), ïîëüçóÿñü óðàâíåíèÿìè (15). Ïîñëå

ïðåîáðàçîâàíèé ñ ó÷åòîì (18) è (19), ïîëó÷èì:

gikω̃
k + g0ω

0
i = 0, (20)

ãäå ââåäåíî îáîçíà÷åíèå

ω̃k = ωk1 + ωk2 + ωk3 . (21)

Â ñèëó (18) èç óðàâíåíèé (20) òîëüêî 2 íåçàâèñèìûõ. Ñ ó÷åòîì (18) ïåðâûå

2 èç íèõ ïåðåïèøåì â âèäå:

g11(ω̃
1 − ω̃3) + g12(ω̃

2 − ω̃3) + g0ω
0
1 = 0,

g21(ω̃
1 − ω̃3) + g22(ω̃

2 − ω̃3) + g0ω
0
2 = 0.

Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî ýòà ñèñòåìà èìååò ðåøåíèå

ω̃1 − ω̃3 =
g0
∆
(g23ω

0
1 − g12ω0

3),

ω̃2 − ω̃3 =
g0
∆
(g13ω

0
2 − g12ω0

3),
(22)
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ãäå îáîçíà÷åíî

∆ = g12g13+g12g23+g13g23 ≡ g11g22−(g12)2 ≡ g11g33−(g13)2 ≡ g22g33−(g23)2.
(23)

Ðàâåíñòâà (22) çàïèøåì â áîëåå ñèììåòðè÷íîé ôîðìå, ââåäÿ íîâóþ ôîðìó

θ̃:
ω̃1 = θ̃ +

g0
∆
g23ω

0
1 ,

ω̃2 = θ̃ +
g0
∆
g13ω

0
2 ,

ω̃3 = θ̃ +
g0
∆
g12ω

0
3 .

(24)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì óáåæäàåìñÿ, ÷òî âíåøíåå äèôôåðåíöèðî-

âàíèå óðàâíåíèÿ (19) â ñèëó (24) ïðèâîäèò ê òîæäåñòâó è ñïðàâåäëèâû óðàâ-

íåíèÿ

dω0
1 = ω0

1 ∧ ω, dω0
1 = ω0

1 ∧ ω, (25)

ãäå

ω = ω0
0 − θ̃ + ω2

1 + ω1
2 + ω3

1 + ω1
3 + ω3

2 + ω2
3 =

= ω0
0 − θ̃ + (λ3 − λ2)ω0

1 + (λ1 − λ3)ω0
2 + (λ2 − λ1)ω0

3 .
(26)

Ñîãëàñíî òåîðèè [8], óðàâíåíèÿ (25) ÿâëÿþòñÿ ñòðóêòóðíûìè óðàâíåíèÿìè

ðàññìàòðèâàåìîé òêàíè W , à ôîðìà ω ÿâëÿåòñÿ åå ôîðìîé êðèâèçíû.

4. Êðèâèçíà òðè-òêàíè W , îáðàçîâàííîé ñåìåéñòâàìè

îêðóæíîñòåé.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì äîêàçûâàåì ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1.

dg0 =g0(θ + ω0
0) + g0kω̃

k =

=g0(θ + θ̃ + ω0
0) +

g0
∆
(g01g23ω

0
1 + g02g13ω

0
2 + g03g12ω

0
3).

(27)

Ëåììà 2.

d∆ =2∆(θ + 2θ̃ − (ω2
1 + ω1

2 + ω3
1 + ω1

3 + ω3
2 + ω2

3))+

+ 2g23(g02 + g03)ω
0
1 + 2g13(g01 + g03)ω

0
2 + 2g12(g01 + g02)ω

0
3 .

(28)

Ñ ïîìîùüþ ôîðìóë (27) è (28) äîêàçûâàåòñÿ

Ëåììà 3. Âíåøíåå äèôôåðåíöèðîâàíèå óðàâíåíèé (24) äàåò åäèíñòâåí-

íîå óðàâíåíèå:

dθ̃ = −g0
∆
(g11λ

1 + g22λ
2 + g33λ

3)ω0
1 ∧ ω0

2−

− g0
∆2

(g01g23(g13 − g12) + g02g13(g12 − g23) + g03g12(g23 − g13))ω0
1 ∧ ω0

2 .
(29)
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Íàêîíåö, ñ ïîìîùüþ ýòîé ôîðìóëû è ïðåäûäóùèõ ïðîäèôôåðåíöèðóåì

ôîðìó ω, äàííóþ ôîðìóëîé (26). Ïîñëå âû÷èñëåíèé ïîëó÷àåòñÿ

Òåîðåìà 5. Ôîðìà êðèâèçíû òêàíè W óäîâëåòâîðÿåò óðàâíåíèþ

dω = bω0
1 ∧ ω0

2 ,

ãäå b � êðèâèçíà òêàíè W � âû÷èñëÿåòñÿ ïî ôîðìóëå:

b = −2(µ2
1 + µ2

1 + µ3
1 + µ1

3 + µ2
3 + µ3

2)+

+
g0
∆
(λ1(g22 + g33) + λ2(g11 + g33) + λ3(g11 + g22))+

+
g0
∆2

(g01g23(g13 − g12) + g02g13(g12 − g23) + g03g12(g23 − g13)).

(30)

Â ñëó÷àå, åñëè µij = 0 (êðèâûå `i ÿâëÿþòñÿ ïðÿìûìè, òî åñòü òêàíü

W ñîñòîèò èç ïó÷êîâ îêðóæíîñòåé) ýòà ôîðìóëà ñîâïàäàåò ñ íàéäåííîé â

ðàáîòå [5].

5. Ïîäõîä ê êëàññèôèêàöèè ðåãóëÿðíûõ òðè-òêàíåé,

îáðàçîâàííûõ ñåìåéñòâàìè îêðóæíîñòåé.

Òðè-òêàíü W ÿâëÿåòñÿ ðåãóëÿðíîé, åñëè åå êðèâèçíà ðàâíà íóëþ [1].

Ðåãóëÿðíûå êðóãîâûå òðè-òêàíè (µij = 0), êàê óæå áûëî îòìå÷åíî âûøå,

ïîëíîñòüþ îïèñàíû.

Ðàâåíñòâà λi = 0 âëåêóò µij = 0 (ñì. âûøå), ñëåäîâàòåëüíî, ýòîò êëàññ

òàêæå íå ïðåäñòàâëÿåò èíòåðåñà.

Êàê âèäíî èç ôîðìóëû (30), êðèâèçíà ïðåäñòàâëÿåò ñîáîé ñóììó òðåõ

ñëàãàåìûõ, ïðèíàäëåæàùèõ, ñîîòâåòñòâåííî, äèôôåðåíöèàëüíûì îêðåñòíî-

ñòÿì âòîðîãî, ïåðâîãî è íóëåâîãî ïîðÿäêîâ. Ïîýòîìó â êëàññå ðåãóëÿðíûõ

òêàíåé (b = 0) åñòåñòâåííûì îáðàçîì âûäåëÿþòñÿ 3 ïîäêëàññà, îïðåäåëÿå-

ìûå, ñîîòâåòñòâåííî, óñëîâèÿìè:

µ2
1 + µ2

1 + µ3
1 + µ1

3 + µ2
3 + µ3

2 = 0, (31)

λ1(g22 + g33) + λ2(g11 + g33) + λ3(g11 + g22 = 0, (32)

g01g23(g13 − g12) + g02g13(g12 − g23) + g03g12(g23 − g13 = 0. (33)

Â ñâÿçè ñ ýòèì âîçíèêàþò ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë êàæäîãî èç óñëîâèé (31)

� (33) è îïèñàòü ñîîòâåòñòâóþùèå êëàññû ðåãóëÿðíûõ òêàíåé. Íàïðèìåð,

óñëîâèå ðåãóëÿðíîñòè ïåðâîãî èç ýòèõ êëàññîâ ñîñòîèò èç äâóõ ðàâåíñòâ �

(31) è

∆(λ1(g22 + g33) + λ2(g11 + g33) + λ3(g11 + g22))+

+ (g01g23(g13 − g12) + g02g13(g12 − g23) + g03g12(g23 − g13)) = 0.
(34)
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Ïîñëåäíåå ðàâåíñòâî îïèñûâàåò âñå ðåãóëÿðíûå êðóãîâûå òêàíè. Îíî èññëå-

äîâàëîñü â [5], íî åãî ãåîìåòðè÷åñêèé ñìûñë äî ñèõ ïîð íå âûÿñíåí, õîòÿ âñå

ðåãóëÿðíûå êðóãîâûå òêàíè îïèñàíû! Ïîýòîìó âîçíèêàåò

Çàäà÷à 2. Íàéòè ãåîìåòðè÷åñêèé ñìûñë óñëîâèÿ (34), â ÷àñòíîñòè, ïðè

óñëîâèÿõ µij = 0.

Ê ðàâåíñòâàì (31) è (34) ñëåäóåò äîáàâèòü èõ äèôôåðåíöèàëüíûå ñëåä-

ñòâèÿ. Çàìåòèì, ÷òî äèôôåðåíöèðîâàíèå (31) íå äàñò íîâûõ óñëîâèé íà

âåëè÷èíû λi è gαβ . Ýòîò ôàêò âûòåêàåò èç ëåãêî äîêàçûâàåìîãî

Ïðåäëîæåíèÿ 6. Ñèñòåìà (10) ïðàâèëüíî ïðîäîëæàåìà.

Çàäà÷à 3. Íàéòè ðåãóëÿðíûå òêàíè â ñëó÷àå (7) (êðèâûå `i ïðèíàäëåæàò

îäíîé êóáè÷åñêîé íîðìêðèâîé).

Çàäà÷à 4. Íàéòè íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè

êðèâûõ `i îäíîé êóáè÷åñêîé ïîâåðõíîñòè è îïèñàòü ðåãóëÿðíûå òêàíè òàêîãî

òèïà.

Â çàêëþ÷åíèå óêàæåì îáçîð [9], ïîñâÿùåííûé äèôôåðåíöèàëüíîé ãåî-

ìåòðèè îêðóæíîñòåé è ñôåð, ñì. òàêæå �6 â [10].
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Conformally Flat Twisted Product Manifolds

K .Matsumoto M. M Pripathi

Abstract On 1995, T. Ikawa and J. B. Jun proved the following: If a doubly

warped product manifold M =M1 ×M2 is conformally �at, then the manifolds

M1 and M2 are conformally �at, too. As the corollary of this theorem, we can

get the same properties in the case of product and warped product manifolds.

But, about the case of a twisted product manifold, we can not see the similar

theorem, yet. So, in this paper, we prove the same theorem in a twisted product

manifold, that is, Let M = M1 ×f M2 be a conformally �at twisted product

manifold with the associated function f . Then the manifolds M1 and M2 are

conformally �at, too.

Keywords Conformally �at, twisted product manifold

Mathematics Subject Classi�cation (2000) 53C40

1 Twisted product manifolds

Let (M1, g1) and (M2, g2) be Riemannian manifolds and M be a topological

product manifold of M1 and M2. We de�ne a Riemannian metric g of M as

(1.1) g(U, V ) = ef
2

g1(π1∗U, π1∗V ) + g2(π2∗U, π2∗V )

for any U, V ∈ TM , where f denotes a positive di�erentiable function on M

. Then the manifold M is called a twisted product manifold with an associated

function f and we write it M =M1 ×f M2 ([2],[3]).

Remark. In a twisted product manifold M = M1 ×f M2, if the associated

function f is in M2, then the the manifold M is a warped product Riemannian

manifold ([4]) and f is constant (=1), then the manifoldM is a product manifold.
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Let M = M1 ×f M2 be a twisted product manifold with the associated

function f and let dimM1 = n1, dimM2 = n2 and dimM = n = n1 + n2.

Moreover, let (x1, x2, ..., xn1), (xn1+1, ..., xn1+n2) be local coordinate systems

of M1 and M2, respectively. Then we consider that (x1, x2, ..., xn) is a local

coordinate system of M .

Using the above local coordinate systems, we can write

(1.2) (gµλ) =

(
ef

2

g1ji 0

0 g2ba

)
, (gµλ) =

(
e−f

2

g1
ji 0

0 g2
ba

)
,

where the indices (j, i, ..., h), (d, c, ..., a) and (ν, µ, ..., λ) run over the ranges

(1, 2, ..., n1), (n1 + 1, n1 + 2, ..., n1 + n2) and (1, 2, ..., n1 + n2 = n), respectively.

By virtue of (1.2), the Christo�el symbols {νλµ} with respect to gµλ are given
by

(1.3)

{jhi} = {jhi}1 + f2{(∂j log f)δih + (∂i log f)δj
h − (∂1

h log f)g1ji},

{bhi} = f2(∂b log f)δi
h, {bha} = 0,

{jai} = −f2ef
2

(∂2
a log f)g1ji, {jab} = 0, {cab} = {cab}2,

where ∂1
h = g1

lh∂l (resp. ∂
a
2 = g2

ea∂e) and {jhi}1 (resp. {cab}2) denotes the
Christo�el symbol of g1 (resp. g2).

Next, we calculate the Riemannian curvature tensor Rωνµ
λ with respect to

gµλ. Using (1.2) and (1.3) and by the straightforward calculation, we get

(1.4)

Rkji
h = R1

kji
h + f2(2− f2)[(∂i log f){(∂k log f)δjh−

−(∂j log f)δkh} − (∂1
h log f){(∂k log f)g1ji−

−(∂j log f)g1ki}] + f2{(∇1k∂i log f)δj
h−

−(∇1j∂i log f)δk
h − (∇1k∂1

h log f)g1ji+

+(∇1j∂1
h log f)g1ki} − (f4(‖ log f1‖2 + 4ef

2

‖ log f2‖2)(g1jiδkh − g1kiδjh),

Rkji
a = f2ef

2

[2(∂2
a log f){(∂j log f)g1hi − (∂k log f)g1ji}+

+(∂j∂2
a log f)g1ki − (∂k∂2

a log f)g1ji],

Rkjb
h = 2f2(∂b log f){(∂k log f)δjh − (∂j log f)δk

h}

f2{(∂k∂b log f)δjh − (∂j∂b log f)δk
h},

Rkbi
h = −2f2(∂b log f){(∂i log f)δkh − (∂1

h log f)g1ki}−

−f2{(∂c∂i log f)δkh − (∂c∂1
h log f)g1ki},

Rkci
a = f2ef

2

{(2 + f2)(∂c log f)(∂2
a log f) +∇2c∂2

a log f}g1ki
Rkba

h = −f2{(2 + f2)(∂b log f)(∂a log f) + (∇2b∂a log f)}δkh,

Rkjb
a = 0, Rkcb

a = 0, Rdcb
h = 0, Rdcb

a = R2
dcb

a,
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where ∇1 (resp. ∇2) is the covariant di�erentiation with respect to g1 (resp. g2)

and R1
kji

h (resp. R2
dcb

a) denotes the Riemannian curvature tensor with respect

to g1ji (resp. g2ba).

Moreover, using (1.2) and (1.3), the calculation of the Ricci Tensor Rµλ with

respect to gµλ gives us

(1.5)

Rji = R1
ji + (n1 − 2)f2{(2− f2)(∂j log f)(∂i log f) +∇1j∂i log f}−

−{(2− 2f2 + n1f
2)‖∇1 log f‖2 +∇1l∂1

l log f}+

+ef
2

{(2 + n1f
2)‖∇2 log f‖2 +∇2e∂2

e log f}g1ji,

Rja = −(n1 − 1)f2{2(∂j log f)(∂a log f) + ∂j∂a log f},

Rba = R2
ba − n1f2{(2 + f2)(∂b log f)(∂a log f) +∇2b∂a log f}

where R1
ji (resp. R

2
ba) is the Ricci tensor with respect to g1ji (resp. g2ba).

Finally, the scalar curvature R with respect to gµλ is given by

(1.6)

R = e−f
2

R1 +R2 + (n1 − 1)f2e−f
2

{(4− 2f2 + n1f
2)‖∇1 log f‖2+

+2∇1l∂1
l log f1} − n1f2{(4 + n1f

2 + f2)‖∇2 log f‖2+

+2∇2e∂2
e log f},

where R1 (resp. R2) denotes the scalar curvature with respect to g1ji (resp.

g2ba).

2 Conformal curvature tensors

In this section, we calculate the conformal curvature tensor Cωνµ
λ with respect

to gµλ. The conformal curvature tensor Cωνµ
λ is de�ned by

(2.1)

Cωνµ
λ = Rωνµ

λ +
1

n− 2
(Rωµδν

λ −Rνµδωλ+

+Rν
λgωµ −Rωλgνµ) +

R

(n− 1)(n− 2)
(gνµδω

λ − gωµδνλ).
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Using (1.2), (1.4), (1.5), (1.6) and (2.1), after the direct calculations, we

obtain

(2.2)

Ckji
h = R1

kji
h +

1

n− 2
Tkji

h +
n2(2− f2)f2

n− 2
Skji

h+

+
n2f

2

n− 2
{(∇1k∂i log f)δj

i −∇1j∂i log f)δk
h−

−(∇1k∂1
h log f)g1ji + (∇1j∂1

h log f)g1ki−

−A(g1jiδkh − g1kiδjh)

Ckjb
h =

2(n2 − 1)f2

n− 2
(∂b log f){(∂k log f)δjh − (∂j log f)δk

h}+

+
(n2 − 1)f2

n− 2
{(∂k∂b log f)δjh − (∂j∂b log f)δk

h},

Ckci
h =

2(n2 − 1)f2

n− 2
[(∂c log f){(∂1h log f)gki − (∂c log f)δk

h}−

−(∂h∂c log f)g1ki − (∂c∂i log f)δk
h],

Cdcb
h = 0, Ckji

a = 0, Ckjb
a = 0, Ckcb

a = 0,

Ckcb
h =

1

n− 2
(R2

cbδk
h + e−f

2

R1
k
hg2cb)−

− (n2 − 2)f2

n− 2
{(2 + f2)(∂c log f)(∂b log f) +∇2c∂b log f}δkh+

+
(n1 − 2)f2e−f

2

n− 2
{(2− f2)(∂k log f)(∂1h log f)+

+∇1k∂1
h log f}g2cb +Bg2cbδk

h,

Ckci
a =

1

n− 2
(R1

kiδc
a + ef

2

R2
c
ag1ki)+

+
(n2 − 2)f2ef

2

n− 2
{(2 + f2)(∂c log f)(∂2

a log f)+

+∇2c∂2
a log f}g1ki −

(n1 − 1)f2+

n− 2
{(2− f2)(∂k log f)(∂i log f)+

+(∇1k∂i log f}δca + Cg1kiδc
a,

Ckcb
a = − (n1 − 1)f2

n− 2
[2(∂k log f){(∂b log f)δca − (∂2

a log f)g2cb}

Cdcb
a = R2

dcb
a +

1

n− 2
Tdcb

a +
n1f

2(2 + f2)

n− 2
Sdcb

a−

− n1f
2

n− 2
{(∇2c∂2

a log f)g2db − (∇2d∂2
a log f)g2cb+

+(∇2d∂b log f)δc
a − (∇2c∂b log f)δd

a + (∇2c∂2
a log f)g2db−

−(∇2c∂2
a log f)g2cb}+

R

(n− 1)(n− 2)
(g2cbδd

a − g2dbδca)
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where we put

(2.3)

Tkji
h = R1

kiδj
h −R1

jiδk
h +R1

j
hg1ki −R1

k
hg1ji,

Tdcb
a = R2

dbδc
a −R2

cbδd
a +R2

c
ag2db −R2

d
ag2cb,

Skji
h = (∂1 log f1){(∂j log f1)δkh − (∂k log f1)δj

h}+

+(∂1
h log f1){∂k log f1)g1ji − (∂j log f1)g1ki

Sdcb
a = (∂b log f2){(∂c log f2)δda − (∂d log f2)δc

a}+

+(∂2
a log f2){∂d log f2)g2cb − (∂c log f2)g2db,

and A,B and C are respectively the coe�cient of g1jiδk
h − g1kδjh, g2dbδkh and

g1kiδc
a.

3 Conformally �at twisted product manifolds

A Riemannian manifold (M, g) is called conformally �at if its conformal curva-

ture vanishes. If dimM = 3, the conforal curvature tensor vanishes, identically.

So, in this case, the manifold M is conformally �at if anf only if

(3.1) ∇νRµλ −∇µRνλ +
1

4
{(∇νR)gµλ − (∇µR)gνλ} = 0 ([5]).

The following lemma is very useful to prove our theorem.

Lemma 3.1. An n (n > 3)-dimensional Riemannian manifold M is confor-

mally �at if and only if the Riemannian curvature tensor Rωνµ
λ satis�es

(3.2) Rωνµ
λ +

1

n− 2
(Rωµδν

λ −Rνµδωλ +Rν
λgωµ −Rωλgνµ)+

+A(gνµδω
λ − gωµδνλ) = 0

for a certain function A.

A 3-dimensional Riemannian manifold M is conformally �at if and only if

the Ricci tensor Rµλ satsi�es

(3.3) ∇νRµλ −∇µRνλ + Tνgµλ − Tµgνλ = 0

for a certain vector �eld Tλ.

Proof. About (3.2), we can easily get

A =
R

(n− 1)(n− 2)

which means M(dimM > 3) is conformally �at.
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For about (3.3), using the Bianchi identity, we can easily see

Tλ =
1

4
∇λR

which means (3.1).

Let the twisted product manifold M = M1 ×f M2 be conformally �at and

we assume that dimM1 > 3. Since the conformal curvature tensor Cωνµ
λ = 0,

we have from Ckci
a = 0

(3.4) (R1
kiδc

a + ef
2

R2
c
ag1ki) + (n2 − 2)f2ef

2

{(2 + f2)(∂c log f)(∂2
a log f)+

+∇2c∂2
a log f}g1ki − (n1 − 2)f2{(2− f2)(∂k log f)∂i log f) +∇1k∂i log f}δca−

−f2{(2− 2f2 + n1f
2)‖∇1 log f‖2 +∇1l∂1

l log f + (2 + n1f
2)ef

2

‖∇2 log f‖2+

+ef
2

∇2e∂2
e log f}g1kiδca −

ef
2

R

n− 1
g1kiδc

a = 0.

Contracting (3.4) by c and a, we obtain

(3.5) n2R
1
ki + ef

2

R2g1ki + (n2 − 2)f2ef
2

{(2 + f2)‖∇2 log f‖2+

+∇2e∂2
e log f}g1ki − n2(n1 − 2)f2{(2− f2)(∂k log f)(∂i log f)+

+∇1k∂i log f} − n2f2{(2− 2f2 + n1f
2)‖∇1 log f‖2 +∇1l∂1

l log f+

+(2 + n1f
2)ef

2

‖∇2 log f‖2 + ef
2

∇2e∂2
e log f}g1ki −

n2e
f2

R

n− 1
g1ki = 0.

Moreover, a transvection of (3.5) by g1
ki gives us

(3.6) ef
2

R2 + (n2 − 2)f2ef
2

{(2 + f2)‖∇2 log f‖2 +∇2e∂2
e log f}−

−n2f2{(2− 2f2 + n1f
2)‖∇1 log f‖2 +∇1l∂1

l log f+

+(2 + n1f
2)ef

2

‖∇2 log f‖2 + ef
2

∇2e∂2
e log f} − n2e

f2

R

n− 1
=

=
n2
n1
R1 +

n2(n1 − 2)f2

n1
{(2− f2)‖∇1 log f‖2 +∇1l∂1

l log f}.

Substituting the above equation into (3.5), we get

(3.7) f2{(2− f2)(∂k log f)(∂i log f) +∇1k∂i log f} =
1

n1 − 2
[R1

ki−

−R
1

n1
+

(n2 − 2)f2

n1
{(2− f2)‖∇1 log f‖2 +∇1l∂1

l log f}g1ki].

Using (3.7), we have

n2f
2

n− 2
[{(2− f2)(∂k log f)(∂i log f) +∇1k∂i log f}δjh−
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−{(2− f2)(∂j log f)(∂i log f) +∇1j∂i log f}δkh−

−{(2− f2)(∂k log f)(∂1h log f) +∇1k∂
h log f}gji+

+{(2− f2)(∂j log f)(∂1h log f) +∇1j∂
h log f}gki]

=
n2

(n− 2)(n1 − 2)
{R1

kiδj
h −R1

jiδk
h +R1

j
hg1ki −R1

k
hg1ji}−

− 2n2
(n− 2)(n1 − 2)

[
R1

n1
+

(n1 − 2)f2

n1
{(2− f2)‖∇1 log f‖2+

+∇1l∂1
l log f}](g1kiδjh − g1jiδkh).

Substituting the above equation into Ckji
h = 0, we have

(3.8) R1
kji

h +
1

n1 − 2
(R1

kiδj
h −R1

jiδk
h +R1

j
hg1ki−

−R1
k
hg1ji) +A1(g1kiδj

h − g1jiδkh) = 0

for a certain function A1.

For the manifold M2, using (2.2)6 and (2.2)8, we can prove

(3.9) R2
dcb

a +
1

n2 − 2
(R2

dbδc
a −R2

cbδd
a +R2

c
ag2db−

−R2
d
ag2cb) +A2(g2dbδc

a − g2cbδda) = 0

for a certain function A2, too.

Next, let M1 be a 3-dimensional one, that is, n1 = 3. Then, by virtue of

(1.5)1, the Ricci tensor Rji satis�es

(3.10) Rih = R1
ih − f2{(2− f2)(∂i log f)(∂h log f) +∇1i∂h log f}+

+{(2 + f2)‖∇1 log f‖2 +∇1l∂1
l log f + (2 + 3f2)ef

2

‖∇2 log f‖2+

+ef
2

(∇2e∂2
e log f)}f2g1ih.

Since ∇jRih is de�ned by

∇jRih =
∂Rih
∂xj

− {j li}Rlh − {ilh}Rjl − {jei}Rie − {ieh}Rje,

we know

(3.11) ∇jRih −∇iRjh =
∂Rih
∂xj

− ∂Rjh
∂xi
−

−{j lh}Ril + {ilh}Rjl − {jeh}Rie + {ieh}Rje.

Using (3.10), we obtain

(3.12)
∂Rih
∂xj

− ∂Rjh
∂xi

=
∂R1

ih

∂xj
− ∂R1

jh

∂xi
− 2f2{(∂j log f)(∇1i∂h log f)
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−(∂i log f)(∇1j∂h log f)} − (2− f2)f2{(∂i log f)(∂j∂h log f)−

−(∂j log f)(∂i∂h log f)} − f2{(∂j∇1i∂h log f)− (∂i∇1j∂h log f)}−

−2f2‖∇1 log f‖2{(∂j log f)g1ih − (∂i log f)g1jh}−

−(2 + f2)f2{(∂j‖∇1 log f‖2)g1ih − (∂i‖∇1 log f‖2)g1jh}−

−f2{(∂j∇1l∂1
l log f)g1ih − (∂i∇1l∂1

l log f)g1jh}−

−2(5 + 3f2)f4ef
2

‖∇2 log f‖2{(∂j log f)g1ih − (∂i log f)g1jh}−

−(2 + 3f2)f2ef
2

{(∂j‖∇2 log f‖2)g1ih − (∂i‖∇2 log f‖2)g1jh}−

−2f4ef
2

(∇2e∂2
e log f){(∂j log f)g1ih − (∂i log f)g1jh}−

−f2ef
2

{(∂j∇2e∂2
e log f)g1ih − (∂i∇2e∂2

e log f)g1jh}−

−2A3{(∂j log f)g1ih − (∂i log f)g1jh} −A3(∂jg1ih − ∂ig1jh).

for a certain function A3 on M . By virtue of (1.3) and (1.5), we have

(3.13) −{j lh}Ril + {ilh}Rjl = −{j lh}1R1
il + {ilh}1R1

jl−

−f2{(∂j log f)R1
ih − (∂i log f)R

1
jh − (∂1

l log f)R1
ilg1jh + (∂1

l log f)R1
jlg1ih}+

+f2(2− f2){(∂i log f){j lh}1(∂l log f)− (∂j log f){ilh}1(∂l log f)}+

+f2{{j lh}1(∇1i∂l log f)− {ilh}1(∇1j∂l log f)}+

+f4{(∂j log f)(∇1i∂h log f)− (∂i log f)(∇1j∂h log f)}−

−f4(2− f2)‖∇1 log f‖2{(∂i log f)g1jh − (∂j log f)g1ih}−

−f4{(∂1l log f)(∇1i∂l log f)g1jh − (∂1
l log f)(∇1j∂l log f)g1ih}+

+A3{{j lh}1g1il − {ilh}1g1jl}+ 2A3f
2{(∂j log f)g1ih − ∂i log f)g1jh}

and

(3.14) −{jeh}Rie + {ieh}Rje = 4f4ef
2

‖∇2 log f‖2{(∂j log f)g1ih−

−(∂i log f)g1jh}+ f4ef
2

{(∇1j∇2 log f‖2)g1ih − (∇1i∇2 log f‖2)g1jh.}

Substituting (3.12), (3.13) and (3.14) into (3.11), we obtain

(3.15) ∇jRih −∇iRjh = ∇1jR
1
ih −∇1iR

1
jh+

+B1{(∂j log f)g1ih − (∂i log f)g1jh}+ f2R1
jih

l∂l log f−

−1

2
(4 + f2)f2{(∂j‖∇1 log f‖2)g1ih − (∂i‖∇1 log f‖2)g1jh}−

−2(1 + f2)f2{(∂j‖∇2 log f‖2)g1ih − (∂i‖∇2 log f‖2)g1jh}−
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−f2{(∂j∇1l∂1
l log f)g1ih − (∂i∇1l∂1

l log f)g1jh}−

−f2ef
2

{(∂j∇2e∂2
e log f)g1ih − (∂i∇2e∂2

e log f)g1jh}−

−f2{(∂j log f)R1
ih − (∂i log f)R

1
jh − (∂1

l log f)R1
ilg1jh + (∂1

l log f)R1
jlg1ih}

for a certain function B1 on M .

On the other hand, in any 3-dimensional Riemannian manifold, the conformal

curvature tensor is zero, identically. So we have in the 3-dimensional manifold

M1

C1
kji

h = R1
kji

h +R1
kiδj

h −R1
jiδk

h +R1
j
hg1ki −R1

k
hg1ji+

+
R1

2
(g1jiδk

h − g1kiδjh) = 0,

where C1
kji

h denotes the conformal curvature tensor with respect to g1.

Substituting the above equation into (3.15), we have

(3.16) ∇jRih −∇iRjh = ∇1jR
1
ih −∇1iR

1
jh+

+B{(∂j log f)g1ih − (∂i log f)g1jh}−

−1

2
(4 + f2)f2{(∂j‖∇1 log f‖2)g1ih − (∂i‖∇1 log f‖2)g1jh}−

−2(1 + f2)f2{(∂j‖∇2 log f‖2)g1ih − (∂i‖∇2 log f‖2)g1jh}−

−f2{(∂j∇1l∂1
l log f)g1ih − (∂i∇1l∂1

l log f)g1jh}−

−f2ef
2

{(∂j∇2e∂2
e log f)g1ih − (∂i∇2e∂2

e log f)g1jh}+

+
R1

2
f2{(∂j log f)g1ih − (∂i log f)g1jh}.

Moreover, since M is conformally �at, we know

∇jRih −∇iRjh =
1

n− 1
{(∂jR)gih − (∂iR)gjh}.

Thus we have from the above equation and (3.16)

(3.17) ∇1jR
1
ih −∇1iR

1
jh + Tjg1ih − Tig1jh = 0

for a certain vector �eld Ti on M1.

When dimM2 = 3, we can get the similar equation with (3.17), that is,

(3.18) ∇2cR
2
ba −∇2bR

2
ca + Tcg2ba − Tbg2ca = 0

for a certain vector �eld Ta on M2.

Thus we have from (3.8), (3.9), (3.17), (3.18) and the lemma, we have our

theorem.
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Àâòîìîðôèçìû ïðîñòðàíñòâåííî-âðåìåííîãî
ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà

Âëàäèìèð Èâàíîâè÷ Ïàíüæåíñêèé

Àííîòàöèÿ Äîêàçàíî, ÷òî ðàçìåðíîñòü ãðóïïû Ëè àâòîìîðôèçìîâ

ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà (M4, g, ∇̃) íå

ïðåâîñõîäèò 8. Åñëè ñâÿçíîñòü ∇̃ ïîëóñèììåòðè÷åñêàÿ èëè êîñîñèììåòðè-

÷åñêàÿ, òî ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïïû ðàâíà 7.

Êëþ÷åâûå ñëîâà Ìíîãîîáðàçèå Ðèìàíà-Êàðòàíà, àâòîìîðôèçìû, ãðóïïà

Ëè.

ÓÄÊ 514.76

Ââåäåíèå. Ãëàäêîå n - ìåðíîå ìíîãîîáðàçèå M íàçûâàåòñÿ ìíîãîîáðà-

çèåì Ðèìàíà-Êàðòàíà, åñëè íà M çàäàíà (ïñåâäî) ðèìàíîâà ìåòðèêà g è

ëèíåéíàÿ ñâÿçíîñòü ∇̃ ñ êðó÷åíèåì S̃ 6= 0, ñîãëàñîâàííàÿ ñ g : ∇̃g = 0 [1]. Åñ-

ëè n = 4, à g - ïñåâäîðèìàíîâà ìåòðèêà ñèãíàòóðû (+−−−), òî M íàçîâåì

ïðîñòðàíñòâåííî-âðåìåííûì ìíîãîîáðàçèåì Ðèìàíà-Êàðòàíà.

Äèôôåîìîðôèçì ϕ : M −→ M íàçûâàåòñÿ àâòîìîðôèçìîì ìíîãîîá-

ðàçèÿ Ðèìàíà-Êàðòàíà, åñëè îí îñòàâëÿåò èíâàðèàíòíûì g è ∇̃. Òàê êàê

∇̃ = ∇+ T̃ , ãäå ∇ - ñâÿçíîñòü Ëåâè-×èâèòà ìåòðèêè g, à T̃ åå òåíçîð äåôîð-

ìàöèè è èç èíâàðèàíòíîñòè g ñëåäóåò èíâàðèàíòíîñòü ∇ [2], òî ñâÿçíîñòü ∇̃
èíâàðèàíòíà òîãäà è òîëüêî òîãäà, êîãäà èíâàðèàíòåí òåíçîð äåôîðìàöèè

T̃ . Î÷åâèäíî, ÷òî èíâàðèàíòíîñòü T̃ ýêâèâàëåíòíà èíâàðèàíòíîñòè êîâàðè-

àíòíîãî òåíçîðà äåôîðìàöèè T . Èç èíâàðèàíòíîñòè T̃ (T ) ñëåäóåò èíâàðè-

àíòíîñòü S̃(S) è íàîáîðîò. Òàêèì îáðàçîì ìíîæåñòâî âñåõ àâòîìîðôèçìîâ

ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà ëèáî ñîâïàäàåò ñ ãðóïïîé äâèæåíèé (ïñåâäî)

ðèìàíîâà ìíîãîîáðàçèÿ (M, g) ëèáî ÿâëÿåòñÿ åå ïîäãðóïïîé Ëè, îñòàâëÿþ-
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ùåé èíâàðèàíòíûì òåíçîðíîå ïîëå T è, ñëåäîâàòåëüíî, èìååò ðàçìåðíîñòü

r ≤ n(n+1)
2 .

Â ðàáîòå [3] íàìè äîêàçàíî, ÷òî ðàçìåðíîñòü ãðóïïû Ëè àâòîìîðôèç-

ìîâ n - ìåðíîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà ìåíüøå
n(n+1)

2 è ðàâíà
n(n+1)

2 òîëüêî ïðè n = 3. Èç ýòîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî ðàçìåðíîñòü

ãðóïïû àâòîìîðôèçìîâ ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-

Êàðòàíà ìåíüøå 10. Â íàñòîÿùåé ðàáîòå ìû äîêàæåì, ÷òî ðàçìåðíîñòü

ãðóïïû àâòîìîðôèçìîâ íå ìîæåò ïðåâîñõîäèòü 8, à â ñëó÷àå ïîëóñèììåò-

ðè÷íîñòè èëè êîñîñèììåòðè÷íîñòè ñâÿçíîñòè ìàêñèìàëüíàÿ ðàçìåðíîñòü

ãðóïïû àâòîìîðôèçìîâ ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-

Êàðòàíà ðàâíà 7.

1. Òåîðåìà 1. Ðàçìåðíîñòü ãðóïïû Ëè àâòîìîðôèçìîâ ïðîñòðàíñòâåííî-

âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà íå ïðåâîñõîäèò 8. Åñëè ñâÿçíîñòü

∇̃ ïîëóñèììåòðè÷åñêàÿ èëè êîñîñèììåòðè÷åñêàÿ, òî ðàçìåðíîñòü ãðóïïû íå

ïðåâîñõîäèò 7.

Äîêàçàòåëüñòâî. Ïóñòü G ãðóïïà Ëè àâòîìîðôèçìîâ ïðîñòðàíñòâåííî-

âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà M . Ñòàöèîíàðíàÿ ïîäãðóïïà

òî÷êè x0 èíäóöèðóåò ãðóïïó èçîòðîïèé G0 â êàñàòåëüíîì ïðîñòðàíñòâå

E = Tx0M , êîòîðàÿ ÿâëÿåòñÿ ïîäãðóïïîé ïñåâäîîðòîãîíàëüíûõ ïðåîáðàçî-

âàíèé ïñåâäîåâêëèäîâà âåêòîðíîãî ïðîñòðàíñòâà E = E4
1,3. Òàê êàê òåíçîð

êðó÷åíèÿ S̃ èíâàðèàíòåí îòíîñèòåëüíî G, òî çíà÷åíèå òåíçîðíîãî ïîëÿ S̃

â òî÷êå x0 ÿâëÿåòñÿ íåíóëåâûì òåíçîðîì íà E èíâàðèàíòíîì îòíîñèòåëüíî

G0. Ðàññìîòðèì S̃ êàê êîñîñèììåòðè÷åñêîå îòîáðàæåíèå E×E −→ E. Ïóñòü
ξ ýëåìåíò àëãåáðû Ëè ïñåâäîîðòîãîíàëüíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà

E, à ϕt = exptξ - îäíîïàðàìåòðè÷åñêàÿ ïîäãðóïïà ïðåîáðàçîâàíèé, ïîðîæ-

äåííàÿ ξ. Òîãäà ξ ïðèíàäëåæèò àëãåáðå Ëè g0 ãðóïïû Ëè G0 åñëè è òîëüêî

åñëè ϕt îñòàâëÿåò èíâàðèàíòíûì òåíçîð S̃, ò.å.

S̃(ϕtu, ϕtv) = ϕtS̃(u, v), u, v ∈ E, t ∈ R (1)

Äèôôåðåíöèðóÿ (1) ïî t ïðè t = 0, ïîëó÷àåì

S̃(ξu, v) + S̃(u, ξv) = ξS̃(u, v) (2)

Ïóñòü (e1, e2, e3, e4) - îðòîíîðìèðîâàííûé áàçèñ â E è Sijk è ξ
i
j - êîìïîíåíòû

S̃ è ξ â ýòîì áàçèñå. Òîãäà óðàâíåíèÿ (2) ïðèìóò âèä

Sipkξ
p
j + Sijpξ

p
k − S

q
jkξ

i
q = 0 (3)

èëè

(Sipkδ
q
j + Sijpδ

q
k − S

q
jkδ

i
p)ξ

p
q = 0 (4)



Àâòîìîðôèçìû ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà. 29

ãäå δij - ñèìâîë Êðîíåêåðà (åäèíè÷íàÿ ìàòðèöà, òîæäåñòâåííûé ëèíåéíûé

îïåðàòîð). Òàêèì îáðàçîì ìû èìååì ñèñòåìó ëèíåéíûõ óðàâíåíèé (4) îòíî-

ñèòåëüíî íåèçâåñòíûõ ξpq ýëåìåíòîâ àëãåáðû Ëè g0 ãðóïïû Ëè G0 ïñåâäîîð-

òîãîíàëüíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà E4
1,3. Ìàòðèöà, ñîñòàâëåííàÿ èç

ýëåìåíòîâ ýòîé àëãåáðû èìååò âèä

(ξpq ) =


0 ξ12 ξ13 ξ14

ξ12 0 ξ23 ξ24

ξ13 −ξ23 0 ξ34

ξ14 −ξ24 −ξ34 0

 (5)

Ó÷èòûâàÿ êîñóþ ñèììåòðèþ ïî j, k âûðàæåíèÿ ñòîÿùåå â ñêîáêàõ ñèñòå-

ìû (4) è âèä ìàòðèöû (5) ìû ïîëó÷àåì ñèñòåìó èç 24 óðàâíåíèé îòíîñèòåëü-

íî 6 íåèçâåñòíûõ ïåðåìåííûõ ξpq (p < q).Âûïèñûâàÿ ýòó ñèñòåìó íåòðóäíî

óáåäèòüñÿ, ÷òî åå ìèíèìàëüíûé ðàíã ðàâåí 2. Äåéñòâèòåëüíî, äëÿ ëþáîé

íåíóëåâîé êîìïîíåíòû Sijk ìû ìîæåì óêàçàòü äâà ëèíåéíî íåçàâèñèìûõ

óðàâíåíèÿ ñèñòåìû (4). Ïóñòü, íàïðèìåð S1
23 6= 0, òîãäà óðàâíåíèÿ ñèñòåìû

(4) çàíóìåðîâàííûõ èíäåêñàìè i = 1, j = 2, k = 4 è i = 1, j = 3, k = 4 èìåþò

âèä

...+ 0 · ξ24 + S1
23 · ξ34 = 0

...+ S1
32 · ξ24 + 0 · ξ34 = 0

è, ñëåäîâàòåëüíî, ëèíåéíî íåçàâèñèìû. Åñëè S1
12 6= 0 òî èìååì äâà ëèíåéíî

íåçàâèñèìûõ óðàâíåíèÿ, çàíóìåðîâàííûõ èíäåêñàìè i = 1, j = 1, k = 3 è

i = 1, j = 1, k = 4:

...+ S1
12 · ξ23 + 0 · ξ24 + ... = 0

...+ 0 · ξ23 + S1
12 · ξ24 + ... = 0

è ò.ä. Òàê êàê ðàíã ñèñòåìû (4) íå ìåíüøå äâóõ, òî ðàçìåðíîñòü ãðóïïû èçî-

òðîïèè G0 íå áîëüøå ÷åòûðåõ, à ðàçìåðíîñòü âñåé ãðóïïû àâòîìîðôèçìîâ

íå áîëåå 8.

Ñâÿçíîñòü ∇̃ ÿâëÿåòñÿ ïîëóñèììåòðè÷åñêîé, åñëè åå òåíçîð êðó÷åíèÿ S̃

èìååò âèä

Sijk =
1

n− 1
· (δijηk − δikηj) (6)

ãäå ηk = Sppk. Ïîäñòàâëÿÿ (6) â (4), ïîëó÷èì

1

n− 1
· (δipηkδ

q
j − δ

i
kηpδ

q
j + δijηpδ

q
k − δ

i
pηjδ

q
k − δ

q
jηkδ

i
p + δqkηjδ

i
p)ξ

p
q = 0

èëè

(−δikδ
q
j + δijδ

q
k)ηpξ

p
q = 0 (7)
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Äîêàæåì, ÷òî ðàíã ñèñòåìû (7) íå ìåíüøå 3. Äåéñòâèòåëüíî, äëÿ êàæ-

äîé íåíóëåâîé êîìïîíåíòû ηp ìû ìîæåì óêàçàòü òðè ëèíåéíî íåçàâèñèìûõ

óðàâíåíèÿ ñèñòåìû (7). Ïóñòü, íàïðèìåð, η1 6= 0. Òîãäà óðàâíåíèÿ ñèñòåìû

(7) çàíóìåðîâàííûõ èíäåêñàìè i = j = 1, k = 2, 3, 4 èìåþò âèä:

(−δ1kδ
q
1 + δqk)η1ξ

1
q + (−δ1k + δ1k)ηpξ

p
1 + ... = 0

èëè

δqkη1ξ
1
q + ... = 0

è, î÷åâèäíî, ëèíåéíî íåçàâèñèìû. Åñëè η2 6= 0, òî óðàâíåíèÿ ïðè i = j =

2, k = 1, 3, 4:

...+ (−δ2kδ
q
2 + δqk)η2ξ

2
q + (−δ2k + δ2k)ηpξ

p
2 + ... = 0

èëè

...+ δqkη2ξ
2
q + ... = 0

ëèíåéíî íåçàâèñèìû è ò.ä. Òàê êàê ðàíã ñèñòåìû (7) íå ìåíüøå 3, òî ðàç-

ìåðíîñòü ãðóïïû èçîòðîïèè G0 íå áîëåå 3, à ðàçìåðíîñòü ãðóïïû àâòîìîð-

ôèçìîâ íå áîëåå 7.

Ñâÿçíîñòü ∇̃ íàçûâàåòñÿ êîñîñèììåòðè÷åñêîé åñëè åå êîâàðèàíòíûé òåí-

çîð äåôîðìàöèè T êîñîñèììåòðè÷íû ïî ñâîèì àðãóìåíòàì. Óñëîâèÿ êîñî-

ñèììåòðè÷íîñòè òåíçîðà T ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì

ñîâïàäåíèÿ ñèììåòðè÷åñêîé ÷àñòè ñâÿçíîñòè ∇̃ ñî ñâÿçíîñòüþ Ëåâè-×èâèòà

∇ ìåòðèêè g [4]. Â ýòîì ñëó÷àå Tijk = 1
2Sijk è êîâàðèàíòíûé òåíçîð êðó÷å-

íèÿ òàê æå êîñîñèììåòðè÷åí ïî âñåì èíäåêñàì. Ïîýòîìó êîìïîíåíòû Sijk

êàê è êîìïîíåíòû Sijk âû÷èñëåííûå â òî÷êå x0. ñîäåðæàùèå äâà îäèíàêîâûõ

èíäåêñà ðàâíû íóëþ. Ó÷èòûâàÿ ýòîò ôàêò, ìû ìîæåì äëÿ ëþáîé íåíóëåâîé

êîìïîíåíòû Sijk, i 6= j 6= k óêàçàòü òðè ëèíåéíî íåçàâèñèìûõ óðàâíåíèÿ ñè-

ñòåìû (4). Ïóñòü, íàïðèìåð, S1
23 6= 0. Ðàññìîòðèì ïîäñèñòåìó ñèñòåìû (4)

óðàâíåíèÿ êîòîðîé çàíóìåðîâàíû èíäåêñàìè:i = 4, j = 1, k = 2; i = 4, j =

1, k = 3 è i = 4, j = 2, k = 3. Ìàòðèöà ñîñòîÿùàÿ èç ñòîëáöîâ ïðè íåèç-

âåñòíûõ ξpq ñ èíäåêñàìè p = 1, q = 4; p = 2, q = 3 è p = 3, q = 4 èìååò

âèä  0 0 S3
12

0 S2
13 0

−S1
23 0 0


è, î÷åâèäíî, ÿâëÿåòñÿ íåâûðîæäåííîé è , ñëåäîâàòåëüíî, ýòè óðàâíåíèÿ ëè-

íåéíî íåçàâèñèìû. Òàêèì îáðàçîì è â ýòîì ñëó÷àå ðàçìåðíîñòü ãðóïïû àâ-

òîìîðôèçìîâ ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ íå ïðåâîñõîäèò 7.
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2. Òåîðåìà 2. Åñëè ñâÿçíîñòü ∇̃ ÿâëÿåòñÿ ïîëóñèììåòðè÷åñêîé èëè êîñî-

ñèììåòðè÷åñêîé, òî ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïïû Ëè àâòîìîðôèçìîâ

ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà ðàâíà 7.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïñåâäîðèìàíîâî ÷åòûðåõìåðíîå ìíîãîîá-

ðàçèå M4 ñ ìåòðèêîé ñòàöèîíàðíîé ìîäåëè Âñåëåííîé [5]

ds2 = dx0
2 − e2Hx

0

· (dx12 + dx2
2
+ dx3

2
), (8)

ãäå x0 = ct, H - ïîñòîÿííàÿ Õàááëà êðàñíîãî ñìåùåíèÿ. Âû÷èñëÿÿ òåíçîð

êðèâèçíû ïðîñòðàíñòâà M4 óáåæäàåìñÿ â ñïðàâåäëèâîñòè ñëåäóþùåãî ðà-

âåíñòâà

Rijkl = −H2(gilgjk − gikgjl), (9)

ãäå gij - êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà g. Ýòî îçíà÷àåò, ÷òîM4 ÿâëÿåòñÿ

ïðîñòðàíñòâîì ïîñòîÿííîé ñåêöèîííîé êðèâèçíû k = −H2. Ïîýòîìó ãðóïïà

äâèæåíèé ýòîãî ïðîñòðàíñòâà èìååò ìàêñèìàëüíóþ ðàçìåðíîñòü 10.

Ðàññìîòðèì çàìêíóòóþ ïîäãðóïïó G7 ãðóïïû äâèæåíèé G10, ñîäåðæà-

ùóþ âñå äâèæåíèÿ ïðîñòðàíñòâåííîãî ñå÷åíèÿ E3 è îñòàâëÿþùóþ èíâàðè-

àíòíûì åäèíè÷íîå âåêòîðíîå ïîëå îðòîãîíàëüíîå E3. Îïåðàòîðû ýòîé ïîä-

ãðóïïû èìåþò ñëåäóþùèé âèä

∂α,−xβ∂α + xα∂β ,−
1

H
∂0 + xα∂α(α < β, α, β = 1, 2, 3) (10)

Â (10) ïåðâûå 6 âåêòîðíûõ ïîëåé ÿâëÿþòñÿ áàçèñíûìè îïåðàòîðàìè ãðóïïû

äâèæåíèé G6 åâêëèäîâà ïðîñòðàíñòâà E3, à ñåäüìîå âåêòîðíîå ïîëå íàéäåíî

èç óñëîâèÿ èíâàðèàíòíîñòè îòíîñèòåëüíî ýòîãî ïîëÿ ìåòðèêè (8) ïðîñòðàí-

ñòâà M4 è åäèíè÷íîãî âåêòîðíîãî ïîëÿ, îðòîãîíàëüíîãî E3. Äëÿ âåêòîðíûõ

ïîëåé (10) âûïèñûâàÿ óðàâíåíèÿ èíâàðèàíòíîñòè êîâàðèàíòíîãî òåíçîðà äå-

ôîðìàöèè T

ξp∂pTijk + ∂iξ
pTpjk + ∂jξ

pTipk + ∂kξ
pTijp = 0 (11)

è èíòåãðèðóÿ ïîëó÷åííóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé Tijk, ó÷èòûâàÿ êî-

ñóþ ñèììåòðèþ ïî ïîñëåäíèì äâóì èíäåêñàì, íàõîäèì êîìïîíåíòû òåíçîðà

äåôîðìàöèè, èíâàðèàíòíîãî îòíîñèòåëüíî G7

T110 = T220 = T330 = −T101 = −T202 = −T303 = a · e2Hx
0

, (a = const)

T123 = T231 = T312 = −T132 = −T213 = −T321 = b · e3Hx
0

, (b = const)

îñòàëüíûå Tijk = 0. Òàêèì îáðàçîì ìû èìååì ïðîñòðàíñòâåííî-âðåìåííîå

ìíîãîîáðàçèåM4 ñ ãðóïïîé àâòîìîðôèçìîâ G7 ìàêñèìàëüíîé ðàçìåðíîñòè,
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áàçèñíûå îïåðàòîðû êîòîðîé èìåþò âèä (10) è ñòðóêòóðîé Ðèìàíà-Êàðòàíà

(g, T ) ãäå

g = dx0 ⊗ dx0 − e−2Hx0

· (dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3) (12)

T = a · e2Hx
0 ∑

α

dxα ⊗ dxα ∧ dx0 + b · e3Hx
0

dx1 ∧ dx2 ∧ dx3 (13)

Åñëè a = 0, òî Tijk êîñîñèììåòðè÷åí ïî âñåì èíäåêñàì è ìû èìååì êîñî-

ñèììåòðè÷åñêóþ ñâÿçíîñòü. Åñëè b = 0, òî ñâÿçíîñòü ∇̃ ÿâëÿåòñÿ ïîëóñèì-

ìåòðè÷åñêîé, òàê êàê, î÷åâèäíî Tijk = 1
3 · (gikηj − gijηk) ïðè ηj = (3r, o, o, o).

Çàìå÷àíèå. Â òåîðèè Ýéíøòåéíà-Êàðòàíà êðó÷åíèå ââîäèòñÿ äëÿ ãåîìåò-

ðèçàöèè ñïèíîâîé ïëîòíîñòè ìàòåðèè. Ïðè ýòîì ñïèí ïðåäñòàâëåí íåêîòî-

ðûì êîâåêòîðîì, êîòîðûé è äîëæåí îïðåäåëÿòü êðó÷åíèå. Â íàøåì ñëó÷àå

íà ýòó ðîëü ìîæåò ïðåòåíäîâàòü ïîëóñèììåòðè÷åñêàÿ ÷àñòü ñâÿçíîñòè. Íà-

ëè÷èå êîñîñèììåòðè÷åñêîé ÷àñòè ãîâîðèò î òîì, ÷òî êðó÷åíèå ìîæåò è íå

ïðåäñòàâëÿòü ñïèíà.

3. Â ïðîñòðàíñòâåííîì ñå÷åíèè (x0 = const), êîòîðîå ÿâëÿåòñÿ åâêëèäîâûì

ïðîñòðàíñòâîì E3 òåíçîð êðó÷åíèÿ èìååò âèä

S = s · dx1 ∧ dx2 ∧ dx3 (14)

ãäå ïîñòîÿííóþ s ìû íàçîâåì êðó÷åíèåì ïðîñòðàíñòâà.

Èññëåäóåì çàêîí ïàðàëëåëüíîãî ïåðåíåñåíèÿ âåêòîðà â ñâÿçíîñòè ∇̃ ñ

êîñîñèììåòðè÷åñêèì êðó÷åíèåì (24). Íàõîäèì êîýôôèöèåíòû Γ̃ kij ñâÿçíîñòè

∇̃:

Γ̃ 3
12 = Γ̃ 1

23 = Γ̃ 2
31 = −Γ̃ 3

21 = −Γ̃ 1
32 = −Γ̃ 2

13 = s (15)

îñòàëüíûå íóëè. Óðàâíåíèÿ ïàðàëëåëüíîãî ïåðåíîñà

dvk

dt
+ Γ̃ kij

dxi

dt
vj = 0 (16)

âåêòîðà vk = vk(t) âäîëü êðèâîé xk = xk(t) ïðèìóò âèä

dv1

dt
+ s(

dx2

dt
v3 − dx3

dt
v2) = 0

dv2

dt
+ s(

dx3

dt
v1 − dx1

dt
v3) = 0 (17)

dv3

dt
+ s(

dx1

dt
v2 − dx2

dt
v1) = 0

Èññëåäóåì ïîäðîáíåå ïàðàëëåëüíîå ïåðåíåñåíèå, íàïðèìåð, âåêòîðà

v(1, 0, 0) âäîëü êðèâîé x1 = 0, x2 = 0, x3 = t ò.å. âäîëü îñè x3 ïðÿìîóãîëüíîé



Àâòîìîðôèçìû ïðîñòðàíñòâåííî-âðåìåííîãî ìíîãîîáðàçèÿ Ðèìàíà-Êàðòàíà. 33

äåêàðòîâîé ñèñòåìû êîîðäèíàò â E3. Óðàâíåíèÿ (27) â ýòîì ñëó÷àå âûãëÿäÿò

òàê:
dv1

dt
− sv2 = 0

dv2

dt
+ sv1 = 0 (18)

dv3

dt
= 0

Èíòåãðèðóÿ ñèñòåìó (28), íàõîäèì åå îáùåå ðåøåíèå

v1 =
√
c21 + c22cos(st− ϕ0)

v2 = −
√
c21 + c22sin(st− ϕ0) (19)

v3 = c3,

ãäå ϕ0 = arctg c2c1 .

Èç íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî c1 = 1, c2 = c3 = 0. Ïîýòîìó ïðè

ïàðàëëåëüíîì ïåðåíîñå êîíåö âåêòîðà v îïèñûâàåò âèíòîâóþ ëèíèþ

−→r = −→r {cos(st), sin(st), t}, (20)

ëåæàùóþ íà ïðÿìîì ãåëèêîèäå, êîòîðûé çàìåòàåòñÿ îñüþ x1 ïðè ïàðàëëåëü-

íîì ïåðåíîñå åå âäîëü îñè x3.
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Automorphisms of Riemann-Cartan spatiotemporal diversity

It has been proved that the dimension of Lie group automorphisms of Riemann-

Cartan spatiotemporal diversity (M4, g, ∇̃) does not exceed 8. If the coherence

∇̃ is semisymmetric or antisymmetric, the maximum dimension of the group is

equal to 7.
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Ñâÿçíîñòè Áåðâàëüäà è Êàðòàíà â îáîáùåííîì
ëàãðàíæåâîì ïðîñòðàíñòâå ñî ñïåöèàëüíîé ìåò-
ðèêîé

Îëüãà Ïåòðîâíà Ñóðèíà

Àííîòàöèÿ Íàéäåíû êàíîíè÷åñêèå óðàâíåíèÿ ýêñòðåìàëåé, êîýôôèöè-

åíòû ñâÿçíîñòè Áåðâàëüäà è ñâÿçíîñòè Êàðòàíà îáîáùåííîãî ëàãðàíæåâà

ïðîñòðàíñòâà ñî ñïåöèàëüíîé ìåòðèêîé. Åñëè ëàãðàíæèàí ÿâëÿåòñÿ îäíî-

ðîäíûì, òî ñâÿçíîñòè Áåðâàëüäà è Êàðòàíà ñîâïàäàþò.

Êëþ÷åâûå ñëîâà Îáîáùåííîå ëàãðàíæåâî ïðîñòðàíñòâî, câÿçíîñòü Áåð-

âàëüäà, câÿçíîñòü Êàðòàíà.

ÓÄÊ 514.76

Ââåäåíèå. Â 1983 ãîäó â ðàáîòå [1] Watanabe S., Ikeda S., Ikeda F. âû-

äåëèëè êëàññ îáîáùåííûõ ôèíñëåðîâûõ ïðîñòðàíñòâ, ìåòðèêà â êîòîðûõ

îïðåäåëÿåòñÿ ñ ïîìîùüþ òåíçîðíîãî ïîëÿ ôèíñëåðîâà òèïà

gij(x, y) = e2σ(x,y)γij(x), (∗)

ãäå γij(x) - ìåòðè÷åñêèé òåíçîð ðèìàíîâà ïðîñòðàíñòâà, à σ(x, y) - ñêà-

ëÿðíàÿ ôóíêöèÿ íà åãî êàñàòåëüíîì ðàññëîåíèè, îäíîðîäíàÿ íóëåâîé ñòå-

ïåíè ïî êîîðäèíàòàì êàñàòåëüíîãî âåêòîðà y. Â 1984 ãîäó Ikeda S. â çà-

ìåòêå [2] "Î ôèíñëåðîâûõ ìåòðè÷åñêèõ ñòðóêòóðàõ ãðàâèòàöèîííîãî ïî-

ëÿ à çàòåì è â ðàáîòå [3] 1988 ãîäà "Òåîðèÿ ïîëÿ â ôèíñëåðîâûõ ïðîñòðàí-

ñòâàõ"ïðåäëîæèë ïðè ïîñòðîåíèè òåîðèè ïîëÿ â êà÷åñòâå ìîäåëüíûõ ðàñ-

ñìàòðèâàòü ïðîñòðàíñòâà ñ ìåòðèêîé (*), ïðè ýòîì ôóíêöèÿ σ(x, y) íå îáÿ-

çàòåëüíî äîëæíà èìåòü êàêóþ ëèáî îäíîðîäíîñòü ïî y. Òàê â ðàáîòå [4]

"Îáîáùåííàÿ òåîðèÿ ãðàâèòàöèè è ýëåêòðîìàãíèòíûå ïîëÿ â ïðîñòðàíñòâå
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ñ ìåòðèêîé e2σ(x,y)γij(x)"1992 ãîäà Miron R., Watanabe S., ðàññìàòðèâàåòñÿ

ñëó÷àé σ =
√
γpsypys.

Â ñîâìåñòíîé ñ Â.È. Ïàíüæåíñêèì ñòàòüå àâòîðà [5] èññëåäîâàëèñü ïðî-

ñòðàíñòâà ñ ìåòðèêîé (*), ñ÷èòàÿ, ÷òî σ ÿâëÿåòñÿ ïðîèçâîëüíîé ôóíêöèåé

àðãóìåíòà γpsy
pys. Â ÷àñòíîñòè, â ðàáîòå áûëî óñòàíîâëåíî, ÷òî óñå÷åííàÿ

ñâÿçíîñòü Êàðòàíà ñîâïàäàåò ñî ñâÿçíîñòüþ Ëåâè-×èâèòà ðèìàíîâîé ìåò-

ðèêè γij(x).

Â äàííîé ðàáîòå ìû èññëåäóåì áîëåå øèðîêèé êëàññ ïðîñòðàíñòâ ÷åì

â ðàáîòå [5], óìíîæàÿ ìåòðè÷åñêèé òåíçîð íà ïðîèçâîëüíóþ ôóíêöèþ ϕ =

ϕ(x) áàçèñíîãî ìíîãîîáðàçèÿ.

1. ÏóñòüM - ãëàäêîå n - ìåðíîå ìíîãîîáðàçèå, TM - êàñàòåëüíîå ðàññëî-

åíèå íàä M , π : TM → M - êàíîíè÷åñêàÿ ïðîåêöèÿ, x → (xi) - ëîêàëüíûå

êîîðäèíàòû íà M , z = (x, y)→ (xi, yi) - åñòåñòâåííûå ëîêàëüíûå êîîðäèíà-

òû íà TM (i, j, ... = 1, n).

Ìíîãîîáðàçèå M íàçûâàþò îáîáùåííûì ëàãðàíæåâûì ïðîñòðàíñòâîì

Ln, åñëè íà M çàäàíî ñèììåòðè÷åñêîå íåâûðîæäåííîå òåíçîðíîå ïîëå g

ôèíñëåðîâà òèïà - ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà. Êîìïîíåíòû gij(x, y)

ýòîãî ïîëÿ ÿâëÿþòñÿ ãëàäêèìè ôóíêöèÿìè ëîêàëüíûõ êîîðäèíàò êàñàòåëü-

íîãî ðàññëîåíèÿ TM . Åñëè ôóíêöèè gij(x, y) ÿâëÿþòñÿ îäíîðîäíûìè íóëå-

âîé ñòåïåíè ïî êîîðäèíàòàì êàñàòåëüíîãî âåêòîðà y, òî èìååì îáîáùåííîå

ôèíñëåðîâî ïðîñòðàíñòâî. Åñëè íà TM ñóùåñòâóåò ôóíêöèÿ F ïîðîæäàþ-

ùàÿ g : gij = ∂̇2ijF, ∂̇iF = ∂F
∂yi , òî L

n ÿâëÿåòñÿ ëàãðàíæåâûì ïðîñòðàíñòâîì,

à åñëè ýòà ôóíêöèÿ îäíîðîäíà âòîðîé ñòåïåíè ïî êîîðäèíàòàì âåêòîðà y, òî

Ln åñòü ôèíñëåðîâî ïðîñòðàíñòâî.

Ðàññìîòðèì îáîáùåííîå ëàãðàíæåâî ïðîñòðàíñòâî Ln = (M, g) ìåòðè÷å-

ñêèé òåíçîð êîòîðîãî èìååò âèä

gij = ϕe2σγij (1)

ãäå ϕ = ϕ(x) - ôóíêöèÿ íà M , σ = σ(u), u = 1
2γpsy

pys, γij = γij(x) - ìåò-

ðè÷åñêèé òåíçîð ðèìàíîâà ïðîñòðàíñòâà V n = (M,γ). Ýêñòðåìàëÿìè ïðî-

ñòðàíñòâà Ln íàçîâåì ýêñòðåìàëè ëàãðàíæèàíà F = 1
2gijy

iyj . Äëÿ ìåòðèêè

(1) èìååì

F =
1

2
ϕe2σγpsy

pys (2)

Îáîçíà÷èì ÷åðåç L = 1
2e

2σγpsy
pys = e2σ(u) · u. Òîãäà F = ϕL. Óðàâíåíèÿ

Ýéëåðà-Ëàãðàíæà
∂F

∂xi
− d

dt
(
∂F

∂ẋi
) = 0 (yi = ẋi) (3)
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â ðàçâåðíóòîì âèäå âûãëÿäÿò ñëåäóþùèì îáðàçîì

∂F

∂xi
− ∂2F

∂ẋi∂xj
ẋj − ∂2F

∂ẋi∂ẋj
ẍj = 0 (4)

Äëÿ ëàãðàíæèàíà ϕ(x)L(u) ýòè óðàâíåíèÿ èìåþò âèä

∂iϕL+ ϕL′
1

2
∂iγ00 − [∂jϕL

′γ0i + ϕ(L′′
1

2
∂jγ00γ0i + L′∂jγ0i)]ẋ

j−

−ϕ(L′γij + L′′γ0iγ0j)ẍ
j = 0 (5)

Çäåñü è äàëåå èíäåêñ "0"îçíà÷àåò ñâåðòêó ñ ẋ, ò.å γ0i = γpiẋ
p, γ00 =

γpsẋ
pẋs.

×òîáû ïðèâåñòè ýòè óðàâíåíèÿ ê êàíîíè÷åñêîìó âèäó íàäî ÿâíî âûðà-

çèòü ẍj . Êîýôôèöèåíòû ïðè ẍj îáðàçóþò ìàòðèöó

fij = ϕ(L′γij + L′′γ0iγ0j) (6)

Îêàçûâàåòñÿ, ÷òî ìàòðèöà (6) ÿâëÿåòñÿ íåâûðîæäåííîé à îáðàòíàÿ ê íåé

èìååò âèä

f ik =
1

ϕL′
(γik − L′′

L′′γ00 + L′
ẋiẋk) (7)

Óìíîæàÿ (5) íà f ik è ïðîâîäÿ íåîáõîäèìûå ïðåîáðàçîâàíèÿ, ïîëó÷èì

1

ϕL′
(γik − L′′

L′′γ00 + L′
ẋiẋk)(∂iϕL− ∂jϕẋjL′γ0i)− (ẍk + Γ kij ẋ

iẋj) = 0 (8)

ãäå Γ kij - êîýôôèöèåíòû ñâÿçíîñòè Ëåâè-×èâèòà ðèìàíîâà ìåòðè÷åñêîãî òåí-

çîðà γij . Èç (8) ñëåäóåò, ÷òî óðàâíåíèÿ ýêñòðåìàëåé (8) ñîâïàäàþò ñ óðàâ-

íåíèÿìè ãåîäåçè÷åñêèõ ðèìàíîâà ïðîñòðàíñòâà V n = (M,γ) åñëè ∂iϕ = 0

ò.å. êîãäà gij = e2σγij , ÷òî è áûëî óñòàíîâëåíî â ðàáîòå [6]. Óðàâíåíèÿ (8)

ýêñòðåìàëåé ïðîñòðàíñòâà Ln çàïèøåì â îêîí÷àòåëüíîì âèäå

ẍk + Γ kij ẋ
iẋj +

1

ϕ
{ L′2 + LL′′

L′2 + L′L′′γ00
∂jϕẋ

j ẋk − γpk∂pϕ
L

L′
} (9)

Ïðåäïîëîæèì òåïåðü, ÷òî ëàãðàíæèàí F è, ñëåäîâàòåëüíî L ÿâëÿåòñÿ

îäíîðîäíûì ñòåïåíè m îòíîñèòåëüíî êîîðäèíàò ẋi ñêîðîñòåé òî÷êè x. Â

ñèëó èçâåñòíîé òåîðåìû Ýéëåðà èìååì: ẋkL·k = mL èëè ẋkL′γok = mL,

îòêóäà

L

L′
=
γ00
m
,L′ =

mL

γ00
=

1
2mL

u
,L′′ =

1

2
m
L′u− L
u2

,
L′2 + LL′′

L′2 + L′L′′γ00
=

2

m
.

Ïîäñòàâëÿÿ â (9), ïîëó÷èì óðàâíåíèÿ ýêñòðåìàëåé äëÿ îäíîðîäíûõ

ëàãðàíæèàíîâ

ẍk + Γ kij ẋ
iẋj +

1

ϕm
{2∂jϕẋj ẋk − γpk∂pϕγpsẋpẋs} = 0 (10)
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Óðàâíåíèÿ (9) (è ÷àñòíûé ñëó÷àé (10)) åñòü óðàâíåíèÿ âèäà

ẍk + 2Gk(x, ẋ) = 0 (11)

Êàê èçâåñòíî (ñì, íàïðèìåð [7]) âåëè÷èíû Gkij = ∂̇2ijG
k -ÿâëÿþòñÿ êî-

ýôôèöèåíòàìè ñâÿçíîñòè ôèíñëåðîâà òèïà. Â ñëó÷àå ôèíñëåðîâûõ ïðî-

ñòðàíñòâ ýòè âåëè÷èíû ÿâëÿþòñÿ êîýôôèöèåíòàìè ñâÿçíîñòè Áåðâàëüäà.

Â íàøåì ñëó÷àå

Gk =
1

2
Γ kpsẋ

pẋs +
1

2ϕ
{ L′2 + LL′′

L′2 + L′L′′γ00
∂pϕẋ

pẋk − γpk∂pϕ
L

L′
} (12)

Äèôôåðåíöèðóÿ Gk äâàæäû ïî êîîðäèíàòàì ñêîðîñòè ïîëó÷èì êîýôôè-

öèåíòû ñâÿçíîñòè Áåðâàëüäà

Gkij = Γ kij + T kij (13)

ãäå T kij - òåíçîð äåôîðìàöèè ñâÿçíîñòè Ëåâè-×èâèòà Γ kij .

Ìû íå áóäåì âûïèñûâàòü ÿâíîå âûðàæåíèå òåíçîðà T kij , à ðàññìîòðèì

áîëåå ïðîñòîé ñëó÷àé, êîãäà ëàãðàíæèàí ÿâëÿåòñÿ îäíîðîäíûì. Â ñîîòâåò-

ñòâèè ñ (10), èìååì

Gk =
1

2
Γ kpsẋ

pẋs +
1

2mϕ
(2∂pϕẋ

pẋk − γpk∂pϕγpsẋpẋs) (14)

Äèôôåðåíöèðóÿ Gk, áóäåì èìåòü

∂̇iG
k ≡ Gk·i = Γ kisẋ

s +
1

2mϕ
(2∂iϕẋ

k + 2∂pẋ
pδki − γpk∂pϕ2γisẋs) (15)

è

Gkij = Γ kij +
1

mϕ
(∂iϕδ

k
j + ∂jϕδ

k
i − γpk∂pϕγij) (16)

Òàêèì îáðàçîì, â ñëó÷àå îäíîðîäíîñòè ëàãðàíæèàíà êîýôôèöèåíòû

ñâÿçíîñòè íå çàâèñÿò îò êîîðäèíàò âåêòîðà ñêîðîñòè (ñâÿçíîñòü Áåðâàëü-

äà [7]).

2. Äàëåå, åñòåñòâåííî âîçíèêàåò çàäà÷à ïîñòðîåíèÿ ñâÿçíîñòè Êàðòà-

íà äëÿ ìåòðèêè (1). Êàíîíè÷åñêàÿ ïðîåêöèÿ π : TM → M èíäóöèðóåò

íàä TM âåêòîðíîå ðàññëîåíèå π∗(TM) =
⋃

z∈TM
Tπ(z)M , êîòîðîå íàçûâàåòñÿ

ôèíñëåðîâûì ðàññëîåíèåì. Ìíîæåñòâî ãëàäêèõ ñå÷åíèé èç TM â π∗(TM)

îáîçíà÷èì ÷åðåç Secπ∗(TM). Êàæäîå òàêîå ñå÷åíèå X : TM → π∗(TM)

åñòü ôèíñëåðîâî âåêòîðíîå ïîëå. Ëîêàëüíûé áàçèñ ∂i =
∂
∂xi âåêòîðíûõ ïî-

ëåé íà M . ÿâëÿåòñÿ ëîêàëüíûì áàçèñîì è ôèíñëåðîâûõ âåêòîðíûõ ïîëåé:
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X = ξi(x, y)∂i. Ôèíñëåðîâî âåêòîðíîå ïîëå y : z = (x, y)→ (z, y) íàçûâàåòñÿ

ôóíäàìåíòàëüíûì: y = yi∂i.

Ñâÿçíîñòü ôèíñëåðîâà òèïà íà M îïðåäåëÿåòñÿ îòîáðàæåíèåì

∇ : SecT (TM)× Secπ∗(TM)→ Secπ∗(TM),

êîòîðîå êàæäîìó âåêòîðíîìó ïîëþ X íà TM è ôèíñëåðîâó âåêòîðíîìó

ïîëþ Y ñòàâèò â ñîîòâåòñòâèå ôèíñëåðîâî âåêòîðíîå ïîëå Z = ∇XY (êî-

âàðèàíòíàÿ ïðîèçâîäíàÿ îò Y âäîëü X). Òðåáóåòñÿ ÷òîáû îòîáðàæåíèå ∇
îáëàäàëî èçâåñòíûìè ñâîéñòâàìè îïðåäåëåíèÿ ëèíåéíîé ñâÿçíîñòè ïî Êî-

øóëþ.

Ïóñòü íà TM çàäàíà èíôèíèòåçèìàëüíàÿ ñâÿçíîñòü, ò.å. ðàñïðåäåëåíèå

H : z → Hz ãîðèçîíòàëüíûõ ïëîùàäîê è δi = ∂i − Hk
i ∂̇k - ëîêàëüíûé áà-

çèñ âåêòîðíûõ ïîëåé ýòîãî ðàñïðåäåëåíèÿ. Åñëè (F kij , C
k
ij) - êîýôôèöèåíòû

ñâÿçíîñòè ∇, îïðåäåëÿåìûå ðàçëîæåíèÿìè

∇i ≡ ∇δi∂j = F kij∂k, ∇̇i ≡ ∇∂̇i∂j = Ckij∂k,

òî ïîòðåáîâàâ, ÷òîáû F kij = F kji, C
k
ij = Ckji è ∇Xg = 0, äëÿ âñåõ X ∈

SecT (TM), ïîëó÷èì

F kij =
1

2
gsk(δigsj + δjgis − δsgij) (18)

Ckij =
1

2
gsk(∂̇igsj + ∂̇jgis − ∂̇sgij) (19)

Âåêòîðíîå ïîëåX íà TM íàçûâàåòñÿ ãîðèçîíòàëüíûì, åñëè∇Xy = 0, ãäå

y = yi∂i - ôóíäàìåíòàëüíîå ôèíñëåðîâî âåêòîðíîå ïîëå. Åñëè îòîáðàæåíèå

ñòàâÿùåå êàæäîé òî÷êå z ∈ TM ìíîæåñòâî âñåõ ãîðèçîíòàëüíûõ âåêòîðîâ â

ýòîé òî÷êå ÿâëÿåòñÿ èíôèíèòåçèìàëüíîé ñâÿçíîñòüþ, òî ñâÿçíîñòü ∇ íàçû-

âàåòñÿ ðåãóëÿðíîé. Ðåãóëÿðíàÿ ñâÿçíîñòü ïîðîæäàåò èíôèíèòåçèìàëüíóþ

ñâÿçíîñòü ñ êîýôôèöèåíòàìè F ki0 = F kipy
p. Åñëè èñõîäíàÿ èíôèíèòåçèìàëü-

íàÿ ñâÿçíîñòü ñîâïàäàåò ñ èíôèíèòåçèìàëüíîé ñâÿçíîñòüþ, ïîðîæäåííîé

ðåãóëÿðíîé ôèíñëåðîâîé ñâÿçíîñòüþ, òî òàêàÿ ñâÿçíîñòü íàçûâàåòñÿ ñâÿç-

íîñòüþ Êàðòàíà. Ñâÿçíîñòü Êàðòàíà áóäåì îáîçíà÷àòü ñèìâîëîì ∇∗, à åå

êîýôôèöèåíòû - Γ ∗kij . Â ýòîì ñëó÷àå δi = ∂i−Γ ∗ki0 ∂̇k è çàäà÷à âû÷èñëåíèÿ êî-
ýôôèöèåíòîâ ñâÿçíîñòè Êàðòàíà ñâîäèòñÿ ê èññëåäîâàíèþ àëãåáðàè÷åñêîé

ñèñòåìû óðàâíåíèé (18). Äëÿ òîãî, ÷òîáû ñèñòåìà (18) èìåëà åäèíñòâåííîå

ðåøåíèå íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìàòðèöà

Hkm
li = δki δ

m
l +

1

2
gkp∂̇lgspy

sδmi +
1

2
gkp∂̇lgipy

m − 1

2
gkm∂̇lgsiy

s (20)
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áûëà íåâûðîæäåííîé [6]. Äëÿ ÿâíîãî âûðàæåíèÿ êîýôôèöèåíòîâ ñâÿçíîñòè

Êàðòàíà íåîáõîäèìî èìåòü ìàòðèöó îáðàòíóþ ê Hkm
li , ÷òî ñóùåñòâåííûì

îáðàçîì çàòðóäíÿåò ðåøåíèå çàäà÷è.

Äëÿ ìåòðèêè (1) òåíçîðíàÿ ÷àñòü ñâÿçíîñòè ∇∗, â ñîîòâåòñòâèè ñ ôîð-

ìóëîé (19), ïðèìåò ñëåäóþùèé âèä

Ckij = σ′ · (δkj γpiyp + δki γpjy
p − ykγij) (21)

Äëÿ ïîëó÷åíèÿ ÿâíîãî âûðàæåíèÿ êîýôôèöèåíòîâ Γ ∗kij ñâÿçíîñòè Êàðòàíà

∇∗ èññëåäóåì óñëîâèå êîâàðèàíòíîãî ïîñòîÿíñòâà ìåòðè÷åñêîãî òåíçîðà â

ñâÿçíîñòè ∇∗. Â ëîêàëüíûõ êîîðäèíàòàõ óñëîâèå îáðàùåíèÿ â íóëü ãîðè-

çîíòàëüíîé êîâàðèàíòíîé ïðîèçâîäíîé îò ìåòðè÷åñêîãî òåíçîðà èìååò âèä

∇∗kgij ≡ ∂kgij − Γ
∗p
k0 ∂̇pgij − Γ

∗p
ki gpj − Γ

∗p
kj gip = 0 (22)

Êîýôôèöèåíòû ñâÿçíîñòè ∇∗ ïðåäñòàâèì â âèäå

Γ ∗kij = Γ kij + T kij , (23)

ãäå Γ kij - êîýôôèöèåíòû ñâÿçíîñòè Ëåâè-×èâèòà ðèìàíîâîé ìåòðèêè γij(x), à

T kij = T kij(x, y) - íåêîòîðûé òåíçîð ôèíñëåðîâà òèïà. Äëÿ ìåòðèêè (1) èìååì

∂kgij = ∂kϕ · e2σγij + ϕe2σσ′∂kγ00 · γij + ϕe2σ∂kγij (24)

∂̇pgij = ϕe2σ · 2σ′γp0 · γij (25)

Ïîäñòàâëÿÿ (23),(24),(25) â (22), ïîëó÷èì

∂kϕ · e2σγij + ϕe2σσ′∂kγ00 · γij + ϕe2σ∂kγij − (Γ pk0 + T pk0)ϕe
2σ · 2σ′γp0 · γij−

−(Γ pki + T pki)ϕe
2σγpj − (Γ pkj + T pkj)ϕe

2σγip = 0

èëè

∂kϕγij − T pk0ϕ2σ
′γp0 · γij − T pkiϕγpj − T

p
kjϕγip+

+ϕ{(∂kγij − Γ pkiγpj − Γ
p
kjγip) + σ′γij(∂kγ00 − 2Γ pk0γp0)} = 0 (26)

Âûðàæåíèå â ôèãóðíûõ ñêîáêàõ ðàâíî íóëþ, òàê êàê êîâàðèàíòíàÿ ïðîèç-

âîäíàÿ îò ðèìàíîâà ìåòðè÷åñêîãî òåíçîðà â ñâÿçíîñòè Ëåâè-×èâèòà îáðà-

ùàåòñÿ â íóëü. Ïîýòîìó èìååì

σ′T pk0γp0 · γij +
1

2
(T pkiγpj + T pkjγip) =

∂kϕ

2ϕ
γij (27)

Ðàâåíñòâî (27) óìíîæèì íà yiyj . Â ðåçóëüòàòå ïîëó÷èì

σ′γ00T
p
k0γp0 +

1

2
(T pk0γp0 + T pk0γp0) =

∂kϕ

2ϕ
γ00, (28)
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îòêóäà

T pk0γp0 =
∂kϕγ00

2ϕ(1 + σ′γ00)
(29)

Òåïåðü (29) ïîäñòàâèì â (27):

γijσ
′ ∂kϕγ00
2ϕ(1 + σ′γ00)

+
1

2
(T pkiγpj + T pkjγip) =

∂kϕ

2ϕ
γij

èëè
1

2
(T pkiγpj + T pkjγip) =

∂kϕγij
2ϕ(1 + σ′γ00)

(30)

Öèêëèðóÿ (30) ïî i, j, k, ïîëó÷èì åùå äâà ðàâåíñòâà

1

2
(T pijγpk + T pikγjp) =

∂iϕγjk
2ϕ(1 + σ′γ00)

(31)

1

2
(T pjkγpi + T pjiγkp) =

∂jϕγki
2ϕ(1 + σ′γ00)

(32)

Ñêëàäûâàÿ (30) è (31) è âû÷èòàÿ (32), ïîëó÷èì

T pkiγpj =
1

2ϕ(1 + σ′γ00)
{∂kϕγij + ∂iϕγki − ∂jϕγki}, (33)

îòêóäà

T lki =
γjl

2ϕ(1 + σ′γ00)
{∂kϕγij + ∂iϕγki − ∂jϕγki} (34)

Òàêèì îáðàçîì ïîëó÷àåì îêîí÷àòåëüíûé îòâåò

Γ ∗kij = Γ kij +
γpk

2ϕ(1 + σ′γ00)
{∂iϕγpj + ∂jϕγip − ∂pϕγij} (35)

Çàìå÷àíèå. Åñòåñòâåííî ìû äîëæíû íàëîæèòü óñëîâèå: 1 + σ′γ00 6= 0 èëè

1 + 2uσ′ 6= 0, îòêóäà σ 6= − 1
2 lnu + c. Åñëè σ = − 1

2 lnu + c, òî gij =
2ϕe2cγij
γpsypys

è ëàãðàíæèàí F = 1
2gijy

iyj = ϕe2c àññîöèèðîâàííîãî ëàãðàíæåâà ïðîñòðàí-

ñòâà âûðîæäàåòñÿ: ∂̇2ijF = 0.

Ïóñòü òåïåðü ëàãðàíæèàí L ÿâëÿåòñÿ îäíîðîäíûì ñòåïåíè m ïî ẋ. Âû-

÷èñëèì âûðàæåíèå 1 + σ′γ00 ñòîÿùåå â çíàìåíàòåëå òåíçîðà äåôîðìàöèè

óñå÷åííîé ñâÿçíîñòè Êàðòàíà. Ïðèìåíÿÿ òåîðåìó Ýéëåðà ê ëàãðàíæèàíó

L = e2σ(u)u, áóäåì èìåòü:

ẋk(e2σu)·k = me2σu, ẋke2σ2σ′γ0ku+ ẋke2σγ0k = me2σu,

4σ′u2 + 2u = mu, σ′ =
m− 2

4u
, 1 + σ′γ00 = 1 +

m− 2

4u
2u = 1 +

m− 2

2
=
m

2
è, ñëåäîâàòåëüíî,

Γ ∗kij = Γ kij +
γpk

mϕ
{∂iϕγpj + ∂jϕγip − γpk∂pϕγij)} (36)

Òàêèì îáðàçîì, åñëè ëàãðàíæèàí L ÿâëÿåòñÿ îäíîðîäíûì, òî óñå÷åííàÿ

ñâÿçíîñòü Êàðòàíà ñîâïàäàåò ñî ñâÿçíîñòüþ Áåðâàëüäà.
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Berwald and Cartan coherences in the generic Lagrangian space

with the special metrics

There have been revealed accepted equations of extremals, Berwald coherence

parameters and Cartan coherence parameters of the generic Lagrangian space

with the special metrics.

If the Lagrangian is homogeneous, Berwald and Cartan coherences coincide.
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Ïðî êiëüêiñòü ðîçâ'ÿçêiâ îäíi¹¨ ñèñòåìè àëãåá-
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Â.À. Êiîñàê

Àíîòàöiÿ Âèâ÷à¹òüñÿ ïåðåâèçíà÷åíà ñèñòåìà àëãåáðà¨÷íèõ ðiâíÿíü.

Êiëüêiñòü íåçàëåæíèõ êîìïîíåíò çàãàëüíîãî ðîçâ'ÿçêó ñèñòåìè ìà¹ âåëèêå

çíà÷åííÿ äëÿ îöiíêè ëàêóí â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi ðiìàíîâèõ

ïðîñòîðiâ âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü òà iíøèõ äèôåîìîðôiçìiâ

óçàãàëüíåíèõ ïðîñòîðiâ

Êëþ÷îâi ñëîâà Ðiìàíîâi ïðîñòîðè, ãåîäåçè÷íi âiäîáðàæåííÿ, ñèñòåìè àë-

ãåáðà¨÷íèõ ðiâíÿíü

ÓÄÊ 514.765.1+512.813.4

1 Âñòóï

Çàãàëüíî âèçíàíèì â äèôåðåíöiàëüíié ãåîìåòði¨ ¹ ìåòîä äîñëiäæåííÿ ãåî-

ìåòðè÷íèõ îá'¹êòiâ òà ¨õ âëàñòèâîñòåé çâåäåííÿì äî ðîçãëÿäó äèôåðåíöiàëü-

íèõ ðiâíÿíü.

Â ñâîþ ÷åðãó, äîñëiäæåííÿ ÿêiñíî¨ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü çâî-

äèòüñÿ äî ðîçãëÿäó óìîâ iíòåãðóâàííÿ, ùî íîñÿòü àëãåáðà¨÷íèé õàðàêòåð

[1]. Íå ¹ âèíÿòêîì i òåîðiÿ ãåîäåçè÷íèõ âiäîáðàæåíü (ÃÎ) ðiìàíîâèõ ïðî-

ñòîðiâ . Îñíîâíi ðiâíÿííÿ òåîði¨ ÃÎ � öå ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü

â êîâàðiàíòíèõ ïîõiäíèõ ïåðøîãî ïîðÿäêó òèïó Êîøi [2].

Âèâ÷åííÿ êiëüêîñòi ñóòò¹âèõ ïàðàìåòðiâ â çàãàëüíîìó ðîçâ'ÿçêó öi¹¨ ñè-

ñòåìè çâîäèòüñÿ äî âèçíà÷åííÿ íåçàëåæíèõ êîìïîíåíò òåíçîðà â óìîâàõ ií-

òåãðîâàíîñòi öi¹¨ ñèñòåìè, çàïèñàíèõ ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i [3]�[4].

Îñòàííi, òàêîæ çâîäÿòüñÿ äî äîïîìiæíîãî ðiâíÿííÿ, ùî i ¹ îá'¹êòîì âèâ÷åí-
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íÿ â äàíié ðîáîòi. Äîñëiäæåííÿ âåäóòüñÿ â ðiìàíîâèõ ïðîñòîðàõ Vn(n > 3),

âiäìiííèõ âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè, áåç îáìåæåíü íà çíàêîâèçíà÷åíiñòü

ìåòðèêè gij .

2 Îñíîâíà ÷àñòèíà

Îöiíèìî êiëüêiñòü íåçàëåæíèõ êîìïîíåíò ñèìåòðè÷íîãî, íåâèðîäæåíîãî

òåíçîðà aij , ùî çàäîâîëüíÿ¹ ðiâíÿííþ

aαiK
α
j + aαjK

α
i = 0. (1)

Òóò Kh
j - äåÿêèé àôiíîð, íåçàëåæíèé âiä aij , êðiì òîãî ïðèïóñêà¹ìî, ùî âií

çàäîâîëüíÿ¹ óìîâi

gαiK
α
j + gαjK

α
i = 0. (2)

Óìîâà (2) îçíà÷à¹, ùî òåíçîð Kij
def
= Kα

j gαi ¹ êîñîñèìåòðè÷íèì.

Íåõàé r∗ � ÷èñëî, ðiâíå 3n− 5 äëÿ ðiìàíîâèõ ïðîñòîðiâ Vn, n 6= 4, 6, à ó

âèïàäêó n = 4 àáî 6 ðiâíå 3n− 6.

Äîâåäåìî íàñòóïíó òåîðåìó

Òåîðåìà 1 ßêùî ðàíã ìàòðèöi
∥∥Ki

j

∥∥ áiëüøå äâîõ, òî ñåðåä êîìïîíåíò

òåíçîðà aij íå ìåíøå ÷èì r∗ çàëåæèòü âiä iíøèõ êîìïîíåíò òåíçîðà aij

i àôiíîðà Ki
j.

Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòèìåìî â äåÿêié ôiêñîâàíié òî÷öi

M(xh) ∈ Vn. Ðîçãëÿíåìî ëiíiéíå íåâèðîäæåíå ïåðåòâîðåííÿ êîîðäèíàò â

öié òî÷öi

yh = Ahαx
α,

äå det
∥∥Ahi ∥∥ 6= 0.

Òåíçîðè aij òà K
i
h ïåðåòâîðÿòüñÿ çãiäíî iç çàêîíîì

aij = aαβB
α
i B

β
j ; K h

i = Kα
βB

β
i B

h
α,

òóò
∥∥Bhi ∥∥ def

=
∥∥Ahi ∥∥−1.

Î÷åâèäíî, ùî ðàíã òåíçîðà Kh
i , à òàêîæ ÷èñëî çàëåæíèõ êîìïîíåíò òåí-

çîðà aij â ðiâíÿííi (1) ¹ iíâàðiàíòíèìè âiäíîñíî ïåðåòâîðåííÿ êîîðäèíàò.

Îñòàíí¹ âiðíî i ó òîìó âèïàäêó, êîëè
∥∥Ahi ∥∥ ÿâëÿ¹òüñÿ êîìïëåêñíîçíà÷íîþ

íåâèðîäæåíîþ ìàòðèöåþ.
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Äëÿ ïîäàëüøèõ äîñëiäæåíü ïðèâåäåìî àôiíîð Ki
h çà äîïîìîãîþ íåâè-

ðîäæåíîãî ïåðåòâîðåííÿ (âèïàäîê êîìïëåêñíîãî ïåðåòâîðåííÿ íå âèêëþ-

÷à¹òüñÿ) äî êàíîíi÷íî¨ ôîðìè Æîðäàíà. Ó íàøîìó äîñëiäæåííi ìè îáìå-

æèìîñÿ ñïðîùåíiøèì çàïèñîì öi¹¨ ìàòðèöi:

Kh
i =



ω1 K1
2 0 . . . 0

0 ω2 K2
3 . . .

...
...

. . .
. . . 0

... . . . . . . ωn−1 K
n−1
n

0 . . . . . . 0 ωn


(3)

äå Kα
α+1 = 0 àáî 1.

Îñòàíí¹ ìîæíà çàïèñàòè òàêèì ÷èíîì

Kα
α = ωα; Kα+1

α = 0, 1; Ka
b = 0 äëÿ b 6= a, a+ 1.

Òóò a, b = 1, 2, . . . , n. Â öié ôîðìóëi, ÿê i â óñié ðîáîòi, ïî îäíàêîâèõ iíäåêñàõ

ñóìóâàííÿ íå ðîáèòüñÿ.

Ïðèðîäíî, ùî â çàãàëüíîìó âèïàäêó âëàñíi ÷èñëà ωα ìàòðèöiK
h
i ìîæóòü

áóòè êîìïëåêñíèìè. Ñèñòåìó êîîðäèíàò y, â ÿêiéKh
i ìà¹ ôîðìóÆîðäàíà,

íàçâåìî êàíîíi÷íîþ.

Ðiâíÿííÿ ñèñòåìè (1) ç ôiêñîâàíèìè iíäåêñàìè i i j ïîçíà÷èìî ÷åðåç Ωij ,

îñêiëüêè ðiâíÿííÿ Ωji ñïiâïàäà¹ ç ðiâíÿííÿì Ωij , ñèñòåìà (1) åêâiâàëåíòíà

ñèñòåìi ðiâíÿíü

Ω : Ωij(i ≤ j; i, j = 1, 2, . . . , n).

Ðiâíÿííÿ (1) â êàíîíi÷íié ñèñòåìi êîîðäèíàò y ìàþòü íàñòóïíó ôîðìó:

Ωij(i, j < n) : aij(ωi + ωj) + ai+1 jK
i+1

i + aij+1K
j+1

j = 0 (4)

Ωin(i < n) : ain(ωi + ωn) + ai+1 nK
i+1

j = 0 (5)

Ωnn : ann(ωn + ωn) = 0 (6)

Íàãàäà¹ìî, ùî ó ðiâíÿííÿõ (4) i (5) ïðàâèëî Åéíøòåéíà íå çàñòîñîâó¹òü-

ñÿ. Çàçäàëåãiäü äîâåäåìî íàñòóïíi ëåìè:
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Ëåìà 1 Êîìïîíåíòè ñèìåòðè÷íîãî òåíçîðà aij, äëÿ ÿêèõ (ωi + ωj) 6= 0,

çàëåæàòü âiä iíøèõ êîìïîíåíò òåíçîðà aij i àôiíîðà K
i
j.

Äîâåäåííÿ Ìíîæèíà âïîðÿäêîâàíèõ ïàð iíäåêñiâ (i, j), äå i ≤ j, i, j =

1, 2, . . . , n, ïîçíà÷èìî ÷åðåç I. ×åðåç I1 i I∗ ïîçíà÷èìî ïiäìíîæèíè I òàêi,

ùî

(i, j) ∈ I1 ⇔ (ωi + ωj) 6= 0 i I∗ = I\I1.

Êiëüêiñòü åëåìåíòiâ I1 ïîçíà÷èìî ÷åðåç q. Íèæ÷å äîâåäåìî, ùî q êîìïî-

íåíò aij , äå (i, j) ∈ I1, ÿâíî âèðàæàþòüñÿ ÷åðåç iíøi êîìïîíåíòè òåíçîðà aij

i àôiíîðà Kh
i .

Êðîê 1. Ç ìíîæèíè ïàð I1 âèáåðåìî ïàðó (i1, j1) òàêó, ùî iíäåêñè i1 i j1

¹ �ìàêñèìàëüíèìè�. Êîðåêòíiøå:

i1 = max
∀(i,j)∈I1

i i j1 = max
∀(i,j)∈I1

j .

Òîäi íåâàæêî áà÷èòè, ùî àíàëiçîì ðiâíÿííÿ Ωi1j1 (äèâ. (4), (5), (6))

ìîæíà ÿâíèì ÷èíîì âèðàçèòè êîìïîíåíòó ai1j1 ÷åðåç êîìïîíåíòè aij ∈ I∗, i
Kh
i .

Êðîê 2. Äàëi ïîçíà÷èìî ÷åðåç I2
def
= I1\{(i1, j1)}. Àíàëîãi÷íî, ç ìíîæèíè

ïàð I2 âèáåðåìî �ìàêñèìàëüíó� ïàðó (i2, j2):

i2 = max
∀(i,j)∈I2

i i j2 = max
∀(i,j)∈I2

j .

Òîäi íåâàæêî áà÷èòè, ùî àíàëiçîì ðiâíÿííÿ Ωi2j2 (äèâ. (4), (5)) ìîæíà

ÿâíèì ÷èíîì âèðàçèòè êîìïîíåíòó ai2j2 ÷åðåç êîìïîíåíòó ai1j1 i êîìïîíåí-

òè aij , (i, j) ∈ I∗ i Kh
i . Àëå òîäi íà ïiäñòàâi 1-ãî êðîêó âèòiêà¹, ùî i ai2j2

âèðàæà¹òüñÿ ÿâíèì ÷èíîì òiëüêè ÷åðåç êîìïîíåíòè aij , (i, j) ∈ I∗ i Kh
i .

Ïðîöåñ ïðîäîâæó¹ìî àíàëîãi÷íî. Ïiñëÿ q êðîêiâ ïåðåêîíà¹ìîñÿ, ùî óñi

êîìïîíåíòè aij , äëÿ ÿêèõ (i, j) ∈ I1, ÿâíèì ÷èíîì âèðàæàþòüñÿ òiëüêè ÷åðåç

êîìïîíåíòè aij , (i, j) ∈ I∗ i àôiíîðà Kh
i .

Ëåìà äîâåäåíà.

Íà ïiäñòàâi ëåìè 1 ìîæåìî äîâåñòè íàñòóïíó ëåìó, ÿêà ïîòðiáíà äëÿ äîêàçó

òåîðåìè.

Ëåìà 2 ßêùî ÷èñëî çàëåæíèõ êîìïîíåíò òåíçîðà aij íå ïåðåâåðøó¹ ÷èñ-

ëà r∗, òî ñåðåä ÷èñåë ωi íå áiëüøå äâîõ âiäìiííèõ âiä íóëÿ.

Äîâåäåííÿ Äîêàç ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Ïðèïóñòèìî, ùî

iñíó¹ ïðèíàéìíi òðè íåíóëüîâi ÷èñëà ωa, ωb, ωc (òóò a, b, c � âçà¹ìíî âiäìiííi

iíäåêñè; ïiñëÿ ïåðåíóìåðàöi¨ iíäåêñiâ, ìîæíà ââàæàòè a = 1, b = 2, c = 3).
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Ïîêàæåìî, ùî ïðè öüîìó ïðèïóùåííi õî÷ áè 3n − 5, à ó âèïàäêó n = 4, 6

õî÷ áè 3n − 6 êîìïîíåíò òåíçîðà aij çàëåæèòü âiä iíøèõ êîìïîíåíò öüîãî

òåíçîðà i àôiíîðà Kh
i (öå ÷èñëî ìè ïîçíà÷èëè ÷åðåç r∗). Âðàõîâóþ÷è ëåìó

1, äëÿ öüîãî äîñèòü, ùîá ñåðåä åëåìåíòiâ òðèêóòíî¨ ìàòðèöi ω:

ω =


ω1 + ω1 ω1 + ω2 . . . ω1 + ωn

0 ω2 + ω2 . . . ω2 + ωn
...

...
. . .

...

0 0 . . . ωn + ωn


çíàéøëîñÿ, ïðèíàéìíi, r∗ íåíóëüîâèõ åëåìåíòiâ.

1. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3

çàäîâîëüíÿþòü óìîâi

|ω1| 6= |ω2| 6= |ω3| .

Òîäi íå äîðiâíþþòü íóëþ ÷èñëà

ω1 + ω1, ω1 + ω2, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

à äëÿ a > 3:

à) ÿêùî ωa = ±ω1 , òî íå äîðiâíþþòü íóëþ

ω2 + ωa; ω3 + ωa; ωa + ωa;

á) ÿêùî ωa = ±ω2 , òî íå äîðiâíþþòü íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa;

â) ÿêùî ωa = ±ω3 , òî íå äîðiâíþþòü íóëþ

ω1 + ωa; ω2 + ωa; ωa + ωa;

ã) ÿêùî ωa 6= ±ω1,±ω2,±ω3 , òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n− 3 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi r∗ ≥ 3n− 3.



48 Â.À. Êiîñàê

2. Ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3 çàäîâîëüíÿ-

þòü óìîâi

ω1 = −ω2, ω3 6= ±ω1 i äëÿ ∀a > 3 : ωa = ±ω1,±ω3, 0.

Iíøå çíà÷åííÿ ωa íàñ ïðèâîäèòü äî ðîçãëÿäó ï. 1.

Â öüîìó âèïàäêó íå äîðiâíþþòü íóëþ ÷èñëà

ω1 + ω1, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

a äëÿ a > 3:

à) ÿêùî ωa = 0, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa;

á) ÿêùî ωa = ω1, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa;

â) ÿêùî ωa = −ω1, òî íå äîðiâíþþòüñÿ íóëþ

ω2 + ωa; ω3 + ωa; ωa + ωa;

ã) ÿêùî ωa = ±ω3, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ωa + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n− 4 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi r∗ ≥ 3n− 4.

3. Ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3 çàäîâîëüíÿ-

þòü óìîâi

ω1 = ω2, ω3 6= ±ω1 i ∀a > 3 : ωa = ω1,±ω3, 0.

Çíà÷åííÿ ωa 6= ±ω1,±ω2, íàñ ïðèâîäèòü äî ðîçãëÿäó ï.1, à çíà÷åííÿ

ωa = −ω1 � ïðèâîäèòü äî ï.2. Â öüîìó âèïàäêó íå äîðiâíþþòü íóëþ

÷èñëà

ω1 + ω1, ω2 + ω3, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

a äëÿ a > 3:

à) ÿêùî ωa = 0, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa;
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á) ÿêùî ωa = ω1,±ω3, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n− 3 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi r∗ ≥ 3n− 3.

4. Î÷åâèäíî, çàëèøèëîñÿ ðîçãëÿíóòè âèïàäîê, êîëè

ω1 = ω2 = . . . = ωk = −ωk+1 = −ωk+2 = . . . = −ωk+l 6= 0,

ωk+l+1 = . . . = ωn = 0.

Â öüîìó âèïàäêó êiëüêiñòü íåíóëüîâèõ ÷èñåë ωi + ωj (i ≤ j) ðiâíà

k(k + 1)

2
+
l(l + 1)

2
+ (k + l)(n− k − l).

Áåçïîñåðåäíiì àíàëiçîì ìîæíà âñòàíîâèòè:

à) êîëè{
n = 4 i ω1 = ω2 = −ω3 = −ω4 6= 0,

n = 6 i ω1 = ω2 = ω3 = −ω4 = −ω5 = −ω6 6= 0

}
,

òo ïðèíàéìíi 3n − 6 êîìïîíåíò aij çàëåæíèõ, ùî óçãîäæó¹òüñÿ iç

òâåðäæåííÿì ëåìè.

á) ó iíøèõ âèïàäêàõ, êîëè k+l > 2, ñåðåä êîìïîíåíò aij ïðèíàéìíi 3n−5
êîìïîíåíò çàëåæíèõ, ùî òàêîæ óçãîäæó¹òüñÿ iç òâåðäæåííÿì ëåìè.

Ó ðåçóëüòàòi, íàìè ðîçãëÿíóòi óñi ìîæëèâi âèïàäêè i, òàêèì ÷èíîì, ëåìà

2 äîâåäåíà.

Íà ïiäñòàâi ïîïåðåäíiõ ëåì äîâåäåìî ðàíiøå ñôîðìóëüîâàíó òåîðåìó.

Äîâåäåííÿ Äëÿ äîêàçó íàì äîñèòü ïîêàçàòè, ùî, ÿêùî ÷èñëî çàëåæíèõ êîì-

ïîíåíò òåíçîðà aij ìåíøå àáî ðiâíî 3n− 5 äëÿ n 6= 4, 6 i 3n− 6 äëÿ n = 4, 6,

òo ìàòðèöÿ òåíçîðà Ki
j ìà¹ íå áiëüøå äâîõ ëiíiéíî íåçàëåæíèõ ðÿäêiâ.

Äîêàç ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Íàäàëi ïðèïóñêàòèìåìî,

ùî â ìàòðèöi Ki
j , ïðèâåäåíié äî ôîðìè Æîðäàíà (3), ïðèíàéìíi, òðè íåíó-

ëüîâi ðÿäêè. Âðàõîâóþ÷è ëåìó 2 i ìîæëèâiñòü ïåðåñòàíîâêè êëiòèí Æîðäà-

íà, äîñèòü ðîçãëÿíóòè íàñòóïíèõ ñiì âèïàäêiâ:

1). ω1, ω2 6= 0, ωa = 0, äëÿ a = 3, n, K4
3 = 1;

2). ω1 6= 0, ωa = 0, äëÿ a = 2, n, K3
2 = K4

3 = 1;

3). ω1 6= 0, ωa = 0, äëÿ a = 2, n, K3
2 = 1, K4

3 = 0, K5
4 = 1;
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4). ωa = 0, äëÿ a = 1, n, K2
1 = K3

2 = K4
3 = 1;

5). ωa = 0, äëÿ a = 1, n, K2
1 = K3

2 = 1, K4
3 = 0, K5

4 = 1;

6). ωa = 0, äëÿ a = 1, n, K2
1 = 1, K3

2 = 0, K4
3 = K5

4 = 1;

7). ωa = 0, äëÿ a = 1, n, K2
1 = 1, K3

2 = 0, K4
3 = 1, K5

4 = 0, K6
5 = 1.

Íåõàé ω1 6= 0, ω2 6= 0, i ωa = 0, äëÿ óñiõ a = 3, n, i K4
3 = 1,

òîäi ìàòðèöÿ Ki
j ìà¹ âèãëÿä

Ki
j =



ω1 K2
1 0 . . . 0

0 ω2 0 . . . 0

0 0 0 K4
3

...
...

...
...

. . . Kn
n−1

0 0 0 . . . 0


Î÷åâèäíî, ùî ÷èñëà ω1 + ωa, ω2 + ωa (äëÿ ∀a > 2) âiäìiííi âiä íóëÿ i,

îòæå, ÷åðåç ëåìó 1 êîìïîíåíò a1a (a 6= 2), a2a (a 6= 1) çàëåæàòü âiä iíøèõ

êîìïîíåíò ìàòðèöi aij .

Ïîêëàâøè â (4) i = j = 3, çíàõîäèìî, ùî a34 = 0. Ç (5) ïðè i = 3 âèòiêà¹,

ùî a4n = 0.

Ôîðìóëà (4) ïðè i = 3, j = s 6= 1, 2, 3, n íàáèðà¹ âèãëÿäó

a4s + a3 s+1K
s+1
s = 0.

Ïiñëÿ íåâàæêîãî àíàëiçó ïåðåêîíà¹ìîñÿ, ùî ñåðåä êîìïîíåíò òåíçîðà

aij íå ìåíøå ÷èì 3n − 4 çàëåæíèõ. Ñàìå íèìè ¹ êîìïîíåíòè a1a (a =

1, 3, 4, . . . , n), a2a (a = 2, 3, 4, . . . , n) i a4a (a = 3, 4, . . . , n).

2) Ðîçãëÿíåìî äðóãèé âèïàäîê. Îñêiëüêè ω1+ωa (a = 1, n) íå äîðiâíþþòü

íóëþ, òî íà ïiäñòàâi ëåìè 1 êîìïîíåíòè a1a (a = 1, n) âèðàæàþòüñÿ ÷åðåç

iíøi êîìïîíåíòè ìàòðèöi aij .

Ç (5) ïðè i = 2, 3, âèòiêà¹ a3n = a4n = 0.

Ôîðìóëà (4) ïðè i = 2, j = s (s = 2, n− 1) äà¹

a3s = −a2 s+1K
s+1
s , (7)

a ïðè i = 3, j = s (s = 3, n− 1) äà¹

a4s = −a3 s+1K
s+1
s . (8)

Îòæå, a1a (a = 1, 2, . . . , n), a3a (a = 2, 3, . . . , n) i a4a (a = 4, 5, . . . , n)

çàëåæàòü âiä iíøèõ êîìïîíåíò òåíçîðà aij , òîáòî ñåðåä êîìïîíåíò aij íå

ìåíøå íiæ 3n− 4 çàëåæíèõ.



Ïðî êiëüêiñòü ðîçâ'ÿçêiâ îäíi¹¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü 51

3) Òðåòié âèïàäîê àíàëîãi÷íèé äðóãîìó. Ëåãêî áà÷èòè, ùî êîìïîíåíòè

a1a (a = 1, n), âèðàæàþòüñÿ ÷åðåç iíøi êîìïîíåíòè ìàòðèöi aij .

Ç (5) ïðè i = 2, 4, âèòiêà¹, a3n = a5n = 0.

Ôîðìóëà (4) ïðè i = 2, j = s (s = 2, n− 1) äà¹

a3s = −a2 s+1K
s+1
s , (9)

à ïðè i = 4, j = s (s = 4, n− 1) äà¹

a5s = −a4 s+1K
s+1
s . (10)

Îòæå, a1a (a = 1, 2, . . . , n), a3a (a = 2, 3, . . . , n) i a5a (a = 4, 5, . . . , n) çàëåæàòü

âiä iíøèõ êîìïîíåíò òåíçîðà aij, òîáòî ñåðåä êîìïîíåíò aij íå ìåíøå ÷èì

3n− 4 çàëåæíèõ.

4, 5, 6 i 7 âèïàäêè ïîäiáíèì àíàëiçîì ðiâíÿíü (4) i (5) ïðèçâîäÿòü äî òîãî,

ùî ñåðåä êîìïîíåíò aij íå ìåíøå ÷èì 3n−5 çàëåæíèõ. Îáìåæèìîñÿ òiëüêè

ðîçãëÿäîì ðiâíÿíü (4) i (5), ÿêi ïðèçâîäÿòü äî òàêîãî âèñíîâêó:

Âèïàäîê 4: ïðè i = 1, 2, 3; âèïàäîê 5: ïðè i = 1, 2, 4; âèïàäîê 6: ïðè

i = 1, 3, 4; âèïàäîê 7: ïðè i = 1, 3, 5.

Îòîæ, â óñiõ âèïàäêàõ íàìè îòðèìàíî ïðîòèði÷÷ÿ, ÿêå äîâîäèòü ñïðà-

âåäëèâiñòü òåîðåìè.

3 Âèñíîâêè

Òàêèì ÷èíîì, âèâ÷èâøè â ñïåöiàëüíié ñèñòåìi êîîðäèíàò êiëüêiñòü çàëåæíèõ

êîìïîíåíò òåíçîðà aij , â âiäìiííîìó âiä ïðîñòîðó ñòàëî¨ êðèâèíè, ðiìàíîâî-

ìó ïðîñòîði íàìè äîâåäåíà òåîðåìà, ùî ìà¹ âàæëèâå çíà÷åííÿ äëÿ îöiíêè

ñòåïåíi ìîáiëüíîñòi ïðîñòîðó âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü.
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On the number of solutions for the system of algebraic equations

We study the system of over-de�ned algebraic equations. A number of

independent components of general solution for the system are really important

for estimation of lacunae in the distribution of the mobility degrees for

Riemannian spaces in relation to geodesic mappings and other di�eomorphisms

of generalized manifolds.
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Ãåîìåòðè÷åñêàÿ ôîðìà ôðîíòà ïëàìåíè è
íåóñòîé÷èâîñòü ãîðåíèÿ â êðóãëîé òðóáå

Âèêòîð Ýäóàðäîâè÷ Âîëêîâ

Àííîòàöèÿ Àíàëèòè÷åñêè ðåøåíà çàäà÷à îá óñòîé÷èâîñòè ïëîñêîãî ïëà-

ìåíè, ðàñïðîñòðàíÿþùåãîñÿ â êðóãëîé òðóáå. Ìàòåìàòè÷åñêè îáîñíîâàíà

ãåîìåòðè÷åñêàÿ ôîðìà (ÿ÷åèñòàÿ ñòðóêòóðà) ïëàìåíè, âîçíèêàþùàÿ â

ðåçóëüòàòå ðàçâèòèÿ íåóñòîé÷èâîñòè.

Êëþ÷åâûå ñëîâà ïëàìÿ, ôðîíò ïëàìåíè, íåóñòîé÷èâîñòü ãîðåíèÿ, ÿ÷åè-

ñòàÿ ñòðóêòóðà ïëàìåíè.

ÓÄÊ 532.5 + 536.464

Êàê ïîêàçûâàþò ìíîãî÷èñëåííûå ýêñïåðèìåíòû, ïëàìÿ, ðàñïðîñòðà-

íÿþùååñÿ â õîðîøî ïåðåìåøàííîé ãîðþ÷åé ãàçîâîé ñìåñè, â ðåçóëüòàòå

àâòîòóðáóëèçàöèè ïðèîáðåòàåò ñëîæíóþ ïóëüñàöèîííóþ ïðîñòðàíñòâåííî-

âðåìåííóþ ñòðóêòóðó. Âàæíåéøåé ãåîìåòðè÷åñêîé õàðàêòåðèñòèêîé ôðîí-

òà ãîðåíèÿ ÿâëÿåòñÿ ðàçìåð ÿ÷åéêè ïëàìåíè, ïîçâîëÿþùèé îöåíèòü ñòîëü

âàæíûé äëÿ òåõíè÷åñêèõ ïðèëîæåíèé ïàðàìåòð êàê ãàñÿùåå ðàññòîÿíèå, à

òàêæå óòî÷íèòü ïðåäåëû ãîðåíèÿ ïî íà÷àëüíîìó äàâëåíèþ è ïî êîíöåíòðà-

öèè ãîðþ÷åãî.

Ïîñòðîåííàÿ â ðàáîòàõ [1 − 3] òåîðèÿ íåóñòîé÷èâîñòè íîðìàëüíîãî ãî-

ðåíèÿ ïîçâîëÿåò îáúÿñíèòü [2, 3] íàáëþäàåìóþ â ýêñïåðèìåíòàõ ÿ÷åèñòóþ

ñòðóêòóðó ïëàìåíè [4− 6] è ðàññ÷èòàòü ðàçìåð ïëàìåííîé ÿ÷åéêè. Îäíàêî,

ðàññìàòðèâàåìàÿ â [1− 3] ìîäåëü ãîðåíèÿ ïðåäïîëàãàåò, ÷òî ïðîöåññ ðàçâè-

âàåòñÿ â íåîãðàíè÷åííîì îáúåìå, â òî âðåìÿ êàê ÿ÷åèñòàÿ ãåîìåòðèÿ ôðîí-

òà ïëàìåíè íàáëþäàåòñÿ è ïðè ãîðåíèè ãàçîâûõ ñìåñåé â êðóãëûõ òðóáàõ

[5, 7, 8]. Öåëü íàñòîÿùåãî èññëåäîâàíèÿ ñîñòîèò â îáîñíîâàíèè êîððåêòíîñòè
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ïðèìåíåíèÿ òåîðèè ãèäðîäèíàìè÷åñêîé íåóñòîé÷èâîñòè [1− 3] äëÿ ãîðåíèÿ,

ðàñïðîñòðàíÿþùåãîñÿ â êðóãëîé öèëèíäðè÷åñêîé òðóáå.

Ðàññìîòðèì ñëåäóþùóþ ìàòåìàòè÷åñêóþ ìîäåëü ãîðåíèÿ. Â íàïðàâëå-

íèè îñè z â îáëàñòè èñõîäíîé ãîðþ÷åé ñìåñè 1 (z < 0) òå÷¼ò èäåàëüíûé

(íåâÿçêèé) ãàç ñ ïîñòîÿííîé äîñòàòî÷íî ìàëîé äîçâóêîâîé ñêîðîñòüþ, âå-

ëè÷èíà êîòîðîé ïîçâîëÿåò ñ÷èòàòü ñðåäó íåñæèìàåìîé. Ïëîñêîñòè z = 0

ñîîòâåòñòâóåò ôðîíò ïëàìåíè (ñèëüíûé ðàçðûâ), çà êîòîðûì íàõîäèòñÿ çî-

íà ïðîäóêòîâ ñãîðàíèÿ 2 (z > 0). Ãàç òå÷åò â êðóãëîé öèëèíäðè÷åñêîé òðóáå

ðàäèóñà r0 (Ðèñ. 1).

Ðèñ. 1. Ìîäåëü ñòàöèîíàðíîãî ïëàìåíè â êðóãëîé òðóáå

Ôèçè÷åñêèå ïàðàìåòðû ãàçà â èñõîäíîé ãîðþ÷åé ñìåñè 1 è â ïðîäóêòàõ

ñãîðàíèÿ 2 ñâÿçàíû çàêîíàìè ñîõðàíåíèÿ ìàññû è èìïóëüñà:

ρ1u1 = ρ2u2, (1)

p1 + ρ1u
2
1 = p2 + ρ2u

2
2. (2)

Òå÷åíèå ñðåäû îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Ýéëåðà è íåðàçðûâíîñòè

(íåñæèìàåìîñòè), êîòîðàÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ r, ϕ, z èìååò âèä:
∂ur
∂t + ur

∂ur
∂r +

uϕ
r
∂ur
∂ϕ + uz

∂ur
∂z −

u2
ϕ

r + 1
ρ
∂p
∂r = 0,

∂uϕ
∂t + ur

∂uϕ
∂r +

uϕ
r
∂uϕ
∂ϕ + uz

∂uϕ
∂z +

uruϕ
r + 1

ρr
∂p
∂ϕ = 0,

∂uz
∂t + ur

∂uz
∂r +

uϕ
r
∂uz
∂z + 1

ρ
∂p
∂z = 0,

∂ur
∂r + 1

r
∂uϕ
∂ϕ + ∂uz

∂z + ur
r = 0,

(3)

ãäå

ur � ðàäèàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ñêîðîñòè;

uϕ � àçèìóòàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ñêîðîñòè;
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uz � àêñèàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ñêîðîñòè;

p � äàâëåíèå;

ρ - ïëîòíîñòü.

Èññëåäóåì óñòîé÷èâîñòü ñòàöèîíàðíîãî (ïîñòîÿííîãî) ðåøåíèÿ ñèñòåìû

(3) ïî îòíîøåíèþ ê ìàëûì âîçìóùåíèÿì p′j , u
′
jr, u

′
jϕ, u

′
jz äàâëåíèÿ, à òàê-

æå ðàäèàëüíîé, òàíãåíöèàëüíîé è àêñèàëüíîé êîìïîíåíò âåêòîðà ñêîðîñòè

ñîîòâåòñòâåííî, â çîíå èñõîäíîé ãîðþ÷åé ñìåñè (j = 1) è â ïðîäóêòàõ ñãîðà-

íèÿ (j = 2). Ýòè âîçìóùåíèÿ îïèñûâàþòñÿ ñëåäóþùåé ñèñòåìîé ëèíåéíûõ

îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè:

∂u′jr
∂t + uj

∂u′jr
∂z + 1

ρj

∂p′j
∂r = 0,

∂u′jϕ
∂t + uj

∂u′jϕ
∂z + 1

ρjr

∂p′j
∂ϕ = 0,

∂u′jz
∂t + uj

∂u′jz
∂z + 1

ρj

∂p′j
∂z = 0,

∂u′jr
∂r + 1

r

∂u′jϕ
∂ϕ +

∂u′jz
∂z +

u′jr
r = 0.

(4)

×àñòíûå ðåøåíèÿ ñèñòåìû (4) èìåþò âèä:

∂u′jr
∂u1

= r0µ
−1
nk

d
dr ln Jn(µnkrr

−1
0 )F (r, ϕ, t)

[
− 1

ζ
µnkδj

+1
Aj1e

µnkr
−1
0 z−

− 1
ζ

µnkδj
−1
Aj2e

−µnkr−1
0 z +Aj3e

− ζ
δj
r−1
0 z
]
,

∂u′jϕ
∂u1

= ir0r
−1µ−1nknF (r, ϕ, t)

[
− 1

ζ
µnkδj

+1
Aj1e

µnkr
−1
0 z−

− 1
ζ

µnkδj
−1
Aj2e

−µnkr−1
0 z +Aj3e

− ζ
δj
r−1
0 z
]
,

∂u′jz
∂u1

= F (r, ϕ, t)

[
− 1

ζ
µnkδj

+1
Aj1e

µnkr
−1
0 z + 1

ζ
µnkδj

−1
Aj2e

−µnkr−1
0 z−

−µnkδjζ Aj3e
− ζ
δj
r−1
0 z
]
,

p′j
ρ1u2

1
= F (r, ϕ, t)

[
Aj1e

µnkr
−1
0 z +Aj2e

−µnkr−1
0 z

]
,

(5)

ãäå

F (r, ϕ, t) = Jn(µnkrr
−1
0 ) exp(inϕ− iωt), (6)

µnk - k-ûé êîðåíü óðàâíåíèÿ
dJn(x)
dx = 0, Jn - ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà

n-ãî ïîðÿäêà,

ζ = − iωr0
u1

, (7)

δj =
ρ1
ρj

=
uj
u1
, (8)
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Ajl(l = 1, 2, 3) - íåîïðåäåëåííûå êîíñòàíòû.

Ðåøåíèÿ (5) óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ íà æåñòêîé ñòåíêå

(u′jr = 0 ïðè r = r0), à òàêæå óñëîâèÿì ðåãóëÿðíîñòè ïðè r → 0 è ïåðè-

îäè÷íîñòè ïî ϕ.

Óñëîâèå îãðàíè÷åííîñòè âîçìóùåíèé íà áåñêîíå÷íîñòè (ïðè z → ±∞)

îáåñïå÷èâàåòñÿ ñîîòíîøåíèåì A12 = A13 = A21 = 0. Óðàâíåíèå âîçìóù¼í-

íîé ïîâåðõíîñòè ôðîíòà ïëàìåíè çàäàåòñÿ â âèäå

z = ε(r, ϕ, t), (9)

ãäå

ε = A00r0F (r, ϕ, t), (10)

ïðè÷åì A00 � íåîïðåäåëåííàÿ êîíñòàíòà, à ôóíêöèÿ F (r, ϕ, t) çàäàíà ñîîò-

íîøåíèåì (6).

Íà ôðîíòå ïëàìåíè ñïðàâåäëèâû çàêîíû ñîõðàíåíèÿ ìàññû è èìïóëüñà,

êîòîðûå â ëèíåéíîì ïðèáëèæåíèè ìîãóò áûòü ïðåäñòàâëåíû êàê

ρ1u
′
1z − ρ2u′2z =

(
ρ1 − ρ2

)∂ε
∂t
, (11)

u′1r − u′2r =
(
u2 − u1

)∂ε
∂r
, (12)

u′1ϕ − u′2ϕ =
1

r

(
u2 − u1

) ∂ε
∂ϕ

, (13)

p′1 + 2ρ1u1u
′
1z = p′2 + 2ρ2u2u

′
2z, (14)

ïðè z = 0.

Äîïîëíèòåëüíûì ãðàíè÷íûì óñëîâèåì íà ôðîíòå ÿâëÿåòñÿ óñëîâèå íåèç-

ìåííîñòè ñêîðîñòè íîðìàëüíîãî ãîðåíèÿ (óñëîâèå Ëàíäàó [1, 9]):

u′1z −
∂ε

∂t
= 0, (15)

ïðè z = 0.

Ïîäñòàíîâêà âûðàæåíèé (5) è (9) â ãðàíè÷íûå óñëîâèÿ (11)˘(15) ñ ó÷å-

òîì óñëîâèÿ âîçìóùåíèé íà áåñêîíå÷íîñòè ñâîäèò çàäà÷ó íà ñîáñòâåííûå

çíà÷åíèÿ ê õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ Ëàíäàó(
1 +

1

δ

)
θ2 + 2θ + (1− δ) = 0 (16)

îòíîñèòåëüíî áåçðàçìåðíîé âåëè÷èíû

θ =
ζ

µnk
(17)
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Óðàâíåíèå (16) èìååò íåóñòîé÷èâûé êîðåíü

θ =
δ

1 + δ

(
− 1 +

√
1 + δ − 1

δ

)
, (θ > 0), (18)

ãäå δ = δ2 = ρ1
ρ2
> 1. Ïðè ýòîì î÷åâèäíî, ÷òî, â îòëè÷èå îò ïëîñêîãî ñëó÷àÿ

[1], áåçðàçìåðíîå ñîáñòâåííîå ÷èñëî èìååò âèä

θ = − iωr0
u1µnk

. (19)

Ñîîòíîøåíèÿ (16)˘(18) äîêàçûâàþò êîððåêòíîñòü ðàññóæäåíèé Ëàíäàó íå

òîëüêî äëÿ ïëîñêîãî ôðîíòà ïëàìåíè, ðàñïðîñòðàíÿþùåãîñÿ â îòêðûòîì

ïðîñòðàíñòâå, íî è äëÿ ãîðåíèÿ â êðóãëîé öèëèíäðè÷åñêîé òðóáå. Ïðè ýòîì

ñïåêòð âîëí âîçìóùåíèé ÿâëÿåòñÿ íå íåïðåðûâíûì (êàê â ñëó÷àå îòêðûòîãî

ïðîñòðàíñòâà [1 − 3]), à äèñêðåòíûì, òàê êàê âîçìóùåíèÿ çàäàþòñÿ â âèäå

∼ Jn(µnkrr
−1
0 ) exp(inϕ− iωt). Ðàçâèòèå íåóñòîé÷èâîñòè âîëíû ãîðåíèÿ, ïðè-

âîäèò ê àâòîòóðáóëèçàöèè è ñàìîóñêîðåíèþ ïëàìåíè, ÷òî ïðåäñòàâëÿåò ñî-

áîé ïîòåíöèàëüíóþ óãðîçó äåôëàãðàöèîííîãî èëè äåòîíàöèîííîãî âçðûâà.

Âñå ñäåëàííûå âûâîäû � ñ ó÷åòîì äèñêðåòèçàöèè ñïåêòðà äëèí íåóñòîé÷è-

âûõ âîëí � ñïðàâåäëèâû íå òîëüêî äëÿ îòêðûòûõ, íî òàêæå äëÿ çàêðûòûõ

è ïîëóîòêðûòûõ êðóãëûõ öèëèíäðè÷åñêèõ òðóá.
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Geometrical shape of the �ame front and instability of the

combustion in a round tube

Stability problem is solved analytically for the plane �ame, which propagates in

a round tube. Geometrical shape (cell structure) of the �ame, which is a result

of instability development, is substantiated mathematically.
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