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A COARSE CHARACTERIZATION OF THE BAIRE

MACRO-SPACE

T. BANAKH, I. ZARICHNYI

Abstract. We prove that each coarsely homogenous separable metric space

X is coarsely equivalent to one of the spaces: the sigleton 1, the Cantor macro-

cube 2<N or the Baire macro-space ω<N. This classification is derived from
coarse characterizations of the Cantor macro-cube 2<N given in [1] and of the

Baire macro-space ω<N given in this paper. Namely, we prove that a separable

metric space X is coarsely equivalent to ω<N if any only if X has asymptotic
dimension zero and has unbounded geometry in the sense that for every δ <∞
there is ε < ∞ such that no ε-ball in X can be covered by finitely many sets
of diameter ≤ δ.

This paper is devoted to the characterization of the Baire macro space in the
coarse category. The Baire macro-space ω<N is an asymptotic counterpart of the
classical Baire space ωω =

∏ω
ω which is the Tychonoff product of countably

many copies of ω. The Baire macro-space is defined as the countable coproduct of
countably many copies of ω. For a non zero cardinal κ the coproduct

κ<N =
∐
i∈N

κ = {(xi)i∈N ∈ κN : ∃n ∈ N ∀i > n xi = 0}

is the metric space endowed with the ultrametric

d((xi)i∈N, (yi)i∈N) = max({0} ∪ {i ∈ N : xi 6= yi}).
For κ = 2 and κ = ω the coproducts κ<N have special names:

• 2<N is called the Cantor macro-cube;
• ω<N is called the Baire macro-space.

In Theorem 1 we shall prove that up to the coarse equivalence these two spaces
exhaust all possible types of coarsely homogeneous unbounded separable metric
spaces of asymptotic dimension zero.

The coarse equivalence of metric spaces can be defined with help of multi-maps.
By a multi-map Φ : X ⇒ Y between two sets X,Y we understand any subset
Φ ⊂ X × Y . For a subset A ⊂ X by Φ(A) = {y ∈ Y : ∃a ∈ A with (a, y) ∈ Φ} we
denote the image of A under the multi-map Φ. Given a point x ∈ X we write Φ(x)
instead of Φ({x}).

The inverse Φ−1 : Y ⇒ X of the multi-map Φ is the multi-map

Φ−1 = {(y, x) ∈ Y ×X : (x, y) ∈ Φ} ⊂ Y ×X
assigning to each point y ∈ Y the set Φ−1(y={x ∈ X : y ∈ Φ(x)}. For two multi-
maps Φ : X ⇒ Y and Ψ : Y ⇒ Z we define their composition Ψ ◦ Φ : X ⇒ Z as
usual:

Ψ ◦ Φ = {(x, z) ∈ X × Z : ∃y ∈ Y such that (x, y) ∈ Φ and (y, z) ∈ Ψ}.

1991 Mathematics Subject Classification. 54E35, 54E40.
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A COARSE CHARACTERIZATION OF THE BAIRE MACRO-SPACE 7

A multi-map Φ is called surjective if Φ(X) = Y and bijective if Φ ⊂ X × Y
coincides with the graph of a bijective (single-valued) function.

The oscillation of a multi-map Φ : X ⇒ Y between metric spaces is the function
ωΦ : [0,∞)→ [0,∞] assigning to each δ ≥ 0 the (finite or infinite) number

ωΦ(δ) = sup{diam (Φ(A)) : A ⊂ X, diam (A) ≤ δ}.
Observe that ωΦ(0) = 0 if and only if Φ is at most single-valued in the sense that
|Φ(x)| ≤ 1 for any x ∈ X.

A multi-map Φ : X ⇒ Y between metric spaces X and Y is called macro-uniform
if for every δ <∞ the oscillation ωΦ(δ) is finite.

A multi-map Φ : X ⇒ Y is called a macro-uniform embedding if Φ−1(Y ) = X
and both multi-maps Φ and Φ−1 are macro-uniform. If, in addition, Φ(X) = Y ,
then Φ is called a macro-uniform equivalence. Two metric spaces X,Y are called
macro-uniformly equivalent if there is a macro-uniform equivalence Φ : X ⇒ Y .

Let ε ∈ [0,∞). By the ε-connected component of a point x of a metric space
X we understand the subset Cε(x) consisting of all points y ∈ X that can be
linked with x by a sequence of points x = x0, . . . , xn = y such that d(xi−1, xi) ≤ ε
for all i ≤ n. Such a sequence x1, . . . , xn is called an ε-chain. It is easy to see
that two ε-connected componenets Cε(x), Cε(y) either coincide or are ε-disjoint
in the sense that d(x′, y′) > ε for any points x′ ∈ Cε(x), y′ ∈ Cε(y). Thus,
Cε(X) = {Cε(x) : x ∈ X} is a disjoint cover of the metric space X.

In an ultrametric space the ε-connected components Cω(x) coincide with closed
ε-balls Bε(x) = {y ∈ X : d(x, y) ≤ ε}. We recall that a metric space X is
ultrametric if its metric dX satisfies the strong triangle inequality:

d(x, z) ≤ max{d(x, y), d(y, z)} for all x, y, z ∈ X.
A metric space X has asymptotic dimension zero if for all ε > 0 the cover

Cε(X) has mesh Cε(X) < ∞. It is known that each metric space X of asymptotic
dimension zero is macro-uniformly equivalent to an ultrametric space [3].

Next, we need to introduce two cardinal characteristics covωδ (X) and Covωδ (X)
of a metric space X related to capacities of its balls. For a subset A ⊂ X let
covδ(A) be the smallest cardinality |U| of cover U of A with mesh (U) ≤ δ, where
mesh (U) = supu∈U diamU .

For positive real numbers δ, ε consider the following two cardinals:

covεδ(X) = min
x∈X

covδ(Bε(x)),

Covεδ(X) = sup
x∈X

covδ(Bε(x)),

where Bε(x) stands for the closed ε-ball centered at x.

Definition 1. We say that a metric space X

• has bounded geometry, if there exists δ > 0 such that for every ε ∈ [δ,∞)
Covεδ(X) <∞.

• has unbounded geometry, if for every δ <∞ there exists ε <∞ such that
covεδ(X) ≥ ω;

• has asymptotically isolated balls if there is δ <∞ such that for every ε <∞
covεδ(X) = 1.

Finally we recall the definition of a coarsely homogeneous metric space, intro-
duced and studied in [2].
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A metric space X is called

• isometrically homogeneous if for any points x, y ∈ X there is a bijective
isometry f : X → X such that f(x) = y;
• coarsely homogeneous if there is a function ϕ : [0,∞) → [0,∞) such that

for any points x, y ∈ X there is a macro-uniform equivalence Φ : X ⇒ X
such that y ∈ Φ(x) and ωΦ ≤ ϕ and ωΦ−1 ≤ ϕ.

It is clear that each isometrically homogeneous metric space is coarsely homoge-
neous. In particular, for each cardinal κ the space κ<N is isometrically and coarsely
homogeneous. By [2], the coarse homogeneity is preserved by macro-uniform equiv-
alences. So, each metric space that is coarsely equivalent to 2<N or ω<N is coarsely
homogeneous.

Theorem 1 (Macro-classification). Every nonempty coarsely homogeneous separa-
ble metric space X of asymptotic dimension zero is macro-uniformly equivalent to
one of the next three spaces:

• 1 if and only if X is bounded;
• 2<N if and only if X is unbounded and has bounded geometry;
• ω<N if and only if X has unbounded geometry.

This theorem follows from the coarse characterizations of the Cantor macro-
cube and Baire macro-space presented in Theorems 2 and 3. The following coarse
characterization [1] of the Cantor macro-cube 2<N is an asymptotic analog of the
classical Brouwer’s characterization [4, 7.4] of the Cantor cube 2ω.

Theorem 2 (Coarse characterization of 2<N). A metric space X is macro uniformly
equivalent to the Cantor macro-space 2<N if and only if

(1) X has asymptotic dimension zero;
(2) X has bounded geometry;
(3) X has no asymptotically isolated balls.

Next we present the coarse classification of the Baire macro-space ω<N. The
topological characterization of its topological counterpart ωω is a classical result of
Aleksandrov and Urysohn (see [4, 7.7]): A topological space X is homeomorphic to
the Baire space ωω if and only if X is Polish, zero-dimensional and nowhere locally
compact.

Theorem 3 (Coarse characterization of ω<N). A separable metric space X is
macro-uniformly equivalent to the Baire macro-space ω<N if and only if X has
asymptotic dimension zero and has unbounded geometry.

We shall prove this theorem in Section 3 using the technique of towers, developed
in [1]. Now we will look at embeddings of the Baire macro space. First let us recall
two classical topological results [4]:

• Each Polish nowhere locally compact space includes a closed topological copy
of the Bare space ωω.

• Every Polish space is a continuous image of Baire space ωω.

There are analogous statements in the coarse category.

Theorem 4. Every metric space of unbounded geometry contains a subspace which
is macro-uniformly equivalent to the Baire macro-space ω<N.
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Proof. Given a metric space X of unbounded geometry, we have to construct a
macro-uniform embedding f : ω<N → X. Let ε1 = 1. Taking into account that X
has unbounded geometry, by induction construct an increasing unbounded sequence
(εi)i∈N such that cov

εi+1

6εi
(X) ≥ ω for all i ∈ N. For every point x ∈ X the inequality

cov6εi(B(x, εi+1)) ≥ cov
εi+1

6εi
(X) ≥ ω implies the existence of a countable subset

Si ⊂ B(x, εi+1) that contains the point x and is 3εi-separated in the sense that
d(y, z) ≥ 3εi for any distinct points y, z ∈ Si. Let fi,x : ω → Si be any bijective
function such that fi,x(0) = x. For every n ∈ N let gx,n : ωn → X be the function
defined by the recursive formula: gx,1(i) = f1,x(i) and gx,n(σ, i) = gfn,x(i),n−1(σ) for

σ ∈ ωn−1. It follows that fx,n(σ, 0) = gfn,x(0),n−1(σ) = gx,n−1(σ) for all σ ∈ ωn−1.

This allows us to define a function gx : ω<N → X letting gx|ωn = gx,n for all
n ∈ N. Here we identify ωn with the subspace {(xi)i∈N ∈ ω<N : ∀i > n xi = 0} of
ω<N. One can easily check that the so-defined function gx : ω<N → X determines
a macro-uniform embedding of the Baire macro-space ω<N into X. �

A metric space X is called macro-connected if Cε(x) = X for some x ∈ X and
some ε <∞. It follows that each unbounded metric space of asymptotic dimension
zero is not macro-connected. In particular, the spaces 2<N and ω<N are not macro-
connected.

Theorem 5. If a metric space X is not macro-connected, then for each separable
metric space Y there is a surjective macro-uniform map Φ : X ⇒ Y .

Proof. First consider the subspace Z = {n2 : n ∈ N} of the space N endowed with
the Euclidean metric. Fix any countable dense subset {yn}∞n=1 in Y and observe
that the multi-map Φ : Z ⇒ Y , Φ : z 7→ B(yn, 1), is macro-uniform and surjective.
It remains to construct a surjective macro-uniform map ψ : X → Z.

Fix any points x0, x1 ∈ X and let ε0 = d(x1, x0). Since X is not macro-
connected, there is a sequence of points (xi)i∈ω of X such that xi+1 /∈ Cεi(x0)
where εi = max{i, d(xi, x0)}.

Define a function ψ : X → Z assigning to each point x ∈ X the smallest number
n2 ∈ Z such that x ∈ Cεn(x0). It is easy to check that the function ψ is surjective
and macro-uniform. Then the composition Φ ◦ ψ : X ⇒ Y is a required macro-
uniform surjective multi-map of X onto Y . �

1. Towers

The characterization Theorem 3 of the Baire macro-space ω<N will be proved
by induction on partially ordered sets called towers. The technique of towers was
created in [1] for characterization of the Cantor macro-cube 2<N. In this section
we recall the necessary information on towers.

1.1. Partially ordered sets. A partially ordered set is a set T endowed with a
reflexive antisymmetric transitive relation ≤.

A partially ordered set T is called ↑-directed if for any two points x, y ∈ T there
is a point z ∈ T such that z ≥ x and z ≥ y.

A subset C of a partially ordered set T is called ↑-cofinal if for every x ∈ T there
is y ∈ C such that y ≥ x.

By the lower cone (resp. upper cone) of a point x ∈ T we understand the set
↓x = {y ∈ T : y ≤ x} (resp. ↑x = {y ∈ T : y ≥ x}). A subset A ⊂ T will be
called a lower (resp. upper) set if ↓a ⊂ A (resp. ↑a ⊂ A) for all a ∈ A. For two
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points x ≤ y of T the intersection [x, y] = ↑x ∩ ↓y is called the order interval with
end-points x, y.

A partially ordered set T is a tree if for each point x ∈ T the lower cone ↓x is
well-ordered (in the sense that each subset A ⊂ ↓x has the smallest element.

1.2. Introducing towers. A partially ordered set T is called a tower if T is ↑-
directed and for every points x ≤ y in T the order interval [x, y] ⊂ T is finite and
linearly ordered.

This definition implies that for every point x in a tower T the upper set ↑x is
linearly ordered and is order isomorphic to a subset of ω. Since T is ↑-directed,
for any points x, y ∈ T the upper sets ↑x and ↑y have non-empty intersection and
this intersection has the smallest element x∧ y = min(↑x∩↑y) (because each order
interval in X is finite). Thus any two points x, y in a tower have the smallest upper
bound x ∧ y.

It follows that for each point x ∈ T of a tower T the lower cone ↓x endowed with
the reverse partial order is a tree of at most countable height.

1.3. Levels of a tower. Given two points x, y ∈ T we write levT (x) ≤ levT (y) if

|[x, x ∧ y]| ≤ |[y, x ∧ y]|.
Also we write levT (x) = levT (y) if |[x, x ∧ y]| = |[y, x ∧ y]|.

The relation
{(x, y) ∈ T × T : levT (x) = levT (y)}

is an equivalence relation on T dividing the tower T into equivalence classes called
the levels of T . The level containing a point x ∈ T is denoted by levT (x). Let

Lev(T ) = {levT (x) : x ∈ T}
denote the set of levels of T and

levT : T → Lev(T ), levT : x 7→ levT (x),

stand for the quotient map called the level map.
The set Lev(T ) of levels of T endowed with the order levT (x) ≤ levT (y) is a

linearly ordered set, order isomorphic to a subset of integers. For a level λ ∈ Lev(T )
by λ + 1 (resp. λ − 1) we denote the successor (resp. the predecessor) of λ in the
level set Lev(T ). If λ is a maximal (resp. minimal) level of T , then we put λ+1 = ∅
(resp. λ− 1 = ∅).

A tower T will be called ↓-bounded (resp. ↑-bounded) if the level set Lev(T )
has the smallest (resp. largest) element. Otherwise T is called ↓-unbounded (resp.
↑-unbounded). In this paper we can consider that all towers are ↑-unbounded and
↓-bounded.

The level set Lev(T ) of a ↓-bounded tower can be identified with ω, so that zero
corresponds to the smallest level of T .

1.4. The boundary of a tower. By a branch of a tower T we understand a
maximal linearly ordered subset of T . The family of all branches of T is denoted
by ∂T and is called the boundary of T . The boundary ∂T carries an ultrametric
that can be defined as follows.

Given two branches x, y ∈ ∂T let

ρ(x, y) =

{
0, if x = y,

levT (minx ∩ y), if x 6= y.
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It is a standard exercise to check that ρ is a well-defined ultrametric on the boundary
∂T of T turning ∂T into an ultrametric space.

In the sequel we shall assume that the boundary ∂T of any tower T is endowed
with the ultrametric ρ.

1.5. Degrees of points of a tower. For a point x ∈ T and a level λ ∈ Lev(T ) let
predλ(x) = λ ∩ ↓x be the set of predecessors of x on the λ-th level and degλ(x) =
|predλ(x)|. For λ = levT (x) − 1, the set predλ(x), called the set of parents of x,
is denoted by pred(x). The cardinality |pred(x)| is called the degree of x and is
denoted by deg(x). Thus deg(x) = deglevT (x)−1(x). It follows that deg(x) = 0 if
and only if x is a minimal element of T .

For levels λ, l ∈ Lev(T ) let

deglλ(T ) = min{degλ(x) : levT (x) = l} and Deglλ(T ) = sup{degλ(x) : levT (x) = l}.

We shall write degλ(T ) and Degλ(T ) instead of degλ+1
λ (T ) and Degλ+1

λ (T ), respec-
tively.

Now let us introduce several notions related to degrees. We define a tower T to
be

• homogeneous if degλ(T ) = Degλ(T ) for any level λ of T ;
• pruned if degλ(T ) > 0 for every non-minimal level λ of T .

It is easy to check that a tower T is pruned if and only if each branch of T meets
each level of T .

There is a direct dependence between the degrees of points of the tower T and
the capacities of the balls in the ultrametric space ∂T . For an arbitrary branch
x ∈ ∂T we can see that covk(Bn(x)) = degk(x ∩ Levn(T )). This implies that

deglλ(T ) = covlλ(∂T ) and Deglλ(T ) = Covlλ(∂T ).

1.6. Assigning a tower to a metric space. In the preceding section to each
tower T we have assigned the ultrametric space ∂T . In this section we describe
the converse operation assigning to each metric space X a pruned tower TLX whose
boundary ∂TLX is canonically related to the space X.

A closed discrete unbounded subset L ⊂ [0,∞) will be called a level set. Given
a metric space X and a level set L ⊂ [0,∞) consider the set

TLX = {(Cλ(x), λ) : x ∈ X, λ ∈ L}

endowed with the partial order (Cλ(x), λ) ≤ (Cl(y), l) if λ ≤ l and Cλ(x) ⊂ Cl(y).
Here, as expected, Cλ(x) stands for the λ-connected component of x in X.

The tower TLX will be called the canonical L-tower of a metric space X. Observe
that for each point x ∈ X the set CL(x) = {(Cλ(x), λ) : λ ∈ L} is a branch of the
tower TLX , so the map

CL : X → ∂TLX , CL : x 7→ CL(x),

called the canonical map, is well-defined.
The following important fact was proved in [1, 4.6].

Corollary 1. Let L ⊂ [0,∞) be a level set. The canonical map CL : X → ∂TLX
of a metric space X into the boundary of its canonical L-tower is a macro-uniform
equivalence if and only if X has macro-uniform dimension zero.
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1.7. Tower morphisms. A map ϕ : S → T is defined to be

• monotone if for any x, y ∈ S the inequality x < y implies ϕ(x) < ϕ(y);
• level-preserving if there is an injective map ϕLev : Lev(S)→ Lev(T ) making

the following diagram commutative:

S
ϕ−−−−→ T

levS

y ylevT

Lev(S) −−−−→
ϕLev

Lev(T ).

For a monotone level-preserving map ϕ : S → T the induced map ϕLev :
Lev(S)→ Lev(T ) is monotone and injective.

A monotone level-preserving map ϕ : S → T is called

• a tower isomorphism if it is bijective;
• a tower embedding if it is injective.

1.8. Induced multi-maps between boundaries of towers. Each monotone
map ϕ : S → T between towers induces a multi-map ∂ϕ : ∂S ⇒ ∂T assigning to
a branch β ⊂ S the set ∂ϕ(β) ⊂ ∂T of all branches of T that contain the linearly
ordered subset ϕ(β) of T . It follows that ∂ϕ(β) 6= ∅ and hence (∂ϕ)−1(∂T ) = ∂S.

1.9. Level subtowers. It is clear that each ↑-directed subset S of a tower T is a
tower with respect to the partial order inherited from T . In this case we say that
S is a subtower of T . A typical example of a subtower of T is a level subtower

TL = {x ∈ T : levT (x) ∈ L},

where L ⊂ Lev(T ) is an ↑-cofinal subset of the level set of the tower T .
The following proposition was proved in [1, 5.8].

Proposition 2. Let S, T be pruned towers and f : Lev(S)→ Lev(T ) be a monotone

(and surjective) map. If Degλ+1
λ (S) ≤ deg

f(λ+1)
f(λ) (T ) (and degλ+1

λ (S) ≥ Deg
f(λ+1)
f(λ) (T ))

for each non-maximal level λ ∈ Lev(S), then there is a tower embedding (a tower
isomorphism) ϕ : S → T such that ϕlev = f .

2. Proof of Theorem 3

To prove the “only if” part, assume that a separable metric space X is macro-
uniformly equivalent to the Baire macro-space ω<N and fix a macro-uniform equiv-
alence Φ : X ⇒ ω<N. The Baire macro-space ω<N is ultrametric and hence has
asymptotic dimension zero, see [3]. Since the asymtotic dimension is preserved by
macro-uniform equivalences [5, p.129], the space X also has asymptotic dimension
zero. It remains to prove that for every δ <∞ there is ε <∞ such that covεδ(X) ≥
ω. Given δ < ∞ consoder the finite number δ′ = ωΦ(δ). Since the macro-Baire

space ω<N has unbounded geometry, there is ε′ < ∞ such that covε
′

δ′(ω
<N) = ω.

Then for the number ε = ωΦ−1(ε′) we get covεδ(X) ≥ covε
′

δ′(ω
<N) = ω.

To prove the “if” part, assume that a metric separable space X has asymptotic
dimension zero and has unbounded geometry. Put δ1 = 1. For every natural i, we
can find δi > δi−1 + 1 such that covδiδi−1

(X) = ω. Let L = {δi}i∈N ⊂ (0,∞) and

consider the canonical L-tower TLX = {(Cλ(x), λ) : x ∈ X, λ ∈ L} of the metric
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space X. Its level set Lev(TLX) can identified with set L. By Corollary 1, the
canonical mapping

CL : X → ∂TLX , CL : x 7→ CL(x) = {(Cλ(x), λ) : λ ∈ L},

is a macro-uniform equivalence. Since covδiδi−1
(X) = Covδiδi−1

(X) = ω, the tower

TLX is homogeneous with degλ(TLX) = Degλ(TLX) = ω for each non-minimal λ ∈ L.
Let Tω be the canonical tower of the Baire macro-space ω<N with the level set N.

It is clear that Tω is a homogeneous tower with degn(Tω) = Degn(Tω) = ω for each
n ≥ 2. By Proposition 2 there is an isomorphism ϕ : TLX → Tω between the towers
TLX and Tω. This isomorphism induces a macro-uniform equivalence between the
boundaries ∂TLX and ∂Tw = ω<N. Taking into account that ∂TLX is macro-uniformly
equivalent to X, we conclude that X is macro-uniformly equivalent to ω<N = ∂Tω.

3. Proof of Theorem 1

LetX be a coarsely homogeneous separable metric space of asymptotic dimension
zero. Since the space X is coarsely homogeneous, there is a function ϕ : [0,∞) →
[0,∞) such that for any points x, y ∈ X there is a macro-uniform equivalence
Φ : X ⇒ X such that y ∈ Φ(x) and max{ωΦ, ωΦ−1} ≤ ϕ.

To prove Theorem 1, it is sufficient to check three possible cases.

1. If X is bounded, then the constant map Φ : X → 1 = {0} is a macro-uniform
equivalence, so X is coarsely equivalent to the singleton 1.

2. Now assume that X is unbounded but has bounded geometry. We shall prove
that X has no asymptotically isolated balls. Given any δ < ∞ we should find
ε <∞ such that Bε(x) 6= Bδ(x) for all x ∈ X.

For the number δ consider the number δ′ = ϕ(δ). Since the metric space X is
unbounded, there are two points y, z ∈ X on the distance ε′ = d(y, z) > δ′. Next,
consider the number ε = ϕ(ε′). We claim that Bε(x) 6= Bδ(x) for all x ∈ X. For
this find a macro-uniform equivalence Φ : X ⇒ X such that y ∈ Φ(x) and ωΦ ≤ ϕ,
ωΦ−1 ≤ ϕ. It follows that Φ(Bδ(x)) ⊂ BωΦ(δ)(y) ⊂ Bϕ(δ)(y) = Bδ′(y) 63 z and hence

Φ−1(z) ∩ Bδ(x) = ∅. On the other hand, Φ−1(z) ⊂ Φ−1(Bε′(y)) ⊂ BωΦ−1 (ε′)(x) ⊂
Bϕ(ε′)(x) ⊂ Bε(x), which implies that Bε(x) 6= Bδ(x). By Theorem 2, the metric

space X is macro-uniformly equivalent to the Cantor macro-cube 2<N.

3. Finally, assume that X is not of bounded geometry. Theorem 3 will imply that
X is macro-uniformly equivalent to the Baire macro-space ω<N as soon as we check
that X is of unbounded geometry. Assume conversely that X is not of unbounded
geometry. This means that there is δ <∞ such that for every ε <∞ there is a point
x ∈ X with covδ(Bε(x)) < ∞. To derive a contradiction, we shall prove that the
metric space X is of bounded geometry. Let δ′ = ϕ(δ). Given any ε′ <∞ we shall

prove that Covε
′

δ′(X) <∞. Consider the number ε = ϕ(ε′) and find a point x ∈ X
such that m = covδ(Bε(x)) < ∞. We claim that Covε

′

δ′(X) ≤ m. This inequality
will follow as soon as we check that covδ′(Bε′(y)) ≤ m for any point y ∈ X. By
the choice of the function ϕ, there is a macro-uniform equivalence Φ : X ⇒ X
such that y ∈ Φ(x) and max{ωΦ, ωΦ−1} ≤ ϕ. The inequality covδ(Bε(x)) ≤ m
implies the existence of a cover U of the ball Bε(x) having cardinality |U| ≤ m and
mesh (U) ≤ δ.

Then the family V = {Φ(U) : U ∈ U} is the cover of the ball

Bε′(y) ⊂ Φ ◦ Φ−1(B′ε(y)) ⊂ Φ(BωΦ−1 (ε′)(x)) ⊂ Φ(Bϕ(ε′)(x)) = Φ(Bε(x))
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and has mesh (V) ≤ ωΦ(δ′) ≤ ϕ(δ) = δ′. Since |V| ≤ |U| ≤ m, we conclude
that covδ′(Bε′(y)) ≤ m. Thus, the space X has bounded geometry and this is a
desired contradiction showing that X has unbounded geometry and hence is macro-
uniformly equivalent to the Baire macro-space w<N according to Theorem 3.
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Î ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ
"â öåëîì" íåêîòîðûõ êëàññîâ îáîáùåííî-
ðåêóððåíòíûõ êåëåðîâûõ ïðîñòðàíñòâ

Å.Í. Ñèíþêîâà

Abstract Ó ñòàòòi íàâåäåíi äåòàëüíi äîâåäåííÿ äâîõ òåîðåì ïðî

ãîëîìîðôíî-ïðîåêòèâíó îäíîçíà÷íó âèçíà÷åíiñòü ó öiëîìó êîìïàêòíèõ, ó

ïåâíîìó ñåíñi óçàãàëüíåíî-ðåêóðåíòíèõ êåëåðîâèõ ïðîñòîðiâ. Äîñëiäæåííÿ

 ðóíòóþòüñÿ íà çàñòîñóâàííi òåîðåì Å. Õîïôà.

Ïîä Cr-ìíîãîîáðàçèåì Mn (n ∈ N , r > 1) â ðàáîòå ïîíèìàåòñÿ

õàóñäîðôîâî òîïîëîãè÷åñêîå ïðîñòðàíñòâî ñî ñ÷åòíîé áàçîé, ó êàæäîé

òî÷êè êîòîðîãî ñóùåñòâóåò îêðåñòíîñòü, ãîìåîìîðôíàÿ íåêîòîðîé îáëàñòè

ïðîñòðàíñòâà Rn, ëþáûå äâå òàêèå îêðåñòíîñòè Cr-ñîãëàñîâàíû ìåæäó

ñîáîé. Íà ïîäîáíîì ìíîãîîáðàçèè ñóùåñòâóåò ðèìàíîâà Cr−1-ìåòðèêà

(çàäàâàåìàÿ áåñêîíå÷íûì ÷èñëîì ñïîñîáîâ, íå îáÿçàòåëüíî ïîëîæèòåëüíî

îïðåäåëåííàÿ), ïðåâðàùàþùàÿ åãî â ðèìàíîâî Cr-ïðîñòðàíñòâî V n [1].

Âåùåñòâåííîå n-ìåðíîå ðèìàíîâî Cr-ïðîñòðàíñòâî íàçûâàåòñÿ

êåëåðîâûì Cr-ïðîñòðàíñòâîì Kn (n ≥ 2, r ≥ 2), åñëè â íåì

ñóùåñòâóåò òåíçîð êîìïëåêñíîé ñòðóêòóðû F ij (x
1, x2, ..., xn), òî åñòü

òåíçîð, óäîâëåòâîðÿþùèé ñîîòíîøåíèÿì:

FhαF
α
i = −δhi , gαβF

α
i F

β
j = gij , Fhi,j = 0.

Çäåñü, êàê îáû÷íî, gij � ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà Kn.

Ëþáîå êåëåðîâî ïðîñòðàíñòâî èìååò ÷åòíóþ ðàçìåðíîñòü è ÿâëÿåòñÿ

îðèåíòèðóåìûì [2,3].

Ïóñòü J � íåïóñòîé èíòåðâàë ïðÿìîé. Äèôôåðåíöèðóåìûì ïóòåì êëàññà

Ck â Cr-ìíîãîîáðàçèè Mn (1 ≤ k ≤ r) íàçûâàþò Ck-îòîáðàæåíèå l : J →
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Mn. Ck-ïóòè l1 : J1 →Mn è l2 : J2 →Mn ñ÷èòàþò Ck-ýêâèâàëåíòíûìè, åñëè

ñóùåñòâóåò òàêîé Ck-äèôôåîìîðôèçì γ : J1 → J2, ÷òî l1 = l2◦γ íà J1. Êëàññ
Ck-ýêâèâàëåíòíûõ Ck-ïóòåé íàçûâàþò Ck-êðèâîé â Mn, êàæäûé ïóòü

ýòîãî êëàññà � ïàðàìåòðèçàöèåé äàííîé êðèâîé. Ck-êðèâàÿ L îäíîçíà÷íî

îïðåäåëÿåòñÿ ëþáûì ñâîèì ïóòåì l. Â êàæäîé ëîêàëüíîé ñèñòåìå êîîðäèíàò

Ck-ïóòü l çàäàåòñÿ óðàâíåíèÿìè:

xh = xh(t), t ∈ J, xh(t) ∈ Ck. (1)

C2-êðèâàÿ γ êåëåðîâà Cr-ïðîñòðàíñòâà Kn (n ≥ 2, r > 1), â

ëîêàëüíîé ñèñòåìå êîîðäèíàò îïðåäåëÿåìàÿ óðàâíåíèÿìè (1), íàçûâàåòñÿ

àíàëèòè÷åñêè ïëàíàðíîé, åñëè â êàæäîé òî÷êå M(x1(t), x2(t), ..., xn(t)) äëÿ

íåå ñïðàâåäëèâû ñîîòíîøåíèÿ

ηh, αη
α ≡ dηh

dt
+ Ãhαβη

αηβ = a(t)ηh + b(t)Fhαη
α, (2)

ãäå ηh = dxh

dt � êàñàòåëüíûé âåêòîð ê äàííîé êðèâîé â òî÷êå M , a(t) è b(t)

� íåêîòîðûå ôóíêöèè ïàðàìåòðà t.

Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ óñëîâèÿ (2) ãîâîðÿò î òîì,

÷òî ïðè ïàðàëëåëüíîì ïåðåíåñåíèè âäîëü àíàëèòè÷åñêè ïëàíàðíîé

êðèâîé êàñàòåëüíûé âåêòîð ηh îñòàåòñÿ ïðèíàäëåæàùèì äâóìåðíîìó

ðàñïðåäåëåíèþ, íàòÿíóòîìó íà ηh è ñîïðÿæåííûé ñ íèì âåêòîð Fhαη
α.

Èç (2) âûòåêàåò, ÷òî â ëþáîì êåëåðîâîì ïðîñòðàíñòâå ÷åðåç êàæäóþ

òî÷êó, â êàæäîì íàïðàâëåíèè ìîæíî ïðîâåñòè àíàëèòè÷åñêè ïëàíàðíóþ

êðèâóþ.

Ïóñòü îòîáðàæåíèå f : Kn → K
n

êåëåðîâà Cr-ïðîñòðàíñòâà

Kn íà êåëåðîâî Cr-ïðîñòðàíñòâî K
n

ÿâëÿåòñÿ Cr-äèôôåîìîðôèçìîì

(n ≥ 2, r > 1) è, êðîìå òîãî, ñîõðàíÿåò êîìïëåêñíóþ ñòðóêòóðó.

Åñëè ïðè ýòîì âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè íàõîäÿòñÿ è

àíàëèòè÷åñêè ïëàíàðíûå êðèâûå îáîèõ ïðîñòðàíñòâ, òî îòîáðàæåíèå f

íàçûâàþò ñîõðàíÿþùèì êîìïëåêñíóþ ñòðóêòóðó àíàëèòè÷åñêè ïëàíàðíûì

èëè ãîëîìîðôíî-ïðîåêòèâíûì îòîáðàæåíèåì (ãëîáàëüíî, â öåëîì) êåëåðîâà

ïðîñòðàíñòâà Kn íà êåëåðîâî ïðîñòðàíñòâî K
n
[4].

×àùå, îäíàêî, ðàññìàòðèâàþò ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ

ëîêàëüíîãî õàðàêòåðà. Ïóñòü îòîáðàæåíèå f , îïðåäåëåííîå â íåêîòîðîé

îêðåñòíîñòè U òî÷êè M0 êåëåðîâà Cr-ïðîñòðàíñòâà Kn (n ≥ 2, r > 1),

Cr-äèôôåîìîðôíî ïåðåâîäèò ýòó îêðåñòíîñòü â íåêîòîðóþ îêðåñòíîñòü U

êåëåðîâà Cr-ïðîñòðàíñòâà K
n
è ïðè ýòîì àíàëèòè÷åñêè ïëàíàðíûå êðèâûå

îáåèõ îêðåñòíîñòåé âçàèìíîîäíîçíà÷íî ñîîòâåòñòâóþò äðóã äðóãó. Òîãäà
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f � ãîëîìîðôíî-ïðîåêòèâíîå îòîáðàæåíèå â îêðåñòíîñòè òî÷êè M0. Åñëè

òàêèå îòîáðàæåíèÿ f ìîæíî îïðåäåëèòü äëÿ êàæäîé òî÷êè ïðîñòðàíñòâà

Kn, òî ãîâîðÿò, ÷òî Kn ëîêàëüíî äîïóñêàåò ãîëîìîðôíî-ïðîåêòèâíûå

îòîáðàæåíèÿ.

Êàê â äàííîì îïðåäåëåíèè, òàê è ïðè ïîñëåäóþùåì èçëîæåíèè,

ãîâîðÿ î ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ êåëåðîâûõ ïðîñòðàíñòâ,

äëÿ ñîêðàùåíèÿ çàïèñè ìû íå áóäåì êàæäûé ðàç ïîä÷åðêèâàòü, ÷òî

ðàññìàòðèâàåìîå îòîáðàæåíèå ñîõðàíÿåò êîìïëåêñíóþ ñòðóêòóðó. Îäíàêî

âñåãäà áóäåì èìåòü ýòî â âèäó.

Èç ïðèâåäåííûõ îïðåäåëåíèé âûòåêàåò, ÷òî âñÿêîå ãîëîìîðôíî-

ïðîåêòèâíîå îòîáðàæåíèå â öåëîì ÿâëÿåòñÿ è ëîêàëüíûì ãîëîìîðôíî-

ïðîåêòèâíûì îòîáðàæåíèåì. Áîëåå òîãî, Cr-äèôôåîìîðôèçì ìåæäó

êåëåðîâûìè Cr-ïðîñòðàíñòâàìè Kn è K
n
, ÿâëÿþùèéñÿ ëîêàëüíûì

ãîëîìîðôíî-ïðîåêòèâíûì îòîáðàæåíèåì, áóäåò è ãîëîìîðôíî-

ïðîåêòèâíûì îòîáðàæåíèåì Kn íà K
n
â öåëîì. Òåì íè ìåíåå, ñóùåñòâóþò

øèðîêèå êëàññû ïðîñòðàíñòâ Kn, ëîêàëüíî äîïóñêàþùèõ íåòðèâèàëüíûå

(îòëè÷íûå îò àôôèííûõ) ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ, íî íå

äîïóñêàþùèõ òàêèõ îòîáðàæåíèé â öåëîì (ñì., íàïðèìåð, [5]).

Ïóñòü êîîðäèíàòíàÿ îêðåñòíîñòü U Cr-ïðîñòðàíñòâà Kn (n > 1,

r > 1) Cr-äèôôåîìîðôíà íåêîòîðîé êîîðäèíàòíîé îêðåñòíîñòè U

Cr-ïðîñòðàíñòâà Kn. Äîêàçàíî (ñì., íàïðèìåð, [4]), ÷òî ýòîò Cr-

äèôôåîìîðôèçì òîãäà è òîëüêî òîãäà áóäåò ãîëîìîðôíî-ïðîåêòèâíûì îòî-

áðàæåíèåì U íà U , êîãäà â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò

âûïîëíÿþòñÿ óñëîâèÿ:

gij,k = 2ψkgij + ψ(igj)k − ψαFα(igj)βF
β
k . (3)

Çäåñü gij � ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâàK
n
, ψi � íåêîòîðûé êîâåêòîð,

êîâàðèàíòíîå äèôôåðåíöèðîâàíèå ïðîèçâîäèòñÿ â ïðîñòðàíñòâå Kn,

êðóãëûå ñêîáêè îáîçíà÷àþò ñèììåòðèðîâàíèå áåç äåëåíèÿ ïî çàêëþ÷åííûì

â íèõ èíäåêñàì.

Â ñîîòâåòñòâèè ñ ïðèâåäåííûìè âûøå îïðåäåëåíèÿìè, ñîîòíîøåíèÿ (3),

î÷åâèäíî, ìîæíî èñïîëüçîâàòü è äëÿ èçó÷åíèÿ ãîëîìîðôíî-ïðîåêòèâíûõ

îòîáðàæåíèé êåëåðîâûõ ïðîñòðàíñòâ â öåëîì: äëÿ òîãî, ÷òîáû Cr-

äèôôåîìîðôèçì ìåæäó Cr-ïðîñòðàíñòâàìè Kn è Kn (n ≥ 2, r > 1) áûë

ãîëîìîðôíî-ïðîåêòèâíûì îòîáðàæåíèåì Kn íà Kn â öåëîì íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû â îêðåñòíîñòè êàæäîé òî÷êè ïðîñòðàíñòâà Kn â îáùåé

ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò âûïîëíÿëèñü óñëîâèÿ (3).
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Ôèãóðèðóþùèé â (3) êîâåêòîð ψi îïðåäåëÿåò äàííîå ãîëîìîðôíî-

ïðîåêòèâíîå îòîáðàæåíèå. Îí ãðàäèåíòåí:

ψi = ∂iψ =
1

2(n+ 2)
∂i ln

∣∣∣∣gg
∣∣∣∣ , (4)

ãäå g = det||gij ||(6= 0), g = det||gij ||(6= 0).

Èç (4) âûòåêàåò ÷òî ïðè ãëîáàëüíîì õàðàêòåðå îòîáðàæåíèÿ êîâåêòîð ψi
è èíâàðèàíò ψ îïðåäåëåíû â öåëîì, íà âñåì ïðîñòðàíñòâå Kn.

Ñëó÷àé ψi ≡ 0 ïðèâîäèò ê àôôèííîìó îòîáðàæåíèþ è ïîòîìó

ñ÷èòàåòñÿ òðèâèàëüíûì. Ïîä íåòðèâèàëüíûìè ãîëîìîðôíî-ïðîåêòèâíûìè

îòîáðàæåíèÿìè ïîíèìàþò òàêèå, äëÿ êîòîðûõ ψi íå òîæäåñòâåííûé íóëü.

Ïðîñòðàíñòâà, íå äîïóñêàþùèå íåòðèâèàëüíûõ ãîëîìîðôíî-

ïðîåêòèâíûõ îòîáðàæåíèé (â öåëîì èëè ëîêàëüíî), íàçûâàþò ãîëîìîðôíî-

ïðîåêòèâíî îäíîçíà÷íî îïðåäåëåííûìè (ñîîòâåñòâåííî, â öåëîì èëè

ëîêàëüíî), ìîæíî óòâåðæäàòü, ÷òî èõ îáúåêòû àôôèííîé ñâÿçíîñòè âïîëíå

îïðåäåëÿþòñÿ ( â öåëîì èëè ëîêàëüíî) ñîâîêóïíîñòüþ èõ àíàëèòè÷åñêè

ïëàíàðíûõ êðèâûõ.

Î÷åâèäíî, ÷òî âîïðîñ î òîì, äîïóñêàåò ëè äàííîå Kn ëîêàëüíî

èëè ãëîáàëüíî íåòðèâèàëüíûå ãåîäåçè÷åñêèå îòîáðàæåíèÿ, ñâîäèòñÿ ê

âîïðîñó ñóùåñòâîâàíèÿ â íåêîòîðîé îêðåñòíîñòè êàæäîé òî÷êè Kn èëè

íà âñåì Kn ñèììåòðè÷íîãî íåîñîáåííîãî Cr−1-òåíçîðà gij è íå ðàâíîãî

òîæäåñòâåííî íóëþ Cr−2-êîâåêòîðà ψi, óäîâëåòâîðÿþùèõ óðàâíåíèÿì (3),

(4). Ñëåäîâàòåëüíî, â çàäàííîì êåëåðîâîì ïðîñòðàíñòâå Kn óðàâíåíèÿ (3),

(4) îáðàçóþò îñíîâíóþ ñèñòåìó óðàâíåíèé òåîðèè ãîëîìîðôíî-ïðîåêòèâíûõ

îòîáðàæåíèé. Ýòî ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

â êîâàðèàíòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà îòíîñèòåëüíî êîìïîíåíò

òåíçîðà gij , íå ÿâëÿþùàÿñÿ ñèñòåìîé òèïà Êîøè. Â îáùåì ñëó÷àå òàêèå

ñèñòåìû íå äîïóñêàþò ýôôåêòèâíîãî èññëåäîâàíèÿ ðåãóëÿðíûìè ìåòîäàìè

íà ïðåäìåò ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè èõ ðåøåíèé.

Ñëåäóÿ Ñèíþêîâó Í. Ñ.[6], Ìèêåø É. è Äîìàøåâ Â. Â. ïîëîæèëè

aij = e2ψgαβgαigβj , λi = −e2ψψαgαβgβi,

µ = e2ψ[(n+ 2)ψαψβ − ψα,β ]gαβ , (5)

÷òî ïðèâåëî ê ýêâèâàëåíòíîé, íî óæå äîïóñêàþùåé ýôôåêòèâíîå

èññëåäîâàíèå ñèñòåìå

aij,k = λ(igj)k + λ(iFj)k, (6)

nλi,k = µgik − aαβRα β
ik. , (7)
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µ,k = 2λαR
α
.k, (8)

ãäå

λi = λαF
α
i . (9)

Áûëà äîêàçàíà ñëåäóþùàÿ îñíîâíàÿ òåîðåìà òåîðèè ãîëîìîðôíî-

ïðîåêòèâíûõ îòîáðàæåíèé êåëåðîâûõ ïðîñòðàíñòâ [?,6].

Òåîðåìà. Äëÿ òîãî, ÷òîáû êåëåðîâî Cr-ïðîñòðàíñòâî Kn (n ≥ 2,

r > 3) äîïóñêàëî íåòðèâèàëüíûå ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ

ñ ñîõðàíåíèåì êîìïëåêñíîé ñòðóêòóðû, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (6)−(8) èìåëà â ýòîì ïðîñòðàíñòâå

ðåøåíèå îòíîñèòåëüíî ñèììåòðè÷íîãî íåîñîáåííîãî òåíçîðà aij , äëÿ

êîòîðîãî

Fαi F
β
j aαβ ≡ aij , (10)

íå ðàâíîãî òîæäåñòâåííî íóëþ êîâåêòîðà λi è èíâàðèàíòà µ.

Ñèñòåìà (6) − (8) ïåðâîãî ïîðÿäêà, òèïà Êîøè, ëèíåéíàÿ, ñ îäíîçíà÷íî

îïðåäåëåííûìè ïðîñòðàíñòâîì Kn êîýôôèöèåíòàìè. Îíà îïèñûâàåò êàê

ëîêàëüíûå, òàê è ãëîáàëüíûå ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ.

Êîâåêòîð λi, óäîâëåòâîðÿþùèé (6)− (8), ãðàäèåíòåí: λi ≡ ∂iλ;

µ = λα.,α ≡ gij
∂2λ

∂xi∂xj
− λαÃαijgij (11)

Êðîìå òîãî, äëÿ êîâåêòîðà λi èç (6− 8) ñïðàâåäëèâû ñîîòíîøåíèÿ

λα,βF
α
i F

β
j = λi,j . (12)

Ïî èçâåñòíîìó ðåøåíèþ ñèñòåìû (6) − (8) ìåòðè÷åñêèé òåíçîð

gij ïðîñòðàíñòâà Kn, íà êîòîðîå â ñèëó íàëè÷èÿ ýòîãî ðåøåíèÿ,

ðàññìàòðèâàåìîå ïðîñòðàíñòâî Kn äîïóñêàåò íåòðèâèàëüíîå ãåîäåçè÷åñêîå

îòîáðàæåíèå, íàõîäèòñÿ èç ñîîòíîøåíèé, îáðàòíûõ ê (5)). Èìåííî, èç (5)

âûòåêàåò, ÷òî

ψi = −λαaαβgβi =
1

2
∂i ln

∣∣∣∣ g̃g
∣∣∣∣ , (13)

ãäå aαβ � ýëåìåíòû ìàòðèöû, îáðàòíîé ê ||aij ||, g̃ = det ||aij.. ||. Çíà÷èò, ñ
òî÷íîñòüþ äî ïîñòîÿííîé

ψ =
1

2
ln

∣∣∣∣ g̃g
∣∣∣∣

è, â ñèëó (5),

gij = e2ψaαβgαigβj . (14)

Ñèñòåìà (6) − (8) íå âñåãäà ñîâìåñòíà. Äëÿ òîãî, ÷òîáû îíà èìåëà

ðåøåíèÿ, íåîáõîäèìî, ÷òîáû âûïîëíÿëèñü óñëîâèÿ åå èíòåãðèðóåìîñòè è
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èõ ïîñëåäîâàòåëüíûå äèôôåðåíöèàëüíûå ïðîäîëæåíèÿ, ïðåäñòàâëÿþùèå

ñîáîé, â ñèëó ëèíåéíîãî õàðàêòåðà äàííîé ñèñòåìû, ñîâîêóïíîñòü ëèíåéíûõ

îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî aij (≡ aji), λi,

òîæäåñòâåííî íå ðàâíîãî íóëþ, è µ. Ïðèâåäåì ëèøü èñïîëüçóåìûå â

äàëüíåéøåì óñëîâèÿ èíòåãðèðóåìîñòè ïåðâîé ãðóïïû óðàâíåíèé äàííîé

ñèñòåìû. Â ñîîòâåòñòâèè ñ (6)− (8), îíè èìåþò âèä

aαβT
αβ
ijkl = 0, (15)

ãäå

Tαβijkl = nδα(iR
β
j)kl + gl(iT

αβ
j)k − gk(iT

αβ
j)l − Fl(iF

γ
j)T

αβ
γk + Fk(iF

γ
j)T

αβ
γl , (16)

Tαβγl = δαi R
β
k −R

α
ik

β
. . (17)

Àìåðèêàíñêèé ìàòåìàòèê Ý. Õîïô, èññëåäîâàâ ëèíåéíûé

äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà

L(f) = ujk
∂2f

∂xj∂xk
+ vi

∂f

∂xi
, (18)

ãäå ujk(x) è vi(x) � íåïðåðûâíûå ôóíêöèè òî÷êè n-ìåðíîãî ìíîãîîáðàçèÿ,

äîêàçàë ñëåäóþùóþ òåîðåìó, íàçâàííóþ âïîñëåäñòâèè åãî èìåíåì.

Òåîðåìà (Õîïôà)[3]. Åñëè âñþäó â êîìïàêòíîì C2-ìíîãîîáðàçèè Mn

(n ≥ 1) C2-ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ

L(f) ≥ 0

èëè

L(f) ≤ 0,

ãäå L(f) � äèôôåðåíöèàëüíûé îïåðàòîð âèäà (18), ujk(x) � êîýôôèöèåíòû

êâàäðàòè÷íîé ôîðìû, ïîëîæèòåëüíî îïðåäåëåííîé â ëþáîé òî÷êå Mn, à

vi(x) � ïðîèçâîëüíûå íåïðåðûâíûå ôóíêöèè, òî ∂if = ∂f
∂xi ≡ 0 âñþäó â Mn.

Íà îñíîâàíèè ýòîé òåîðåìû, èññëåäóÿ óñëîâèÿ èíòåãðèðóåìîñòè

óðàâíåíèé ñèñòåìû (6)− (8) è èõ äèôôåðåíöèàëüíûå ïðîäîëæåíèÿ, ìîæíî

ïîêàçàòü, ÷òî èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Êîìïàêòíûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé

êåëåðîâû Cr-ïðîñòðàíñòâà Kn (n > 2, r > 4), â êîòîðûõ Eij 6= 0 è

âûïîëíåíû ðåêóððåíòíûå ñîîòíîøåíèÿ
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T
(αβ)
ijkl,mhg

mjghlEik.. =
1

n
T (αβ)

(
δγµgνm + +F γµF

)
T

(µν)
ijkl g

mjghlEik.. + (19)

+T
(αβ)
ijkl W

ijkl + T
(αβ)
ijkl,mW

ijklm,

ãäå W ijkl è W ijklm � íåêîòîðûå êîíòðàâàðèàíòíûå òåíçîðû, â öåëîì íå

äîïóñêàþò íåòðèâèàëüíûõ ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé.

Äîêàçàòåëüñòâî. Åñëè óäîâëåòâîðÿþùåå óñëîâèÿì òåîðåìû 1

êåëåðîâî ïðîñòðàíñòâî Kn â öåëîì äîïóñêàåò íåòðèâèàëüíîå ãîëîìîðôíî-

ïðîåêòèâíîå îòîáðàæåíèå, à òåíçîðû aij , λi (íå òîæäåñòâåííûé íîëü), µ

îáðàçóþò îòâå÷àþùåå ýòîìó îòîáðàæåíèþ ðåøåíèå ñèñòåìû (6) − (8), òî

ñïðàâåäëèâû è óñëîâèÿ èíòåãðèðóåìîñòè ïåðâîé ãðóïïû óðàâíåíèé ñèñòåìû

(6)− (8), òî åñòü âûïîëíåíû ñîîòíîøåíèÿ (15).

Ñ ó÷åòîì óðàâíåíèé ñèñòåìû (6) − (8), ïåðâûå è âòîðûå

äèôôåðåíöèàëüíûå ïðîäîëæåíèÿ (15) ñîîòâåòñòâåííî èìåþò âèä:

λγ (δγαgβm + F γαFβm)T
(αβ)
ijkl + aαβT

αβ
ijkl,m = 0 (20)

è
1

n
µ (gαhgβm + FαhFβm)T

(αβ)
ijkl + λαU

α
ijklmh + aαβV

αβ
ijklmh = 0, (21)

ãäå

Uαijklmh = (δγαgβσ + F γαFβσ)T
(αβ)
ijkl,(hδ

σ
m);

V αβijklmh = Tαβijkl,mh +
1

n
Tαβγh

(
δγµgνm + F γµFνm

)
T

(µν)
ijkl . (22)

Ñâåðíóâ (21) ñ gmjghlEik.. , íàéäåì

(n− 2)µEαβE
αβ
.. + λαU

α
ijklmhg

mjghlEik.. + aαβV
αβ
ijklmhg

mjghlEik.. = 0. (23)

Íî, â ñèëó (22), âûïîëíÿþùèåñÿ â ðàññìàòðèâàåìîì ïðîñòðàíñòâå

ðåêóððåíòíûå ñîîòíîøåíèÿ (20) ïðåäñòàâèìû â âèäå

V αβijklmhg
mjghlEik.. = T

(αβ)
ijkl W

ijkl + T
(αβ)
ijkl,mW

ijklm.

Çíà÷èò, íà îñíîâàíèè (15) è (20),

aαβV
αβ
ijklmhg

mjghlEik.. = aαβT
αβ
ijklW

ijkl + aαβT
αβ
ijkl,mW

ijklm =

= −λα
(
δαγ gβm + Fαγ Fβm

)
T

(γβ)
ijkl W

ijkl. (24)

Òåïåðü (23) ìîæíî ïåðåïèñàòü êàê

(n−2)µEαβE
αβ
.. +λα

[
Uαijklmhg

mjghlEik.. −
(
δαγ gβm + Fαγ Fβm

)
T

(γβ)
ijkl W

ijkl
]

= 0.

(25)



22 Å.Í. Ñèíþêîâà

Äëÿ íàøåãî ïðîñòðàíñòâà Kn ðàçìåðíîñòü n > 2, ìåòðè÷åñêàÿ ôîðìà

ïîëîæèòåëüíî îïðåäåëåíà è Eij 6= 0. Ïîýòîìó (n − 2)EαβE
αβ
.. > 0 è

ñîîòíîøåíèÿ (25) ýêâèâàëåíòíû ñîîòíîøåíèÿì

gij
∂2λ

∂xi∂xj
+ λαP

α = 0, (26)

ãäå

Pα =
1

(n− 1)EmµEmµ..

[
Uαijklmhg

mjghlEik.. −
(
δαγ gβm + Fαγ F

)
T

(γβ)
ijkl W

ijkl
]
−

−Ãαijgij .

Ïî òåîðåìå Õîïôà, êîòîðàÿ çäåñü, î÷åâèäíî, ïðèìåíèìà, èç (26) âûòåêàåò,

÷òî λi ≡ 0 â Kn. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìîå îòîáðàæåíèå íå ìîæåò

áûòü íåòðèâèàëüíûì. Òåîðåìà 1 äîêàçàíà.

Åñëè èñïîëüçîâàòü òàê íàçûâàåìîå ñâîéñòâî ÷èñòîòû ìåòðèêè êåëåðîâûõ

ïðîñòðàíñòâ îòíîñèòåëüíî êîìïëåêñíîé ñòðóêòóðû, óêàçàííûå â íà÷àëå

ñòàòüè, òî ðåêóððåíòíûå ñîîòíîøåíèÿ (20) ìîæíî çàäàòü è â íåñêîëüêî áîëåå

îáùåì âèäå:

lT
(αβ)
ijkl,mhg

mjghlEik.. + bT̂
(αβ)
ijkl,mhg

mjghlEik.. =

=
b+ 1

n
T

(αβ)
γh

(
δγµgνm + F γµFνm

)
T

(µν)
ijkl g

mjghlEik.. +

+T
(αβ)
ijkl W

ijkl + T̂
(αβ)
ijkl W̃

ijkl +

+T
(αβ)
ijkl,mW

ijklm + T̂
(αβ)
ijkl,mW̃

ijklm, (27)

ãäå

T̂αβijkl = Fαµ F
β
ν T

µν
ijkl,

b( 6= −1) � ïðîèçâîëüíûé èíâàðèàíò, W ijkl, W̃ ijkl, W ijklm, W̃ ijklm �

íåêîòîðûå òåíçîðû.

Â ñàìîì äåëå, ñâåðòêà (27) ñ aαβ èìååò âèä

(b+ 1)aαβT
(αβ)
ijkl,mhg

mjghlEik.. = − b+1
n aαβT

αβ
γh

(
δγµgνm + F γµFνm

)
T

(µν)
ijkl g

mjghlEik.. +

+aαβT
αβ
ijkl

(
W ijkl + W̃ ijkl

)
+ aαβT

(αβ)
ijkl,m

(
W ijklm + W̃ ijklm

)
èëè

aαβV
αβ
ijklmhg

mjghlEik.. =
1

b+ 1
aαβT

αβ
ijkl

(
W ijkl + W̃ ijkl

)
+

1

b+ 1
aαβT

(αβ)
ijkl,m

(
W ijklm + W̃ ijklm

)
. (28)
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Òàê êàê â (24) òåíçîðû W ijkl è W ijklm ïðîèçâîëüíû, òî (28) åìó,

î÷åâèäíî, ýêâèâàëåíòíî.

Ïðè áîëåå ïðîñòûõ ðåêóððåíòíûõ îãðàíè÷åíèÿõ íà ïðîñòðàíñòâî Kn ê

ðåçóëüòàòó òàêîãî æå ðîäà ìîæíî ïðèéòè, ðàññìàòðèâàÿ âìåñòî óñëîâèé

èíòåãðèðóåìîñòè (15) óñëîâèÿ

aαβP
αβ
il = 0, (29)

ãäå

Pαβil = δβi R
α
.l − δ

β
l R

α
.i

â ñèëó ãðàäèåíòíîñòè êîâåêòîðà λi òîò÷àñ âûòåêàþùèå èç âòîðîé ãðóïïû

óðàâíåíèé ñèñòåìû (6)− (8).

Äåéñòâèòåëüíî, ïåðâûå è âòîðûå äèôôåðåíöèàëüíûå ïðîäîëæåíèÿ (29)

ñ ó÷åòîì óðàâíåíèé ñèñòåìû (6)− (8) ñîîòâåòñòâåííî èìåþò âèä

λγ (δγαgβk + F γαFβk)P
(αβ)
il + aαβP

αβ
il,k = 0, (30)

1
nµ (gαhgβk + FαhFβk)P

(αβ)
il + λγ (δγαgβσ + F γαFβσ)P

(γβ)
il,(h δ

σ
k)+

+aαβ

[
1
nT

αβ
γh

(
δγµgνk + F γµFνk

)
P

(µν)
il + Pαβil,kh

]
= 0.

(31)

Íåòðóäíî ïîäñ÷èòàòü, ÷òî (gαhgβk + FαhFβk)P
(αβ)
il ghi = −nEkl;

aαβT
αβ
γh

(
δγµgνk + F γµFνk

)
P

(µν)
il ghiElk.. ≡ 0.

Çíà÷èò, ñâåðíóâ (28) ñ ghiEkl.. , ïîëó÷èì

−µEαβEαβ.. + λαv
α + aαβP

αβ
il,khg

hiEkl.. = 0, (32)

ãäå

vα =
(
δαγ gβσ + Fαγ Fβσ

)
P

(γβ)
il,(h δ

σ
k)g

hiEkl.. .

Åñëè ðàññìàòðèâàåìîå ïðîñòðàíñòâî Kn èìååò ïîëîæèòåëüíî îïðåäåëåííóþ

ìåòðè÷åñêóþ ôîðìó, îòëè÷íûé îò íóëÿ òåíçîð Ýéíøòåéíà è óäîâëåòâîðÿåò

ðåêóððåíòíûì ñîîòíîøåíèÿì

P
(αβ)
il,khg

hiEkl.. = P
(αβ)
il,k Silk + P

(αβ)
il Sil, (33)

ãäå Sil, Silk � íåêîòîðûå òåíçîðû, òî â ñèëó (26) è (27)

aαβP
αβ
il,khg

hiEkl.. = −λγ (δγαgβk + F γαFβk)P
(αβ)
il Silk.

Ïîýòîìó, ïîëîæèâ

ṽα = − 1

EµνEµν..

[
vα −

(
δαγ gβk + Fαγ Fβk

)
P

(γβ)
il Silk

]
− Ãαijg

ij ,



(26) ñ ó÷åòîì (11), ìîæíî ïåðåïèñàòü êàê

gij
∂2λ

∂xi∂xj
+ λαṽ

α = 0. (34)

Ïî òåîðåìå Õîïôà â êîìïàêòíîì, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé

ïðîñòðàíñòâå Kn îòñþäà âûòåêàåò, ÷òî λi ≡ 0. Ñëåäîâàòåëüíî, èìååò ìåñòî

Òåîðåìà 2. Êîìïàêòíûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé

ïðîñòðàíñòâà Kn (n > 2), êëàññà Cr (r > 4), â êîòîðûõ Eij 6= 0

è âûïîëíåíû ðåêóððåíòíûå ñîîòíîøåíèÿ (33), â öåëîì íå äîïóñêàþò

íåòðèâèàëüíûõ ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî äëÿ òåîðåìû 2, êàê è äëÿ òåîðåìû 1

ðåêóððåíòíûå ñîîòíîøåíèÿ ìîæíî çàäàòü è â íåñêîëüêî áîëåå îáùåì âèäå

left(P
(αβ)
il,kh + bP̂

(αβ)
il,khg

hiEkl.. =

= T
(αβ)
ijkl W

ijkl + T̂
(αβ)
ijkl W̃

ijkl + T
(αβ)
ijkl,mW

ijklm + T̂
(αβ)
ijkl,mW̃

ijklm, (35)

ãäå b(6= −1) � ïðîèçâîëüíûé èíâàðèàíò, W ijkl, W̃ ijkl, W ijklm, W̃ ijklm �

íåêîòîðûå òåíçîðû, P̂αβil = Pµνil F
α
µ F

β
ν .
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Introduction

One of common methods to choose an optimal variant of a set of possibilities is

to calculate some utility function [4] and to take an argument where a greatest

value (or at least a value that is su�ciently close to the greatest one) is attained.

In most cases this function is real-valued, which o�ers signi�cant advantages:

values are linearly ordered, hence always comparable, the natural metric on R
allows to estimate di�erence of outcomes etc. Nonetheless, the assumption of

linear ordering restricts the amount of information given by the utility function.

Similar problems arise when one tries to express comparative utility of avail-

able alternatives. A simple answer is to use a preference relation [2]: x � y if x is
weakly (not worse than) or strongly (equal or better than) preferable to y. Next
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stage is to assign to the statement x � y some value, which shows �how much�

or �how reliable� x is preferred to y. Usually this value is a number from the seg-

ment [0, 1], thus fuzzy preference relations are introduced, cf. [5] for more details.

Although fuzzy preference relations proved to be useful, a signi�cant part of ar-

bitrariness exists in the procedures of assignment of �degrees of preference�, of

processing data, and of interpretation of obtained results. In particular, it is not

always clear how to translate verbal estimates like "much better" into numerical

form, and what to do if preferences depend on some parameters. E.g. the degree

of preference of a straw hat to an umbrella depends on the current weather. It

seems to be reasonable to express this degree as a vector with components that

correspond to sunny weather, to rain, to snow etc, hence possible values can

be partially ordered. This immediately results in a concept of a preference that

is a family of binary relations, indexed by an element, of a poset, which can

capture both aspect of comparison and degree of preference. We develop this

approach in Section 2. We consider a class of L-fuzzy preference structures for

which preferences are determined via embeddings into idempotent semimodules.

Therefore decision making problems in some cases can be reformulated in

geometric language and approached by methods of idempotent geometry [3].

1 Preliminaries

First we recall basic de�nitions concerning idempotent semimodules.

Let (L,⊕, ∗) be an idempotent semiring with a zero element 0 and a unit

element 1.

A (left idempotent) (L,⊕, ∗)-semimodule [1] is a set X with operations ⊕̄ :

X ×X → X and �̄ : L×X → X such that, for all x, y, z ∈ X, α, β ∈ L :

1) x ⊕̄ y = y ⊕̄x;
2) (x ⊕̄ y) ⊕̄ z = x ⊕̄(y ⊕̄ z);
3) there is an (obviously unique) element 0̄ ∈ X such that x ⊕̄ 0̄ = x for all

x;

4) α �̄(x ⊕̄ y) = (α �̄x) ⊕̄(α �̄ y), (α⊕ β) �̄x = (α �̄x) ⊕̄(β �̄x);

5) (α ∗ β) �̄x = α �̄(β �̄x);

6) 1 �̄x = x;

7) 0 �̄x = 0̄.

Observe that these axioms imply that (X, ⊕̄) is an upper semilattice with

a bottom element 0̄, and α �̄ 0̄ = 0̄ for all α ∈ L. Informally speaking, an

idempotent semimodule is a vector space over an idempotent semiring. The
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operation �̄ is isotone in the both variables. We adopt a usual convention and

often write αx instead of α �̄x for α ∈ L and x ∈ X.

For an (L,⊕, ∗)-semimodule (X, ⊕̄, �̄), an expression of the form

α1x1 ⊕̄ . . . ⊕̄αnxn is called an (L,⊕, ∗)-convex combination of elements

x1, . . . , xn ∈ X whenever α1, . . . , αn ∈ L satisfy the equality α1 ⊕ . . .⊕ αn = 1.

In this section we use L as a shorthand for (L,⊕, ∗) and say �L-semimodule�,
�L-convex combination� etc. If it is necessary to specify operations ⊕ and ∗
explicitly, e.g. if there is a risk of confusion, in a respective notation L can be

expanded to (L,⊕, ∗).
A subset A of an L-semimodule X is called convex if it contains all L-

convex combinations of its elements. Consider these combinations as standalone

operations on A, without appealing to X.

It is very convenient that we can calculate usual convex combinations of a

�nite number of points �step by step�, i.e. by using only pairwise combinations.

This is not the case for convex combinations with coe�cients from an idempotent

semiring, which we are going to introduce, thus we should simultaneously de�ne

L-convex combinations of arbitrary �nite numbers of points. First we de�ne sets

that contain allowed collections of coe�cients.

The n-dimensional1 L-simplex is the set

∆n
L = {(α0, α1, . . . , αn) ∈ Ln+1 | sup{α0, α1, . . . , αn} = 1}.

We say that an (idempotent) L-convex combination is given on a set A if for

all n ∈ {0, 1, 2, . . . }, (α0, α1, . . . , αn) ∈ ∆n
L, x0, x1, . . . , xn ∈ A an element

ic(x0, x1, . . . , xn, α0, α1, . . . , αn) ∈ A

(which we will denote by (α0 �̄x0) ⊕̄(α1 �̄x1) ⊕̄ . . . ⊕̄(αn �̄xn) or simply by

α0x0 ⊕̄α1x1 ⊕̄ . . . ⊕̄αnxn) is uniquely determined, and the following properties

are valid :

(1) ic(x, 1) = x for all x ∈ A;
(2) for all m,n ∈ {0, 1, 2, . . . }, x0, x1, . . . , xn ∈ A, (α0, α1, . . . , αm) ∈ ∆m

L

and a mapping σ : {0, 1, . . .m} → {0, 1, . . . , n} we have

α0xσ(0) ⊕̄α1xσ(1) ⊕̄ . . . ⊕̄αmxσ(m) = β0x0 ⊕̄β1x1 ⊕̄ . . .⊕ βnxn,

where βk = sup{αi | 0 6 i 6 m,σ(i) = k} for k = 0, 1, . . . , n. This equality

means that we can exchange summands, drop summands with zero coe�cients

and join summands with the same second factor; and

1 We do not mean any topological dimension here.
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(3) the �big associative law� :

α0(β0
0x

0
0 ⊕̄ . . . ⊕̄β0

k0x
0
k0) ⊕̄α1(β1

0x
1
0 ⊕̄ . . . ⊕̄β1

k1x
1
k1) ⊕̄ . . .

⊕̄αn(βn0 x
n
0 ⊕̄ . . . ⊕̄βnknx

n
kn) = (α0 ∗ β0

0)x00 ⊕̄ . . . ⊕̄(α0 ∗ β0
k0)x0k0

⊕̄(α1 ∗ β1
0)x10 ⊕̄ . . . ⊕̄(α1 ∗ β1

k1)x1k1 ⊕̄ . . . ⊕̄(αn ∗ βn0 )xn0 ⊕̄ . . . ⊕̄(αn ∗ βnkn)xnkn ,

where xij ∈ A, (α0, α1, . . . , αn) ∈ ∆n
L, (βi0, β

i
0, . . . , β

i
ki

) ∈ ∆ki
L for i = 0, 1, . . . , n.

In fact, an L-idempotent convex combination ic in A is a collection of maps

icn : An+1×∆n
L → A, n = 0, 1, 2, . . . , but we will use a common denotation ic for

all of them. Observe that A is an upper semilattice with the join x∨y = 1x ⊕̄ 1y.

It is easy to see that (1)�(3) hold if A is a convex subset of an L-semimodule

X, and all combinations (α0 �̄x0) ⊕̄(α1 �̄x1) ⊕̄ . . . ⊕̄(αn �̄xn) are de�ned via

operations ⊕̄, �̄ on X. Then A is also an upper subsemilattice of X.

Further we shall show that each L-convex combination on a set A is induced

by an embedding of A as a convex subset into an L-semimodule X.

2 Idempotent semimodules and L-preferences

The aim of this section is to show that L-convex combinations and L-

semimodules are closely related to �weakened� variants of L-fuzzy preference

relations.

We call a family �= (�α)α∈L of binary relations on a set X an L-preference

if the following holds for all x, y, z ∈ X, α, β ∈ L:

(1) x �α y and x �β y if and only if x �α⊕β y;
(2) �1 is a partial order;

(3) �0= X ×X.

Observe that (1) can be equivalently replaced with

(1') α 6 β implies �α⊃�β ;
(1�) if x �α y, x �β y, then there is γ ∈ L such that γ > α, γ > β, x �γ y;

i.e., for �xed x, y ∈ X, the set {γ ∈ L | x �γ y} is a directed lower set.

An advantage of such a de�nition of �graded preference� of x over y is that

α can capture both an aspect in which we compare the options and the rate of

preference. Consider e.g. the set X = [0,+∞)n and the lattice L = [0, 1]n. We

assume (x1, . . . , xn) �(α1,...,αn) (y1, . . . , yn), for (x1, . . . , xn), (y1, . . . , yn) ∈ X,

(α1, . . . , αn) ∈ L, if xi > αiyi for all 1 6 i 6 n. Then (x1, . . . , xn) �(1, 12 ,0,...,0)

(y1, . . . , yn) i� x1 > y1, 2x2 > y2, and other coordinates are ignored.

The following property of preferences is often considered:
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(4') if x �α y, y �β z, then x �α∗β z (∗-transitivity).

We shall also study its stronger form:

(4) x �α∗β z if and only if there is there is t ∈ X such that x �α t, t �β z (strict
∗-transitivity).

A strictly ∗-transitive L-preference �= (�α)α∈L on X is called convex if it

satis�es two more conditions:

(5) if x �α y, x �α z, then there is t ∈ X such that x �α t, t �1 y, t �1 z;

(6) for all x1, . . . , xn ∈ X, α1, . . . , αn ∈ L such that α1 ⊕ . . .⊕ αn = 1, there is

an element x0 ∈ X such that, for all t ∈ X, the inequalities t �α1 x1, . . . ,

t �αn xn hold if and only if t �1 x0.

Note that the above conditions are insu�cient for �= (�α)α∈L to be the fam-

ily of α-cuts of an L-fuzzy relation on X (although it is also possible), but they

imply that the binary relation x 6 y ⇐⇒ y �1 x is a partial order as well, and

the set

{t ∈ X | t �α1 x1, . . . , y �αn xn}

contains a least element whenever α1 ⊕ . . . ⊕ αn = 1. We denote this element

by (α1 �̄x1) ⊕̄ . . . ⊕̄(αn �̄xn). It is easy to verify that we have obtained an L-

convex combination on X, and (1 �̄x) ⊕̄(1 �̄ y) is the join of x, y. Hence (X,6)

is an upper semilattice, in which we use for join the same notation �⊕̄�.
Observe that x �α y if and only if (1 �̄x) ⊕̄(α �̄ y) = x. On the other hand,

given an L-convex combination on X, we can de�ne relations �α⊂ X×X for all

α ∈ L by the latter formula, and it is an easy exercise to verify that the obtained

family of relations satis�es (1)�(6).

Thus we arrive at:

Proposition 1 There is a one-to-one correspondence between (L,⊕, ∗)-convex
combinations on X and convex strictly ∗-transitive L-preferences on X, namely,

each such preference �= (�α)α∈L is determined by a unique (L,⊕, ∗)-convex
combination ic by the formulae x �α y ⇐⇒ ic(x, y, 1, α) = x, x, y ∈ X, α ∈ L.

In the sequel we assume that convex strictly ∗-transitive L-preferences on
sets with L-convex combinations are determined by the latter formulae.

Things become much simpler if (X,6) contains a bottom element, i.e. 0̄ such

that x �1 0̄ for all X. Then (6) implies:

(6') for all x ∈ X, α ∈ L, there is an element x0 ∈ X such that, for all t ∈ X,

the inequalities t �α x and t �1 x0 are equivalent.
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The required element is equal to (1 �̄ 0̄) ⊕̄(α �̄x). We denote it by α �̄x, and
(X, ⊕̄, �̄) is an L-semimodule. On the other hand, (6') implies that 0 �̄x is

a bottom element, for all x ∈ X. Therefore, if a family �= (�α)α∈L of binary

relations on X satis�es (1)�(5), (6'), the condition (6) holds even without the re-

striction α1⊕ . . .⊕αn = 1. We call such a family � a convex strictly ∗-transitive
L-preference on X with a bottom element. Thus:

Corollary 1 There is a one-to-one correspondence between structures of

(L,⊕, ∗)-semimodule on X and convex strictly ∗-transitive L-preferences on X

with bottom elements, namely, each such preference �= (�α)α∈L is determined

by unique ⊕̄, �̄ such that (X, ⊕̄, �̄) is an (L,⊕, ∗)-semimodule, by the formulae

x �α y ⇐⇒ x ⊕̄(α �̄ y) = x, x, y ∈ X, α ∈ L.

Let �= (�α)α∈L be a ∗-transitive L-preference on a set X. For an injective

mapping e : Y ↪→ X, a family �′= (�α)′α∈L of binary relations on Y that is

de�ned as follows:

y1 �α)′y2 ⇐⇒ e(y1) �α e(y2), y1, y2 ∈ Y, α ∈ L,

is an L-preference on Y is well. If, for L-preferences �′ and �, on Y and X,

respectively, such a mapping e exists, then it is called an embedding of (Y,�′)
into (X,�).

Now we are going to show that each set with a ∗-transitive L-preference can
be embedded into an (L,⊕, ∗)-semimodule.

Proposition 2 Let �= (�α)α∈L be a ∗-transitive L-preference on a set X.

There is an embedding e of (X,�) into an (L,⊕, ∗)-semimodule (N, ⊕̄, �̄), i.e.

x �α y ⇐⇒ e(x) ⊕̄(α �̄ e(y)) = e(x) for all x, y ∈ X, α ∈ L.

Proof Let K be the set of all nonempty �nite subsets of X × L, and we put

{(x1, α1), . . . , (xm, αm)} >ε {(y1, β1), . . . , (yn, βn)},

for m,n ∈ N, x1, . . . , xm, y1, . . . , yn ∈ X, ε, α1, . . . , αm, β1, . . . , βn ∈ L, if, for all
1 6 i 6 n, there are ε1i, . . . , εmi ∈ L such that

x1 �ε1i yi, . . . , xm �εmi
yi, α1 ∗ ε1i ⊕ . . .⊕ αm ∗ εmi > ε ∗ βi.

Assume also

{(y1, β1), . . . , (yn, βn)} >δ {(z1, γ1), . . . , (zk, γk)},
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for z1, . . . , zk ∈ X, δ, γ1, . . . , γk ∈ L, then, for all 1 6 j 6 k, there are

δ1j , . . . , δnj ∈ L such that

y1 �δ1j zj , . . . , yn �δnj
zj , β1 ∗ δ1j ⊕ . . .⊕ βn ∗ δnj > δ ∗ γj .

Hence

ε ∗ δ ∗ γj 6 ε ∗ β1 ∗ δ1j ⊕ . . .⊕ ε ∗ βn ∗ δnj
6 (α1 ∗ ε11 ⊕ . . .⊕ αm ∗ εm1) ∗ δ1j ⊕ . . .⊕ (α1 ∗ ε1n ⊕ . . .⊕ αm ∗ εmn) ∗ δnj
= α1 ∗ (ε11 ∗ δ1j ⊕ . . .⊕ ε1n ∗ δnj)⊕ . . .⊕ αm ∗ (εm1 ∗ δ1j ⊕ . . .⊕ εmn ∗ δnj).

By observing that x1 �ε11∗δ1j⊕...⊕ε1n∗δnj
zj , xm �εm1∗δ1j⊕...⊕εmn∗δnj

zj , we ob-

tain that

{(x1, α1), . . . , (xm, αm)} >ε∗δ {(z1, γ1), . . . , (zk, γk)}.

On the other hand, if

{(x1, α1), . . . , (xm, αm)} >ε∗δ {(z1, γ1), . . . , (zk, γk)},

then

{(x1, α1), . . . , (xm, αm)} >ε {(z1, δ ∗ γ1), . . . , (zk, δ ∗ γk)},

{(z1, δ ∗ γ1), . . . , (zk, δ ∗ γk)} >δ {(z1, γ1), . . . , (zk, γk)},

therefore strict ∗-transitivity for the family (>α)α∈L is valid. It is straightforward

to verify that this family of relations satis�es all conditions (1)�(5), (6') but

the antisymmetry of >1. The relation ∼ on K de�ned as A ∼ B i� A >1 B and

B >1 A is an equivalence relation, and a family (�α)α∈L of binary relations on

the quotient set N = K/∼ is well de�ned as follows: [A] �α [B] i� A >α B, for

A,B ∈ K, α ∈ L. This family satis�es (1)�(5), (6'), thus we obtain an (L,⊕, ∗)-
semimodule (N, ⊕̄, �̄). Observe that [A] ⊕̄[B] = [A ∪B],

α �̄[{(x1, α1), . . . , (xm, αm)}] = [{(x1, α ∗ α1), . . . , (xm, α ∗ αm)}].

Let a mapping e : X → N send each x ∈ X to [{(x, 1)}]. Observe that

e(x) �α e(y) in K i� x �α y in X. Thus a required embedding is obtained.

The embedding e that has been constructed in the latter proof has a dis-

advantage: if a ∗-transitive L-preference on X is already convex and strictly

∗-transitive, hence (L,⊕, ∗)-convex combinations exist in X, then they are not

necessarily preserved by e. Therefore the following statement is not a particular

case of the previous one.
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Proposition 3 Let an (L,⊕, ∗)-convex combination be de�ned on a set X. Then

there is an injective mapping e of X into an (L,⊕, ∗)-semimodule (N, ⊕̄, �̄) that

preserves (L,⊕, ∗)-convex combinations.

Recall that such e preserves the respective L-preferences (in the obvious

sense).

Proof A starting point is the same as before: K is a set of all non-empty subsets

of X × L, but another equivalence relation is used:

{(x1, α1), . . . , (xm, αm)} ∼ {(y1, β1), . . . , (yn, βn)}

if

(1 �̄ z) ⊕̄(α1 �̄x1) ⊕̄ . . . ⊕̄(αm �̄xm) = (1 �̄ z) ⊕̄(β1 �̄ y1) ⊕̄ . . . ⊕̄(βn �̄ yn)

for all z ∈ X. The operations ⊕̄ and �̄ on N = K/∼ are again de�ned as

[A] ⊕̄[B] = [A ∪B],

α �̄[{(x1, α1), . . . , (xm, αm)}] = [{(x1, α ∗ α1), . . . , (xm, α ∗ αm)}],

and the mapping e that takes each x ∈ X to [{(x, 1)}] is a required embedding.

Thus each set with an L-convex combination can be regarded as a convex

subset of an L-semimodule. A �practical� consequence of the above results is

that, if one wants to express comparison of available alternatives, which com-

bines qualitative and quantitative estimates w.r.t. multiple criteria, then a utility

function with range in an idempotent semimodule can be an appropriate tool.

3 Bi-(L,⊕,⊗)-semimodules

Probably the simplest example of an idempotent semiring is a distributive lattice

L = (L,⊕,⊗), where 0 and 1 are a bottom and a top elements, respectively, and

the multiplication is the lattice meet ⊗. Observe that by reversing the order

on L we obtain a distributive lattice L̃ = (L,⊗,⊕), with a bottom and a top

elements 0̃ = 1 and 1̃ = 0, respective, which is an idempotent semiring as well.

Consider an L-semimodule (X, ⊕̄, �̄) such that:

(a) X is a distributive lattice with top and bottom elements 0̄ and 1̄, resp., and

with meet ⊗̄;
(b) the multiplication �̄ on X satis�es the equality (α �̄ 1̄) ⊗̄x = α �̄x, for all

α ∈ L, x ∈ X.
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Proposition 1 For an operation �
¯

: L×X → X that is de�ned by the formula

α�
¯
x = (α �̄ 1̄) ⊕̄x, for all α ∈ L, x ∈ X, the triple (X, ⊗̄,�

¯
) is a L̃-semimodule

and a distributive lattice with top and bottom elements 1̄ and 0̄, resp., and with

meet ⊕̄.

Observe that α �̄ 1̄ = α�
¯

0̄, and we obtain a formula (α�
¯

0̄) ⊕̄x = α�
¯
x, which

is dual in the obvious sense to the formula (α �̄ 1̄) ⊗̄x = α �̄x (cf. property

(b)). Hence we have on X two dual structures of an L-semimodule and of a L̃-

semimodule. Additionally to L-convex combinations, i.e. expressions of the form

(α1 �̄x1) ⊕̄ . . . ⊕̄(αn �̄xn), where α1 ⊕ . . . ⊕ αn = 1, we de�ne L̃-convex (or

dual L-convex ) combinations of the form (α1 �
¯
x1) ⊗̄ . . . ⊗̄(αn �

¯
xn), where

α1 ⊗ . . .⊗ αn = 0.

Therefore we call such (X, ⊕̄, ⊗̄, �̄,�
¯

) a bi -L-semimodule. It is easy to see

that the mapping p : L → X that takes each α to α �̄ 1̄ is a lattice morphism.

Conversely, each lattice morphism p : (L,⊕,⊗)→ (X, ⊕̄, ⊗̄) determines a struc-

ture (X, ⊕̄, ⊗̄, �̄,�
¯

) of bi-L-semimodule on X by the formulae α �̄x = p(α) ⊗̄x,

α �
¯
x = p(α) ⊕̄x for all α ∈ L, x ∈ X. Thus there is a one-to-one correspon-

dence between bi-L-semimodules and lattice morphisms with the domain L.

From now on we assume that a respective p is �xed for each bi-L-semimodule

(X, ⊗̄, ⊕̄, �̄,�
¯

).

A subset Y of a bi-L-semimodule X is called L-biconvex if it is closed under

L-convex and dual L-convex combinations. Note that such Y is a sublattice ofX.

The following statement shows that �good� L-biconvex sets of bi-L-semimodules

are bi-L-semimodules themselves, which contrasts, e.g., to the case of convex

subsets in vector spaces.

Proposition 2 Let a subset Y of a bi-L-semimodule (X, ⊗̄, ⊕̄, �̄,�
¯

) be L-

biconvex and contain a least element 0̄′ and a greatest element 1̄′. Then

(Y, ⊕̄′, ⊗̄′, �̄′,�
¯
′) is a bi-L-semimodule, with ⊕̄′ and ⊗̄′ being the restrictions

of ⊕̄ and ⊗̄ to Y , and α �̄′ x = 0̄′ ⊕̄(α �̄x), α�
¯
′ x = 1̄′ ⊗̄(α�

¯
x) for all α ∈ L,

x ∈ L.

Observe also that the latter bi-L-semimodule (Y, ⊕̄′, ⊗̄′, �̄′,�
¯
′) is determined by

the lattice morphism p′ : L→ Y , p′(α) = (p(α) ⊕̄ 0̄′) ⊗̄ 1̄′.

A simple example of such Y is presented by a closed interval [a, b] = {x ∈
X | a 6 x 6 y}, for a, b ∈ X, which obviously is non-empty i� a 6 b.
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Although bi-L-semimodules seem to be trivial, consider the L-preference �
and the L̃-preference �̃ determined by the semimodules (X, ⊕̄, �̄) and (X, ⊗̄,�

¯
),

respectively. We have x �α y ⇐⇒ x > p(α) ⊗̄ y, x �̃α y ⇐⇒ x 6 p(α) ⊕̄ y for
all α ∈ L, x, y ∈ X.

Can we express the information given by all �α and �̃α via an embedding

of X into an appropriate poset, preferably a distributive lattice?
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Òîïîëîãiÿ Âi¹òîðiñà íà ïðîñòîði âiäêðèòèõ
ôàêòîðîá'¹êòiâ êîìïàêòíîãî ãàóñäîðôîâîãî
ïðîñòîðó

Êàòåðèíà Ìèêîëà¨âíà Êîïîðõ

Abstract Íàâåäåíî òîïîëîãiçàöiþ ìíîæèíè âiäêðèòèõ ôàêòîðîá'¹êòiâ

êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó, ïîðîäæåíó òîïîëîãi¹þ Âi¹òîðiñà

íà exp2X. Îäåðæàíèé òîïîëîãi÷íèé ïðîñòið âiäêðèòèõ ôàêòîðîá'¹êòiâ

ïðîñòîðó X ïîçíà÷à¹ìî Ψ(X). Äîâåäåíî, ùî êîíñòðóêöiÿ Ψ âèçíà÷à¹

êîíòðàâàðiàíòíèé ôóíêòîð ç êàòåãîði¨ Comp0, êîìïàêòíèõ ãàóñäîðôîâèõ

ïðîñòîðiâ òà Top òîïîëîãi÷íèõ ïðîñòîðiâ. Äîâåäåíî, ùî ïðîñòið âiäêðèòèõ

ôàêòîðîá'¹êòiâ (Ψ(X), τV ) íåïåðåðâíî âêëàäà¹òüñÿ ó ïðîñòið ôàêòîðîá'¹êòiâ

(Φ(X), τW ) ó âèïàäêàõ, êîëè X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið i êîëè

X � êîìïàêòíèé ãàóñäîðôîâèé ìåòðè÷íèé ïðîñòið.

Keywords ïðîñòið âiäêðèòèõ ôàêòîðîá'¹êòiâ, òîïîëîãiÿ Âi¹òîðiñà,

òîïîëîãiÿ Âàéñìàíà

Âñòóï

Ïðè äîñëiäæåííi íåìåòðèçîâíèõ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ

ìåòîäàìè îáåðíåíèõ ñïåêòðiâ âàæëèâó ðîëü âiäiãðà¹ çàïðîïîíîâàíà

�.Â.Ùåïiíèì êîíñòðóêöiÿ ìíîæèíè ôàêòîðâiäîáðàæåíü.

Äåòàëüíiøå, ðîçãëÿíåìî X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið i

íåïåðåðâíå ñþð'¹êòèâíå âiäîáðàæåííÿ fi : X → Zi, äå Zi � êîìïàêòíèé

ãàóñäîðôîâèé ïðîñòið, i = 1, 2, òî ââàæà¹ìî, ùî f1 ∼ f2, ÿêùî iñíó¹

ãîìåîìîðôiçì h : Z1 → Z2 òàêèé, ùî h ◦ f1 = f2. Òàê îçíà÷åíå

âiäíîøåííÿ ∼ ¹ âiäíîøåííÿì åêâiâàëåíòíîñòi íà êëàñi âñiõ ñþð'¹êòèâíèõ
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âiäîáðàæåíü (ôàêòîðâiäîáðàæåíü) â êîìïàêòíi ãàóñäîðôîâi ïðîñòîðè. ×åðåç

[f ] ïîçíà÷à¹ìî êëàñ åêâiâàëåíòíîñòi, ùî ìiñòèòü ôàêòîðâiäîáðàæåííÿ f .

Ôàêòîðîá'¹êòîì ïðîñòîðó X íàçâåìî êëàñ åêâiâàëåíòíèõ âiäîáðàæåíü.

Ìíîæèíó âñiõ êëàñiâ åêâiâàëåíòíîñòi ïîçíà÷à¹ìî

Φ̃(X) = {[f ] | f : X −→ Z äå f − ñþð'¹êòèâíå âiäîáðàæåííÿ,

X,Z − êîìïàêòíi ãàóñäîðôîâi ïðîñòîðè }.

Íåõàé f : X → Z � íåïåðåðâíå, âiäêðèòå, ñþð'¹êòèâíå âiäîáðàæåííÿ

êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ (íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X →
Z íàçèâà¹òüñÿ âiäêðèòèì, ÿêùî îáðàç êîæíî¨ âiäêðèòî¨ ìíîæèíè ¹ ìíîæèíà

âiäêðèòà). Ïîçíà÷èìî 〈f〉 êëàñ âiäêðèòèõ ôàêòîðâiäîáðàæåíü åêâiâàëåíòíèõ
âiäîáðàæåííþ f : X → Z. Ìíîæèíó êëàñiâ âiäêðèòèõ ôàêòîðâiäîáðàæåíü

ïîçíà÷èìî Ψ̃(X),

Ψ̃(X) = {〈f〉 | f : X −→ Z äå f − âiäêðèòå ñþð'¹êòèâíå âiäîáðàæåííÿ,

X,Z − êîìïàêòíi ãàóñäîðôîâi ïðîñòîðè }.

Î÷åâèäíî Ψ̃(X) ⊂ Φ̃(X).

Ìåòîþ öi¹¨ ïðàöi ¹ òîïîëîãiçàöiÿ ìíîæèíè Ψ(X) âiäêðèòèõ

ôàêòîðîá'¹êòiâ êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó, ïîðîäæåíà

òîïîëîãi¹þ Âi¹òîðiñà íà ìíîæèíi âñiõ ìîæëèâèõ íåïîðîæíiõ çàìêíåíèõ

ìíîæèí ãiïåðïðîñòîðó expX. À òàêîæ äîñëiäæåííÿ ôóíêòîðiàëüíîñòi

êîíñòðóêöi¨ Ψ , â òîïîëîãi¨ Âi¹òîðiñà i ìîæëèâiñòü âêëàäåííÿ ïðîñòîðó

(Ψ(X), τV ) ó ïðîñòið (Φ(X), τW ).

1 Òîïîëîãiÿ Âàéñìàíà íà ìíîæèíi ôàêòîðîá'¹êòiâ

êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó

Íàãàäà¹ìî, ùî äëÿ òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç CL(X) ïîçíà÷à¹ìî

ìíîæèíó íåïîðîæíiõ çàìêíåíèõ ìíîæèí â X; ðiçíi òîïîëîãi¨ íà ìíîæèíi

CL(X) ðîçãëÿíóòî â [2]. Ïðèãàäà¹ìî, ùî áàçèñíèì îêîëîì åëåìåíòà A ∈
CL(X) â òîïîëîãi¨ Âàéñìàíà ¹ ìíîæèíà

O(A,F, ε) = {B ∈ CL(X) | |d(x,A)− d(x,B)| < ε äëÿ âñiõ x ∈ F},

äå F � ñêií÷åííà ïiäìíîæèíà ïðîñòîðó X i ε > 0. Ìíîæèíà CL(X) ç

ââåäåíîþ òîïîëîãi¹þ Âàéñìàíà ¹ òîïîëîãi÷íèì ïðîñòîðîì i ïîçíà÷à¹òüñÿ

(CL(X), τW ).

Òîïîëîãiÿ Âàéñìàíà íà Φ̃(X) çàäà¹òüñÿ òàêîþ êîíñòðóêöi¹þ. Äëÿ

êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó X ÷åðåç C(X) ïîçíà÷èìî
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áàíàõiâ ïðîñòið äiéñíîçíà÷íèõ íåïåðåðâíèõ ôóíêöié íà X, íàäiëåíèé sup-

íîðìîþ. Ðîçãëÿíåìî íåïåðåðâíå, ñþð'¹êòèâíå âiäîáðàæåííÿ f : X → Z i

ðîçãëÿíåìî äóàëüíå âiäîáðàæåííÿ f∗ : C(Z) → C(X), îçíà÷åíå ôîðìóëîþ

f∗(ξ) = ξ◦f . ßêùî f : X → Z � ñþð'¹êòèâíå âiäîáðàæåííÿ, òî âiäîáðàæåííÿ

f∗ : C(Z) → C(X) ¹ âiäîáðàæåííÿì âêëàäåííÿ, òîìó f∗(C(Z)) ∈ CL(C(X)).

Òàêèì ÷èíîì, êîæíîìó íåïåðåðâíîìó, ñþð'¹êòèâíîìó âiäîáðàæåííþ f

êîìïàêòà X íà Z ìîæíà ïîêëàñòè ó âiäïîâiäíiñòü äåÿêó çàìêíåíó

ïiäìíîæèíó f∗(C(Z)) ïðîñòîðó C(X).

Î÷åâèäíî, äâîì åêâiâàëåíòíèì âiäîáðàæåííÿì f ∼ g, äå f : X → Z i

g : X → Y âiäïîâiäà¹ îäíà i òà æ ïiäìíîæèíà f∗(C(Z)) ≡ g∗(C(Y )) ïðîñòîðó

C(X).

Òàêèì ÷èíîì, âèçíà÷åíå âêëàäåííÿ

e : Φ̃(X) −→ (CL(C(X)), τW )

ìíîæèíè êëàñiâ åêâiâàëåíòíèõ âiäîáðàæåíü êîìïàêòíîãî ãàóñäîðôîâîãî

ïðîñòîðó X â ïðîñòið (CL(C(X)), τW ) íåïîðîæíiõ çàìêíåíèõ ïiäìíîæèí

ôóíêöiîíàëüíîãî ïðîñòîðó C(X) íàäiëåíèé òîïîëîãi¹þ Âàéñìàíà.

Ïîêëàäåìî Φ(X) = e(Φ̃(X)).

Ó ñòàòòi [1] àâòîð äîâîäèòü çàìêíåíiñòü ïiäìíîæèíè Φ(X) â ïðîñòîði

(CL(C(X)), τW ), ùî äà¹ çìîãó òîïîëîãiçóâàòè Φ(X), à ñàìå áàçèñíèì îêîëîì

åëåìåíòà [f ] ∈ Φ(X) ¹ ìíîæèíà

O([f ];ϕ1, ϕ2, . . . ϕn; ε) = {[g] ∈ Φ(X) | |ρ(ϕi, [f ])− ρ(ϕi, [g])| < ε,

ϕi ∈ C(X), i = 1, 2, . . . , n äå ε > 0 i n ∈ N}.

Ìíîæèíó ôàêòîðîá'¹êòiâ ïðîñòîðó X íàäiëåíó òîïîëîãi¹þ Âàéñìàíà

ïîçíà÷à¹ìî Φ(X).

2 Òîïîëîãiÿ Âi¹òîðiñà íà ìíîæèíi âiäêðèòèõ

ôàêòîðîá'¹êòiâ êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó

Íåõàé f : X → Z � íåïåðåðâíå, âiäêðèòå, ñþð'¹êòèâíå âiäîáðàæåííÿ

êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ. Âiäîìî, ùî âiäêðèòiñòü âiäîáðàæåííÿ

f : X → Z åêâiâàëåíòíà íåïåðåðâíîñòi âiäîáðàæåííÿ f−1 : Z → expX, äå

÷åðåç expX ìè ïîçíà÷à¹ìî ãiïåðïðîñòið (ìíîæèíó íåïîðîæíiõ, çàìêíåíèõ

ïiäìíîæèí ïðîñòîðó X), íàäiëåíèé òîïîëîãi¹þ Âi¹òîðiñà (äèâ., íàïð., [3]).

Áàçîþ öi¹¨ òîïîëîãi¨ ìîæå ñëóæèòè ñiì'ÿ ìíîæèí

〈U1, U2, . . . , Un〉 = {A ∈ expX | A ⊂
n⋃
i=1

Ui, A∩Ui 6= ∅ äëÿ âñiõ i = 1, 2, . . . , n},
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äå n ∈ N.
Îáðàçîì ïðîñòîðó Z ïðè âiäîáðàæåííi F = f−1 : Z → expX ¹ íåïîðîæíÿ,

çàìêíåíà ïiäìíîæèíà F (Z) â expX, òîáòî

F (Z) = {f−1(z) | z ∈ Z} = {f−1(f(x)) | x ∈ X} ∈ exp2X.

Çðîçóìiëî, ùî ðiçíèì êëàñàì åêâiâàëåíòíèõ âiäîáðàæåíü 〈f〉 6= 〈g〉
âiäïîâiäàþòü ðiçíi ñiì'¨ ìíîæèí F = {f−1(f(x)) | x ∈ X} i G =

{g−1(g(x)) | x ∈ X}, ùî äà¹ çìîãó âêëàñòè ïiäìíîæèíó êëàñiâ âiäêðèòèõ

ôàêòîðâiäîáðàæåíü ïðîñòîðó X â ìíîæèíó exp2X, íàäiëåíó òîïîëîãi¹þ

Âi¹òîðiñà.

Â òîïîëîãi¨ Âi¹òîðiñà áàçèñíèì îêîëîì åëåìåíòà 〈f〉 ¹ ìíîæèíà

O〈f〉 = 〈〈U11, U12, . . . , U1n1〉, . . . , 〈Uk1, Uk2, . . . , Uknk
〉〉,

äå Uij � âiäêðèòi ïiäìíîæèíè ïðîñòîðó X òàêi, ùî âèêîíóþòüñÿ óìîâè:

1) äëÿ êîæíîãî z ∈ Z iñíó¹ íîìåð i ∈ {1, 2, . . . , k}, òàêèé, ùî f−1(z) ∈

〈Ui1, Ui2, . . . , Uini
〉, òîáòî f−1(z) ⊂

ni⋃
i=1

Uij i äëÿ âñiõ j ∈ {1, 2, . . . ni} ìà¹ìî

f−1(z) ∩ Uij 6= ∅;
2) äëÿ âñiõ i ∈ {1, 2, . . . , k} çíàéäåòüñÿ åëåìåíò z ∈ Z òàêèé, ùî f−1(z) ∈

〈Ui1, Ui2, . . . , Uini
〉.

Ìíîæèíó âiäêðèòèõ ôàêòîðâiäîáðàæåíü ïðîñòîðó X íàäiëåíó

òîïîëîãi¹þ Âi¹òîðiñà ïîçíà÷à¹ìî Ψ(X).

3 Ôóíêòîðiàëüíiñòü êîíñòðóêöi¨ Ψ â êàòåãîði¨

êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ òà âiäêðèòèõ

ñþð'¹êòèâíèõ âiäîáðàæåíü

Íåõàé X, Y � êîìïàêòíi, ãàóñäîðôîâi ïðîñòîðè. Ðîçãëÿíåìî íåïåðåðâíå,

âiäêðèòå âiäîáðàæåííÿ g : X → Y i âiäïîâiäíå éîìó âiäîáðàæåííÿ

Ψ(g) : Ψ(Y )→ Ψ(X),

çàäàíå ôîðìóëîþ Ψ(g)(〈h〉) = 〈h ◦ g〉, äå 〈h〉 ∈ Ψ(Y ). Êîðåêòíiñòü òàêîãî

îçíà÷åííÿ âiäîáðàæåííÿ Ψ(g) âèïëèâà¹ ç òîãî ôàêòó, ùî êîìïîçèöiÿ äâîõ

âiäêðèòèõ âiäîáðàæåíü ¹ âiäêðèòå âiäîáðàæåííÿ.

Âiäîáðàæåííÿ Ψ(g) : Ψ(Y )→ Ψ(X) íåïåðåðâíå.

Proof Ðîçãëÿíåìî äîâiëüíèé áàçèñíèé îêië

O〈f〉 = 〈〈U11, U12, . . . , U1n1〉, 〈U21, U22, . . . , U2n2〉, . . . , 〈Uk1, Uk2, . . . , Uknk
〉〉
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åëåìåíòà 〈f〉 = 〈h ◦ g〉 ∈ Ψ(X).

Ðîçãëÿíåìî ïðîîáðàç Ψ−1(g)(O〈f〉) îêîëó O〈f〉. Äëÿ êîæíîãî z ∈ Z

iñíó¹ íîìåð i, i ∈ {1, 2, . . . , k}, òàêèé, ùî f−1(z) ∈ 〈Ui1, Ui2, . . . , Uini
〉, òîáòî

f−1(z) ⊂
ni⋃
i=1

Uij i äëÿ êîæíîãî j ∈ {1, 2, . . . ni} ìà¹ìî f−1(z) ∩ Uij 6= ∅.

Îñêiëüêè f = hg, òî ç óìîâè f−1(z) ⊂
ni⋃
i=1

Uij âèïëèâà¹ (hg)−1(z) ⊂
ni⋃
i=1

Uij , çâiäêè îòðèìà¹ìî g−1(h−1(z)) ⊂
ni⋃
i=1

Uij , òîáòî h
−1(z) ⊂

ni⋃
i=1

g(Uij).

Ç òîãî, ùî f−1(z) ∩ Uij 6= ∅, äå j ∈ {1, 2, . . . ni}, âèïëèâà¹, ùî iñíó¹ òàêå

xj ∈ X, ùî xj ∈ f−1(z) i xj ∈ Uij . Òîäi f(xj) = z i g(xj) ∈ g(Uij), çâiäêè

îäåðæó¹ìî hg(xj) = z i g(xj) ∈ g(Uij). Òîäi g(xj) = h−1(z) i g(xj) ∈ g(Uij),

òîáòî h−1(z)∩ g(Uij) 6= ∅ äëÿ âñiõ j ∈ {1, 2, . . . ni}. Îòæå, äëÿ êîæíîãî z ∈ Z
çíàéäåòüñÿ i ∈ {1, 2, . . . , k} òàêå, ùî h−1(z) ∈ 〈g(Ui1), g(Ui2), . . . , g(Uini

)〉.
Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî äëÿ êîæíîãî i ∈ {1, 2, . . . , k} çíàéäåòüñÿ

åëåìåíò z ∈ Z òàêèé, ùî f−1(z) ∈ 〈Ui1, Ui2, . . . , Uini
〉.

Îñêiëüêè g � âiäêðèòå âiäîáðàæåííÿ, ìíîæèíà g(Uij) ¹ âiäêðèòîþ

ïiäìíîæèíîþ ïðîñòîðó Y , à òîìó ìíîæèíà

O〈h〉 = 〈〈g(U11), g(U12), . . . , g(U1n1
)〉, 〈g(U21), g(U22), . . . , g(U2n2

)〉,

. . . , 〈g(Uk1), g(Uk2), . . . , g(Uknk
)〉,

áóäå áàçèñíèì îêîëîì åëåìåíòà 〈h〉 ∈ Ψ(Y ), òîáòî ïðè âiäîáðàæåííi Ψ(g)

åëåìåíòè áàçè ïðîñòîðó Ψ(Y ) âiäîáðàæàþòüñÿ â áàçèñíi åëåìåíòè ïðîñòîðó

Ψ(X). Çâiäêè âèïëèâà¹ íåïåðåðâíiñòü âiäîáðàæåííÿ Ψ(g) : Ψ(Y )→ Ψ(X).

Îòæå, êîíñòðóêöiÿ Ψ âèçíà÷à¹ êîíòðàâàðiàíòíèé ôóíêòîð ç êàòåãîði¨

Comp0, êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ òà âiäêðèòèõ ñþð'¹êòèâíèõ

âiäîáðàæåíü, â êàòåãîðiþ Top òîïîëîãi÷íèõ ïðîñòîðiâ.

4 Íåïåðåðâíiñòü âiäîáðàæåííÿ γ : Ψ(X)→ Φ(X).

Íåõàé (X, d) � êîìïàêòíèé ìåòðè÷íèé ïðîñòið. Ðîçãëÿíåìî âiäîáðàæåííÿ

γ : (Ψ(X), τV ) → (Φ(X), τW ), çàäàíå òàêèì ÷èíîì: êîæíié ñiì'¨ çàìêíåíèõ

ìíîæèí F = {f−1(f(x)) | x ∈ X} = 〈f〉 ∈ Ψ(X), äå f : X →
Z � äåÿêå íåïåðåðâíå, ñþð'¹êòèâíå, âiäêðèòå âiäîáðàæåííÿ, ñòàâèìî ó

âiäïîâiäíiñòü êëàñ åêâiâàëåíòíîñòi [f ] = f∗(C(Z)) ∈ Φ(X), ÿêèé ìiñòèòü

ôàêòîðâiäîáðàæåííÿ f . Îñêiëüêè (X, d) � êîìïàêò, òî êîæíà íåïåðåðâíà

íà X ôóíêöiÿ ¹ ðiâíîìiðíî íåïåðåðâíîþ. Òîáòî, äëÿ êîæíîãî ε > 0 iñíó¹

δ > 0 òàêà, ùî ÿêùî âiäñòàíü ìiæ åëåìåíòàìè ïðîîáðàçó íå ïåðåâèùó¹ δ, òî

âiäñòàíü ìiæ åëåìåíòàìè îáðàçó íå ïåðåâèùóâàòèìå ε.
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Íåõàé (X, d) � êîìïàêòíèé ìåòðè÷íèé ïðîñòið. Âiäîáðà- æåííÿ

γ : (Ψ(X), τV )→ (Φ(X), τW ) íåïåðåðâíå.

Proof Íåõàé [f ] = γ(〈f〉) äå [f ] ∈ Φ(X) i 〈f〉 ∈ Ψ(X). Ðîçãëÿíåìî äåÿêèé îêië

O([f ];ϕ; ε) = {[g] ∈ Φ(X) | |ρ(ϕ, [f ])− ρ(ϕ, [g])| < ε}, ϕ ∈ C(X),

äå ε > 0, åëåìåíòà [f ].

Íåõàé âiäñòàíü âiä åëåìåíòà ϕ ∈ C(X) äî ìíîæèíè [f ] ðåàëiçó¹òüñÿ íà

åëåìåíòi α ∈ [f ], òîäi ρ(ϕ, [f ]) = ρ(ϕ, α). Ç ðiâíîìiðíî¨ íåïåðåðâíîñòi ôóíêöi¨

α ∈ C(X) äëÿ çàäàíîãî ε > 0 iñíó¹ δ > 0 òàêå, ùî ÿêùî d(x, y) < δ, òî

|α(x)− α(y)| < ε
2 .

Ðîçãëÿíåìî îêië Oδ〈f〉 ⊂ Ψ(X). ßêùî 〈g〉 ∈ Oδ〈f〉 ⊂ Ψ(X), òî äëÿ

êîæíîãî x ∈ X iñíó¹ åëåìåíò x′ ∈ X òàêèé, ùî dH(f−1(f(x)), g−1(g(x′))) < δ

i íàâïàêè äëÿ êîæíîãî x′ ∈ X iñíó¹ åëåìåíò x ∈ X òàêèé, ùî

dH(g−1(g(x′)), f−1(f(x))) < δ.

Îòæå, âiäñòàíü

ρ(ϕ, [f ]) = ρ(ϕ, α) =‖ ϕ− α ‖= sup
x∈X
{|ϕ(x)− α(x)|} = sup

x∈X
{|ϕ(x)− ξ ◦ f(x)|}.

Çàóâàæèìî, ùî ôóíêöiÿ α ñòàëà íà åëåìåíòàõ ñiì'¨ {f−1(f(x)) | x ∈ X}.
Ðîçãëÿíåìî ôóíêöiþ µ : X → R, çàäàíó ôîðìóëîþ µ(x) = min{α(y) | y ∈

g−1(g(x))}. Òîáòî µ ∈ [g]. Íåõàé âiäñòàíü ρ(α, µ) ðåàëiçó¹òüñÿ íà åëåìåíòi

x0 ∈ X, òîáòî

ρ(α, µ) = sup
x∈X
{|α(x)− µ(x)|} = |α(x0)− µ(x0)| =

= |α(x0)−min{α(y) | y ∈ g−1(g(x0))}| = |α(x0)− α(y0)|.

Çà ïîáóäîâîþ, çíàéäåòüñÿ åëåìåíò x′0 ∈ X òàêèé, ùî

dH(f−1(f(x0)), g−1(g(x′0))) < δ,

îòæå, iñíó¹ x′ ∈ g−1(g(x′0)) òàêå, ùî d(x0, x
′) < δ i iñíó¹ y′ ∈ g−1(g(x′0)) òàêå,

ùî d(y0, y
′) < δ. Äàëi, âðàõîâóþ÷è ðiâíîìiðíó íåïåðåðâíiñòü âiäîáðàæåííÿ

α, îòðèìà¹ìî:

ρ(α, µ) = |α(x0)− α(y0)| = |α(x0)− α(x′) + α(x′)− α(y′) + α(y′)− α(y0)|

6 |α(x0)− α(x′)|+ |α(x′)− α(y′)|+ |α(y′)− α(y0)| < ε/2 + 0 + ε/2 = ε.
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Òàêèì ÷èíîì, ìà¹ ìiñöå íåðiâíiñòü ρ(ϕ, µ) 6 ρ(ϕ, α) + ρ(α, µ) < ρ(ϕ, [f ]) + ε,

àëå ρ(ϕ, [g]) 6 ρ(ϕ, µ), îòæå, îòðèìà¹ìî

ρ(ϕ, [g])− ρ(ϕ, [f ]) < ε.

Ç iíøîãî áîêó, ïðèïóñòèìî, ùî âiäñòàíü âiä åëåìåíòà ϕ ∈ C(X) äî

ìíîæèíè [g] ðåàëiçó¹òüñÿ íà äåÿêîìó åëåìåíòi β ∈ [g], òîäi ρ(ϕ, [g]) = ρ(ϕ, β),

òîìó

‖ ϕ− β ‖= sup
x∈X
{|ϕ(x)− β(x)|}.

Çàóâàæèìî, ùî ôóíêöiÿ β ñòàëà íà åëåìåíòàõ ñiì'¨ {g−1(g(x)) | x ∈ X}.
Ðîçãëÿíåìî ôóíêöiþ η : X → R, çàäàíó ôîðìóëîþ η(x) = min{β(y) | y ∈

f−1(f(x))}. Òîáòî ôóíêöiÿ η ∈ [f ]. Íåõàé âiäñòàíü ρ(β, η) ðåàëiçó¹òüñÿ íà

äåÿêîìó åëåìåíòi x0 ∈ X, òîáòî

ρ(β, η) = sup
x∈X
{|β(x)− η(x)|} = |β(x0)− η(x0)| =

= |β(x0)−min{β(y) | y ∈ g−1(g(x0))}| = |β(x0)− β(y0)|.

Çà ïîáóäîâîþ çíàéäåòüñÿ åëåìåíò x′0 ∈ X òàêèé, ùî

dH(f−1(f(x′0)), g−1(g(x0))) < δ,

îòæå, iñíó¹ x′ ∈ f−1(f(x′0)) òàêå, ùî d(x0, x
′) < δ i iñíó¹ y′ ∈ f−1(f(x′0)) òàêå,

ùî d(y0, y
′) < δ. Äàëi, âðàõîâóþ÷è ðiâíîìiðíó íåïåðåðâíiñòü âiäîáðàæåííÿ

β, îòðèìà¹ìî:

ρ(β, η) = |β(x0)− β(y0)| = |β(x0)− β(x′) + β(x′)− β(y′) + β(y′)− β(y0)|

6 |β(x0)− β(x′)|+ |β(x′)− β(y′)|+ |β(y′)− β(y0)| < ε

2
+ 0 +

ε

2
= ε.

Òàêèì ÷èíîì, ìà¹ ìiñöå íåðiâíiñòü ρ(ϕ, η) 6 ρ(ϕ, β) + ρ(β, η) < ρ(ϕ, [g]) + ε,

àëå ρ(ϕ, [f ]) 6 ρ(ϕ, η), îòæå, îòðèìà¹ìî

ρ(ϕ, [f ])− ρ(ϕ, [g]) < ε.

Îòæå, |ρ(ϕ, [f ])−ρ(ϕ, [g])| < ε çâiäêè âèïëèâà¹, ùî [g] ∈ O([f ];ϕ; ε). Òîáòî

γ(Oδ〈f〉) ⊂ O([f ];ϕ; ε), ùî îçíà÷à¹ íåïåðåðâíiñòü âiäîáðàæåííÿ

γ : (Ψ(X), τV )→ (Φ(X), τW ).
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ÍåõàéX � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið. Ðîçãëÿíåìî âiäîáðàæåííÿ

γ : (Ψ(X), τV ) → (Φ(X), τW ). Îñêiëüêè X � êîìïàêò, òî êîæíà íåïåðåðâíà

íà X ôóíêöiÿ ¹ ðiâíîìiðíî íåïåðåðâíîþ. Òîáòî, äëÿ êîæíîãî ε > 0

iñíó¹ ñêií÷åííå ïîêðèòòÿ ïðîñòîðó X âiäêðèòèìè ìíîæèíàìè, à ñàìå U =

{U1, U2, . . . Um}, äå m ∈ N, òàêå, ùî íà êîæíîìó åëåìåíòi ïîêðèòòÿ Ui

êîëèâàííÿ ôóíêöi¨ íå ïåðåâèùóâàòèìå ε.

Íåõàé X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið. Âiäîáðà- æåííÿ

γ : (Ψ(X), τV )→ (Φ(X), τW ) íåïåðåðâíå.

Proof Íåõàé [f ] = γ(〈f〉) äå [f ] ∈ Φ(X) i 〈f〉 ∈ Ψ(X). Ðîçãëÿíåìî äåÿêèé îêië

O([f ];ϕ; ε) = {[g] ∈ Φ(X) | |ρ(ϕ, [f ])− ρ(ϕ, [g])| < ε}, ϕ ∈ C(X),

äå ε > 0, åëåìåíòà [f ].

Íåõàé âiäñòàíü âiä åëåìåíòà ϕ ∈ C(X) äî ìíîæèíè [f ] ðåàëiçó¹òüñÿ

íà åëåìåíòi α ∈ [f ], òîäi ρ(ϕ, [f ]) = ρ(ϕ, α). Ç ðiâíîìiðíî¨ íåïåðåðâíîñòi

ôóíêöi¨ α ∈ C(X) äëÿ çàäàíîãî ε > 0 iñíó¹ ñêií÷åííå ïîêðèòòÿ ïðîñòîðó

X âiäêðèòèìè ìíîæèíàìè, à ñàìå U = {U1, U2, . . . Um}, òàêå, ùî äëÿ âñiõ

x, y ∈ Ui ìà¹ìî |α(x)− α(y)| < ε/2.

Ðîçãëÿíåìî îêië

O〈f〉 = 〈〈U11, U12, . . . , U1n1
〉, 〈U21, U22, . . . , U2n2

〉, . . . , 〈Uk1, Uk2, . . . , Uknk
〉〉

åëåìåíòà 〈f〉 ⊂ Ψ(X), â ÿêîìó âñi Uij ∈ U . Ðîçãëÿíåìî äîâiëüíèé åëåìåíò

〈g〉 ∈ O〈f〉, òîäi äëÿ êîæíîãî x ∈ X iñíó¹ åëåìåíò x′ ∈ X òàêèé, ùî

f−1(f(x)) ∈ 〈Ui1, Ui2, . . . , Uini〉 i g−1(g(x′)) ∈ 〈Ui1, Ui2, . . . , Uini〉 i íàâïàêè:
äëÿ êîæíîãî x′ ∈ X iñíó¹ åëåìåíò x ∈ X òàêèé, ùî g−1(g(x′)) ∈
〈Ui1, Ui2, . . . , Uini〉 i f−1(f(x)) ∈ 〈Ui1, Ui2, . . . , Uini〉 .

Îòæå,

ρ(ϕ, [f ]) = ρ(ϕ, α) =‖ ϕ− α ‖= sup
x∈X
{|ϕ(x)− α(x)|} = sup

x∈X
{|ϕ(x)− ξ ◦ f(x)|}.

Çàóâàæèìî, ùî ôóíêöiÿ α ñòàëà íà åëåìåíòàõ ñiì'¨ {f−1(f(x)) | x ∈ X}.
Ðîçãëÿíåìî ôóíêöiþ µ : X → R, çàäàíó ôîðìóëîþ µ(x) = min{α(y) | y ∈

g−1(g(x))}. Òîäi µ ∈ [g]. Íåõàé

ρ(α, µ) = sup
x∈X
{|α(x)− µ(x)|} = |α(x0)− µ(x0)| =

= |α(x0)−min{α(y) | y ∈ g−1(g(x0))}| = |α(x0)− α(y0)|,

äå x0 i y0 � åëåìåíòè ìíîæèíè g−1(g(x0)). Òîäi g−1(g(x0)) = g−1(g(y0)) ∈
〈Ui1, Ui2, . . . Uini〉. Îòæå, çíàéäåòüñÿ åëåìåíò x′0 ∈ X òàêèé, ùî f−1(f(x′0)) ∈
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〈Ui1, Ui2, . . . , Uini
〉. Äàëi x0 ∈ g−1(g(x0)) ∈ 〈Ui1, Ui2, . . . Uini

〉, òîáòî x0 ∈ Uik
äå 1 6 k 6 ni, îòæå, çíàéäåòüñÿ åëåìåíò x

′ ∈ Uik i x′ ∈ f−1(f(x′0)) òàêèé, ùî

|α(x)− α(x′)| < ε/2. Ìiðêóþ÷è àíàëîãi÷íî, âèáåðåìî y′ ∈ Uil, äå 1 6 l 6 ni,

i y′ ∈ f−1(f(x′0)) òàêèé, ùî |α(y)− α(y′)| < ε/2.

Äàëi îòðèìà¹ìî:

ρ(α, µ) = |α(x0)− α(y0)| = |α(x0)− α(x′) + α(x′)− α(y′) + α(y′)− α(y0)|

6 |α(x0)− α(x′)|+ |α(x′)− α(y′)|+ |α(y′)− α(y0)| < ε/2 + 0 + ε/2 = ε.

Òàêèì ÷èíîì, ìà¹ ìiñöå íåðiâíiñòü ρ(ϕ, µ) 6 ρ(ϕ, α) + ρ(α, χ) < ρ(ϕ, [f ]) + ε,

àëå ρ(ϕ, [g]) 6 ρ(ϕ, µ), îòæå, îòðèìà¹ìî

ρ(ϕ, [g])− ρ(ϕ, [f ]) < ε.

Ç iíøîãî áîêó, ïðèïóñòèìî, ùî âiäñòàíü âiä åëåìåíòà ϕ ∈ C(X) äî

ìíîæèíè [g] ðåàëiçó¹òüñÿ íà äåÿêîìó åëåìåíòi β ∈ [g], òîäi

ρ(ϕ, [g]) = ρ(ϕ, β) =‖ ϕ− β ‖= sup
x∈X
{|ϕ(x)− θ ◦ g(x)|}.

Îòæå, ôóíêöiÿ β ñòàëà íà åëåìåíòàõ ñiì'¨ {g−1(g(x)) | x ∈ X}.
Ðîçãëÿíåìî ôóíêöiþ η : X → R, çàäàíó ôîðìóëîþ η(x) = min{β(y) | y ∈

f−1(f(x))}. Òîáòî ôóíêöiÿ η ∈ [f ]. Íåõàé âiäñòàíü ρ(β, η) ðåàëiçó¹òüñÿ íà

äåÿêîìó åëåìåíòi x0 ∈ X, òîáòî

ρ(β, η) = sup
x∈X
{|β(x)− η(x)|} = |β(x0)− η(x0)| =

= |β(x0)−min{β(y) | y ∈ g−1(g(x0))}| = |β(x0)− β(y0)|,

äå x0 i y0 � åëåìåíòè ìíîæèíè f−1(f(x0)). Òîäi f−1(f(x0)) = f−1(f(y0)) ∈
〈Uj1, Uj2, . . . Ujnj 〉. Îòæå, çíàéäåòüñÿ åëåìåíò x′0 ∈ X òàêèé, ùî (g−1(g(x′0)) ∈
〈Uj1, Uj2, . . . , Ujnj 〉. Äàëi x0 ∈ f−1(f(x0)) ∈ 〈Uj1, Uj2, . . . Ujnj 〉, òîáòî x0 ∈ Ujk
äå 1 6 k 6 nj , îòæå, çíàéäåòüñÿ åëåìåíò x

′ ∈ Ujk i x′ ∈ (g−1(g(x′0)) òàêèé, ùî

|β(x)− β(x′)| < ε/2. Ìiðêóþ÷è àíàëîãi÷íî âèáåðåìî y′ ∈ Ujl äå 1 6 l 6 nj , i

y′ ∈ (f−1(f(x′0)) òàêèé, ùî |β(y)− β(y′)| < ε/2.

Òîäi îòðèìà¹ìî:

ρ(β, η) = |β(x0)− β(y0)| = |β(x0)− β(x′) + β(x′)− β(y′) + β(y′)− β(y0)|

6 |β(x0)− β(x′)|+ |β(x′)− β(y′)|+ |β(y′)− β(y0)| < ε

2
+ 0 +

ε

2
= ε.



Òàêèì ÷èíîì, ìà¹ ìiñöå íåðiâíiñòü ρ(ϕ, η) 6 ρ(ϕ, β) + ρ(β, η) < ρ(ϕ, [g]) + ε,

àëå ρ(ϕ, [f ]) 6 ρ(ϕ, η), îòæå, îòðèìà¹ìî

ρ(ϕ, [f ])− ρ(ϕ, [g]) < ε.

Îòæå, |ρ(ϕ, [f ])−ρ(ϕ, [g])| < ε çâiäêè âèïëèâà¹, ùî [g] ∈ O([f ];ϕ; ε). Òîáòî

γ(O〈f〉) ⊂ O([f ];ϕ; ε), ùî îçíà÷à¹ íåïåðåðâíiñòü âiäîáðàæåííÿ

γ : (Ψ(X), τV )→ (Φ(X), τW ).

5 Çàóâàæåííÿ i âiäêðèòi ïèòàííÿ.

Îñíîâíèé ðåçóëüòàò ñòàòòi ñòîñó¹òüñÿ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ.

Çàëèøà¹ìî âiäêðèòèì ïèòàííÿ ïðî ïåðåíåñåííÿ éîãî íà íåêîìïàêòíèé

âèïàäîê. Ó çâ'ÿçêó ç öèì çàóâàæåìî, ùî ïàðàëåëüíî äî òåîði¨ �.Â.Ùåïiíà

òîïîëîãi¨ íåìåòðèçîâíèõ êîìïàêòiâ, äå âèíèêëà êîíñòðóêöiÿ Φ(X),

À.×.×èãîãiäçå [6] ðîçâèíóâ ¨¨ íåêîìïàêòíèé àíàëîã.

Âèíèêà¹ öiëèé ðÿä ïðîáëåì ùîäî òîïîëîãi÷íèõ âëàñòèâîñòåé ïðîñòîðó

Ψ(X). Çîêðåìà, íåâiäîìî, ÷è öåé ïðîñòið ¹ òîïîëîãi÷íî ïîâíèì.

Ñôîðìóëþ¹ìî òàêîæ ïèòàííÿ ïðî îïèñ òîïîëîãi¨ ïðîñòîðiâ Ψ(X) äëÿ

êîíêðåòíèõ ïðîñòîðiâ X. Îñêiëüêè ãiïåðïðîñòið expX íóëüâèìiðíèé äëÿ

íóëüâèìiðíîãî X, òî íóëüâèìiðíèì ¹ i Ψ(X). Âèíèêà¹ ïèòàííÿ, ÷è çâ'ÿçíèé

ïðîñòið Ψ([0, 1]n), äå n > 2?
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Ðîçìèòi ìåòðèêè Ãðîìîâà-Ãàóñäîðôà

Îëåêñàíäð Ãðèãîðîâè÷ Ñàâ÷åíêî

Abstract Ó êëàñi ðîçìèòèõ ìåòðèê ïîáóäîâàíî àíàëîã ìåòðèêè Ãðîìîâà-

Ãàóñäîðôà. ïîêàçàíî, ùî êëàñ óñiõ êîìïàêòíèõ ðîçìèòèõ ìåòðè÷íèõ

ïðîñòîðiâ ó ñåíñi George i Veeramani (GM-ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ)

¹ KM-ðîçìèòèì ìåòðè÷íèì ïðîñòîðîì (ó ñåíñi îçíà÷åííÿ, ùî éîãî íàâåëè

Kramosil i Michalek).

Keywords ìåòðèêà Ãðîìîâà-Ãàóñäîðôà, ðîçìèòèé ìåòðè÷íèé ïðîñòið

1 Âñòóï

Ìåòðèêà Ãðîìîâà-Ãàóñäîðôà áóëà âïåðøå çàïðîâàäæåíà ó ñòàòòi [1].

Îçíà÷óþ÷è öþ ìåòðèêó, Ì. Ãðîìîâ äàëåêî óçàãàëüíèâ ìåòðèêó Ãàóñäîðôà

íà ãiïåðïðîñòîði (ïðîñòîði íåïîðîæíiõ çàìêíåíèõ ïiäìíîæèí). Ç òîãî ÷àñó

ìåòðèêà Ãðîìîâà-Ãàóñäîðôà çíàéøëà øèðîêi çàñòîñóâàííÿ ó ðiìàíîâié

ãåîìåòði¨ òà iíøèõ îáëàñòÿõ ìàòåìàòèêè(äèâ., íàïðèêëàä, [2],[3]). Ãðîìîâ

äîâiâ äâà ôóíäàìåíòàëüíi ðåçóëüòàòè, òåîðåìó êîìïàêòíîñòi i òåîðåìó

çáiæíîñòi, ÿêi ìàþòü âàæëèâå çíà÷åííÿ äëÿ òåîði¨ ðiìàíîâèõ ìíîãîâèäiâ.

Íàãàäà¹ìî, ùî òåîðåìà êîìïàêòíîñòi ñòâåðäæó¹ âiäíîñíó êîìïàêòíiñòü

ìíîæèíè âñiõ ðiìàíîâèõ ìíîãîâèäiâ ç êðèâèíîþ Ði÷÷i ≥ c i äiàìåòðîì ≤ D.
Äëÿ îçíà÷åííÿ ìåòðèêè Ãðîìîâà-Ãàóñäîðôà íàãàäà¹ìî, ùî

ãiïåðïðîñòîðîì ìåòðè÷íîãî ïðîñòîðó (X, d) íàçèâàþòü ìíîæèíó âñiõ

íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí, íàäiëåíó ìåòðèêîþ Ãàóñäîðôà dH :

dH(A,B) = inf{r > 0 | A ⊂ Or(B), B ⊂ Or(A)}

(òóò ÷åðåç Or(C) ïîçíà÷åíî r-îêië ìíîæèíè C).
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Âiäñòàíü Ãðîìîâà-Ãàóñäîðôà ìiæ êîìïàêòíèìè ìåòðè÷íèìè ïðîñòîðàìè

X i Y îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

dGH(X,Y ) = inf{dH(i(X), j(Y )) |

i : X → Z, j : Y → Z � içîìåòðè÷íi âêëàäåííÿ}.

Ìåòîþ öi¹¨ ñòàòòi ¹ çíàõîäæåííÿ àíàëîãà ìåòðèêè Ãðîìîâà-Ãàóñäîðôà

äëÿ âèïàäêó ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ. Ïîíÿòòÿ ðîçìèòîãî ìåòðè÷íîãî

ïðîñòîðó ¹ äàëåêèì óçàãàëüíåííÿì ïîíÿòòÿ ìåòðè÷íîãî ïðîñòîðó. Âîíî

çíàõîäèòü ñâî¨ çàñòîñóâàííÿ äî òåîði¨ îáðîáêè çîáðàæåíü òà ó iíøèõ

îáëàñòÿõ.

2 Ðîçìèòà ìåòðèêà Ãðîìîâà-Ãàóñäîðôà

2.1 Ðîçìèòà ìåòðèêà Ãàóñäîðôà

Íàì çíàäîáèòüñÿ ïîíÿòòÿ t-íîðìè. Áiíàðíó îïåðàöiþ ∗ : [0, 1]× [0, 1]→ [0, 1]

íàçèâàþòü íåïåðåðâíîþ t-íîðìîþ, ÿêùî ∗ çàäîâîëüíÿ¹ òàêi óìîâè:

(i) ∗ êîìóòàòèâíà i àñîöiàòèâíà;
(ii) ∗ íåïåðåðâíà;
(iii) a ∗ 1 = a äëÿ âñiõ a ∈ [0, 1];

(iv) a ∗ b ≤ c ∗ d, ÿêùî a ≤ c i b ≤ d, i a, b, c, d ∈ [0, 1].

Ïðèêëàäàìè t-íîðì ¹ òàêi îïåðàöi¨:

a ∗ b = ab, a ∗ b = min{a, b}, a ∗ b = max{a+ b− 1, 0}

(t-íîðìà Ëóêàñ¹âè÷à).

Ó ëiòåðàòóði íàéáiëüø ïîøèðåíèìè ¹ äâà ïiäõîäè äî îçíà÷åííÿ

ðîçìèòîãî ìåòðè÷íîãî ïðîñòîðó.

Òðiéêà (X,M, ∗) íàçèâà¹òüñÿ GV-ðîçìèòèì ìåòðè÷íèì ïðîñòîðîì, ÿêùî

X � äîâiëüíà ìíîæèíà, ∗ � íåïåðåðâíà t-íîðìà i M � ðîçìèòà ìíîæèíà

íà X2 × (0,∞) (òîáòî ôóíêöiÿ X2 × (0,∞)→ [0, 1]), ùî çàäîâîëüíÿ¹ óìîâè

äëÿ âñiõ x, y, z ∈ X i s, t > 0:

(i) M(x, y, t) > 0,

(ii) M(x, y, t) = 1 òîäi i ëèøå òîäi, êîëè x = y,

(iii) M(x, y, t) = M(y, x, t),

(iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),

(v) ôóíêöiÿ M(x, y,−) : (0,∞)→ [0, 1] íåïåðåðâíà.
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Öå ïîíÿòòÿ îçíà÷åíî â ñòàòòi [4]. ßêùî çàìiñòü íåïåðåðâíîñòi âèìàãà¹ìî

ëèøå íåïåðåðâíiñòü çëiâà, òî îäåðæó¹ìî ïîíÿòòÿ KM-ðîçìèòîãî ìåòðè÷íîãî

ïðîñòîðó (äèâ. [5]).

Íåõàé x ∈ X, r ∈ (0, 1) i t > 0. Ìíîæèíà B(x, r, t) = {y ∈ X | B(x, y, t) >

1 − r} íàçèâà¹òüñÿ êóëåþ ðàäióñà r ç öåíòðîì ó òî÷öi x, ùî âiäïîâiäà¹ t.

Ìíîæèíà âñiõ êóëü ñëóæèòü áàçîþ äëÿ (ìåòðèçîâíî¨) òîïîëîãi¨ íà X (äèâ.

[6]). Íàäàëi ó ðîçìèòîìó ìåòðè÷íîìó ïðîñòîði áóäåìî ðîçãëÿäàòè ëèøå öþ

òîïîëîãiþ.

Âiäîìî, ùî êîæíà ìåòðèêà d íà ìíîæèíi X ïîðîäæó¹ ðîçìèòó ìåòðèêó

Md íà X çà ôîðìóëîþ:

Md(x, y, t) =
d(x, y)

d(x, y) + t
.

Íåõàé B � íåïîðîæíÿ ïiäìíîæèíà ðîçìèòîãî ìåòðè÷íîãî ïðîñòîðó

(X,M, ∗). Äëÿ êîæíèõ a ∈ X i t > 0, íåõàé

M(a,B, t) = sup{M(a, b, t) | b ∈ B}

(äèâ. [7, De�nition 2.4]).

Íåõàé (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé ïðîñòið. Îçíà÷èìî ÷åðåç expX

ñiì'þ âñiõ íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí â ïðîñòîði X. ßê i â ñòàòòi

[7], îçíà÷èìî ôóíêöiþ MH íà expX × expX → (0,∞) ôîðìóëîþ:

MH(A,B, t) = min

{
inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)

}
äëÿ âñiõ A,B ∈ expX i t > 0. Îñíîâíèé ðåçóëüòàò (Òåîðåìà 1) ñòàòòi [7]

ñòâåðäæó¹, ùî (MH , ∗) � ðîçìèòà ìåòðèêà íà ìíîæèíi expX (ðîçìèòà

ìåòðèêà Ãàóñäîðôà). Áiëüøå òîãî, öÿ ðîçìèòà ìåòðèêà ïîðîäæó¹ òîïîëîãiþ

Âi¹òîðiñà íà ãiïåðïðîñòîði expX. Íàãàäà¹ìî, ùî áàçà òîïîëîãi¨ Âi¹òîðiñà

ñêëàäà¹òüñÿ ç ìíîæèí âèãëÿäó

〈U1, . . . , Un〉 = {A ∈ expX | A ⊂ ∪ni=1Ui, A ∩ Ui 6= ∅ äëÿ âñiõ i},

äå U1, . . . , Un � âiäêðèòi â X ìíîæèíè.

Ìè âèêîðèñòîâó¹ìî ïîçíà÷åííÿ MH çàìiñòü âæèòîãî â ñòàòòi [7]

ïîçíà÷åííÿ HM ; öå ïîâ'ÿçàíå ç òèì, ùî òîäi ïðèðîäíî ïîçíà÷àòè ðîçìèòi

ìåòðèêè íà iòåðàöiÿõ exp2 = exp exp, exp3, . . . ôóíêòîðà exp ÷åðåç MHH ,

MHHH ,. . . .
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3 Ðîçìèòi ìåòðèêè Ãðîìîâà-Ãàóñäîðôà

Íåõàé (Xi,Mi, ∗), i = 1, 2, � ðîçìèòi ìåòðè÷íi ïðîñòîðè. Ðîçìèòîþ

âiäñòàííþ Ãðîìîâà-Ãàóñäîðôà ìiæ íèìè íàçèâà¹ìî ÷èñëî

MGH((X1,M1, ∗), (X2,M2, ∗), t) = sup{MH(F1(X1), F2(X2), t) |

Fi : Xi → Z � içîìåòðè÷íi âêëàäåííÿ â ðîçìèòèé

ìåòðè÷íèé ïðîñòið Z}.

Çàóâàæèìî, ùî ÷èñëîMGH((X1,M1, ∗), (X2,M2, ∗), t) êîðåêòíî îçíà÷åíå,
îñêiëüêè içîìåòðè÷íi âêëàäåííÿ ó ñïiëüíèé ðîçìèòèé ìåòðè÷íèé ïðîñòið

iñíóþòü äëÿ êîæíèõ äâîõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ � äîñèòü âçÿòè ¨õ

áóêåò (äèâ. [8]). Ïîêàæåìî, ùî MGH � ðîçìèòà ïñåâäîìåòðèêà íà ìíîæèíi

FM(X) âñiõ çàìêíåíèõ ïiäïðîñòîðiâ ôiêñîâàíîãî ðîçìèòîãî ìåòðè÷íîãî

ïðîñòîðó X.

Ñèìåòðè÷íiñòü ôóíêöi¨ MGH âèïëèâà¹ áåçïîñåðåäíüî ç îçíà÷åííÿ.

Ïîêàæåìî, ùî âèêîíó¹òüñÿ óìîâà (iv) ç îçíà÷åííÿ ðîçìèòîãî ìåòðè÷íîãî

ïðîñòîðó. Íåõàé (Xi,Mi, ∗), i = 1, 2, 3, � ðîçìèòi ìåòðè÷íi ïðîñòîðè òàêi, ùî

MGH((X1,M1, ∗), (X2,M2, ∗), t) = a,

MGH((X2,M2, ∗), (X3,M3, ∗), s) = b.

Íåõàé ε > 0. Iñíóþòü ðîçìèòi ìåòðè÷íi ïðîñòîðè (Zi, Ni, ∗), i = 1, 2, òàêi,

ùî Z1 içîìåòðè÷íî ìiñòèòüX1, X2,à Z2 içîìåòðè÷íî ìiñòèòüX2, X3, ïðè÷îìó

MH(X1, X2, t) > a−ε,MH(X2, X3, s) > a−ε. Ïîáóäó¹ìî ðîçìèòèé ìåòðè÷íèé
ïðîñòið (Y,K, ∗) íàñòóïíèì ñïîñîáîì: Y = (Z1 tZ2)/ ∼, äå ∼ � âiäíîøåííÿ

åêâiâàëåíòíîñòi, ùî ñêëåþ¹ x ∈ X2 ⊂ Z1 ç x ∈ X2 ⊂ Z2; ðîçìèòà ìåòðèêà

íà Y ¹ ìåòðèêîþ, ùî óòâîðþ¹òüñÿ ñêëåþâàííÿì ðîçìèòèõ ìåòðèê N1, N2:

ÿêùî x ∈ Z1 \ Z2, y ∈ Z2 \ Z1, òî äëÿ êîæíîãî τ ∈ (0,∞) ïðèéìåìî:

K(x, y, t) = sup{N1(x, z, t1) ∗N(z, y, t2) | z ∈ Z2, t1 + t2 = τ}

(äèâ., íàïðèêëàä, [8]). Òåïåð ç óìîâè (iv) äëÿ ãiïåðïðîñòîðó (expK,MH , ∗)
âèïëèâà¹, ùî

MGH((X1,M1, ∗), (X3,M3, ∗), t+ s) ≥ KH(X1, X3, t+ s)

≥MH(X1, X2, t) ∗MH(X2, X3, s) ≥ (a− ε) ∗ (b− ε)

i ç íåïåðåðâíîñòi t-íîðìè ∗ âèïëèâà¹ øóêàíà íåðiâíiñòü.
Íåõàé MGH((X1,M1, ∗), (X2,M2, ∗), t) = 1. Òîäi äëÿ êîæíîãî r ∈ (0, 1)

iñíó¹ ðîçìèòèé ìåòðè÷íèé ïðîñòið (Zr, Nr, ∗) i içîìåòðè÷íi âêëàäåííÿ
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Fi : Xi → Z òàêi, ùî MH(F1(X1), F2(X2), t) > r. Íå çìåíøóþ÷è çàãàëüíîñòi,

ìîæåìî ââàæàòè, ùî Z = X1 ∪ X2 i âiäîáðàæåííÿ Fi : Xi → Z, i = 1, 2, ¹

âêëþ÷åííÿìè. Îçíà÷èìî âiäíîøåííÿ Rr ⊂ X1 ×X2 óìîâîþ:

(x1, x2) ∈ Rr ⇔ Nr(x1, x2, t) ≥ r.

Íåñêëàäíî ïîêàçàòè, ùî âiäíîøåííÿ Rr ïðè r → 1 ïðÿìóþòü äî

ìíîæèíè, ùî ¹ ãðàôiêîì ãîìåîìîðôiçìó ìiæ X òà Y . Áiëüøå òîãî, öåé

ãîìåîìîðôiçì ¹ içîìåòði¹þ.

Íåïåðåðâíiñòü çëiâà îäåðæàíî¨ ôóíêöi¨

t 7→MGH((X1,M1, ∗), (X2,M2, ∗), t)

âèïëèâà¹ ç òîãî, ùî âêàçàíà ôóíêöiÿ ¹ ñóïðåìóìîì ìîíîòîííî çðîñòàþ÷èõ

íåïåðåðâíèõ ôóíêöié.

Ìè îäåðæó¹ìî òàêèé ðåçóëüòàò. Ìíîæèíà âñiõ êëàñiâ åêâiâàëåíòíîñòi

êîìïàêòíèõ GV-ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ ¹ KM-ðîçìèòèì ìåòðè÷íèì

ïðîñòîðîì.

Çàóâàæèìî, ùî àíàëîãi÷íî ðîçìèòó ìåòðèêó Ãðîìîâà-Ãàóñäîðôà ìîæíà

îçíà÷èòè íà ìíîæèíi óñiõ íåïîðîæíiõ îáìåæåíèõ ðîçìèòèõ ìåòðè÷íèõ

ïðîñòîðiâ.

Ñiì'ÿ ñêií÷åííèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ âñþäè ùiëüíà â

óòâîðåíîìó ìåòðè÷íîìó ïðîñòîði.

Proof Íåõàé (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé KM-ïðîñòið. Äëÿ êîæíîãî t >

0 ðîçãëÿíåìî ïîêðèòòÿ ïðîñòîðó X êóëÿìè âèãëÿäó B(x, r, t), x ∈ X, r ∈
(0, 1), t > 0. Öå ïîêðèòòÿ ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ {B(xi, r, t) | i =

1, . . . , k}. Òîäi çà ïîáóäîâîþ ìåòðè÷íèé ïðîñòið {x1, . . . , xk} ëåæèòü â r-îêîëi
ïðîñòîðó X ïðè t > 0.

Íàãàäà¹ìî, ùî ðîçìèòèé ìåòðè÷íèé ïðîñòið íàçèâà¹òüñÿ ñòàöiîíàðíèì,

ÿêùî çíà÷åííÿ ðîçìèòî¨ ìåòðèêè íå çàëåæèòü âiä çìiííî¨ t. Íåñêëàäíî

äîâåñòè òàêèé ôàêò. Âiäñòàíü Ãðîìîâà-Ãàóñäîðôà ìiæ ñòàöiîíàðíèìè

ìåòðè÷íèìè ïðîñòîðàìè íå çàëåæèòü âiä çìiííî¨ t.

4 Ïóíêòîâàíà çáiæíiñòü Ãðîìîâà-Ãàóñäîðôà

Íèæ÷å ìè ðîçãëÿäà¹ìî ìîäèôiêàöiþ ïðîñòîðó Ãðîìîâà-Ãàóñäîðôà äëÿ

íåêîìïàêòíèõ ðîçìèòèõ KM-ïðîñòîðiâ. Íåõàé ((Xi, xi,Mi, ∗))∞i=1 �

ïîñëiäîâíiñòü ïóíêòîâàíèõ ðîçìèòèõ KM-ïðîñòîðiâ. Êàæåìî, ùî öÿ

ïîñëiäîâíiñòü çáiãà¹òüñÿ äî ïóíêòîâàíîãî ðîçìèòîãî ìåòðè÷íîãî ïðîñòîðó
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(X,x,M, ∗), ÿêùî äëÿ êîæíîãî r ∈ (0, 1) ïîñëiäîâíiñòü çàìêíåíèõ r-êóëü

(B̄(xi)
∞
i=1 ç iíäóêîâàíîþ ðîçìèòîþ ìåòðèêîþ çáiãà¹òüñÿ ó ðîçìèòié ìåòðèöi

Ãðîìîâà-Ãàóñäîðôà äî çàìêíåíî¨ r-êóëi B̄(x).

Ïóíêòîâàíà çáiæíiñòü Ãðîìîâà-Ãàóñäîðôà äà¹ çìîãó îçíà÷èòè äîòè÷íèé

ðîçìèòèé ìåòðè÷íèé ïðîñòið â òî÷öi äî çàäàíîãî ðîçìèòîãî ìåòðè÷íîãî

ïðîñòîðó.

5 Çàóâàæåííÿ

Íåõàé (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé KM-ïðîñòið. Ïîçíà÷à¹ìî ÷åðåç

expGH(X,M, ∗) ìíîæèíó âñiõ êîìïàêòíèõ íåïîðîæíiõ ïiäïðîñòîðiâ ó

X, íàäiëåíó ðîçìèòîþ ìåòðèêîþ Ãðîìîâà-Ãàóñäîðôà. Ó [9] äîâåäåíî,

ùî ãiïåðïðîñòið Ãðîìîâà-Ãàóñäîðôà îäèíè÷íîãî âiäðiçêà çi ñòàíäàðòíîþ

ìåòðèêîþ ãîìåîìîðôíèé ãiëüáåðòîâîìó êóáó. Ìè ôîðìóëþ¹ìî ãiïîòåçó ïðî

òå, ùî ìà¹ ìiñöå ðîçìèòèé àíàëîã öüîãî ðåçóëüòàòó.

Çàçíà÷èìî, ùî äî íåäàâíîãî ìîìåíòó òåîði¨ GV-ðîçìèòèõ ìåòðè÷íèõ

ïðîñòîðiâ òà KM-ìåòðè÷íèõ ïðîñòîðiâ ðîçâèâàëèñÿ ïàðàëåëüíî. Ïðè öüîìó

ïåâíà ïåðåâàãà íàäàâàëàñÿ òåîði¨ GV-ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ,

îñêiëüêè òîïîëîãiÿ, ïîðîäæåíà ðîçìèòîþ GV-ìåòðèêîþ, ìåòðèçîâíà.

Ðåçóëüòàòè öi¹¨ ñòàòòi ïîêàçóþòü, ùî KM-ìåòðè÷íi ïðîñòîðè ïðèðîäíî

âèíèêàþòü ó êëàñi GV-ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ.

Áiëüøiñòü çàïèòàíü, àíàëîãi÷íèõ äî òèõ, ðî ðîçãëÿäàëèñÿ ó ìåòðè÷íié

òåîði¨, çàëèøà¹òüñÿ âiäêðèòèìè. Çîêðåìà, íåâiäîìî, ÷è ãiïåðïðîñòið

Ãðîìîâà-Ãàóñäîðôà ïîâíèé.

Ùå îäíå çàïèòàííÿ: íåõàé ïîñëiäîâíiñòü ìåòðè÷íèõ ïðîñòîðiâ (Xi, di)

çáiãà¹òüñÿ äî (X, d) ó ìåòðèöi Ãðîìîâà-Ãàóñäîðôà. ×è çáiãà¹òüñÿ (Xi,Mdi , ∗)
äî (X,Md, ∗) ó ðîçìèòié ìåòðèöi Ãðîìîâà-Ãàóñäîðôà?
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Ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ
êåëåðîâûõ ïðîñòðàíñòâ ñ ñîõðàíåíèåì òåíçîðà
Ýéíøòåéíà

Â. Êèîñàê Å. ×åïóðíàÿ

Abstract Â ðàáîòi âèâ÷àþòüñÿ ãîëîìîðôíî�ïðîåêòèâíi âiäîáðàæåííÿ êåëåðîâèõ

ïðîñòîðiâ, ùî çáåðiãàþòü òåíçîð Åéíøòåéíà. Îòðèìàíi îñíîâíi ðiâíÿííÿ òåîði¨

âêàçàíèõ âiäîáðàæåíü. Ðîçâ'ÿçîê çàäà÷i çâåäåíî äî âèâ÷åííÿ ñèñòåìè ëiíiéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü â êîâàðiàíòíèõ ïîõiäíèõ. Äîñëiäæåííÿ âåäóòüñÿ

ëîêàëüíî, â òåíçîðíié ôîðìi, â êëàñi äîñòàòíüî ãëàäêèõ ôóíêöié, áåç îáìåæåíü

íà çíàê òà ñèãíàòóðó ìåòðèê ïðîñòîðiâ, ùî âèâ÷àþòüñÿ.

1 Êåëåðîâû ïðîñòðàíñòâà

Êåëåðîâûì ïðîñòðàíñòâîìKn (n = 2N) íàçûâàåòñÿ ÷åòíîìåðíîå ïðîñòðàíñòâî

ñ ìåòðè÷åñêèì òåíçîðîì gij(x), â êîòîðîì ñóùåñòâóåò êîìïëåêñíàÿ ñòðóêòóðà

Fhi (x), óäîâëåòâîðÿþùàÿ ñëåäóþùèì ñîîòíîøåíèÿì [1], [3], [5], [7]:

FhαF
α
i = −δhi ; F(ij) = 0; Fhi,j = 0, (1)

ãäå Fij = giαF
α
j , (i j) � ñèììåòðèðîâàíèå áåç äåëåíèÿ ïî i è j, çàïÿòàÿ ‘, ‘ �

çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè Kn, δ
h
i � ñèìâîëû Êðîíåêåðà.

Çàìåòèì, ÷òî êåëåðîâû ïðîñòðàíñòâà âïåðâûå èçó÷àëèñü Ï.À. Øèðîêîâûì,

êîòîðûé íàçâàë èõ À-ïðîñòðàíñòâàìè. Çàòåì ýòè ïðîñòðàíñòâà èññëåäîâàëèñü

Ý. Êåëåðîì. Â ëèòåðàòóðå, êàê ïðàâèëî, òàêèå ïðîñòðàíñòâà íàçûâàþò

êåëåðîâûìè.

Äëÿ óäîáñòâà ââåäåì â Kn îïåðàöèþ ñîïðÿæåíèÿ:

A ...
ī... ≡ A

...
α...F

α
i ; B ī...... ≡ B

α...
...F

i
α (2)

Çäåñü A è B ïðîèçâîëüíûå òåíçîðû ëþáîé âàëåíòíîñòè.

Â ñèëó (1) è (2) èìåþò ìåñòî ñëåäóþùèå ñâîéñòâà:
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A¯̄i
= −Ai; B

¯̄i = −Bi;

AᾱB
α = AαB

ᾱ; AᾱB
ᾱ = −AαBα; (3)

(Aī) , j = Aī , j ; (B ī) , j = B ī, j ;

Ìåòðè÷åñêèé òåíçîð è ñèìâîëû Êðîíåêåðà óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

gīj̄ = gij ; gīj = −gij̄ ; δhī = δh̄i = Fhi ; δh̄ī = −δhi (4)

Òåíçîðû Ðèìàíà Rhijk è Ðè÷÷è Rij îáëàäàþò äîïîëíèòåëüíî ê èçâåñòíûì

òîæäåñòâàì, ñâîéñòâàìè:

Rh̄ījk = Rhijk; Rαᾱjk = 2Rjk̄; Rīj̄ = Rij , (5)

ãäå Rhijk = ghαR
α
ijk [4].

Â êåëåðîâûõ ïðîñòðàíñòâàõ Kn îïðåäåëåíû ñëåäóþùèå òåíçîðû:

Phijk ≡ R
h
ijk −

1

n+ 2
(δh[kRj]i + δh[k̄Rj̄]i + 2δhī Rj̄k) (6)

� òåíçîð ãîëîìîðôíî-ïðîåêòèâíîé êðèâèçíû;

Hh
ijk ≡ R

h
ijk −

R

n(n+ 2)
(δh[kgj]i + δh[k̄gj̄]i + 2δhī gj̄k) (7)

� òåíçîð ãîëîìîðôíî-ñåêöèîííîé êðèâèçíû Kn;

Bhjik ≡ Rhijk + (δh[jBk]i + δh[j̄Bk̄]i + 2δhī Bj̄k +

(8)

+ Bh[jgk]i +Bh[j̄gk̄]i + 2Bhī gj̄k)

� òåíçîð Áîõíåðà Kn, ãäå

Bhi ≡ ghαBαi,

(9)

Bij ≡
1

n+ 4
(Rij −

R

2(n+ 2)
gij).

Â âûøå ïðèâåäåííûõ ôîðìóëàõ è â äàëüíåéøåì [i, j] îáîçíà÷àåò

àëüòåðíèðîâàíèå áåç äåëåíèÿ, à R = Rαβg
αβ � ñêàëÿðíàÿ êðèâèçíà, gij �

ýëåìåíòû îáðàòíîé ìàòðèöû ê
∥∥gij∥∥.

Äëÿ òåíçîðà ãîëîìîðôíî-ïðîåêòèâíîé êðèâèçíû èìååì:
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Phijk = Phij̄k̄ = Ph̄ījk = −Phikj ;

Ph(ijk) = 0; (10)

Pααjk = Pαᾱjk = Pαjkα = Pαjkᾱ = 0;

ãäå (i, j, k) - îáîçíà÷àåò öèêëèðîâàíèå ïî i, j, k. Òåíçîðû ãîëîìîðôíî-ñåêöèîííîé

êðèâèçíû è Áîõíåðà óäîâëåòâîðÿþò óñëîâèÿì [9], [10]:

Hhijk = −Hihjk = Hjkhi = Hh̄ījk;

Hhijk +Hhjki +Hhkij = 0;

(11)

Bhijk = −Bihjk = Bjkhi = Bh̄ījk;

Bhijk +Bhjki +Bhkij = 0.

2 Îñíîâíûå óðàâíåíèÿ ãîëîìîðôíî-ïðîåêòèâíûõ

îòîáðàæåíèé êåëåðîâûõ ïðîñòðàíñòâ ñ ñîõðàíåíèåì

òåíçîðà Ýéíøòåéíà

Àíàëèòè÷åñêè ïëàíàðíîé êðèâîé L êåëåðîâà ïðîñòðàíñòâà íàçûâàåòñÿ êðèâàÿ,

çàäàííàÿ óðàâíåíèÿìè xh = xh(t), òàêàÿ, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

dξh

dt
+ Γhαβξ

αξβ = ρ1(t)ξh + ρ2(t)Fhα ξ
α, (12)

ãäå ξh ≡ dxh

dt , ρ1, ρ2 - ôóíêöèè àðãóìåíòà t.

Äèôôåîìîðôèçì γ ìåæäó òî÷êàìè êåëåðîâûõ ïðîñòðàíñòâ Kn è K̄n
íàçûâàåòñÿ ãîëîìîðôíî-ïðîåêòèâíûì îòîáðàæåíèåì, åñëè êàæäàÿ àíàëèòè÷åñêè

ïëàíàðíàÿ êðèâàÿ Kn ïåðåõîäèò â àíàëèòè÷åñêè ïëàíàðíóþ êðèâóþ

K̄n. Íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ãîëîìîðôíî-ïðîåêòèâíûõ

îòîáðàæåíèé Kn íà K̄n ÿâëÿåòñÿ âûïîëíåíèå â îáùåé ïî îòîáðàæåíèþ ñèñòåìå

êîîðäèíàò óñëîâèé [1], [6]:

Γ̄hij = Γhij + δh(iψj) − δ
h
(̄iψj̄),

(13)

F̄hi = Fhi ,
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ãäå ïî íåîáõîäèìîñòè Ψi ≡ Ψ,i.
Çàìåòèì, ÷òî â ðàáîòàõ [6], [10] ïðåäïîëàãàëîñü àïðèîðíîå ñîõðàíåíèå

ñòðóêòóðû ïðè ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ. Â ðàáîòå [4] ïîêàçàíà

íåîáõîäèìîñòü åå ñîõðàíåíèÿ. Ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ Kn íà K̄n
íàçûâàþò íåòðèâèàëüíûìè, åñëè ψi 6= 0. Ñëó÷àé, êîãäà ψi ≡ 0, òî åñòü, êîãäà

îòîáðàæåíèå ÿâëÿåòñÿ àôôèííûì, íå áóäåì ðàññìàòðèâàòü. Ñîîòíîøåíèÿ (13)

ýêâèâàëåíòíû óðàâíåíèÿì [3], [4]:

ḡij,k = 2ψk ḡij + ψ(iḡj)k + ψ(̄iḡj̄)k, (14)

ãäå ḡij - ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà K̄n. Êàê èçâåñòíî, èç (13) ïî

íåîáõîäèìîñòè ñëåäóåò:

R̄hijk = Rhijk + δhkψji − δ
h
j ψki + δhkψj̄i − δ

h
j̄ ψk̄i + 2δhī ψj̄k; (15)

R̄ij = Rij + (n+ 2)ψij ; (16)

P̄hijk = Phijk, (17)

ãäå Rhijk(R̄hijk), Rij(R̄ij), Phijk(P̄hijk) - òåíçîðû Ðèìàíà, Ðè÷÷è è ãîëîìîðôíî-

ïðîåêòèâíîé êðèâèçíû Kn(K̄n)

ψij ≡ ψi, j − ψiψj + ψīψj̄ . (18)

Ïî íåîáõîäèìîñòè âûïîëíÿþòñÿ ñîîòíîøåíèÿ

ψij = ψji = ψīj̄ . (19)

Ñ äðóãîé ñòîðîíû, åñëèKn äîïóñêàåò íåòðèâèàëüíîå ãîëîìîðôíî-ïðîåêòèâíîå

îòîáðàæåíèå íà K̄n, òî â Kn ñóùåñòâóåò ðåøåíèå ñëåäóþùèõ óðàâíåíèé:

aij,k = λigik + λjgik + λīgj̄k + λj̄gīk (20)

îòíîñèòåëüíî òåíçîðà aij , óäîâëåòâîðÿþùåãî óñëîâèÿì

aij = aji; aīj̄ = aij , detaij 6= 0 (21)

è íåíóëåâîãî âåêòîðà λi. Äëÿ ýòîãî âåêòîðà ïî íåîáõîäèìîñòè âûïîëíÿþòñÿ

óñëîâèÿ:

λi, j = λj,i = λī, j̄ . (22)

Ðåøåíèÿ óðàâíåíèé (14) è (20) ñâÿçàíû ñîîòíîøåíèÿìè:

aij = e2ψ ḡαβgαigβi; (23)

λi = −e2ψ ḡαβgαiψβ , (24)
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ãäå
∥∥ḡij∥∥ =

∥∥ḡij∥∥−1
.

Èç (16) äëÿ òåíçîðîâ Ýéíøòåéíà êåëåðîâûõ ïðîñòðàíñòâ Kn è K̄n,

îïðåäåëÿåìûõ, êàê [2]

Eij = Rij −
R

n
gij , (25)

ïîëó÷èì

Ēij − Eij +
R̄

n
ḡij =

R

n
+ (n+ 2)ψij . (26)

Åñëè ïðè ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ ñîõðàíÿåòñÿ òåíçîð

Ýéíøòåéíà, òî åñòü

Ēij = Eij , (27)

òî óðàâíåíèÿ (26) ïðèíèìàþò âèä

Bḡij = Bgij + ψij , (28)

ãäå B = R
n(n+ 2)

.

Ïîäñòàâëÿÿ (28) â (15) è ãðóïïèðóÿ ñ ó÷åòîì (7) óáåäèìñÿ, ÷òî

H̄h
ijk = Hh

ijk, (29)

Ñ äðóãîé ñòîðîíû, åñëè âûïîëíÿþòñÿ óñëîâèÿ (29), òî, ñâîðà÷èâàÿ, ïîëó÷èì

(27) è, òàêèì îáðàçîì, äîêàçàíà òåîðåìà:

Theorem 1 Äëÿ òîãî, ÷òîáû ïðè ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ

êåëåðîâûõ ïðîñòðàíñòâ ñîõðàíÿëñÿ òåíçîð Ýéíøòåéíà íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû ïðè ýòîì îòîáðàæåíèè ñîõðàíÿëñÿ òåíçîð ãîëîìîðôíî-

ïðîåêòèâíîé êðèâèçíû.

Êîâàðèàíòíî äèôôåðåíöèðóÿ (24), ó÷èòûâàÿ (23) è (28), ïîëó÷èì

λi , j = µgij +Baij . (30)

Èçó÷àÿ óñëîâèÿ èíòíãðèðóåìîñòè (30), óáåäèìñÿ, ÷òî

µ, i = 2Bλi. (31)

Òàêèì îáðàçîì, äîêàçàíà:

Theorem 2 Åñëè êåëåðîâî ïðîñòðàíñòâî Kn äîïóñêàåò ãîëîìîðôíî-

ïðîåêòèâíûå îòîáðàæåíèÿ ñ ñîõðàíåíèåì òåíçîðà Ýéíøòåéíà, òî â íåì, ïî

íåîáõîäèìîñòè, èìååò ðåøåíèå ñèñòåìà óðàâíåíèé (20), (30), (31) îòíîñèòåëüíî

òåíçîðà aij , âåêòîðà λi è èíâàðèàíòà µ.

Êåëåðîâû ïðîñòðàíñòâà, â êîòîðûõ âåêòîð λi óäîâëåòâîðÿåò óñëîâèÿì (30)

îáîçíà÷àþò Kn(B) [4] â íèõ, ïî íåîáõîäèìîñòè, B = const.

Ó÷èòûâàÿ îïðåäåëåíèå ïîñòîÿííîé B, óáåäèìñÿ â ñïðàâåäëèâîñòè ñëåäñòâèÿ:



Corollary 1 Åñëè êåëåðîâî ïðîñòðàíñòâî Kn äîïóñêàåò íåòðèâèàëüíûå

ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ ñ ñîõðàíåíèåì òåíçîðà Ýéíøòåéíà, òî

Kn � ïðîñòðàíñòâî ïîñòîÿííîé ñêàëÿðíîé êðèâèçíû.

Òàêèì îáðàçîì, ìåòîäû, ðàçðàáîòàííûå â òåîðèè äèôôåîìîðôèçìîâ

ðèìàíîâûõ ïðîñòðàíñòâ, ïåðåíåñåíû â òåîðèþ ãîëîìîðôíî-ïðîåêòèâíûõ

îòîáðàæåíèé êåëåðîâûõ ïðîñòðàíñòâ [8].
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