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Èíòåãðàë Ëåéêî äëÿ èçîïåðèìåòðè÷åñêèõ ýêñ-
òðåìàëåé ïîâîðîòà íà ïîâåðõíîñòè âðàùåíèÿ è
èíòåãðèðóåìîñòü ãåîäåçè÷åñêîãî ïîòîêà íà å¼
ñôåðè÷åñêîì êàñàòåëüíîì ðàññëîåíèè

ËÅÉÊÎ Ñâÿòîñëàâ Ãðèãîðüåâè÷

(Äàííàÿ ñòàòüÿ ïå÷àòàåòñÿ â àâòîðñêîé ðåäàêöèè ïîñëå

ñìåðòè Ñâÿòîñëàâà Ãðèãîðüåâè÷à Ëåéêî)

Àííîòàöèÿ

Êàê èçâåñòíî, ãàìèëüòîíîâû óðàâíåíèÿ ñîñòàâëÿþò îäèí èç âàæíåéøèõ

êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ÷àñòíîñòè, óðàâíåíèÿ ýòîãî âè-

äà âîçíèêàþò â çàäà÷å íàõîæäåíèÿ ãåîäåçè÷åñêèõ êðèâûõ íà ðèìàíîâûõ

ìíîãîîáðàçèÿõ. Ïðè ýòîì ñðåäè âñåõ ãàìèëüòîíîâûõ ñèñòåì ñëó÷àé âïîëíå

èíòåãðèðóåìûõ ïðåäñòàâëÿåòñÿ êðàéíå ðåäêî [1 - 4]. Â íàñòîÿùåé ðàáîòå

ðàññìîòðåí ãåîäåçè÷åñêèé ïîòîê íà ñôåðè÷åñêîì êàñàòåëüíîì ðàññëîåíèè

äâóìåðíîãî ðèìàíîâîãî ìíîãîîáðàçèÿ ñ ìåòðèêîé Ñàñàêè è ïîêàçàíî, ÷òî

åñëè áàçèñíîå ìíîãîîáðàçèå ëîêàëüíî èçîìåòðè÷íî ïîâåðõíîñòè âðàùåíèÿ,

òî ñîîòâåòñòâóþùàÿ ïîòîêó ãàìèëüòîíîâà ñèñòåìà âïîëíå èíòåãðèðóåìà ïî

Ëèóâèëëþ. Îòñþäà, êàê ñëåäñòâèå, íàõîäÿòñÿ òðàåêòîðèè ïîòîêà â êâàäðà-

òóðàõ.

Äàííîå èññëåäîâàíèå âîçíèêëî â ñâÿçè ñ èçó÷åíèåì àâòîðîì âàðèàöè-

îííûõ çàäà÷ äëÿ ôóíêöèîíàëîâ ïîâîðîòà êðèâûõ [5 - 9]. Âûÿñíèëîñü, ÷òî

áàçèñíûå òðàåêòîðèè ïîòîêà (ò.å. ïðîåêöèè òðàåêòîðèé ïîòîêà íà áàçó)

ÿâëÿþòñÿ èçîïåðèìåòðè÷åñêèìè ýêñòðåìàëÿìè ïîâîðîòà è îáëàäàþò òåì

ñàìûì îïðåäåë¼ííûìè ýêñòðåìàëüíûìè ñâîéñòâàìè. Íàéäåííûé íàìè äëÿ

ýòèõ ýêñòðåìàëåé èíòåãðàë (îáîáùàþùèé èíòåãðàë Êëåðî äëÿ ãåîäåçè÷å-

ñêèõ êðèâûõ) îêàçàëñÿ êàê ðàç òåì íåäîñòàþùèì èíòåãðàëîì äëÿ ïîëíîé
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èíòåãðèðóåìîñòè ãåîäåçè÷åñêîãî ïîòîêà íà ñôåðè÷åñêîì êàñàòåëüíîì ðàñ-

ñëîåíèè ñ ìåòðèêîé Ñàñàêè [11, 12] â ñëó÷àå, êîãäà áàçèñíîå ìíîãîîáðàçèå

ëîêàëüíî èçîìåòðè÷íî ïîâåðõíîñòè âðàùåíèÿ. Ïîñëåäíåå îáñòîÿòåëüñòâî

àíàëîãè÷íî òîìó, êàê êëàññè÷åñêèé èíòåãðàë Êëåðî ïðèâîäèò ê ïîëíîé

èíòåãðèðóåìîñòè ãåîäåçè÷åñêîãî ïîòîêà íà ïîâåðõíîñòè âðàùåíèÿ [1, 2].

1. Èçîïåðèìåòðè÷åñêèå ýêñòðåìàëè ïîâîðîòà íà äâóìåðíûõ

ðèìàíîâûõ ìíîãîîáðàçèÿõ

Â ðèìàíîâîì ïðîñòðàíñòâå (Mn, g) ðàññìîòðèì ôóíêöèîíàë äëèíû l[γ] =
t1∫
t0

(gij ẋ
iẋj)0.5dt, è ôóíêöèîíàë àáñîëþòíîãî ïîâîðîòà θ[γ] =

l∫
0

kgdl. Çäåñü γ -

íåêîòîðàÿ ïàðàìåòðèçîâàííàÿ êðèâàÿ, ẋi ≡ ξi = dẋi

dl - êîìïîíåíòû êàñàòåëü-

íîãî âåêòîðà γ̇, l - äëèíà äóãè íà êðèâîé γ, kg - å¼ ïåðâàÿ êðèâèçíà Ôðåíå,

à â ñëó÷àå äâóìåðíîãî ïðîñòðàíñòâà n = 2 ýòî àáñîëþòíàÿ ãåîäåçè÷åñêàÿ

êðèâèçíà.

Ðàññìîòðèì äëÿ ôóíêöèîíàëà ïîâîðîòà èçîïåðèìåòðè÷åñêóþ âàðèàöè-

îííóþ çàäà÷ó

δθ = 0, l[γ] = l̂ = const

ñ ôèêñèðîâàííûìè êîíöàìè

γ(t0) = p0, γ(t1) = p1.

Ïðèìåíåíèåì ñòàíäàðòíîãî ìåòîäà Ýéëåðà-Ëàãðàíæà, ìû ïîëó÷èëè, ÷òî ðå-

øåíèÿ óêàçàííîé çàäà÷è â äâóìåðíîì ïðîñòðàíñòâå óäîâëåòâîðÿþò óðàâíå-

íèå

kg = cK, (1)

ãäå c - èçîïåðèìåòðè÷åñêàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ îò ôèêñèðîâàííîé äëè-

íû l̂, K - ãàóññîâà êðèâèçíà ïðîñòðàíñòâà. Êðîìå òîãî, â îñîáîì ñëó÷àå

K = 0, ðåøåíèåì çàäà÷è ÿâëÿåòñÿ âñÿêàÿ äîïóñòèìàÿ êðèâàÿ ( êëàññà C4

áåç òî÷åê ðàñïðÿìëåíèÿ ). Êðèâûå, óäîâëåòâîðÿþùèå óðàâíåíèþ (1), íàçâà-

íû íàìè èçîïåðèìåòðè÷åñêèìè ýêñòðåìàëÿìè ïîâîðîòà (ÈÝÏ) äâóìåðíîãî

ïðîñòðàíñòâà (M2, g) [6].

Îòìåòèì, ÷òî óðàâíåíèå (1) ðàíåå ðàññìàòðèâàëîñü â èññëåäîâàíèÿõ

À.Ïóàíêàðå â ñâÿçè ñ èçó÷åíèåì çàìêíóòûõ ãåîäåçè÷åñêèõ êðèâûõ îâàëü-

íîé ïîâåðõíîñòè, ê êîòîðîìó ñâîäèëàñü àñòðîíîìè÷åñêàÿ "çàäà÷à î òðåõ òå-

ëàõ"[13, ñ.229]. Íàìè óñòàíîâëåíû ýêñòðåìàëüíûå ñâîéñòâà èçîïåðèìåòðè÷å-

ñêèõ ýêñòðåìàëåé ïîâîðîòà è ïîëó÷åíû èõ äèôôåðåíöèàëüíûå óðàâíåíèÿ â
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íîðìàëüíîé ôîðìå [8]. Â ñëó÷àå, åñëè ïðîñòðàíñòâî (M2, g) ðåàëèçîâàíî íà

ïîâåðõíîñòè åâêëèäîâîãî ïðîñòðàíñòâà, èçîïåðèìåòðè÷åñêèì ýêñòðåìàëÿì

ïîâîðîòà äàíà ìåõàíè÷åñêàÿ èíòåðïðåòàöèÿ [9].

Íà ïîâåðõíîñòÿõ âðàùåíèÿ íàìè íàéäåí ñëåäóþùèé èíòåãðàë

rsinω = ecsinψ + c1, e = ±1, c1 = constc, (2)

ãäå ω - óãîë ìåæäó ýêñòðåìàëüþ è ìåðèäèàíîì â èõ îáùåé òî÷êå, r - ðàññòî-

ÿíèå îò ýòîé òî÷êè äî îñè âðàùåíèÿ, ψ - óãîë, îáðàçîâàííûé êàñàòåëüíîé ê

ìåðèäèàíó ñ îñüþ âðàùåíèÿ [8].

2. Ãåîäåçè÷åñêèå êðèâûå íà ñôåðè÷åñêîì êàñàòåëüíîì ðàññëî-

åíèè äâóìåðíîãî ðèìàíîâîãî ìíîãîîáðàçèÿ ñ ìåòðèêîé Ñàñàêè

Ìåòðèêà Ñàñàêè âïåðâûå áûëà ðàññìîòðåíà íà ñôåðè÷åñêîì êàñàòåëüíîì

ðàññëîåíèè åäèíè÷íûõ âåêòîðîâ T1M
n, à çàòåì Ï.Íàäü îáîáùèë å¼ íà TρM

n

- ñôåðè÷åñêîå êàñàòåëüíîå ðàññëîåíèå âåêòîðîâ, êâàäðàò äëèíû êîòîðûõ

ðàâåí ïîñòîÿííîé ρ > 0 [10 - 12] .

Ïóñòü (M2, g) - äâóìåðíîå ðèìàíîâî ìíîãîîáðàçèå ñ ìåòðèêîé

dl2 = gijdx
idxj , i, j, ... = 1, 2.

Ìåòðèêà Ñàñàêè g∗ êàñàòåëüíîãî ðàññëîåíèè TM2 â èíäóöèðîâàííûõ

êîîðäèíàòàõ xi, yi

dt2 = gijdx
idxj + gijDy

iDyj , Dyk = dyk + Γ kijy
idxj (3)

îãðàíè÷èâàåòñÿ íà ñôåðè÷åñêîå êàñàòåëüíîå ðàññëîåíèå TρM
2 ðàâåíñòâîì

gijy
iyj = ρ. Çäåñü Γ kij(x

1, x2) - êîýôôèöèåíòû ðèìàíîâîé ñâÿçíîñòè (ñèìâî-

ëû Êðèñòîôôåëÿ) îòíîñèòåëüíî ìåòðèêè g.

Âîçüìåì â êîîðäèíàòíîé îêðåñòíîñòè ìíîãîîáðàçèÿ (M2, g) ïîëóãåîäå-

çè÷åñêèå êîîðäèíàòû x1, x2. Òîãäà

dl2 = (dx1)2 +G(x1, x2)(dx2)2,

Γ 1
22 = −G1

2
, Γ 2

12 =
G1

2G
,Γ 2

22 =
G2

2G
,

îñòàëüíûå ñèìâîëû Êðèñòîôôåëÿ ðàâíû íóëþ è ãàóññîâà êðèâèçíà

K = − (
√
G)11
G

.
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Â êà÷åñòâå òðåòüåé êîîðäèíàòû x3 íà TρM
2 âîçüì¼ì óãîë ìåæäó êàñà-

òåëüíûì âåêòîðîì yi è êàñàòåëüíûì âåêòîðîì ∂
∂x1 ê ïåðâîé êîîðäèíàòíîé

ëèíèè â òî÷êå (x1, x2). Â ýòîì ñëó÷àå

y1 =
√
ρcosx3, y2 =

√
ρ
√
G
sinx3.

Â êîîðäèíàòàõ (x1, x2, x3) ìåòðèêà Ñàñàêè g∗ íà TρM
2 â ñèëó (3) ïðèîá-

ðåòàåò âèä

dt2 = g∗αβdx
αdxβ , α, β, ... = 1, 2, 3, (g∗αβ) =1 0 0

0 G+ ρ((
√
G)1)

2 ρ(
√
G)1

0 ρ(
√
G)1 ρ

 .

Îòñþäà íàõîäèì êîìïîíåíòû âçàèìíîãî ìåòðè÷åñêîãî òåíçîðà g∗αβ

(g∗αβ) =

1 0 0

0 G−1 −G−1(
√
G)1

0 −G−1(
√
G)1 ρ

−1 +G−1((
√
G)1)

2


è ñèìâîëû Êðèñòîôôåëÿ ïåðâîãî è âòîðîãî ðîäà

Γ ∗12,3 = Γ ∗13,2 = −Γ ∗23,1 =
1

2

∂g∗23
∂x1

, Γ ∗12,2 = −Γ ∗22,1 =
1

2

∂g∗22
∂x1

,

Γ ∗22,2 =
1

2

∂g∗22
∂x2

, Γ ∗22,3 =
1

2

∂g∗23
∂x2

,

( îñòàëüíûå - íóëè );

Γ ∗1αβ = g∗1γΓ ∗αβ,γ = Γ ∗αβ,1, Γ
∗2
αβ = g∗2γΓ ∗αβ,γ = G−1Γ ∗αβ,2 −G−1(

√
G)1Γ

∗
αβ,3,

Γ ∗3αβ = g∗3γΓ ∗αβ,γ = −G−1(
√
G)1Γ

∗
αβ,2 +

[
ρ−1 +G−1((

√
G)1)

2
]
Γ ∗αβ,3.

Îòíîñèòåëüíî ââåäåííûõ êîîðäèíàò xα ýëåìåíò ïîâîðîòà dθ è àáñîëþò-

íàÿ ãåîäåçè÷åñêàÿ êðèâèçíà kg(l) áàçèñíîé êðèâîé xi(l) ïðèîáðåòàþò âèä

dθ = dx3 + (
√
G)1dx

2,

kg = e
dθ

dl
= e

(
dx3

dl
+ (
√
G)1

dx2

dl

)
,

ãäå çíàê e = ±1 âûáèðàåòñÿ òàê, ÷òîáû ïîëó÷èòü àáñîëþòíîå çíà÷åíèå ãåî-

äåçè÷åñêîé êðèâèçíû.

Åñëè ìåòðèêó Ñàñàêè dt2 ïðåäñòàâèòü â âèäå

dt2 =
(
dx1
)2

+

(
G+ ρ

(
(
√
G)1

)2)(
dx2
)2

+ 2ρ(
√
G)1dx

2dx3 + ρ
(
dx3
)2
,
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â ñèëó ïðåäûäóùèõ ðàâåíñòâ ïîëó÷àåì

dt2 = dl2 + ρdθ2. (4)

Ðàññìîòðèì äèôôåðåíöèàëüíûå óðàâíåíèÿ ãåîäåçè÷åñêèõ êðèâûõ xα(t)

íà ñôåðè÷åñêîì êàñàòåëüíîì ðàññëîåíèè TρM
2 ñ ìåòðèêîé Ñàñàêè g∗, îòíå-

ñ¼ííûõ ê íàòóðàëüíîìó ïàðàìåòðó, ò.å.

d2xγ

dt2
+ Γ ∗γαβ

dxα

dt

dxβ

dt
= 0. (5)

Ïîäñòàâèâ ñþäà íàéäåííûå çíà÷åíèÿ ñèìâîëîâ Êðèñòîôôåëÿ, ïîëó÷èì

d2x1

dt2
+ Γ 1

ij

dxi

dt

dxj

dt
= ρ(
√
G)11

dx2

dt

dθ

dt
, (6)

d2x2

dt2
+ Γ 2

ij

dxi

dt

dxj

dt
= −ρG−1(

√
G)11

dx1

dt

dθ

dt
, (7)

d2x3

dt2
+
(
(
√
G)11 − ρG−1((

√
G)1)

2(
√
G)11 +G−1G1(

√
G)1

) dx1
dt

dx2

dt
+

+

(
(
√
G)12 −

1

2
G−1G2(

√
G)1

)(
dx2

dt

)2

−ρG−1(
√
G)1(

√
G)11

dx1

dt

dx3

dt
= 0. (8)

Èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (5) âûòåêàåò, ÷òî âäîëü ãåîäåçè÷åñêîé

êðèâîé xα(t) íà TρM
2 èìååò ìåñòî gijξ

i(t)ξj1(t) = 0, ãäå ξi(t) ≡ dxi

dt - êàñà-

òåëüíûé âåêòîð ñîîòâåòñòâóþùåé áàçèñíîé êðèâîé xi(t),

ξk1 ≡ ∇tξk =
dξk

dt
+ Γ kijξ

iξj

- êîâàðèàíòíàÿ ïðîèçâîäíàÿ âäîëü áàçèñíîé êðèâîé xi(t) îòíîñèòåëüíî ðè-

ìàíîâîé ñâÿçíîñòè ∇ íà áàçå M2. Ñëåäîâàòåëüíî, âäîëü êàæäîé áàçèñíîé

êðèâîé

h ≡ 1

2
gijξ

i(t)ξj(t) = const. (9)

Âû÷èñëÿÿ ãåîäåçè÷åñêóþ êðèâèçíó áàçèñíûõ êðèâûõ xi(t), ïîëó÷àåì âñëåä-

ñòâèå (5), (9)

k2g(t) =
〈ξ, ξ〉〈ξ1, ξ1〉 − 〈ξ, ξ1〉2

〈ξ, ξ〉3
= gijξ

i
1(t)ξ

j
1(t)

[
gijξ

i(t)ξj(t)
]−2

=

= (2h)−2

[
ρ2(
√
G)211

(
dx2

dt

)2(
dθ

dt

)2

+ ρ2G−1(
√
G)211

(
dx1

dt

)2(
dθ

dt

)2
]
=
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= ρ2(2h)−2G−1(
√
G)211

[
G

(
dx2

dt

)2

+

(
dx1

dt

)2
](

dθ

dt

)2

= ρ2K2(2h)−1
(
dθ

dt

)2

.

Ïîñêîëüêó ïàðàìåòð t âûáðàí íàòóðàëüíûì, òî

g∗αβξ
α(t)ξβ(t) = gijξ

i(t)ξj(t) + ρ

(
dθ

dt

)2

= 1,

çíà÷èò, âäîëü ãåîäåçè÷åñêèõ

2h+ ρa2 = 1, (10)

a ≡ dθ

dt
=
dx3

dt
+ (
√
G)1

dx2

dt
= const. (11)

Ñëåäîâàòåëüíî,

kg =
eρa√
2h
K. (12)

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî âñëåäñòâèå (11) óðàâíåíèå (8) âûòåêàåò

èç ïåðâûõ äâóõ óðàâíåíèé (6), (7).

Ðàâåíñòâî (11) äàåò ïðîìåæóòî÷íûé èíòåãðàë ãåîäåçè÷åñêèõ è îçíà÷àåò,

÷òî êàñàòåëüíûé âåêòîð dxi

dt âäîëü áàçèñíîé êðèâîé xi(t) ñîâåðøàåò ïðîñòîå

âèíòîâîå äâèæåíèå: θ = at + a0, a, a0 − const. Â ñâîþ î÷åðåäü, ðàâåíñòâî

(12) ïîêàçûâàåò, ÷òî áàçèñíàÿ êðèâàÿ ÿâëÿåòñÿ èçîïåðèìåòðè÷åñêîé ýêñ-

òðåìàëüþ ïîâîðîòà ïðîñòðàíñòâà (M2, g) ñ èçîïåðèìåòðè÷åñêîé ïîñòîÿííîé

c = eρa√
2h
.

Òàêèì îáðàçîì, ðåçóëüòàòó Ï.Íàäÿ [10] ìîæåì ïðèäàòü ñëåäóþùóþ ôîð-

ìóëèðîâêó

Òåîðåìà 1 Åñëè êðèâàÿ xα(t) ÿâëÿåòñÿ ãåîäåçè÷åñêîé â ñôåðè÷åñêîì êà-

ñàòåëüíîì ðàññëîåíèè TρM
2 ñ ìåòðèêîé Ñàñàêè dt2, òîãäà íà áàçèñíîì

ìíîãîîáðàçèè M2 íåíóëåâîé ãàóññîâîé êðèâèçíû K áàçèñíàÿ êðèâàÿ xi(t)

ÿâëÿåòñÿ èçîïåðèìåòðè÷åñêîé ýêñòðåìàëüþ ïîâîðîòà ñ èçîïåðèìåòðè÷å-

ñêîé ïîñòîÿííîé c = eρa√
2h
, e = ±1, å¼ êàñàòåëüíûé âåêòîð dxi

dt ñîâåðøàåò

âäîëü íå¼ ïîñòóïàòåëüíîå äâèæåíèå ñ ïîñòîÿííîé äëèíîé
√
h è ïðîñòîé

âèíòîâîé ïîâîðîò θ = at+ a0 ñ ïîñòîÿííîé ñêîðîñòüþ a.

3. Ãåîäåçè÷åñêèé ïîòîê íà TρM
2

Ðàññìîòðèì êîêàñàòåëüíîå ðàññëîåíèå T ∗(TρM
2) ñ ëîêàëüíûìè êîîðäè-

íàòàìè xα, pα è åñòåñòâåííîé êàíîíè÷åñêîé ñèìïëåêòè÷åñêîé ñòðóêòóðîé

ω = dpα ∧ dxα. Âîçüì¼ì ôóíêöèþ Ãàìèëüòîíà

H(x, p) =
1

2
g∗αβpαpβ
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è îòâå÷àþùèé åé ãàìèëüòîíîâ ïîòîê ẋ = sgradH îòíîñèòåëüíî ñèìïëåêòè-

÷åñêîé ñòðóêòóðû ω íà T ∗(TρM
2). Ïîñêîëüêó H - ïåðâûé èíòåãðàë ýòîãî

ïîòîêà, òî åäèíè÷íûé êîêàñàòåëüíûé ïó÷îê T ∗1 (TρM
2) = {x∗ ∈ T ∗(TρM2) :

‖p‖ = 1} èíâàðèàíòåí îòíîñèòåëüíî ïîòîêà sgradH. Îãðàíè÷åíèå ýòîãî ïî-

òîêà íà T ∗1 (TρM
2) áóäåò ãåîäåçè÷åñêèì ïîòîêîì íà TρM

2. Ïðè åñòåñòâåí-

íîì èçîìîðôèçìå T ∗(TρM
2)→ T (TρM

2) òðàåêòîðèè ãåîäåçè÷åñêîãî ïîòîêà

sgradH ïåðåõîäÿò â êðèâûå, ñîñòàâëåííûå èç êàñàòåëüíûõ âåêòîðîâ â TρM
2.

Ïóñòü Φt - ëîêàëüíàÿ 1-ïàðàìåòðè÷åñêàÿ ãðóïïà ïðåîáðàçîâàíèé, ïîðîæ-

äåííàÿ ïîòîêîì sgradH. Îòäåëüíûå ïðåîáðàçîâàíèÿ èç Φt ïåðåâîäÿò ïàðó

(x(0), p(0)) â ïàðó (x(t), p(t)) = Φt(x(0), p(0)), ãäå äëÿ ïîëó÷åíèÿ x(t) ñëåäó-

åò ïðîâåñòè ãåîäåçè÷åñêóþ ÷åðåç òî÷êó x(0) â íàïðàâëåíèè êîâåêòîðà p(0)

è òîãäà x(t) îòñòîèò îò x(0) íà ðàññòîÿíèè t âäîëü ýòîé ãåîäåçè÷åñêîé, à

êîâåêòîð p(t) êàñàåòñÿ ýòîé ãåîäåçè÷åñêîé â x(t) è íàïðàâëåí òàê æå, êàê è

p(0). Òàêèì îáðàçîì, ïðè ïîëó÷åíèè x(t) = (xα(t)) íà áàçå ñëåäóåò ïðîâî-

äèòü èçîïåðèìåòðè÷åñêóþ ýêñòðåìàëü ïîâîðîòà ÷åðåç èñõîäíóþ òî÷êó xi(0).

Ñ ýòîé öåëüþ èíòåãðèðóåì ñèñòåìó (6), (7) ñ ó÷¼òîì ïðîìåæóòî÷íîãî èíòå-

ãðàëà (11) è ïîñòîÿííóþ a îïðåäåëèì íà÷àëüíûìè äàííûìè:

a =
dx3(0)

dt
+ (
√
G)1

dx2(0)

dt
.

Íàêîíåö, äëÿ îïðåäåëåíèÿ êîìïîíåíòû òðàåêòîðèè x3(t), èíòåãðèðóåì

óðàâíåíèå (11) ïðè âûøåóêàçàííîé ïîñòîÿííîé a.

Êàê èçâåñòíî, ãàìèëüòîíèàí H(x, p) ÿâëÿåòñÿ îñíîâíûì ïåðâûì èíòåãðà-

ëîì ãåîäåçè÷åñêîãî ïîòîêà. Èç (11) èìååì åù¼ îäèí ïåðâûé èíòåãðàë

a = pα

(
g∗3α + (

√
G)1g

∗2α
)
= p−1p3.

Àíàëîãè÷íûì îáðàçîì èç (9) ïîëó÷àåì ïåðâûé èíòåãðàë

h =
1

2
gijg

∗iαg∗jβpαpβ ,

îäíàêî â ñèëó (10) èíòåãðàëû H, a, h çàâèñèìû: 2H = 2h+ ρa2 .

Â ñëó÷àå, êîãäà ìíîãîîáðàçèå (M2, g) ëîêàëüíî èçîìåòðè÷íî ïîâåðõíî-

ñòè âðàùåíèÿ, âîçìîæíî óêàçàòü äîïîëíèòåëüíûé èíòåãðàë ïîòîêà, êîòîðûé

âûòåêàåò èç íàéäåíîãî íàìè îáîáùåííîãî èíòåãðàëà Êëåðî. Äåéñòâèòåëüíî,

ïóñòü ìíîãîîáðàçèå (M2, g) ëîêàëüíî èçîìåòðè÷íî ïîâåðõíîñòè âðàùåíèÿ ñ

ìåðèäèàíîì f(r) ãäå r - ðàññòîÿíèå äî îñè âðàùåíèÿ. Òîãäà

dl2 = F 2 + r2(dx2)2, F =
√
1 + f ′2,
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ãäå x2 - äîëãîòà òî÷êè. Ââîäÿ íîâóþ êîîðäèíàòó x1: dx1 = Fdr, ïîëó÷èì

ìåòðèêó dl2 â âèäå

dl2 = (dx1)2 + r2(dx2)2,

ò.å. êîîðäèíàòû x1, x2 ïîëóãåîäåçè÷åñêèå è r(x1) =
√
G. Íåòðóäíî óáåäèòüñÿ

â òîì, ÷òî sinψ = F−1 = (
√
G)1. Ïîñêîëüêó èçîïåðèìåòðè÷åñêàÿ ïîñòîÿííàÿ

äëÿ áàçèñíîé òðàåêòîðèè ðàâíà c = eρa√
2h

= ep3√
2h
, òî òåì ñàìûì îáîáù¼ííûé

èíòåãðàë Êëåðî (2) ïðèîáðåòàåò âèä

κ =
√
Gsinx3 +

p3√
2h
.

Ó÷èòûâàÿ, ÷òî sinx3 =
√

G
2h

dx2

dt , ïîëó÷èì

κ =
G√
2h
g∗2αpα +

p3√
2h

(
√
G)1 =

p2√
2h
.

Îòñþäà âûòåêàåò, ÷òî â äàííîì ñëó÷àå âòîðàÿ êîìïîíåíòà p2 èìïóëüñà òàê-

æå ÿâëÿåòñÿ èíòåãðàëîì ãåîäåçè÷åñêîãî ïîòîêà.

Ðàññìîòðèì ñêîáêó Ïóàññîíà êàíîíè÷åñêîé ñèìïëåêòè÷åñêîé ñòðóêòóðû

{F1, F2} = Σ
α

∂F1

∂pα

∂F2

∂xα
− ∂F2

∂pα

∂F1

∂xα
.

Òàê êàê â ðàññìàòðèâàåìîì ñëó÷àå ãàìèëüòîíèàí H íå çàâèñèò ñðàçó îò

äâóõ ïåðåìåííûõ x2, x3, òî íåòðóäíî ïðîâåðèòü, ÷òî èíòåãðàëû H, p2, p3 íà-

õîäÿòñÿ â èíâîëþöèè, ò.å.

{H, p2} = {H, p3} = {p2, p3} = 0.

Î÷åâèäíî, ÷òî óêàçàííûå òðè èíòåãðàëà íåçàâèñèìû è ðàçðåøèìû îòíî-

ñèòåëüíî èìïóëüñîâ p1, p2, p3. Ñëåäîâàòåëüíî, âûïîëíåíà òåîðåìà Ëèóâèëëÿ

[1,2] è ôóíêöèè H, p2, p3 îáðàçóþò ïîëíîå èíâîëþòèâíîå ñåìåéñòâî èíòåãðà-

ëîâ ãàìèëüòîíîâûõ óðàâíåíèé

dxα

dt
=
∂H

∂pα
,
dpα
dt

= − ∂H
∂xα

.

Òåì ñàìûì èìååò ìåñòî

Òåîðåìà 2 Åñëè ðèìàíîâî ìíîãîîáðàçèå (M2, g) ëîêàëüíî èçîìåòðè÷íî ïî-

âåðõíîñòè âðàùåíèÿ, òî ãåîäåçè÷åñêèé ïîòîê ñôåðè÷åñêîãî êàñàòåëüíîãî

ðàññëîåíèÿ TρM
2 ñ ìåòðèêîé Ñàñàêè âïîëíå èíòåãðèðóåìûé.



Êàê âûòåêàåò èç ðåçóëüòàòîâ ðàáîòû [8], ñîîòâåòñòâóþùàÿ êâàäðàòóðà äëÿ

áàçèñíûõ òðàåêòîðèé ( íå ÿâëÿþùèõñÿ ïàðàëëåëÿìè ) èìååò â êîîðäèíàòàõ

ðàäèóñ-äîëãîòà ñëåäóþùèé âèä

x2 =

r∫
r0

ec+ c1F

r (r2 − (ecF−1 + c1)2)
1
2

dr + x20.

Ïðè c = 0 ýòà êâàäðàòóðà ñîâïàäàåò ñ èçâåñòíîé êâàäðàòóðîé äëÿ ãåîäåçè-

÷åñêèõ êðèâûõ íà ïîâåðõíîñòè âðàùåíèÿ [14].
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Ïðî âëàñòèâîñòi iíâàðiàíòiâ òåíçîðà lgt-ñiòêè
i äåôîðìàöi¨ ïîâåðõíi

Òàòüÿíà Þðüåâíà Âàøïàíîâà

Àííîòàöèÿ Â äàíié ðîáîòi ââåäåíi ïîíÿòòÿ iíâàðiàíòiâ òåíçîðà LGT-ñiòêè
ðåãóëÿðíî¨ C3-ïîâåðõíi.Îá÷èñëåíi âàðiàöi¨ öèõ ãåîìåòðè÷íèõ âåëè÷èí ïðè íåñêií-
÷åííî ìàëié àðåàëüíié äåôîðìàöi¨ (À-äåôîðìàöi¨) ïîâåðõíi ÷åðåç êîìïîíåíòè
ïîëÿ çìiùåííÿ u1, u2, u̇. Ðîçãëÿíóòi ïèòàííÿ iñíóâàííÿ À-äåôîðìàöié ïîâåðõíi ç
ñòàöiîíàðíèì ïåðøèì iíâàðiàíòîì ñiòêîâîãî òåíçîðà.

�1. Iíâàðiàíòè ñiòêîâîãî òåíçîðà òà iõ âàðiàöi¨

1.1. Ââåäåííÿ iíâàðiàíòiâ òåíçîðà LGT-ñiòêè. Ïîíÿòòÿ LGT-ñiòêè ââå-
äåíî, íàïðèêëàä â [1]. Äèôåðåíöiàëüíå ðiâíÿííÿ LGT-ñiòêè ìà¹ âèãëÿä:

hαβdx
αdxβ = 0,

äå
hαβ = 2

(
Hgαβ − bαβ

)
. (1.1)

Òóò H - ñåðåäíÿ êðèâèíà ïîâåðõíi S, gαβ , bαβ - êîåôiöi¹íòè ïåðøî¨ òà äðóãî¨ îñ-
íîâíèõ êâàäðàòè÷íèõ ôîðì ïîâåðõíi âiäïîâiäíî. Î÷åâèäíî, óìîâà hαβ = 0 ðiâíî-
ñèëüíà óìîâi

b11
g11

=
b12
g12

=
b22
g22

,

ÿêà õàðàêòåðèçó¹ îìáiëi÷íi òî÷êè ïîâåðõíi. Â ïîäàëüøîìó öi òî÷êè áóäåìî âèêëþ-
÷àòè ç ðîçãëÿäó.

Ç ôîðìóëè (1.1) âèïëèâà¹, ùî îñêiëüêè

h = h11h22 − h212 = −4gE, äå E = H2 −K 6= 0 - åéëåðîâà ðiçíèöÿ,

òî LGT-ñiòêà ¹ ñiòêîþ ãiïåðáîëi÷íîãî òèïó.
Ââåäåìî ïîíÿòòÿ ïåðøîãî òà äðóãîãî iíâàðiàíòiâ ñiòêîâîãî òåíçîðà:

Kh =
1

2
ciαcjβhijhαβ , (1.2)

2Hh = gαβhαβ . (1.3)
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Ç óðàõóâàííÿì (1.1) öi ôîðìóëè íàáóâàþòü âiäïîâiäíî âèãëÿäó:

Kh = 4K − 4H2 = −4E, (1.4)

2Hh = 0. (1.5)

1.2. Âàðiàöi¨ âåëè÷èí Kh òà Hh ÷åðåç ôóíêöi¨ u1, u2, u̇. Ðîçãëÿíåìî
íåñêií÷åííî ìàëó äåôîðìàöiþ ïåðøîãî ïîðÿäêó ïîâåðõíi S ç ïîëåì çìiùåííÿ
y(x1, x2) i ïàðàìåòðîì äåôîðìàöi¨ t→ 0:

r∗(x1, x2) = r(x1, x2) + ty(x1, x2).

Ðîçêëàäåìî äåôîðìóþ÷å ïîëå y çà áàçèñîì rα,n ó âèãëÿäi:

y = uαrα + u̇n, (1.6)

äå u1, u2, u̇ - êîìïîíåíòè ïîëÿ çìiùåííÿ, rα = ∂r
∂xα , n - îäèíè÷íèé âåêòîð

íîðìàëi S. Íàäàëi áóäåìî ðîçãëÿäàòè íåñêií÷åííî ìàëó àðåàëüíó äåôîðìàöiþ ïî-
âåðõíi S (À-äåôîðìàöiþ). Ìà¹ ìiñöå

Ëåìà 1.1. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá íåñêií÷åííî ìàëà äå-

ôîðìàöiÿ â êëàñi C1-ïîâåðõîíü áóëà àðåàëüíîþ ¹ óìîâà

εijg
ij = 0,

äå δgij = 2εij = ui,j+uj,i−2u̇bij�âàðiàöi¨ êîåôiöi¹íòiâ ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè

ïîâåðõíi.

×åðåç êîìïîíåíòè âåêòîðà çìiùåííÿ âîíà âèðàæà¹òüñÿ òàê:

uα,α − 2Hu̇ = 0. (1.7)

Ðiâíÿííÿ (1.7) íàçèâà¹òüñÿ ðiâíÿííÿì À-äåôîðìàöi¨ âiäíîñíî êîìïîíåíòiâ ïîëÿ
çìiùåííÿ.
Äëÿ ïîäàëüøîãî íàì ïîòðiáíi âàðiàöi¨ äåÿêèõ ãåîìåòðè÷íèõ âåëè÷èí, ÿêi îá÷èñëåíi
â [2]:

δgij = −2giαgjβεαβ ,

δbij = βij = yi,jn = uα,ibαj − u̇νij + uα,jbαi + uαbαi,j + u̇i,j , äå νij = 2Hbij −Kgij ,

δK = uαK,α +Ku̇i,jd
ij + 2HKu̇,

2δH = 2H,αu
α + gij u̇i,j + u̇

(
4H2 − 2K

)
.

Òåïåð çíàéäåìî âàðiàöiþ ñiòêîâîãî òåíçîðà hαβ :

δhαβ = 2gαβδH + 4Hεαβ − 2βαβ ,

àáî , ÷åðåç ôóíêöi¨ u1, u2, u̇:

δhαβ =
(

2H,γu
γ + gij u̇i,j + 4H2u̇

)
gαβ + 2(H − 1)uα,β+

+2Huβ,α − 2ui,αbiβ − 2ui,βbiα − 2uibiα,β .
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Âàðiþâàííÿì ôîðìóë (1.3), (1.4) îòðèìà¹ìî âàðiàöi¨ ïåðøîãî òà äðóãîãî iíâàðiàí-
òiâ òåíçîðà LGT-ñiòêè:

δKh = −8HδH + 4δK, (1.8)

2δHh = hαβδg
αβ + gαβδhαβ . (1.9)

Ââåäåìî âåëè÷èíó bij = biαg
αj , òîäi âàðiàöi¨ iíâàðiàíòiâ ñiòêîâîãî òåíçîðà LGT-

ñiòêè ÷åðåç ôóíêöi¨ u1, u2, u̇ íàáóâàþòü âèãëÿäó

δKh = 4
(
Hgij − bij

)
u̇i,j − 16HEu̇− 4Eαu

α, (1.10)

δHh = 0.

�2. Ñèñòåìà ðiâíÿíü âiäíîñíî êîìïîíåíòiâ ïîëÿ çìiùåííÿ

À-äåôîðìàöi¨ ïîâåðõíi çà óìîâè δKh = 0

2.1. Âèðàç âåêòîðà çìiùåííÿ ÷åðåç äâi äîâiëüíi ðåãóëÿðíi ôóíêö-

öi¨. Ïîëå çìiùåíü À-äåôîðìàöi¨ ÿâíî âèðàæà¹òüñÿ ÷åðåç äâi äîâiëüíi ðåãóëÿðíi

ôóíêöi¨. Çà óìîâè H 6= 0 ïiäñòàâèâøè çíà÷åííÿ u̇ =
uα,α
2H â (1.6), äiñòàíåìî âèðàç

äåôîðìóþ÷îãî ïîëÿ ÷åðåç äâi äîâiëüíi ôóíêöi¨ êëàñó C1 ó âèãëÿäi:

y = uαrα +
uα,α
2H

n. (2.1)

Ó âèïàäêó H = 0 ç (1.7) ìà¹ìî
uα,α = 0, (2.2)

òîáòî ∂uα

∂xα + Γααiu
i = 0. Çàñòîñóâàâøè ôîðìóëó Ôîññà-Âåéëÿ, äiñòàíåìî

∂
(√

guβ
)

∂xβ
= 0. (2.3)

Ïîêëàäåìî
ui = ciβψβ , (2.4)

äå ψβ - äîâiëüíèé êîâåêòîð êëàñó C1. Òîäi ðiâíÿííþ (2.3) âiäíîñíî ψβ ìîæíà
íàäàòè âèãëÿäó

∂ψ1

∂x2
=
∂ψ2

∂x1
.

Öÿ ðiâíiñòü îçíà÷à¹ ãðàäi¹íòíiñòü âåêòîðà ψβ . Òîáòî, iñíó¹ ôóíêöiÿ ψ(x1, x2) ∈ C2,
÷åðåç ïîõiäíi ÿêî¨ âèðàæåíî âåêòîð ui, à (2.4) ¹ çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ
(2.2).

Îòæå, äëÿ ìiíiìàëüíî¨ ïîâåðõíi äåôîðìóþ÷å ïîëå íàáóâà¹ âèãëÿäó:

y = cαβψβrα + u̇n, (2.5)

äå äîâiëüíèìè ¹ ôóíêöi¨ ψ ∈ C2 òà u̇ ∈ C1. Çâiäñè âèïëèâà¹
Òåîðåìà 2.1. [3] Áóäü-ÿêà ïîâåðõíÿ êëàñó C2 áåç îìáiëi÷íèõ òî÷îê äîïóñêà¹

àðåàëüíi íåñêií÷åííî ìàëi äåôîðìàöi¨ ç äîâiëüíiñòþ â äâi ðåãóëÿðíi ôóíêöi¨ äâîõ

çìiííèõ. Äåôîðìóþ÷å ïîëå ïðè öüîìó âèðàæà¹òüñÿ çà ôîðìóëîþ (2.1) (ÿêùî H 6=
0) àáî (2.5) (ÿêùî H = 0).
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2.2. Ïîñòàíîâêà çàäà÷i. Äîñëiäæåííÿ îñíîâíî¨ ñèñòåìè ðiâíÿíü.

Ðîçãëÿíåìî
À-äåôîðìàöiþ ïîâåðõíi, ïðè ÿêié çáåðiãà¹òüñÿ ïåðøèé iíâàðiàíò Kh òåíçîðà LGT-
ñiòêè, òîáòî çà óìîâè δKh = 0. Ñïðàâåäëèâà

Òåîðåìà 2.2. Äëÿ òîãî ùîá ïðè À-äåôîðìàöi¨ ïîâåðõíi çáåðiãàâñÿ ïåðøèé ií-

âàðiàíò òåíçîðà LGT-ñiòêè, íåîáõiäíî i äîñòàòíüî, ùîá êîìïîíåíòè ïîëÿ çìi-

ùåííÿ çàäîâîëüíÿëè íàñòóïíó ñèñòåìó ðiâíÿíü:
uα,α − 2Hu̇ = 0,(
Hgij − bij

)
u̇i,j − 4HEu̇− Eαuα = 0.

(2.6)

Çíà÷èòü, çàäà÷à ïðî iñíóâàííÿ À-äåôîðìàöié ïîâåðõíi S ç ñòàöiîíàðíèì ïåð-
øèì iíâàðiàíòîì òåíçîðà LGT-ñiòêè çâåäåíà äî ðîçâ'ÿçàííÿ ñèñòåìè (2.6) äâîõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âiäíîñíî òðüîõ íåâiäîìèõ ôóíêöié
. Ïðè ¨¨ äîñëiäæåííi ðîçãëÿíåìî òàêi âèïàäêè:

I âèïàäîê. Íåõàé H = 0. Äëÿ ìiíiìàëüíî¨ ïîâåðõíi ñèñòåìà ðiâíÿíü (2.6) íàáó-
âà¹ âèãëÿäó: 

uα,α = 0,

bij u̇i,j −Kαuα = 0.

(2.7)

Ó öüîìó âèïàäêó çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.7)1 ¹ ôóíêöiÿ (2.4). Îòæå,
ðiâíÿííÿ (2.7)2 çàïèøåòüñÿ òàê:

bij u̇i,j = Kαc
αiψi. (2.8)

ßêùî ââàæàòè ôóíêöiþ ψ çàçäàëåãiäü çàäàíîþ, òî ðiâíÿííÿ (2.8) ìîæíà êâàëi-
ôiêóâàòè ÿê íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè äðó-
ãîãî ïîðÿäêó ãiïåðáîëi÷íîãî òèïó (íàïðèêëàä, â àñèìïòîòè÷íèõ ëiíiÿõ, êîëè
b11 = b22 = 0, b12 6= 0, éîãî äèñêðèìiíàíò ¹ âiä'¹ìíèì) âiäíîñíî ôóíêöi¨ u̇. Âî-
íî äîïóñêà¹ ðîçâ'ÿçêè (äèâ. ïðèêëàä ó ïóíêòi 2.3). Òàêèì ÷èíîì, ìà¹ ìiñöå

Òåîðåìà 2.3.ßêùî ôóíêöi¨ ψ(x1, x2) òà u̇(x1, x2) ¹ ðîçâ'ÿçêàìè äèôåðåíöiàëü-

íîãî ðiâíÿííÿ (2.8), òî iñíó¹ À-äåôîðìàöiÿ ç ñòàöiîíàðíèì ïåðøèì iíâàðiàíòîì

òåíçîðà LGT-ñiòêè ìiíiìàëüíî¨ ïîâåðõíi, äëÿ ÿêî¨ âåêòîð çìiùåííÿ âèðàæà¹òü-

ñÿ ó ÿâíîìó âèãëÿäi (2.5) ÷åðåç îäíó äîâiëüíó ôóíêöiþ êëàñó C1.

II âèïàäîê.Ïîêëàäåìî uα = 0. Çâiäñè âèïëèâà¹, ùî u̇ 6= 0 (îñêiëüêè òîäi âåêòîð
çìiùåííÿ y ≡ 0). Ó äàíîìó âèïàäêó íåñêií÷åííî ìàëà äåôîðìàöiÿ íàçèâà¹òüñÿ
íîðìàëüíîþ (äèâ.[2]). Äëÿ íîðìàëüíî¨ À-äåôîðìàöi¨ âåêòîð çìiùåííÿ ìà¹ âèãëÿä

y = u̇n, (2.9)

Êëàñ íåñêií÷åííî ìàëèõ çãèíàíü âõîäèòü â êëàñ íåñêií÷åííî ìàëèõ àðåàëüíèõ
äåôîðìàöié, ÿê îêðåìèé âèïàäîê. Îçíàêîþ òîãî, ùîá àðåàëüíà íåñêií÷åííî ìàëà
äåôîðìàöiÿ áóëà À-òðèâiàëüíîþ (òîáòî çâîäèëàñÿ äî íåñêií÷åííî ìàëîãî çãèíàí-
íÿ) ¹ óìîâà

εij = ui,j + uj,i − 2u̇bij = 0. (2.10)

Î÷åâèäíî, ìà¹ ìiñöå
Ëåìà 2.1. Äëÿ òîãî ùîá íîðìàëüíà À-äåôîðìàöiÿ áóëà À-òðèâiàëüíîþ íåîá-

õiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà u̇ = 0.
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Ó âèïàäêó íîðìàëüíî¨ äåôîðìàöi¨ ñèñòåìà ðiâíÿíü (2.6) ìàòèìå âèãëÿä
H = 0,

bij u̇i,j = 0.

(2.11)

(2.11)2 ¹ îäíîðiäíèì äèôåðåíöiàëüíèì ðiâíÿííÿì ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî
ïîðÿäêó ãiïåðáîëi÷íîãî òèïó âiäíîñíî ôóíêöi¨ u̇. Çâiäñè âèïëèâà¹

Òåîðåìà 2.4.Íîðìàëüíó íåòðèâiàëüíó À-äåôîðìàöiþ, ïðè ÿêié δKh = 0 äî-

ïóñêàþòü ìiíiìàëüíi ïîâåðõíi i òiëüêè âîíè. Ïðè öüîìó âåêòîð çìiùåííÿ ìà¹

âèãëÿä (2.9), à ôóíêöiÿ u̇ ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.11)2.

III âèïàäîê.Íåõàé äëÿ áóäü-ÿêî¨ ðåãóëÿðíî¨ ïîâåðõíi íîðìàëüíà êîìïîíåíòà
u̇ = 0.Òîäi ïîëå çìiùåíü À-äåôîðìàöi¨ ðîçòàøîâàíå â äîòè÷íié ïëîùèíi äî S. Òàêi
äåôîðìàöi¨ íàçèâàþòüñÿ òàíãåíöiàëüíèìè. Ç ñèñòåìè (2.6) îòðèìà¹ìî:

uα,α = 0,

Eαu
α = 0.

(2.12)

Ðiâíÿííÿ (2.12)2 ç óðàõóâàííÿì (2.4), ìîæíà ïîäàòè òàê

cαiEαψi = 0,

àáî, â ðîçãîðíóòîìó âèãëÿäi:

E1
∂ψ

∂x2
− E2

∂ψ

∂x1
= 0. (2.13)

Äiñòàëè îäíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó
âiäíîñíî ôóíêöi¨ ψ(x1, x2). Çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ìîæíà âèðàçèòè
ó íåÿâíîìó âèãëÿäi (äèâ.[4]) :

ψ = F

(∫
dx1

E1
−
∫

dx2

E2

)
, Ei 6= 0 (2.14)

äå F (x1, x2) - äîâiëüíà íåïåðåðâíî äèôåðåíöiéîâàíà ôóíêöiÿ.
Âåêòîð çìiùåííÿ ó öüîìó âèïàäêó ìà¹ âèãëÿä

y = ciβψβri, (2.15)

Îòæå, ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò:
Òåîðåìà 2.5. Òàíãåíöiàëüíi À-äåôîðìàöi¨ ç ñòàöiîíàðíèì ïåðøèì iíâàðiàí-

òîì ñiòêîâîãî òåíçîðà äîïóñêà¹ áóäü-ÿêà ïîâåðõíÿ êëàñó S ∈ C3 áåç îìáiëi÷íèõ

òî÷îê. Ïîëå çìiùåííÿ ÷åðåç ôóíêöiþ ψ âèðàæà¹òüñÿ ó âèãëÿäi (2.15), à ôóíêöiÿ

ψ(x1, x2) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.13).

IV âèïàäîê.Íåõàé H 6= 0. Ïiäñòàâèìî çíà÷åííÿ u̇ =
uα,α
2H ó ðiâíÿííÿ (2.6)2

òà îòðèìà¹ìî îäíå îäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè
òðåòüîãî ïîðÿäêó âiäíîñíî äâîõ íåâiäîìèõ ôóíêöié u1, u2:(

Hgij − bij
)(uα,α

2H

)
i,j

− 2Euα,α − Eαuα = 0. (2.16)

Çâiäñè âèïëèâà¹
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Òåîðåìà 2.6.Áóäü-ÿêà íåìiíiìàëüíà ïîâåðõíÿ êëàñó C2 áåç îìáiëi÷íèõ òî÷îê

äîïóñêà¹ À-äåôîðìàöi¨ çà óìîâè δKh = 0 ç âåêòîðîì çìiùåííÿ (2.1), äå ôóíêöi¨

u1, u2 ¹ íåíóëüîâèìè ðîçâ'ÿçêàìè äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.16).

2.3. Iëþñòðàöiÿ ðåçóëüòàòiâ íà ïðèêëàäàõ.

Ïðèêëàä 1.Ðîçãëÿíåìî ðiâíÿííÿ ïðÿìîãî ãåëiêî¨äà ó âèãëÿäi

r = {x1 cosx2, x1 sinx2, x2}.

Îá÷èñëèìî:

g11 = 1, g12 = 0, g22 = (x1)2 + 1, b11 = b22 = 0, b12 = − 1√
(x1)2 + 1

,

ρ11 = − 1

(x1)2 + 1
, ρ12 = 0, ρ22 = 1, h11 = h22 = 0, h12 =

2√
(x1)2 + 1

,

n =

(
sinx2√
(x1)2 + 1

,− cosx2√
(x1)2 + 1

,
x1√

(x1)2 + 1

)
,

2H = 0, K = K̃ = − 1

((x1)2 + 1)2
, 2H̃ = 0, Kh = − 4

((x1)2 + 1)2
, 2Hh = 0.

Ïðÿìèé ãåëiêî¨ä ¹ ìiíiìàëüíîþ ïîâåðõíåþ. Äëÿ ìiíiìàëüíî¨ ïîâåðõíi â çàçíà-
÷åíié âèùå çàäà÷i ìà¹ ìiñöå ðiâíÿííÿ (2.8). Ïîêëàäåìî ψ = 0.

Òîäi öå ðiâíÿííÿ çàïèøåòüñÿ ó âèãëÿäi:

bij u̇i,j = 0,

à â àñèìïòîòè÷íié ñèñòåìi êîîðäèíàò

∂2u̇

∂x1∂x2
− Γ 1

12
∂u̇

∂x1
− Γ 2

12
∂u̇

∂x2
= 0. (2.17)

Äëÿ ïðÿìîãî ãåëiêî¨äà ðiâíÿííÿ ç (2.17) ìà¹ìî:

∂2u̇

∂x1∂x2
− x1

1 + (x1)2
∂u̇

∂x2
= 0. (2.18)

Ââåäåìî ôóíêöi¨
∂u̇

∂x2
= ϕ(x1, x2); ξ(x1) =

x1

1 + (x1)2
.

Òîäi ç (2.18) îòðèìà¹ìî ðiâíÿííÿ

∂ϕ

∂x1
= ϕ(x1, x2)ξ(x1). (2.19)

Éîãî çàãàëüíèé ðîçâ'ÿçîê âèðàçèìî ÷åðåç äîâiëüíó ôóíêöiþ c(x2):

u̇(x1, x2) = c(x2)
√

1 + (x1)2. (2.20)

Ç (2.9) çíàéäåìî âåêòîð çìiùåííÿ äëÿ ïðÿìîãî ãåëiêî¨äà ó ÿâíîìó âèãëÿäi:

y = {c(x2) sinx2,−c(x2) cosx2, c(x2)x1}. (2.21)
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Çâiäñè âèïëèâà¹
Òåîðåìà 2.7.Ïîâåðõíÿ ïðÿìîãî ãåëiêî¨äà äîïóñêà¹ íåòðèâiàëüíi íîðìàëüíi À-

äåôîðìàöi¨, ïðè ÿêèõ çáåðiãà¹òüñÿ ïåðøèé iíâàðiàíò òåíçîðà LGT-ñiòêè, ïðè÷î-

ìó âåêòîð çìiùåííÿ ìà¹ âèãëÿä (2.21).

Ïðèêëàä 2. Åëiïòè÷íèé ïàðàáîëî¨ä çàäàìî ðiâíÿííÿì:

r =

(
x1 cosx2, x1 sinx2,

(x1)2

2

)
.

Îá÷èñëèìî:

g11 = (x1)2 + 1, g22 = (x1)2, g12 = 0, b11 =
1√

(x1)2 + 1
, b22 =

(x1)2√
(x1)2 + 1

,

b12 = 0, ρ11 = ρ22 = 0, ρ12 =
(x1)3

2((x1)2 + 1)
, h11 =

(x1)2√
1 + (x1)2

, h12 = 0,

h22 = − (x1)4√
(1 + (x1)2)3

,K =
1

((x1)2 + 1)2
, 2H =

2 + (x1)2√
(1 + (x1)2)3

, K̃ = − (x1)4

4((x1)2 + 1)3
,

2H̃ = 0, E =
(x1)4

4 (1 + (x1)2)
3
,Kh = − (x1)4

(1 + (x1)2)
3
, 2Hh = 0.

Ðîçãëÿíåìî òàíãåíöiàëüíi À-äåôîðìàöi¨ ç ñòàöiîíàðíèì ïåðøèì iíâàðiàíòîì ñiò-
êîâîãî òåíçîðà äëÿ åëiïòè÷íîãî ïàðàáîëî¨äà.

Ðiâíÿííÿ (2.13) äëÿ åëiïòè÷íîãî ïàðàáîëî¨äà ñïðîùó¹òüñÿ:

∂ψ

∂x1
= 0.

Î÷åâèäíî, ùî ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ áóäå áóäü-ÿêà ðåãóëÿðíà ôóíêöiÿ âiä
îäíi¹¨ çìiííî¨:

ψ = ψ(x2).

Ó öüîìó âèïàäêó îòðèìà¹ìî íàñòóïíèé âèðàç âåêòîðà çìiùåííÿ:

y =

(
cosx2
√
g
,

sinx2
√
g
,
x1
√
g

)
∂ψ

∂x2
. (2.22)

Òàêèì ÷èíîì, ñïðàâåäëèâà
Òåîðåìà 2.8.Ïîâåðõíÿ åëiïòè÷íîãî ïàðàáîëî¨äà äîïóñêà¹ íåòðèâiàëüíi òàí-

ãåíöiàëüíi À-äåôîðìàöi¨, ïðè ÿêèõ çáåðiãà¹òüñÿ ïåðøèé iíâàðiàíò òåíçîðà LGT-

ñiòêè, ïðè÷îìó âåêòîð çìiùåííÿ ó ÿâíîìó âèãëÿäi âèðàæà¹òüñÿ çà ôîðìóëîþ

(2.22).
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In the given work concepts of invariants of a tensor of LGT-network regular
C3-surfaces are entered. Variations of these geometrical sizes are calculated at
in�nitesimal areal deformation (A-deformations)of surface through components of a
�eld of displacement u1, u2, u̇. The questions of existance A-deformations of a surface
with stationary �rst invariant of a tensor of LGT-network are considered.
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Tensor product of idempotent measures

Oleksandra Hubal' Aleksandr Savchenko Mykhailo Zarichnyi

Abstract We consider the idempotent measure monad on the categories of compact
Hausdor� spaces, ultrametric spaces and nonexpanding maps, and fuzzy ultrametric
spaces. The main result of the paper is the following: the G-symmetric power functor
admits an extension onto the Kleisli category of the idempotent measure monad, i.e.,
the category whose morphisms are idempotent-measure-valued maps.

Keywords Fuzzy metric space · Idempotent measure · Fuzzy ultrametric

Mathematics Subject Classi�cation (2000) 54E70, 54A40, 60B05

1 Introduction

In this paper we consider the functor of idempotent measures in three categories:
of compact Hausdor� spaces, of ultrametric spaces and of fuzzy ultrametric spaces.
The idempotent measures were �rst systematically considered in the school lead by
V. Maslov. The topological properties of the functor of idempotent measures were
investigated in [2].

The idempotent measure functor is tightly connected with the geometry of the
max-plus convex sets. Roughly speaking, the spaces of idempotent measures are free
max-plus convex sets.

We investigate the operation of tensor product of idempotent measures. The main
result states that this operation allows to de�ne the extension of the G-symmetric
power functor onto the monad generated by the functor of idempotent measures. Note
that the results concerning existence of extension of functors onto the Kleisli categories
have numerous applications, in particular, in the semantics of programming languages.

2 Preliminaries

2.1 Spaces of idempotent measures

We recall some necessary information that concerns the idempotent measures in the
compact Hausdor� spaces and metrizable spaces.

Let X be a topological space. By C(X) we denote the space of continuous functions
on X endowed with the compact-open topology. If X is compact Hausdor�, then this
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topology is generated by the sup-norm. For any c ∈ R we denote by cX the constant
function on X taking the value c.

Following [8], we denote by � : R × C(X) → C(X) the map acting by (λ, ϕ) 7→
λX + ϕ, and by ⊕ : C(X) × C(X) → C(X) the map acting by (ϕ,ψ) 7→ max{ϕ,ψ}.
Also, we let a⊕ b = max{a, b}, for a, b ∈ R.

De�nition 1 Let X be a compact Hausdor� space. A functional µ : C(X) → R is
called an idempotent probability measure (Maslov measure) if

1. µ(cX) = c;
2. µ(c� ϕ) = c� µ(ϕ);
3. µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

The value µ(ϕ) is also called the Maslov integral of ϕ with respect to µ.
Let I(X) denote the set of all idempotent probability measures on X. We endow

I(X) with the weak* topology. A base of this topology is formed by the sets

O(µ;ϕ1, . . . , ϕn; ε) = {ν ∈ I(X) | |µ(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n}.

It is proved in [14] that the space I(X) is compact Hausdor�.
The following is an example of an idempotent probability measure on X. Let

x1, . . . , xn ∈ X and λ1, . . . , λn ∈ R be numbers such that max{λ1, . . . , λn} = 0.
De�ne µ : C(X) → R as follows: µ(ϕ) = max{ϕ(xi) + λi | i = 1, . . . , n}. As usual, for
every x ∈ X, we denote by δx the functional on C(X) de�ned as follows: δx(ϕ) = ϕ(x),
ϕ ∈ C(X) (the functional δx is called the Dirac measure concentrated at x). Then one
can write µ = ⊕ni=1λi � δxi .

Given a continuous map f : X → Y , the map I(f) : I(X) → I(Y ) is de�ned as
follows. Let ϕ ∈ C(Y ), then, given µ ∈ O(X), we let I(f)(µ)(ϕ) = µ(ϕ ◦ f).

We obtain a covariant functor I in the categoryComp of compact Hausdor� spaces
and continuous maps.

It is known (see [14]) that the functor I preserves the class of embeddings. In the
sequel, for any closed subset A of a compact Hausdor� space X, we identify the set
I(A) with the subset I(ι)(A) of I(X), where ι : A→ X denotes the embedding.

Also, the functor I preserves the intersections, i.e., I(∩α∈ΓAα) = ∩α∈Γ I(Aα), for
every family {Aα | α ∈ Γ} of closed subsets of a compact Hausdor� space X.

Now, for a compact Hausdor� space X and a ∈ I(X), de�ne the support of a
(denoted supp(a)) as follows:

supp(a) = ∩{A ∈ expX | a ∈ I(A) ⊂ I(X)}.

Recall that a compact Hausdor� space is called zero-dimensional if it possesses a
base consisting of sets which are open and closed.

Let X be a metrizable space. By βX we denote the �Cech-Stone compacti�cation
of X.

By I(X) we denote the space of idempotent measures with compact support in X.
Recall that the support of an idempotent measure µ ∈ I(X) is the minimal (with

respect to the inclusion) closed set supp(µ) such that µ(X \ supp(µ)) = 0.
Any idempotent measure µ of �nite support can be represented as follows: µ =

⊕ni=1αi � δxi , where α1, . . . , αn ∈ [−∞, 0] and ⊕ni=1αi = 0. By Iω(X) we denote the
set of all idempotent measures with �nite supports in X.
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2.2 Monads and Kleisli categories

We recall some necessary de�nitions from the category theory; see e.g., [1] for details.
By |C| we denote the class of objects of a category C. If X,Y ∈ |C|, then C(X,Y )

stands for the set of morphisms from X to Y in the category C.
A triple T = (T, η, µ) is called a monad in the category C, if T is an endofunctor

in C and η : 1C → T , µ : T2 ≡ TT → T are natural transformations such that the
diagrams

T [r]−ηT [dr]−1T [d]TηT2[d]µT2[r]µT T3[r]−µT [d]TµT2[d]µT2[r]µT

are commutative.
The Kleisli category CT of a monad T is de�ned as follows: |CT| = |C|, CT(X,Y ) =

C(X,T (Y )), and the composition g ∗ f of morphisms f ∈ CT(X,Y ), g ∈ CT(Y,Z) is
de�ned by the formula g ∗ f = µZT (g)f .

De�ne the functor FT : C → CT by the conditions: FT(X) = X for every X ∈ |C|
and FT(f) = ηY f for every f ∈ C(X,Y ).

A functor F : CT → CT is called an extension of a functor F : C → C onto the Kleisli
category CT, if FTF = FFT.

Theorem 1 There exists a bijective correspondence between the extensions of a functor

F onto the Kleisli category CT of a monad T and the natural transformations ξ : FT →
TF satisfying the conditions:

1. ξF (η) = ηF ;

2. µFT (ξ)ξT = ξF (µ).

Proof See [13].

Let X be a compact Hausdor� space. Given ϕ ∈ C(X), de�ne ϕ̄ : I(X) → R as
follows: ϕ̄(µ) = µ(ϕ), µ ∈ I(X).

Given M ∈ I2(X), de�ne the map ζX(M) : C(X) → R as follows: ζX(M)(ϕ) =

M(ϕ̄).
Let also ηX(x) = δx, for any x ∈ X.

Theorem 2 The triple I = (I, η, ζ) is a monad on the category of compact Hausdor�

spaces.

Proof See [14].

3 Ultrametric spaces

Recall that a metric on a set X is called an ultrametric if the following strong triangle
inequality holds:

d(x, y) ≤ max{d(x, z), d(z, y)}

for all x, y, z ∈ X.
By Or(A) we denote the r-neighborhood of a set A in a metric space. We write

Or(x) if A = {x}.
Recall that a map f : X → Y , where (X, d) and (Y, %) are metric spaces, is called

nonexpanding if %(f(x), f(y)) ≤ d(x, y), for every x, y ∈ X.
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By expX we denote the set of all nonempty compact subsets in X endowed with
the Hausdor� metric:

dH(A,B) = inf{ε > 0 | A ⊂ Oε(B), B ⊂ Oε(A)}.

For a continuous map f : X → Y the map exp f : expX → expY is de�ned as
(exp f)(A) = f(A).

It is well-known that exp f is a nonexpanding map if so is f . We denote by sX : X →
expX the singleton map, sX(x) = {x}.

We �rst de�ne the set I(X) for any Tychonov space X. The family expX of
nonempty compact subsets in X is partially ordered by inclusion. We de�ne the
set I(X) to be the direct limit of the direct system {I(A), I(ιAB); expX} (here, for
A,B ∈ expX with A ⊂ B, we denote by ιAB : A → B the inclusion map). For every
A ∈ expX, we identify I(A) with the corresponding subset of I(X) along the map
I(ιA), where ιA : A → X is the limit inclusion map. For any µ ∈ I(X), there exists a
unique minimal A ∈ expX such that µ ∈ I(A). Then we say that A is the support of
µ and write supp(µ) = A.

There exists a natural pairing (µ, ϕ) 7→ µ(ϕ) : I(X) × C(X) → R. Note that, for
any µ ∈ I(X) and ϕ,ψ ∈ C(X) with ϕ|supp(µ) = ψ|supp(µ), we have µ(ϕ) = µ(ψ).

Now, let (X, d) be an ultrametric space. Let us de�ne an ultrametric on the set
I(X). For any ε > 0, denote by Fε = Fε(X) the set of all functions ϕ ∈ C(X) satisfying
the property: for any y ∈ ϕ(X) the set ϕ−1(y) is the union of open balls of radii ε.

Recall that the set C(X) is endowed with the compact-open topology.

Lemma 1 The set ∪{Fc | c > 0} is dense in C(X).

Given µ, ν ∈ I(X), we let

d̂(µ, ν) = inf{ε > 0 | µ(ϕ) = ν(ϕ) for all ϕ ∈ Fε}.

The following is proved in [6].

Proposition 1 The function d̂ is an ultrametric on the set I(X).

The functor I on the categoryUMet of ultrametric spaces and nonexpanding maps
is considered in [6]. It is proved therein that this functor determines a monad on the
category UMet.

3.1 Fuzzy metric spaces

The notion of fuzzy metric space, in one of its forms, is introduced by Kramosil and
Michalek [7]. In the present paper we use the version of this concept given in the paper
[3] by George and Veeramani.

De�nition 1 A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if ∗
is satisfying the following conditions:

(i) ∗ is commutative and associative;
(ii) ∗ is continuous;
(iii) a ∗ 1 = a for all a ∈ [0, 1];
(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
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The following are examples of t-norms: a ∗ b = ab; a ∗ b = min{a, b}.

De�nition 2 A 3-tuple (X,M, ∗) is said to be a fuzzy metric space if X is an arbitrary
set, ∗ is a continuous t-norm andM is a fuzzy set onX2×(0,∞) satisfying the following
conditions for all x, y, z ∈ X and s, t > 0:

(i) M(x, y, t) > 0,
(ii) M(x, y, t) = 1 if and only if x = y,
(iii) M(x, y, t) = M(y, x, t),
(iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(v) the function M(x, y,−) : (0,∞)→ [0, 1] is continuous.

It is proved in [3] that in a fuzzy metric space X, the function M(x, y,−) is non-
decreasing for all x, y ∈ X.

The following notion is introduced in [3] (see De�nition 2.6 therein).

De�nition 3 Let (X,M, ∗) be a fuzzy metric space and let r ∈ (0, 1), t > 0 and
x ∈ X. The set

B(x, r, t) = {y ∈ X |M(x, y, t) > 1− r}

is called the open ball with center x and radius r with respect to t.

The family of all open balls in a fuzzy metric space (X,M, ∗) forms a base of a
topology in X; this topology is denoted by τM and is known to be metrizable (see [3]).

If (X,M, ∗) is a fuzzy metric space and Y ⊂ X, then, clearly,

MY = M |(Y × Y × (0,∞)) : Y × Y × (0,∞)→ [0, 1]

is a fuzzy metric on the set Y . We say that the fuzzy metric MY is induced on Y by
M .

Let (X,M, ∗) and (X ′,M ′, ∗) be fuzzy metric spaces. A map f : X → X ′ is called
nonexpanding if M ′(f(x), f(y), t) ≥ M(x, y, t), for all x, y ∈ X and t > 0. For our
purposes, it is su�cient to consider the class of fuzzy metric spaces with the same �xed
norm (e.g., ∗). The fuzzy metric spaces (with the norm ∗) and nonexpanding maps
form a category, which we denote by FMS(∗).

The Hausdor� fuzzy metric MH on expX is de�ned by the formula:

MH(A,B, t) = min

{
inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)

}
(see [10]).

4 Fuzzy ultrametric spaces

One can de�ne a counterpart of the notion of ultrametric in the realm of fuzzy metric
spaces (see, e.g., [9]).

De�nition 1 A 3-tuple (X,M, ∗) is said to be a fuzzy ultrametric space if X is an
arbitrary set, ∗ = min and M is a fuzzy set on X2 × (0,∞) satisfying conditions (i),
(ii), (iii), (v) from De�nition 2 and the following condition:

(iv') M(x, y, t) ∗M(y, z, s) ≤M(x, z,max{t, s}), for all x, y, z ∈ X and t, s ∈ (0,∞).
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In [9], it is remarked that condition (iv') is equivalent to the following:

(iv�) M(x, y, t) ∗M(y, z, t) ≤M(x, z, t) , for all x, y, z ∈ X and t ∈ (0,∞)

(see also [11, De�nition 5]).
The fuzzy ultrametric spaces and nonexpanding maps form a category which we

denote by FUMS(∗).

5 Main result

Given a fuzzy ultrametric space (X,M,min), r ∈ (0, 1), and t > 0, denote by Fr,t =

Fr,t(X) the set of functions which are constant on the balls of the form B(x, r, t), for
x ∈ X.

De�ne a function M̂ : I(X)× I(X)× (0,∞)→ [0, 1] by the formula:

M̂(µ, ν, t) = 1− inf{r ∈ (0, 1) | µ(ϕ) = ν(ϕ) for all ϕ ∈ Fr,t}.

Theorem 1 The function M̂ is a fuzzy ultrametric on the set I(X) (with respect to

the t-norm min).

Proof Conditions (i) and (iii) from De�nition 2 are obviously satis�ed.
Let us verify condition (ii). Clearly, M̂(µ, µ, t) = 1, for every µ ∈ I(X) and t > 0.

Conversely, if M̂(µ, ν, t) = 1, then µ(ϕ) = ν(ϕ), for every ϕ ∈ Fr,t and r ∈ (0, 1). Since,
by the Weierstrass-Stone theorem, for every compact set K ⊃ supp(µ) ∪ supp(µ), the
set {ϕ|K | ϕ ∈ ∪r∈(0,1)Fr,t} is dense in C(K), we conclude that µ = ν.

Let us verify Condition (iv') from De�nition 1. Let µ, ν, τ ∈ I(X), t ∈ (0,∞).
If M̂(µ, ν, t) > 1−r and M̂(ν, τ, t) > 1−r, then µ(ϕ) = ν(ϕ)), for all ϕ ∈ Fr. Also,

ν(ϕ)) = τ(ϕ)), for all ϕ ∈ Fr, and ϕ ∈ Fr ν(ϕ)) = τ(ϕ)), for all x ∈ X.
Therefore,

µ(ϕ)) = ν(ϕ)) = τ(ϕ)),

for all ϕ ∈ Fr,t, whence M̂(µ, τ, t) > 1− r and the result follows.
We are now going to verify condition (v) from De�nition 2. Let µ, ν ∈ I(X),

t0 ∈ (0,∞) and M̂(µ, ν, t0) = 1− r0.
Let (ti)

∞
i=1 be a nondecreasing sequence in (0,∞) with limi→∞ ti = t0. Suppose

that M̂(µ, ν, ti) = 1 − ri, i = 0, 1, 2, . . . . Then (ri)
∞
i=1 is a nonincreasing sequence in

(0, 1]. Suppose that r′0 = limi→∞ ri > r0 + 2c, for some c > 0.
Then µ(ϕ) = ν(ϕ), for all for all ϕ ∈ Fr0+c,t0 .
In [12] it is proved that there exists η > 0 such that, for every x, y ∈ supp(µ) ∪

supp(ν), we have

|M(x, y, t0 − η)−M(x, y, t0)| < c.

There exists i ∈ N such that ti > t0 − η. We are going to show that

B(x, r0, t0) ∩ (supp(µ) ∪ supp(ν)) ⊂ B(x, r0 + c, ti).

Indeed, if y ∈ B(x, r0, t0) ∩ (supp(µ) ∪ supp(ν)), then M(x, y, t0) > 1 − r0, whence
M(x, y, ti) > 1 − r0 − c and therefore y ∈ B(x, r0 + c, ti). Now, if y ∈ B(x, r0, t0) ∩
(supp(µ)∪supp(ν)), then y ∈ B(y, r0, t0) = B(x, r0, t0) ⊂ B(x, r0 +c, ti). We therefore
conclude that every set B(x, r0 + c, ti) ∩ (supp(µ) ∪ supp(ν)), where x ∈ supp(µ) ∪
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supp(ν), is a disjoint union of the sets of the form B(y, r0, t0) ∩ (supp(µ) ∪ supp(ν)),
where y ∈ supp(µ) ∪ supp(ν). In turn, this implies that

Fr0+c,ti(supp(µ) ∪ supp(ν)) ⊂ Fr0,ti(supp(µ) ∪ supp(ν)),

whence , for every ϕ ∈ Fr0+c,ti ,

µ(ϕ) =µ(ϕ|(supp(µ) ∪ supp(ν)))

=ν(ϕ|(supp(µ) ∪ supp(ν))) = ν(ϕ).

Therefore, M̂(µ, ν, ti) ≤ 1− (r0 + c) < 1− r′0, and we obtain a contradiction with the
assumption r0 < r′0.

Next, we consider the case of a nonincreasing sequence (ti)
∞
i=1 in (0,∞) with

limi→∞ ti = t0. Then (ri = 1 − M̂(µ, ν, ti))
∞
i=1 is a nondecreasing sequence in (0, 1].

Suppose that r′0 = limi→∞ ri < r0. There exists c > 0 such that r′0 + 2c < r0.
Arguing as above we conclude that there exists η > 0 such that, for every x, y ∈

supp(µ) ∪ supp(ν), we have

|M(x, y, t0 + η)−M(x, y, t0)| < c.

There exists i ∈ N such that ti < t0 + η. Arguing as above, we conclude that

B(x, r′0, ti) ∩ (supp(µ) ∪ supp(ν)) ⊂ B(x, r′0 + c, t0)

and therefore

Fr′0,ti(supp(µ) ∪ supp(ν)) ⊃ Fr′0+c,ti(supp(µ) ∪ supp(ν)).

This, in turn, implies that M̂(µ, ν, t0) ≥ 1 − (r′0 + c) > 1 − r0 and we obtain a
contradiction.

Identifying every x ∈ X with the Dirac measure δx, one may regard X as a subset
of I(X).

Proposition 1 Let (X,M, ∗) be a fuzzy ultrametric space. Then the fuzzy ultrametric

M̂ induces the fuzzy ultrametric M on X ⊂ I(X).

Proof Let x, y ∈ X. If M̂(δx, δy, t) = 1 − r, then, for any r′ > r, we have
1 = δx(χB(x,r′,t)) = δy(χB(x,r′,t)) (here χA denotes the characteristic function of
A), whence y ∈ B(x, r′, t) and therefore M(x, y, t) > 1 − r′. Passing to the limit as
r′ → r, we see that M(x, y, t) ≥ M̂(δx, δy, t).

On the other hand, if r′ < r, then there is z ∈ X such that δx(χB(z,r′,t)) 6=
δy(χB(z,r′,t)). Without loss of generality, one may assume that 1 = δx(χB(z,r′,t)).
Then y /∈ B(z, r′, t) = B(x, r′, t), whence M(x, y, t) ≤ 1 − r′. Passing to the limit as
r′ → r, we see that M(x, y, t) ≤ M̂(δx, δy, t).

Proposition 2 The set Iω(X) is dense in I(X) in the topology induced by the fuzzy

ultrametric M̂ .
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Proof Let µ ∈ I(X), r ∈ (0, 1), t > 0. Consider an open cover U = {B(x, r, t) | x ∈
supp(µ)} of the set supp(µ). Since the set supp(µ) is compact, there exists a �nite
subcover {B(xi, r, t) | i = 1, . . . , k} of U . Let λi = inf{µ(ϕ) | ϕ|B(xi, r, t) = 0}. It is
easy to see that ⊕ki=1λi = 0.

Let ν = ⊕ki=1λi � δxi . Then ν ∈ Iω(X).
We are going to show that M̂(µ, ν, t) > 1− r. To this end, consider ϕ ∈ Fr,t. Then

ν(ϕ) =⊕ki=1 λi � ϕ(xi)

=⊕ki=1 inf{µ(ψ) | ψ|B(xi, r, t) = 0} � ϕ(xi)

=⊕ki=1 inf{µ(ψ) | ψ|B(xi, r, t) = ϕ(xi)}

=µ(⊕ki=1 inf{ψ | ψ|B(xi, r, t) = ϕ(xi)})
=µ(ϕ).

We conclude that M̂(µ, ν, t) > 1− r and therefore ν ∈ B(µ, r, t).

Proposition 3 The map supp: I(X)→ expX is nonexpanding.

Proof Let µ, ν ∈ I(X) and M̂(µ, ν, t) > r0, where r0 ∈ (0, 1). Then from the de�nition
of M̂ it follows that there exists r < 1− r0 such that ν(ϕ) = µ(ϕ), for all ϕ ∈ Fr,t.

Suppose that z ∈ supp(µ), then from the de�nition of support it follows that

inf{µ(ϕ) | ϕ ∈ Fr,t, ϕ|B(z, r, t) = 0} > −∞.

Thus

inf{ν(ϕ) | ϕ ∈ Fr,t, ϕ|B(z, r, t) = 0} > −∞

and therefore there exists z′ ∈ supp(ν) such that z′ ∈ B(z, r, t).
Therefore, supp(µ) ⊂ B(supp(ν), r, t). One can similarly show that supp(ν) ⊂

B(supp(µ), r, t).
This implies that

MH(supp(µ), supp(ν), t) > 1− r > 1− (1− r0) = r0

and we conclude that the map supp is nonexpanding.

Proposition 4 Let (X,M, ∗), (X ′,M ′, ∗) be fuzzy ultrametric spaces and let f : X →
X ′ be a nonexpanding map. Then the map I(f) : I(X)→ I(X ′) is also nonexpanding.

Proof We are going to show that, for every µ, ν ∈ I(X) and t > 0, if M̂(µ, ν, t) > %

then M̂ ′(I(f)(µ), I(f)(ν), t) > %.
Given M̂(µ, ν, t) > %, one can �nd r ∈ (0, 1) such that 1− r > % and µ(B(x, r, t)) =

ν(B(x, r, t)), for all x ∈ X. Since the map f is nonexpanding, we see that f(B(x, r, t)) ⊂
B′(f(x), r, t) (by B′ we denote the balls in X ′), whence, by a result from [12], for every
y ∈ X ′, the set f−1(B′(y, r, t)) is a union of disjoint balls of the form B(z, r, t) in X.
Therefore, for every ϕ ∈ Fr,t(X ′), we have ϕf ∈ Fr,t(X). Therefore

I(f)(µ)(ϕ) = µ(f−1(ϕ)) = ν(ϕf) = I(f)(ν)(ϕ),

for all ϕ ∈ Fr,t(X ′), whence M̂ ′(I(f)(µ), I(f)(ν), t) > % and the proposition follows.
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It is easy to see that from Proposition 4 it follows that I is a functor from the
category FUMS(∗) to itself.

From Proposition 3 one can deduce that supp is a natural transformation of the
functor I into the functor exp.

We are going to de�ne a monad I = (I, η, ζ) on the category FUMS(∗). To this
end, we de�ne the map ζX : I2(X)→ I(X) as follows:

Let X be a fuzzy ultrametric space. Given ϕ ∈ C(X), de�ne ϕ̄ : I(X) → R as
follows: ϕ̄(µ) = µ(ϕ), µ ∈ I(X).

Given M ∈ I2(X), de�ne the map ζX(M) : C(X) → R as follows: ζX(M)(ϕ) =

M(ϕ̄). Note that if ϕ ∈ Fr,t(X), then ϕ̄ ∈ Fr,t(I(X)) and therefore ζX is a nonex-
panding map.

Let also ηX(x) = δx, for any x ∈ X.

6 Main result

Let X,Y be compact Hausdor� spaces. For any x ∈ X, denote by ix : Y → X × Y the
map de�ned by the formula: ix(y) = (x, y), y ∈ Y . For any ν ∈ I(Y ), de�ne the map
gν : X → I(X × Y ) by the formula: gν(x) = I(ix)(ν), x ∈ X. Finally, given µ ∈ I(X),
de�ne

µ⊗ ν = ζX×Y I(gν)(µ) ∈ I(X × Y ).

The element µ⊗ ν is called the tensor product of the elements µ and ν.

Proposition 1 Let µ = ⊕ni=1αi � δxi ∈ Iω(X), ν = ⊕mj=1βj � δyj ∈ Iω(Y ). Then

µ⊗ ν = ⊕ni=1 ⊕
m
j=1 (αi � βj)� δ(xi,yj).

Proof Straightforward.

Given µi ∈ I(Xi), i = 1, . . . , n, one can similarly de�ne, by induction, the tensor
product

µ1 ⊗ · · · ⊗ µn ∈ I(X1)× · · · × I(Xn).

It easily follows from Proposition 1 that the de�nition fails to depend on the order of
consequent multiplications.

It follows from general arguments that the maps

(µ1, . . . , µn) 7→ µ1 ⊗ · · · ⊗ µn : I(X)n → I(Xn)

determines a natural transformation of the functor (−)nI to the functor I(−)n.
De�ne the natural transformation πG : (−)n → SPnG as follows:

πGX(x1, . . . , xn) = [x1, . . . , xn].

The following statement concerns the idempotent measure monad on the categories
of compact Hausdor� spaces, ultrametric spaces, and fuzzy ultrametric spaces.

Theorem 1 There exists an extension of the G-symmetric power functor SPnG onto

the Kleisli category of the monad I.
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Proof De�ne the natural transformation ξ : SPnGI → ISPnG as follows:

ξX([µ1, . . . , µn]) = I(πG)(µ1 ⊗ · · · ⊗ µn).

We are going to show that the natural transformation ξ satis�es the properties
from Theorem 1.

(i) Let [x1, . . . , xn] ∈ SPnGX, then

ξXSP
n
G(ηX)([x1, . . . , xn]) =ξX([δx1 , . . . , δxn ]) = I(πG)(δx1 ⊗ · · · ⊗ δxn)

=I(πG)(δ(x1,...,xn)) = δ[x1,...,xn] = ηSPnGX([x1, . . . , xn]),

i.e. ξXSP
n
G(ηX) = ηSPnGX .

(ii) Let M1, . . . ,Mn ∈ I2(X), Mi = ⊕αik � δµik , where µik ∈ I(X). Then

µXI(ξX)ξI(X)([M1, . . . ,Mn]) =µXI(ξX)I(πGI(X))(M1 ⊗ · · · ⊗Mn)

=I(ξX)I(πGI(X))
(⊕

(α1i1 � · · · � αnin)� δ(µ1i1
,...,µnin )

)
=µXI(ξX)

(⊕
(α1i1 � · · · � αnin)� δ[µ1i1 ,...,µnin ]

)
=µX

(⊕
(α1i1 � · · · � αnin)� δξX([µ1i1

,...,µnin ])

)
=
⊕

(α1i1 � · · · � αnin)� ξX([µ1i1 , . . . , µnin ]).

On the other hand,

ξXSP
n
G(µX)([M1, . . . ,Mn]) =ξX([µX(M1), . . . , µX(Mn)])

=ξX([⊕α1i1 � µ1i1 , . . . ,⊕α1i1 � µnin ])

=I(πG)((⊕α1i1 � µ1i1)⊗ · · · ⊗ (⊕α1i1 � µnin))

=I(πG)
(⊕

(α1i1 � · · · � αnin)� (µ1i1 ⊗ · · · ⊗ µnin)
)

=
⊕

(α1i1 � · · · � αnin)� I(πG)(µ1i1 ⊗ · · · ⊗ µnin),

i.e. the restrictions of the maps µXI(ξX)ξI(X) and ξXSP
n
G(µX) onto the dense set

of points of �nite supports are equal. We conclude that they are equal. Therefore the
functor SPnG admits an extension to the Kleisli category of the monad I.

7 Remarks and open questions

An analogous result for the probability measure monad in the category of compact
Hausdor� spaces is stronger in the sense that it also contains the uniqueness of the
extension. The corresponding question for the idempotent measures is open.

Another open question concerns possible counterparts of the results of this paper
for the fuzzy metric spaces in the sense of [7].
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Ïðî òðèàíãóëÿðèçàöiþ ìàòðèöü íàä îáëàñòþ ãî-
ëîâíèõ iäåàëiâ ç ìiíiìàëüíèìè êâàäðàòè÷íèìè
ìíîãî÷ëåíàìè

Âîëîäèìèð Ïðîêiï

Àííîòàöèÿ Îòðèìàíî íåîáõiäíi òà äîñòàòíi òðèàíãóëÿðèçàöi¨ äiàãîíàëiçîâàíèõ
ìàòðèöü íàä îáëàñòþ ãîëîâíèõ iäåàëiâ ç ìiíiìàëüíèìè êâàäðàòè÷íèìè ìíîãî÷ëå-
íàìè.

Êëþ÷îâi ñëîâà Îáëàñòü ãîëîâíèõ iäåàëiâ, òðèàíãóëÿðèçàöiÿ ìàòðèöi

1 Âñòóï

Íåõàé R îáëàñòü ãîëîâíèõ iäåàëiâ ç îäèíèöåþ e 6= 0, U(R) ìóëüòèïëiêàòèâíà ãðóïà
îáëàñòi R. Ââåäåìî ïîçíà÷åííÿ: In � îäèíè÷íà ìàòðèöÿ âèìiðíîñòi n; 0m,n � íóëüî-
âà (m× n)-ìàòðèöÿ; Mm,n(R) � ìíîæèíà (m× n)-ìàòðèöü íàä îáëàñòþ ãîëîâíèõ
iäåàëiâ R. ßêùî m = n, òî êiëüöå (n × n)-ìàòðèöü íàä R ïîçíà÷àòèìåìî ÷åðåç
Mn(R).

Êàæóòü, ùî ïàðà ìàòðèöü A,B ∈ Mn(R) òðèàíãóëÿðèçóþòüñÿ, ÿêùî âîíà ïå-
ðåòâîðåííÿì ïîäiáíîñòi çâîäèòüñÿ äî íèæíüîãî òðèêóòíîãî âèãëÿäó, òîáòî äëÿ
ìàòðèöü A i B iñíó¹ ìàòðèöÿ U ∈ GL(n,R) òàêà, ùî

UAU−1 =


α11 0 . . . . . . 0

α21 α22 0 . . . 0

. . . . . . . . . . . . . . .

αn1 αn,2 . . . αn,n−1 αnn

 = TA (1)

i

UBU−1 =


β11 0 . . . . . . 0

β21 β22 0 . . . 0

. . . . . . . . . . . . . . .

βn1 βn,2 . . . βn,n−1 βnn

 = TB (2)

íèæíi òðèêóòíi ìàòðèöi.
Î÷åâèäíî, ÿêùî ïàðà ìàòðèöü A,B ∈Mn(R) òðèàíãóëÿðèçó¹òüñÿ, òî õàðàêòå-

ðèñòè÷íi ìíîãî÷ëåíè A i B äîïóñêàêàþòü çîáðàæåííÿ ó âèãëÿäi äîáóòêó ëiíiéíèõ
ìíîæíèêiâ, òîáòî

a(λ) = det(Inλ−A) = (λ− α1)k1(λ− α2)k2 . . . (λ− αr)kr ,
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b(λ) = det(Inλ−B) = (λ− β1)k1(λ− β2)k2 . . . (λ− βr)kl ,

äå αi, βj ∈ R, i = 1, 2, . . . , r; i j = 1, 2, . . . , l . Ëåãêî ïåðåêîíàòèñü â òîìó, ùî öi óìîâè
¹ ëèøå íåîáõiäíèìè äëÿ òðèàíãóëÿðèçàöi¨ ìàòðèöü íàä êîìóòàòèâíèìè êiëüöÿìè
ç îäèíèöåþ (i íàä îáëàñòþ ãîëîâíèõ iäåàëiâ R çîêðåìà). Âiäçíà÷èìî, ùî çàäà÷à
ïðî òðèàíãóëÿðèçàöiþ ïàðè ìàòðèöü íàä ïîëåì äîñëiäæóâàëàñü â ðîáîòàõ [1] �
[5]. Ïðîòå äëÿ ìàòðèöü íàä êîìóòàòèâíèìè êiëüöÿìè öÿ çàäà÷à, ÿê i çàäà÷à ïðî
ñïiëüíi âëàñíi âåêòîðè, ìàëîäîñëiäæåíà.

Â äàíié ðîáîòi âñòàíîâëåíî óìîâè, çà ÿêèõ ïàðà äiàãîíàëiçîâàíèõ ìàòðèöü
A,B ∈ Mn(R) ç ìiíiìàëüíèìè êâàäðàòè÷íèìè ìíîãî÷ëåíàìè, òðèàíãóëÿðèçó¹òü-
ñÿ. Çàóâàæèìî, ùî çäîáóòi ðåçóëüòàòè ñïðàâåäëèâi äëÿ ìàòðèöü íàä îáëàñòÿìè
åëåìåíòàðíèõ äiëüíèêiâ. Êðiì öüîãî, äåÿêi ç íèõ ìîæóòü áóòè ïîøèðåíi äëÿ ìàò-
ðèöü íàä ID-êiëüöÿìè [6], òîáòî íàä êîìóòàòèâíèìè êiëüöÿìè ç îäèíèöåþ, íàä
ÿêèìè iäåìïîòåíòíà ìàòðèöÿ äiàãîíàëiçó¹òüñÿ.

2 Îñíîâíi ðåçóëüòàòè

Íàäàëi ÷åðåç
[
A,B

]
áóäåìî ïîçíà÷àòè êîìóòàòîð ìàòðèöü A,B ∈ Mn(R), òîáòî[

A,B
]

= AB − BA. Âðàõîâóþ÷è ðiâíîñòi (1), (2) òà äîâåäåííÿ íåîáõiäíîñòi òåî-
ðåìè 3.1 iç ðîáîòè [7] çäîáóâà¹ìî íåîáõiäíó óìîâó òðèàíãóëÿðèçàöi¨ ìàòðèöü íàä
îáëàñòþ ãîëîâíèõ iäåàëiâ, ÿêó ñôîðìóëþ¹ìî ó âèãëÿäi.

Proposition 1 Íåõàé ìàòðèöi A,B ∈ Mn(R) òðèàíãóëÿðèçóþòüñÿ. Òîäi êîìó-

òàòîð
[
A,B

]
íiëüïîòåíòíà ìàòðèöÿ.

Äîâåäåííÿ Íåõàé ïàðà ìàòðèöü A,B ∈ Mn(R) òðèàíãóëÿðèçó¹òüñÿ. Âðàõîâóþ÷è
ðiâíîñòi (1) òà (2) çäîáóâà¹ìî[

A,B
]

= U−1 (TATB − TBTA)U = U−1
[
TA, TB

]
U.

Îñêiëüêè
[
TA, TB

]
íiëüïîòåíòíà ìàòðèöÿ, òî ç îñòàííüî¨ ðiâíîñòi âèïëèâà¹, ùî[

A,B
]
òåæ íiëüïîòåíòíà ìàòðèöÿ. Òâåðäæåííÿ äîâåäåíî.

Òåïåð îïèøåìî êëàñè ìàòðèöü, äëÿ ÿêèõ óìîâà òâåðäæåííÿ 1 áóäå i äîñòàò-
íîþ. Íàäàëi îá'¹êòîì íàøîãî äîñëiäæåííÿ áóäóòü ïàðè ìàòðèöü A,B ∈ Mn(R) ç
õàðàêòåðèñòè÷íèìè ìíîãî÷ëåíàìè

a(λ) = det(Inλ−A) = (λ− α1)k1(λ− α2)n−k1 , α1, α2 ∈ R,

òà

b(λ) = det(Inλ−B) = (λ− β1)k2(λ− β2)n−k2 , β1, β2 ∈ R,

âiäïîâiäíî, äëÿ äëÿ ÿêèõ

A− Inα1 = 0n,n ( mod (α1 − α2)) i B − Inβ1 = 0n,n ( mod (β1 − β2)) .

Theorem 1 Iäåìïîòåíòíi ìàòðèöi A,B ∈ Mn(R) òðèàíãóëÿðèçóþòüñÿ òîäi i

òiëüêè òîäi, êîëè êîìóòàòîð
[
A,B

]
íiëüïîòåíòíà ìàòðèöÿ.



36

Äîâåäåííÿ Íåîáõiäíiñòü âèïëèâà¹ iç òâåðäæåííÿ 1.
Äîñòàòíiñòü. Íåõàé êîìóòàòîð [A ,B] íiëüïîòåíòíà ìàòðèöÿ. Îñêiëüêè

rank [A ,B] < n, òî íà ïiäñòàâi òåîðåìè 3.1 iç ðîáîòè [7] äëÿ ìàòðèöü A i B iñíó¹
íåíóëüîâèé ñïiëüíèé âëàñíèé âåêòîð ū ∈M1,n(R), òîáòî ūA = ūα1 i ūB = ūβ1. Íå
îáìåæóþ÷è çàãàëüíîñòi áóäåìî ââàæàòè, ùî âåêòîð ū ïðèìiòèâíèé, òîáòî òàêèé,
ùî íàéáiëüøèé ñïiëüíèé äiëüíèê éîãî åëåìåíòiâ ¹ äiëüíèêîì îäèíèöi â R.

Îòæå, äëÿ ìàòðèöü A i B iñíó¹ ìàòðèöÿ U1 =

[
ū

∗

]
∈ GL(n,R), (ïåðøèì

ðÿäêîì ÿêî¨ ¹ ñïiëüíèé âëàñíèé âåêòîð ū) òàêà, ùî

U1AU
−1
1 =

[
α1 0 . . . 0

∗ A1

]
i U1BU

−1
1 =

[
β1 0 . . . 0

∗ B1

]
,

äå α1, β1 ∈ {0, e} i A1, B1 ∈Mn−1(R) � iäåìïîòåíòíi ìàòðèöi. Îñêiëüêè êîìóòàòîð
[A,B] íiëüïîòåíòíà ìàòðèöÿ, òî î÷åâèäíî, ùî

U1

[
A,B

]
U−11 =

[
0 0 . . . 0

∗
[
A1, B1

] ]

òåæ íiëüïîòåíòíà ìàòðèöÿ. Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî êîìóòàòîð
[
A1, B1

]
íiëü-

ïîòåíòíà ìàòðèöÿ.
Îñêiëüêè A1 òà B1 iäåìïîòåíòi ìàòðèöi i rank

[
A1, B1

]
< n− 1, òî çãiäíî òåî-

ðåìè 3.1 iç [7] äëÿ ìàòðèöü A1 i B1 iñíó¹ ñïiëüíèé âëàñíèé âåêòîð. Âðàõîâóþ÷è
íàâåäåíi âèùå ìiðêóâàííÿ äëÿ ìàòðèöü A1 i B1 iñíó¹ ìàòðèöÿ T1 ∈ GL(n − 1,R)

òàêà, ùî

T1A1T
−1
1 =

[
α2 0 . . . 0

∗ A2

]
i T1B1T

−1
1 =

[
β2 0 . . . 0

∗ B2

]
,

äå α2, β2 ∈ {0, e}, A2, B2 ∈ Mn−2(R). Ç íàâåäåíîãî âèùå âèïëèâà¹, ùî A2 i B2

iäåìïîòåíòíi ìàòðèöi, äëÿ ÿêèõ êîìóòàòîð
[
A2, B2

]
íiëüïîòåíòíà ìàòðèöÿ. Îòæå,

ìàòðèöi A2 i B2 ìàþòü ñïiëüíèé ëiâèé âëàñíèé âåêòîð.
Ïîêëàäåìî U2 = diag

(
e , T1

)
∈ GL(n,R). Òîäi äëÿ îáîðîòíî¨ ìàòðèöi U21 =

U2U1 âèêîíóþòüñÿ íàñòóïíi ðiâíîñòi:

U21AU
−1
21 =

 α1 0 0 . . . 0

α21 α2 0 . . . 0

∗ ∗ A2


i

U21BU
−1
21 =

 β1 0 0 . . . 0

β21 β2 0 . . . 0

∗ ∗ B2

 .
Ïðîäîâæóþ÷è öi ìiðêóâàííÿ äàëi, ÷åðåç ñêií÷åííå ÷èñëî êðîêiâ (íå áiëüøå íiæ
n− 1) çäîáóâà¹ìî, ùî ìàòðèöi A i B îäíèì i òèì æå æ ïåðåòâîðåííÿì ïîäiáíîñòi
çâîäÿòüñÿ äî òðèêóòíîãî âèãëÿäó, òîáòî iñíó¹ ìàòðèöÿ U ∈ GL(n,R) òàêà, ùî
UAU−1 i UBU−1 � íèæíi òðèêóòíi ìàòðèöi. Òåîðåìó äîâåäåíî.

Iç òåîðåìè òåîðåìè 1 îòðèìó¹ìî.
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Corollary 1 Íåõàé A,B ∈Mn(R) � ìàòðèöi ç ìiíiìàëüíèìè ìíîãî÷ëåíàìè

mA(λ) = (λ− α1)(λ− α2) òà mB(λ) = (λ− β1)(λ− β2)

âiäïîâiäíî, äå αi, βi ∈ R; α2 − α1 6= 0; β2 − β1 6= 0. Íåõàé, äàëi,

A− Inα1 = 0n,n ( mod (α1 − α2)) i B − Inβ1 = 0n,n ( mod (β1 − β2)) .

Ìàòðèöi A i B òðèàíãóëÿðèçóþòüñÿ òîäi i òiëüêè òîäi, êîëè êîìóòàòîð
[
A,B

]
íiëüïîòåíòíà ìàòðèöÿ.

Äîâåäåííÿ Òàê ÿê äëÿ ìàòðèöü A,B ∈Mn(R) âèêîíó¹òüñÿ

A− Inα1 = 0n,n (mod (α1 − α2)) i B − Inβ1 = 0n,n (mod (β1 − β2)) ,

òî çãiäíî òåîðåìè 2.1 iç [7] ìàòðèöi A i B äiàãîíàëiçóþòüñÿ. Çãiäíî íàñëiäêó 2.2 iç
[7] ìàòðèöi A i B äîïóñêàþòü çîáðàæåííÿ

A = Inα1 + (α2 − α1)P i B = Inβ1 + (β2 − β1)Q,

äå P,Q ∈Mn(R) � iäåìïîòåíòíi ìàòðèöi.
Î÷åâèäíî, ùî ìàòðèöi A i B òðèàíãóëÿðèçóþòüñÿ òîäi i òiëüêè òîäi, êîëè òðè-

àíãóëÿðèçóþòüñÿ ìàòðèöi P i Q. Ëåãêî ïåðåâiðèòè, ùî
[
A,B

]
= (α2 − α1)(β2 −

β1)
[
P,Q

]
. Îòæå, çãiäíî òåîðåìè 1 êîìóòàòîð

[
A,B

]
íiëüïîòåíòíà ìàòðèöÿ òîäi i

òiëüêè òîäi, êîëè
[
P,Q

]
íiëüïîòåíòíà ìàòðèöÿ. Íàñëiäîê äîâåäåíî.

Äîâåäåííÿ íàñòóïíî¨ òåîðåìè áàçó¹òüñÿ íà ëåìi, ÿêó äîâåäåìî íèæ÷å.

Lemma 1 Íåõàé

A =


α1 0 . . . . . . 0

α21 α2 0 . . . 0

. . . . . . . . . . . . . . .

αn−1,1 αn−1,2 . . . αn−1 0

αn,1 αn,2 . . . αn,n−1 αn

 ∈Mn(R)

� íèæíÿ òðèêóòíà iäåìïîòåíòíà ìàòðèöÿ, òîáòî A2 = A. Äëÿ ìàòðèöi

A iñíó¹ íèæíÿ òðèêóòíà îáîðîòíà (n × n)-ìàòðèöÿ T òàêà, ùî TAT−1 =

diag(α1, α2, . . . , αn).

Äîâåäåííÿ Äîâåäåííÿ ëåìè ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Äîâåäåìî
ñïðàâåäëèâiñòü ëåìè äëÿ n = 2. Â öüîìó âèïàäêó ìàòðèöÿ A ìîæå áóòè îäíi¹þ ç
ìàòðèöü âèäó:

A = O, A = I2, A =

[
e 0

α21 0

]
, A =

[
0 0

α21 e

]
.

Î÷åâèäíî, ÿêùî A = O àáî A = I2, òî T = I2. Ïðèïóñòèìî, ùî A =

[
e 0

α21 0

]
. Òîäi

äëÿ ìàòðèöi T1 =

[
e 0

−α21 e

]
ñïðàâåäëèâà ðiâíiñòü

T1AT
−1
1 = diag(e, 0).
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ßêùî æ A =

[
0 0

α21 e

]
, òî äëÿ ìàòðèöi T2 =

[
e 0

α21 e

]
îòðèìó¹ìî

T2AT
−1
2 = diag(0, e).

Ïðèïóñòèìî, ùî ëåìà ñïðàâåäëèâà äëÿ âñiõ k = n−1. Äîâåäåìî ñïðàâåäëèâiñòü
ëåìè äëÿ k = n. Òîäi äëÿ ïiäìàòðèöi

A1 =


α1 0 . . . . . . 0

α21 α2 0 . . . 0

. . . . . . . . . . . . . . .

αn−1,1 αn−1,2 . . . αn−1,n−2 αn−1

 ∈Mn−1(R)

ìàòðèöi A ∈ Mn(R) iñíó¹ iñíó¹ íèæíÿ òðèêóòíà îáîðîòíà ìàòðèöÿ T0 ∈ GL(n −
1,R) òàêà, ùî

T0A1T
−1
0 = diag(α1, α2, . . . , αn−1) = D.

Îòæå, äëÿ ìàòðèöi T1 = diag
(
T0 e

)
∈ GL(n,R) ñïðàâåäëèâà ðiâíiñòü

T1AT
−1
1 = B =

[
D 0

b̄ αn

]
,

äå b̄ ∈M1,n−1(R). Î÷åâèäíî, ùî B2 = B.
Íåõàé αn = e. Òîäi iç ðiâíîñòi B2 = B âèïëèâà¹ b̄D = 0̄. Ïîêëàâøè T2 =[

In−1 0

b̄ e

]
îòðèìó¹ìî

T2BT
−1
2 =

[
D 0

0 e

]
= diag(α1, α2, . . . , αn−1, αn).

ßêùî æ αn = 0, òî ç ðiâíîñòi B2 = B âèïëèâà¹ b̄D = b̄. Îòæå, äëÿ ìàòðèöi

T3 =

[
In−1 0

−b̄ e

]
ñïðàâåäëèâà ðiâíiñòü

T3BT
−1
3 =

[
D 0

0 0

]
= diag(α1, α2, . . . , αn−1, αn).

Ëåìó äîâåäåíî.

Theorem 2 Íåõàé A,B ∈ Mn(R) � iäåìïîòåíòíi ìàòðèöi. ßêùî êîìóòàòîð

[A,B] íiëüïîòåíòíà ìàòðèöÿ, òî äëÿ ìàòðèöü A i B iñíó¹ ìàòðèöÿ V ∈
GL(n,R) òàêà, ùî V AV −1 äiàãîíàëüíà ìàòðèöÿ i V BV −1 òèæíÿ òðèêóòíà

ìàòðèöÿ, òîáòî

V AV −1 = diag (α1, α2, . . . , αn); αi ∈ {0, e},

i

V BV −1 =


β1 0 0 . . . 0

β21 β2 0 . . . 0

. . . . . . . . . . . . . . .

βn1 βn2 . . . βn,n−1 βn

 , βj ∈ {0, e}.



Äîâåäåííÿ Íåõàé A,B ∈ Mn(R) � iäåìïîòåíòíi ìàòðèöi. Òàê ÿê êîìóòàòîð [A,B]

íiëüïîòåíòíà ìàòðèöÿ, òî çãiäíî òåîðåìè 1 äëÿ ìàòðèöü A i B iñíó¹ ìàòðèöÿ
U ∈ GL(n,R) òàêà, ùî UAU−1 = C i UBU−1 = D íèæíi òðèêóòíi iäåìïîòåíò-
íi ìàòðèöi. Íà ïiäñòàâi ëåìè 1 äëÿ ìàòðèöi C iñíó¹ íèæíÿ òðèêóòíà îáîðîòíà
(n× n)-ìàòðèöÿ T òàêà, ùî

TCT−1 = diag(α1, α2, . . . , αn).

Îñêiëüêè T íèæíÿ òðèêóòíà îáîðîòíà ìàòðèöÿ, òî î÷åâèäíî, ùî

TUBU−1T−1 = TDT−1

òàêîæ íèæíÿ òðèêóòíà ìàòðèöÿ. Ïîêëàâøè V = TU çäîáóâà¹ìî äîâåäåííÿ òåî-
ðåìè.

Ïðèéìàþ÷è äî óâàãè äîâåäåííÿ íàñëiäîêó 1 iç òåîðåìè 2 îòðèìó¹ìî òâåðäæåí-
íÿ, ÿêå ñôîðìóëþ¹ìî ó âèãëÿäi.

Corollary 2 Íåõàé A,B ∈Mn(R) � ìàòðèöi ç ìiíiìàëüíèìè ìíîãî÷ëåíàìè

mA(λ) = (λ− α1)(λ− α2), α2 − α1 6= 0,

òà

mB(λ) = (λ− β1)(λ− β2), β2 − β1 6= 0,

âiäïîâiäíî, äå αi, βi ∈ R, i = 1, 2. Íåõàé, äàëi,

A− Inα1 = 0n,n ( mod (α1 − α2)) i B − Inβ1 = 0n,n ( mod (β1 − β2)) .

ßêùî êîìóòàòîð [A,B] íiëüïîòåíòíà ìàòðèöÿ, òî äëÿ ìàòðèöü A i B iñíó¹

ìàòðèöÿ V ∈ GL(n,R) òàêà, ùî

V AV −1 = diag (α11, α22, . . . , αnn); αii ∈ {α1, α2},

i

V BV −1 =


β11 0 0 . . . 0

β21 β22 0 . . . 0

. . . . . . . . . . . . . . .

βn1 βn2 . . . βn,n−1 βnn

 , βjj ∈ {β1, β2}.
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Òîïîëîãi¨ íà ìíîæèíi ôàêòîðîá'¹êòiâ êîìïàêò-
íîãî ãàóñäîðôîâîãî ïðîñòîðó

Êàòåðèíà Ìèêîëà¨âíà Êîïîðõ

Àííîòàöèÿ Ó ñòàòòi ðîçãëÿíóòî ðiçíi òîïîëîãiçàöi¨ ìíîæèíè Φ(X) óñiõ êëàñiâ
åêâiâàëåíòíîñòi ñþð`¹êòèâíèõ âiäîáðàæåíü. Äîâåäåíî, ùî äëÿ ââåäåíèõ òîïîëîãié
τcf , τfo, τoo êîíñòðóêöiÿ Φ âèçíà÷à¹ êîíòðàâàðiàíòíèé ôóíêòîð ç êàòåãîði¨
Comp0 êîìïàêòíèõ ïðîñòîðiâ i âiäêðèòèõ âiäîáðàæåíü ó êàòåãîðiþ Top òîïîëî-
ãi÷íèõ ïðîñòîðiâ i íåïåðåðâíèõ âiäîáðàæåíü. Âñòàíîâëåíî ñïiââiäíîøåííÿ ìiæ
ââåäåíèìè òîïîëîãiÿìè.

Êëþ÷îâi ñëîâà òîïîëîãiÿ, âiäîáðàæåííÿ

1 Âñòóï

Ó ïðàöi (1) �. Â. Ùåïií çàïðîâàäèâ äëÿ êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî ïðî-
ñòîðó X ìíîæèíó Φ(X) óñiõ êëàñiâ åêâiâàëåíòíîñòi ñþð`¹êòèâíèõ âiäîáðàæåíü,
îçíà÷åíèõ íà X, â êàòåãîði¨ Comp êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ. Êîíñòðóê-
öiÿ Φ(X) âiäiãðàâàëà âàæëèâó ðîëü ó äîñëiäæåííi íåìåòðèçîâíèõ êîìïàêòiâ ìåòî-
äàìè îáåðíåíèõ ñèñòåì (ñïåêòðiâ). Ç êàòåãîðíî¨ òî÷êè çîðó ìíîæíà Φ(X) ¹ ìíîæè-
íîþ ôàêòîð-îá`¹êòiâ åëåìåíòà X i òîìó ¹ äóàëüíîþ äî éîãî ìíîæèíè ïiäîá`¹êòiâ.
Îñòàííÿ ïîçíà÷à¹òüñÿ expX, ÿê âiäîìî, äîïóñêà¹ ïðèðîäíó òîïîëîãiçàöiþ. Íàé-
÷àñòiøå íà ìíîæèíi expX ðîçãëÿäàþòü òîïîëîãiþ Âi¹òîðiñà, áàçîþ ÿêî¨ ¹ ìíîæèíà
âèãëÿäó

〈U1, U2, . . . , Un〉 = {A ∈ expX | A ⊂
n⋃
i=1

Ui, A ∩ Ui 6= ∅ äëÿ êîæíîãî i = 1, 2, . . . , n}

äå n ∈ N i ìíîæèíè U1, U2, . . . Un ïðîáiãàþòü òîïîëîãiþ ïðîñòîðó X.
Îäåðæàíèé òîïîëîãi÷íèé ïðîñòið expX (ãiïåðïðîñòið ïðîñòîðó X) çíàõîäèòü

÷èñëåííi çàñòîñóâàííÿ ó ðiçíîìàíiòíèõ îáëàñòÿõ ìàòåìàòèêè, çîêðåìà, â áàãàòî-
çíà÷íîìó àíàëiçi.

Íèæ÷å ìè çàïðîâàäæó¹ìî äåÿêi òîïîëîãi¨ â ìíîæèíó Φ(X); ¨õ ìîæíà ââàæàòè
àíàëîãàìè âiäïîâiäíèõ òîïîëîãié â ôóíêöiîíàëüíèõ ïðîñòîðàõ.
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2 Ïîñòàíîâêà çàäà÷i

Íåõàé X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið.
Ðîçãëÿíåìî êëàñ âñiõ íåïåðåðâíèõ ñþð'¹êòèâíèõ âiäîáðàæåíü ïðîñòîðó X. Äâà

âiäîáðàæåííÿ f1 : X � Z1 i f2 : X � Z2, íàçèâà¹ìî åêâiâàëåíòíèìè (ïîçíà÷èìî
f1 ∼ f2), ÿêùî iñíó¹ ãîìåîìîðôiçì h : Z1 → Z2 òàêèé, ùî f2 = h ◦ f1, òîáòî
äiàãðàìà

X[rr]−f1[dd]f2Z1[lldd]h Z2

êîìóòàòèâíà.
Òàêèì ÷èíîì, êëàñ íåïåðåðâíèõ ñþð'¹êòèâíèõ âiäîáðàæåíü ðîçiá'¹òüñÿ íà êëà-

ñè åêâiâàëåíòíèõ âiäîáðàæåíü. ×åðåç [f ] ïîçíà÷à¹ìî êëàñ åêâiâàëåíòíîñòi, ùî ìi-
ñòèòü ôàêòîðâiäîáðàæåííÿ f . Ôàêòîðîá'¹êòîì ïðîñòîðó X íàçâåìî êëàñ åêâiâà-
ëåíòíèõ âiäîáðàæåíü. Ìíîæèíó âñiõ ôàêòîðîá'¹êòiâ êîìïàêòíîãî ãàóñäîðôîâîãî
ïðîñòîðó X ïîçíà÷à¹ìî

Φ(X) = {[f ] | f : X −→ Z äå f − ñþð'¹êòèâíå âiäîáðàæåííÿ,

X,Z − êîìïàêòíi ãàóñäîðôîâi ïðîñòîðè }.

Ðîçãëÿíåìî ðÿä òîïîëîãié íà ìíîæèíi Φ(X), âñòàíîâèìî ñïiââiäíîøåííÿ ìiæ
ââåäåíèìè òîïîëîãiÿìè. I äîñëiäèìî ôóíêòîðiàëüíiñòü êîíñòðóêöi¨ Φ(X) â êîæíié
ç çàïðîïîíîâàíèõ òîïîëîãié.

Êîæíîìó êîìïàêòíîìó ãàóñäîðôîâîìó ïðîñòîðó X ïîêëàäåìî ó âiäïîâiäíiñòü
ïðîñòið (Φ(X), τ). Äëÿ êîæíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X −→ Y âèçíà÷èìî
Φ(f) : Φ(Y ) −→ Φ(X) çàäàíå ôîðìóëîþ Φ(f)([g]) = [g ◦ f ] = [h], äå [g] ∈ Φ(Y ) i
[h] ∈ Φ(X). ßêùî âiäîáðàæåííÿ Φ(f) : Φ(Y ) −→ Φ(X) íåïåðåðâíå, òî êîíñòðóêöiÿ
Φ âèçíà÷à¹ êîíòðàâàðiàíòíèé ôóíêòîð ç êàòåãîði¨ Comp â êàòåãîðiþ Top.

3 Êîñêií÷åííà òîïîëîãiÿ

ßêùî T � ñêií÷åíèé äèñêðåòíèé ïðîñòið, òî ââàæà¹ìî, ùî ìíîæèíà Φ(T ), ÿêà
òàêîæ ¹ ñêií÷åííîþ, íàäiëåíà äèñêðåòíîþ òîïîëîãi¹þ. Äëÿ äîâiëüíîãî X ââåäåìî
íà ìíîæèíi Φ(X) íàéñëàáøó òîïîëîãiþ τ , ïðè ÿêié äëÿ êîæíîãî âêëàäåííÿ f : T →
X ñêií÷åííîãî òîïîëîãi÷íîãî ïðîñòîðó T â X âiäîáðàæåííÿ Φ(f) ¹ íåïåðåðâíèì.
Áàçó òàêî¨ òîïîëîãi¨ óòâîðþþòü ìíîæèíè âèãëÿäó

O([h];x1, y1, x2, y2, ..., xn, yn) = {[h′] ∈ Φ(X) |

h(xi) = h(yi)⇔ h′(xi) = h′(yi)}

äå [h] ∈ Φ(X) i x1, y1, x2, y2, ...xn, yn ∈ X.
Îòðèìàíó òîïîëîãiþ τcf íàçâåìî êîñêií÷åííîþ. Óòâîðåíèé òîïîëîãi÷íèé ïðî-

ñòið ïîçíà÷à¹ìî Φcf (X).

Òåîðåìà 1 Íåõàé f : X −→ Y � äåÿêå íåïåðåðâíå âiäîáðàæåííÿ. Òîäi âiäîáðà-

æåííÿ Φ(f) : Φcf (Y ) −→ Φcf (X) íåïåðåðâíå.

Äîâåäåííÿ Íåõàé Φ(f)([h]) = [h ◦ f ] = [g] äå [h] ∈ Φ(Y ) à [g] ∈ Φ(X). Ðîçãëÿíåìî
äåÿêèé îêië åëåìåíòà [g] ∈ Φ(X), à ñàìå

O([g];x1, x
′
1, x2, x

′
2, ..., xn, x

′
n) =

{[ϕ] ∈ Φ(X)|g(xi) = g(x′i)⇔ ϕ(xi) = ϕ(x′i)}

äå x1, x
′
1, x2, x

′
2, ..., xn, x

′
n ∈ X.
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Íåõàé yi = f(xi) i y
′
i = f(x′i) � åëåìåíòè ïðîñòîðó Y . Ðîçãëÿíåìî îêië

O([h]; y1, y
′
1, y2, y

′
2, ..., yn, y

′
n) =

{[ψ] ∈ Φ(Y )|h(yi) = h(y′i)⇔ ψ(yi) = ψ(y′i)}

åëåìåíòà [h]. Âèáåðåìî [ψ] ∈ O([h]; y1, y
′
1, y2, y

′
2, ..., yn, y

′
n), òîäi ç ðiâíîñòi ψ(yi) =

ψ(y′i) âèïëèâà¹, ùî h(yi) = h(y′i) äëÿ êîæíîãî i, 1 6 i 6 n. Îñêiëüêè yi = f(xi) i
y′i = f(x′i), îäåðæó¹ìî, ùî ç ψ(f(xi)) = ψ(f(x′i)) âèïëèâà¹ h(f(xi)) = h(f(x′i)), à ç
ðiâíîñòi (ψ ◦ f)(xi) = (ψ ◦ f)(x′i) ìà¹ìî (h ◦ f)(xi) = (h ◦ f)(x′i), òîáòî g(xi) = g(x′i)
äëÿ êîæíîãî i, 1 6 i 6 n. Ìà¹ìî [ψ ◦ f ] ∈ O([g], x1, x

′
1, x2, x

′
2, ..., xn, x

′
n). Îñêiëüêè

åëåìåíò [ψ] âèáèðàâñÿ äîâiëüíî, òî ìà¹ ìiñöå âêëþ÷åííÿ

Φ(f)(O([h]; y1, y
′
1, y2, y

′
2, ..., yn, y

′
n)) ⊂ O([g], x1, x

′
1, x2, x

′
2, ..., xn, x

′
n),

ùî é ïîêàçó¹ íåïåðåðâíiñòü âiäîáðàæåííÿ Φ(f).

4 Ñêií÷åííî-âiäêðèòà òîïîëîãiÿ

Íåõàé Ui � âiäêðèòi ïiäìíîæèíè â X i xi ∈ X äëÿ âñiõ i = 1, 2, . . . n äå n ∈ N. Íà
ìíîæèíi Φ(X) ðîçãëÿíåìî ñiì'þ âiäêðèòèõ ìíîæèí

O([f ],x1, U1, x2, U2, ..., xn, Un) = {[g] ∈ Φ(X) | ∃ui ∈ Ui :

f(xi) = f(ui)⇒ ∃u′i ∈ Ui : g(xi) = g(u′i) äëÿ âñiõ i = 1, 2, ..., n},

äå n ∈ N. Ïîêàæåìî, ùî òàêà ñiì'ÿ ìíîæèí óòâîðþ¹ áàçó äåÿêî¨ òîïîëîãi¨ â Φ(X).
Íåõàé [h] ∈ Φ(X), i

[h] ∈ O([f ], x1, U1, x2, U2, ..., xm, Um) ∩O([g], y1, V1, y2, V2, ..., yn, Vn).

Ðîçãëÿíåìî îêië

O([h], x1, U1, x2, U2, ..., xm, Um, y1, V1, y2, V2, ..., yn, Vn)

åëåìåíòà [h].
Îñêiëüêè [h] ∈ O([f ], x1, U1, x2, U2, ..., xm, Um) òî ç ðiâíîñòi f(xi) = f(ui) âèï-

ëèâà¹ iñíóâàííÿ åëåìåíòà u′i ∈ Ui òàêîãî, ùî h(xi) = h(u′i). Íåõàé

[p] ∈ O([h], x1, U1, x2, U2, ..., xm, Um, y1, V1, y2, V2, ..., yn, Vn)

òîäi, ÿêùî çàéäåòüñÿ åëåìåíò u′i ∈ Ui òàêèé, ùî h(xi) = h(u′i), òî iñíó¹ åëåìåíò
u′′i ∈ Ui òàêèé, ùî p(xi) = p(u′′i ). Òîáòî

[p] ∈ O([f ], x1, U1, x2, U2, ..., xm, Um).

Îñêiëüêè [h] ∈ O([g], y1, V1, y2, V2, ..., ym, Vm), òîäi ç g(yi) = g(vi) âèïëèâà¹ iñíó-
âàííÿ åëåìåíòà vi ∈ Vi òàêîãî, ùî h(yi) = h(v′i). Òîäi ç âêëþ÷åííÿ

[p] ∈ O([h], x1, U1, x2, U2, ..., xm, Um, y1, V1, y2, V2, ..., yn, Vn)

âèïëèâà¹, ùî ÿêùî iñíó¹ åëåìåíò v′i ∈ Vi òàêèé, ùî h(yi) = h(v′i), òî çàéäåòüñÿ
åëåìåíò v′′i ∈ Vi òàêèé, ùî p(yi) = p(v′′i ). Òîáòî

[p] ∈ O([g], y1, V1, y2, V2, ..., ym, Vm).
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Iíøèìè ñëîâàìè

[p] ∈ O([f ], x1, U1, x2, U2, ..., xm, Um) ∩O([g], y1, V1, y2, V2, ..., ym, Vm).

Îòæå, ìà¹ ìiñöå âêëþ÷åííÿ

O([h], x1, U1, x2, U2, ..., xm, Um, y1, V1, y2, V2, ..., yn, Vn) ⊂
O([f ], x1, U1, x2, U2, ..., xm, Um) ∩O([g], y1, V1, y2, V2, ..., ym, Vm).

Òîïîëîãiþ τfo ç îïèñàíîþ âèùå áàçîþ íà ìíîæèíi Φ(X) íàçèâà¹ìî ñêií÷åííî-
âiäêðèòîþ òîïîëîãi¹þ i óòâîðåíèé òîïîëîãi÷íèé ïðîñòið ïîçíà÷à¹ìî Φfo(X).

Òåîðåìà 2 Íåõàé f : X −→ Y � âiäêðèòå íåïåðåðâíå âiäîáðàæåííÿ. Òîäi âiäîáðà-

æåííÿ Φ(f) : Φfo(Y ) −→ Φfo(X) íåïåðåðâíå.

Äîâåäåííÿ Íåõàé Φ(f)([h]) = [h ◦ f ] = [g], äå [h] ∈ Φ(Y ), à [g] ∈ Φ(X). Ðîçãëÿíåìî
îêië

O([g];x1, U1, x2, U2, ..., xn, Un) = {[ϕ] ∈ Φ(X) | ∃ui ∈ Ui : g(xi) =

g(ui)⇒ ∃u′i ∈ Ui : ϕ(xi) = ϕ(u′i); äå xi ∈ X,
Ui � âiäêðèòi ïiäìíîæèíè ïðîñòîðó X, äëÿ âñiõ i = 1, 2, ..., n},

äå n ∈ N.
Íåõàé yi = f(xi) � åëåìåíòè ïðîñòîðó Y i Vi = f(Ui) äëÿ êîæíîãî i = 1, 2, ..., n.

Ðîçãëÿíåìî îêië

O([h]; y1, V1, y2, V2, ..., yn, Vn) = {[ψ] ∈ Φ(Y ) | ∃vi ∈ Vi : h(yi) = h(vi)⇒

∃v′i ∈ Vi : ψ(yi) = ψ(v′i)}.

Âèáåðåìî äîâiëüíî åëåìåíò [ψ] ∈ O([h]; y1, V1, y2, V2, ..., yn, Vn), òîäi ç ðiâíîñòi
h(yi) = h(vi) âèïëèâà¹, ùî ψ(yi) = ψ(v′i) äëÿ êîæíîãî i, 1 6 i 6 n. Îñêiëüêè
yi = f(xi) i v

′
i = f(u′i), vi = f(ui), îäåðæó¹ìî, ùî ç h(f(xi)) = h(f(ui)) âèïëèâà¹

ψ(f(xi)) = ψ(f(u′i)), à ç ðiâíîñòi (h ◦ f)(xi) = (h ◦ f)(ui) âèïëèâà¹ (ψ ◦ f)(xi) =

(ψ ◦ f)(u′i), òàêèì ÷èíîì ç ðiâíîñòi g(xi) = g(ui) âèïëèâà¹ (ψ ◦ f)(xi) = (ψ ◦ f)(u′i)
äëÿ êîæíîãî i, 1 6 i 6 n. Ìà¹ìî

[ψ ◦ f ] ∈ O([g], x1, U1, x2, U2, ..., xn, Un).

Îñêiëüêè åëåìåíò [ψ] âèáèðàâñÿ äîâiëüíî, òî ìà¹ ìiñöå âêëþ÷åííÿ

Φ(f)(O([h]; y1, V1, y2, V2, ..., yn, Vn)) ⊂ O([g], x1, U1, x2, U2, ..., xn, Un),

ùî é ïîêàçó¹ íåïåðåðâíiñòü âiäîáðàæåííÿ Φ(f).
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5 Âiäêðèòî-âiäêðèòà òîïîëîãiÿ

Íà ìíîæèíi Φ(X) ðîçãëÿíåìî òîïîëîãiþ, ïîðîäæåíó ñiì'¹þ âiäêðèòèõ ïiäìíîæèí

O([f ], U1, U
′
1, U2, U

′
2, ..., Un, U

′
n) = {[g] ∈ Φ(X) |

∃xi ∈ Ui, x′i ∈ U
′
i : f(xi) = f(x′i)⇒ ∃yi ∈ Ui, y

′
i ∈ U

′
i : g(yi) = g(y′i)

äå Ui, U
′
i � âiäêðèòi ïiäìíîæèíè â X, äëÿ âñiõ i = 1, 2, ..., n, }

äå n ∈ N.
Ïîêàæåìî, ùî òàêà ñiì'ÿ ìíîæèí óòâîðþ¹ áàçó äåÿêî¨ òîïîëîãi¨ â Φ(X). Íåõàé

[h] ∈ Φ(X) i

[h] ∈ O([f ], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m) ∩O([g], V1, V

′
1 , V2, V

′
2 , ..., Vn, V

′
n).

Ðîçãëÿíåìî îêië

O([h], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m, V1, V

′
1 , V2, V

′
2 , ..., Vn, V

′
n)

åëåìåíòà [h]. Âèáåðåìî äîâiëüíèé åëåìåíò [p] öüîãî îêîëó. Çà ïðèïóùåííÿì

[h] ∈ O([f ], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m),

òîäi ç ðiâíîñòi f(xi) = f(x′i) âèïëèâà¹ iñíóâàííÿ åëåìåíòiâ ti ∈ Ui i t
′
i ∈ U

′
i òàêèõ,

ùî h(ti) = h(t′i). Òîäi

[p] ∈ O([h], x1, U1, x2, U2, ..., xm, Um, y1, V1, y2, V2, ..., yn, Vn)

îçíà÷à¹, ùî: ÿêùî h(ti) = h(t′i), òî iñíóþòü ui ∈ Ui i u
′
i ∈ U

′
i òàêi, ùî p(ui) = p(u′i).

Îòæå, ç ðiâíîñòi f(xi) = f(x′i) âèïëèâà¹ p(ui) = p(u′i), òîáòî

[p] ∈ O([f ], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m).

Äàëi, îñêiëüêè
[h] ∈ O([g], V1, V

′
1 , V2, V

′
2 , ..., Vn, V

′
n),

òî ç ðiâíîñòi g(yi) = g(y′i), äå yi ∈ Vi i y
′
i ∈ V

′
i , âèïëèâà¹ iñíóâàííÿ åëåìåíòiâ zi ∈ Vi

i z′i ∈ V
′
i òàêèõ, ùî h(zi) = h(z′i). Òîäi

[p] ∈ O([h], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m, V1, V

′
1 , V2, V

′
2 , ..., Vn, V

′
n)

îçíà÷à¹, ùî: ÿêùî h(zi) = h(z′i), òî iñíóþòü åëåìåíòè vi ∈ Vi i v
′
i ∈ V ′i òàêi, ùî

p(vi) = p(v′i). Òîáòî

[p] ∈ O([g], V1, V
′
1 , V2, V

′
2 , ..., Vm, V

′
m).

Îñêiëüêè
[p] ∈ O([f ], U1, U

′
1, U2, U

′
2, ..., Um, U

′
m),

òî [p] ìiñòèòüñÿ â ïåðåòèíi öèõ ìíîæèí, îòæå,

O([h], U1, U
′
1, U2, U

′
2, ..., Um, U

′
m, V1, V

′
1 , V2, V

′
2 , . . . , Vn, V

′
n) ⊂

O([f ], U1, U
′
1, U2, U

′
2, . . . , Um, U

′
m) ∩O([g], V1, V

′
1 , V2, V

′
2 , . . . , Vm, V

′
m).

Òîïîëîãiþ ç öi¹þ áàçîþ íàçèâà¹ìî âiäêðèòî-âiäêðèòîþ òîïîëîãi¹þ i ïîçíà÷à¹ìî
τoo à óòâîðåíèé òîïîëîãi÷íèé ïðîñòið ïîçíà÷à¹ìî Φoo(X).
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Òåîðåìà 3 Íåõàé f : X → Y âiäêðèòå íåïåðåðâíå âiäîáðàæåííÿ. Òîäi âiäîáðà-

æåííÿ Φ(f) : Φ(Y )→ Φ(X) íåïåðåðâíå.

Äîâåäåííÿ Íåõàé Φ(f)([h]) = [h ◦ f ] = [g] äå [h] ∈ Φ(Y ) i [g] ∈ Φ(X). Ðîçãëÿíåìî
äåÿêèé áàçîâèé îêië åëåìåíòà [g] ∈ Φ(X), à ñàìå

O([g], U1, U
′
1, U2, U

′
2, . . . , Un, U

′
n) = {[ϕ] ∈ Φ(X) |

∃xi ∈ Ui, x′i ∈ U
′
i : g(xi) = g(x′i)⇒ ∃ui ∈ Ui, u

′
i ∈ U

′
i : ϕ(ui) = ϕ(u′i)

äå U1, U
′
1, U2U

′
2, . . . , Un, U

′
n � âiäêðèòi ïiäìíîæèíè ïðîñòîðó X, }

äå n ∈ N.
Ïîêëàäåìî Vi = f(Ui) i V

′
i = f(U ′i) � âiäêðèòi ïiäìíîæèíè ïðîñòîðó Y äëÿ

êîæíîãî i = 1, 2, . . . , n. Ðîçãëÿíåìî îêië

O([h], V1, V
′
1 , V2, V

′
2 , . . . , Vn, V

′
n) = {[ψ] ∈ Φ(Y ) | ∃yi ∈ Vi, y′i ∈ V

′
i :

h(yi) = h(y′i)⇒ ∃vi ∈ Vi, v
′
i ∈ V

′
i : ψ(vi) = ψ(v′i)}

åëåìåíòà [h]. Íåõàé

[ψ] ∈ O([h];V1, V
′
1 , V2, V

′
2 , ..., Vn, V

′
n),

òîäi ç h(yi) = h(y′i) âèïëèâà¹, ùî ψ(vi) = ψ(v′i) äëÿ êîæíîãî i, äå 1 6 i 6 n.
Îñêiëüêè yi = f(xi), y

′
i = f(x′i) i v

′
i = f(u′i), vi = f(ui) òîäi ç ðiâíîñòi h(f(xi)) =

h(f(x′i)) âèïëèâà¹ ψ(f(ui)) = ψ(f(u′i)), à ç (h◦f)(xi) = (h◦f)(x′i) ìà¹ìî (ψ◦f)(ui) =

(ψ ◦ f)(u′i). Òîáòî ç g(xi) = g(x′i) âèïëèâà¹ (ψ ◦ f)(ui) = (ψ ◦ f)(u′i) äëÿ êîæíîãî i
äå 1 6 i 6 n. Ìà¹ìî

[ψ ◦ f ] ∈ O([g], U1, U
′
1, U2, U

′
2, ..., Un, U

′
n).

Îñêiëüêè åëåìåíò [ψ] âèáèðàâñÿ äîâiëüíî, òî ìà¹ ìiñöå âêëþ÷åííÿ

Φ(f)(O([h];V1, V
′
1 , V2, V

′
2 , ..., Vn, V

′)) ⊂ O([g], U1, U
′
1, U2, U

′
2, ..., Un, U

′
n).

6 Iñòîòíiñòü âèìîãè âiäêðèòîãî âiäîáðàæåííÿ â òåîðåìàõ 2 i 3.

Ðîçãëÿíåìî

Ïðèìåð 1 Íåõàé X = Y = I = [0; 1]. Ðîçãëÿíåìî íåïåðåðâíå, ñþð'¹êòèâíå âiäî-

áðàæåííÿ f : X −→ Y, îçíà÷åíå ôîðìóëîþ:

f(x) =

{
2x, ÿêùî 0 6 x 6 1

2 ;

1, ÿêùî 1
2 < x 6 1.

Ðîçãëÿíåìî âiäîáðàæåííÿ Φ(f) : Φ(Y ) −→ Φ(X), ÿêå äi¹ òàêèì ÷èíîì:

Φ(f)([ψ]) = [ψ ◦ f ] = [ϕ], äå [ψ] ∈ Φ(Y ) i [ϕ] ∈ Φ(X).

Íåõàé x ∈ ( 12 , 1) i íåõàé U � âiäêðèòà ïiäìíîæèíà iíòåðâàëó ( 12 , 1). Îçíà÷è-

ìî îêië O([ϕ], x, U) åëåìåíòà [ϕ] ∈ Φ(X):

O([ϕ], x, U) ={[ϕ̂] ∈ Φ(X) |

∃u ∈ U : ϕ(x) = ϕ(u)⇔ ∃u′ ∈ U : ϕ̂(x) = ϕ̂(u′)}.



46 Ê.Ì. Êîïîðõ

Ïîêàæåìî, ùî íå iñíó¹ îêîëó O([ψ], y, V ) ⊂ Φ(Y ) åëåìåíòà [ψ] ∈ Φ(Y ) òàêîãî,

ùîá Φ(f)(O([ψ], y, V )) ⊂ O([ϕ], x, U). Çâiäñè áóäå âèïëèâàòè, ùî Φ(f) � ðîçðèâíå

âiäîáðàæåííÿ.

Ðîçãëÿíåìî ìíîæèíó

O([ψ], y, V ) ={[ψ̂] ∈ Φ(Y ) |

∃v ∈ V : ψ(y) = ψ(v)⇔ ∃v′ ∈ V : ψ̂(y) = ψ̂(v′)},

äå y = f(x), i V = f(U). Òîäi Φ(f)(O([ψ], y, V )) ⊂ O([ϕ], x, U). Àëå f(U) = 1,

òîáòî V = {1}, çâiäñè

v = v′ = v′′ = · · · = v(n) = 1,

äàëi ψ(y) = ψ(v) òîäi i òiëüêè òîäi êîëè ψ̂(y) = ψ̂(v′) = ψ̂(v), îòæå, îòðèìà¹ìî,

ùî ψ̂ ∈ [ψ], òîáòî ìíîæèíà O([ψ], y, V ) îäíîòî÷êîâà, à çíà÷èòü íå ¹ îêîëîì

åëåìåíòà [ψ]. Ùî i òðåáà áóëî ïîêàçàòè.

Òàêèì ÷èíîì, äëÿ òîïîëîãié τcf , τfo, τoo êîíñòðóêöiÿ Φ âèçíà÷à¹ êîíòðà-
âàðiàíòíèé ôóíêòîð ç êàòåãîði¨ Comp0 êîìïàêòíèõ ïðîñòîðiâ i âiäêðèòèõ âiäî-
áðàæåíü ó êàòåãîðiþ Top òîïîëîãi÷íèõ ïðîñòîðiâ i íåïåðåðâíèõ âiäîáðàæåíü.

7 Ïîðiâíÿííÿ òîïîëîãié

Âñòàíîâèìî ñïiââiäíîøåííÿ ìiæ òîïîëîãiÿìè τcf , τfo i τoo íà ìíîæèíi Φ(X).

Ïðåäëîæåíèå 1 Êîñêií÷åííà òîïîëîãiÿ ñèëüíiøà, íiæ ñêií÷åííî-âiäêðèòà òî-

ïîëîãiÿ: τfo ≺ τcf .

Äîâåäåííÿ Íåõàé [f ] � äîâiëüíèé åëåìåíò ìíîæèíè Φ(X). Ðîçãëÿíåìî åëåìåíò

M([f ], x1, U1, x2, U2, . . . , xn, Un) = {[g] ∈ Φ(X) | ∃ui ∈ Ui :
f(xi) = f(ui)⇒ ∃yi ∈ Ui : g(xi) = g(yi) äëÿ êîæíîãî i = 1, 2, ..., n, }

äå n ∈ N, áàçè ñêií÷åííî-âiäêðèòî¨ òîïîëîãi¨. Âèáåðåìî äîâiëüíèé åëåìåíò [h0] ç
ìíîæèíè M . Ïîêëàäåìî yi ∈ Ui äëÿ êîæíîãî i = 1, 2, ..., n, äå n ∈ N , i ðîçãëÿíåìî
îêië

O([h0];x1, y1, x2, y2, ..., xn, yn) = {[h] ∈ Φ(X) |
h0(xi) = h0(yi)⇒ h(xi) = h(yi) äëÿ êîæíîãî i = 1, 2, ..., n, }

äå n ∈ N, åëåìåíòà [h0]. Äàëi âèáåðåìî äîâiëüíèé åëåìåíò

[ĥ] ∈ O([h0];x1, y1, x2, y2, ..., xn, yn),

òîäi ç ðiâíîñòi h0(xi) = h0(yi) âèïëèâà¹, ùî ĥ(xi) = ĥ(yi) äëÿ êîæíîãî i = 1, 2, ..., n.
Îñêiëüêè [h0] ∈ M, òî ç ðiâíîñòi f(xi) = f(ui) âèïëèâà¹, ùî h0(xi) = h0(yi) äå
ui ∈ Ui äëÿ êîæíîãî i = 1, 2, ..., n. Îòæå, [ĥ] ∈M , òîáòî,

O([h0];x1, y1, x2, y2, ..., xn, yn) ⊂M.

Ùî äîâîäèòü âiäêðèòiñòü ìíîæèíè M â êîñêií÷åííié òîïîëîãi¨. Îòæå, τfo ≺ τcf .



Ïðåäëîæåíèå 2 Ñêií÷åííî-âiäêðèòà òîïîëîãiÿ τfo ñèëüíiøà, íiæ âiäêðèòî-

âiäêðèòà òîïîëîãiÿ τoo.

Äîâåäåííÿ Íåõàé [f ] � äîâiëüíèé åëåìåíò ìíîæèíè Φ(X). Ðîçãëÿíåìî ìíîæèíó

M([f ], U1, V1, U2, V2, . . . , Un, Vn) = {[t] ∈ Φ(X) |

∃xi ∈ Ui, yi ∈ Vi : f(xi) = f(yi)⇒ ∃x′i ∈ Ui, y
′
i ∈ Vi : t(x

′
i) = t(y′i)

äëÿ êîæíîãî i = 1, 2, ..., n, }

äå n ∈ N. Î÷åâèäíî, ùîM � åëåìåíò áàçè âiäêðèòî-âiäêðèòî¨ òîïîëîãi¨. Âèáåðåìî
äîâiëüíèé åëåìåíò [t0] ç ìíîæèíèM . Ïîêëàäåìî x′i ∈ Ui äëÿ êîæíîãî i = 1, 2, ..., n

i ðîçãëÿíåìî îêië

O([t0];x′1, V1, x
′
2, V2, ..., x

′
n, Vn) =

{[ϕ] ∈ Φ(X) | ∃y′i ∈ Vi : t(x
′
i) = t(y′i)⇒ ∃y

′′
i ∈ Vi : ϕ(x′i) = ϕ(y′′i )}

åëåìåíòà [t0]. Íåõàé [ϕ̂] � äîâiëüíèé åëåìåíò ìíîæèíè

O([t0];x′1, V1, x
′
2, V2, . . . , x

′
n, Vn),

òîäi ç ðiâíîñòi t0(x′i) = t0(y′i) âèïëèâà¹, ùî ϕ̂(x′i) = ϕ̂(y′′i ) äëÿ êîæíîãî i =

1, 2, . . . , n. Îñêiëüêè [t0] ∈ M , òî ç ðiâíîñòi f(xi) = f(yi) âèïëèâà¹, ùî t0(x′i) =

t0(y′i) äå yi, y
′
i, y
′′
i ∈ Ui äëÿ êîæíîãî i = 1, 2, . . . , n. Îòæå, [ϕ̂] ∈M , òîáòî,

O([t0];x′1, V1, x
′
2, V2, . . . , x

′
n, Vn) ⊂M.

Öå îçíà÷à¹ âiäêðèòiñòü ìíîæèíè M â ñêií÷åííî-âiäêðèòié òîïîëîãi¨. Îòæå, τoo ⊂
τfo.

Òàêèì ÷èíîì, ìà¹ ìiñöå òàêå ñïiââiäíîøåííÿ: τoo ≺ τfo ≺ τcf .
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